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FUNCTIONS, GRAPHS, AND LIMITS 


. Analysis of Graphs 


With the aid of technology, graphs of functions are often easy to produce. The emphasis 
is on the interplay between the geometric and analytic information and on the use of cal- 
culus both to predict and to explain the observed local and global behavior of a function. 


. Limits of functions (including one-sided limits) 
(a) An intuitive understanding of the limiting process. 
(b) Calculating limits using algebra. 


(c) Estimating limits from graphs or tables of data. 


. Asymptotic and unbounded behavior : 
(a) Understanding asymptotes in terms of graphical behavior. 
(b) Describing asymptotic behavior in terms of limits involving infinity. 


(c) Comparing relative magnitudes of functions and their rates of change. (For example, 
contrasting exponential growth, polynomial growth, and logarithmic growth.) 


. Continuity as a property of functions 


(a) An intuitive understanding of continuity. (The function values can be made as close 
as desired by taking sufficiently close values of the domain.) 


(b) Understanding continuity in terms of limits. 


(c) Geometric understanding of graphs of continuous functions (Intermediate Value 
Theorem and Extreme Value Theorem). 


. [BC only] Parametric, polar, and vector functions 


The analysis of planar curves includes those given in parametric form, polar form, and 
vector form. 
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DERIVATIVES EEE 


. Concept of the derivative 

(a) Derivative presented graphically, numerically, and analytically. 
(b) Derivative interpreted as an instantaneous rate of change. 

(c) Derivative defined as the limit of the difference quotient. 


(d) Relationship between differentiability and continuity. 


. Derivative at a point 


(a) Slope of a curve at a point. Examples are emphasized, including points at which 
there are vertical tangents and points at which there are no tangents. 


(b) Tangent line to a curve at a point and local linear approximation. 
(c) Instantaneous rate of change as the limit of average rate of change. 


(d) Approximate rate of change from graphs and tables of values. 


. Derivative as a function 

(a) Corresponding characteristics of graphs of fand f’. 

(b) Relationship between the increasing and decreasing behavior of f and the sign of f’. 
(c) The Mean Value Theorem and its geometric interpretation. 


(d) Equations involving derivatives. Verbal descriptions are translated into equations 
involving derivatives and vice versa. 


. Second derivatives 
(a) Corresponding characteristics of graphs of f, f’, and f”. 
(b) Relationship between the concavity of f and the sign of f”. 


(c) Points of inflection as places where concavity changes. 


. Applications of derivatives 
(a) Analysis of curves, including the notions of monotonicity and concavity. 


(b) [BC only] Analysis of planar curves given in parametric form, polar form, and 
vector form, including velocity and acceleration. 


(c) Optimization, both absolute (global) and relative (local) extrema. 
(d) Modeling rates of change, including related rates problems. 
(e) Use of implicit differentiation to find the derivative of an inverse function. 


(f) Interpretation of the derivative as a rate of change in varied applied contexts, 
including velocity, speed, and acceleration. 


(g) Geometric interpretation of differential equations via slope fields and the relation- 
ship between slope fields and solution curves for differential equations. 


(h) [BC only] Numerical solution of differential equations using Euler’s method. 


(i) [BC only] L’Hospital’s Rule, including its use in determining limits and conver- 
gence of improper integrals and series. 


. Computation of derivatives 


(a) Knowledge of derivatives of basic functions, including power, exponential, 
logarithmic, trigonometric, and inverse trigonometric functions. 


(b) Derivative rules for sums, products, and quotients of functions. 
(c) Chain Rule and implicit differentiation. 


(d) [BC only] Derivatives of parametric, polar, and vector functions. 
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(continued) 


. Concept of series 


A series is defined as a sequence of partial sums, and convergence is defined in terms 
of the limit of the sequence of partial sums. Technology can be used to explore con- 
vergence and divergence. 


. Series of constants 

(a) Motivating examples, including decimal expansion. 
(b) Geometric series with applications. 

(c) The harmonic series. 

(d) Alternating series with error bound. 


(e) Terms of series as areas of rectangles and their relationship to improper integrals, 
including the integral test and its use in testing the convergence of p-series. 


(f) The ratio test for convergence and divergence. 


(g) Comparing series to test for convergence or divergence. 


. Taylor Series 


(a) Taylor polynomial approximation with graphical demonstration of convergence. 
(For example, viewing graphs of various Taylor polynomials of the sine function 
approximating the sine curve.) 


(b) Maclaurin series and the general Taylor series centered at x = a. 
(c) Maclaurin series for the functions e’, sin x, cos x, and 1 Hl erx): 


(d) Formal manipulation of Taylor series and shortcuts to computing Taylor series, 
including substitution, differentiation, antidifferentiation, and the formation of 
new series from known series. 


(e) Functions defined by power series. 
(f) Radius and interval of convergence of power series. 


(g) Lagrange error bound for Taylor polynomials. 
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INTEGRALS 


1. Interpretations and properties of definite integrals 

(a) Definite integral as a limit of Riemann sums. 

(b) Definite integral of the rate of change of a quantity over an interval interpreted as 
the change of the quantity over the interval: {? f(x) dx = f(b) — f(a). 


(c) Basic properties of definite integrals. (Examples include additivity and linearity.) 


2. Applications of integrals 


Appropriate integrals are used in a variety of applications to model physical, biologi- 
cal, or economic situations. Although only a sampling of applications can be included 
in any specific course, students should be able to adapt their knowledge and techniques 
to solve other similar application problems. Whatever applications are chosen, the 
emphasis is on using the method of setting up an approximating Riemann sum and 
representing its limit as a definite integral. To provide a common foundation, specific 
applications should include finding the area of a region [BC only: (including a region 
bounded by polar curves)], the volume of a solid with known cross-sections, the aver- 
age value of a function, the distance traveled by a particle along a line, [BC only: the 
length of a curve (including a curve given in parametric form)], and accumulated 
change from a rate of change. 


. Fundamental Theorem of Calculus 
(a) Use of the Fundamental Theorem to evaluate definite integrals. 


(b) Use of the Fundamental Theorem to represent a particular antiderivative, and the 
analytical and graphical analysis of functions so defined. 


. Techniques of antidifferentiation 
(a) Antiderivatives following directly from derivatives of basic functions. 


(b) Antiderivatives by substitution of variables (including change of limits for definite 
integrals). 


(c) [BC only] Antiderivatives by parts and simple partial fractions (nonrepeating 
linear factors only). 


(d) [BC only] Improper integrals (as limits of definite integrals). 


5. Applications of antidifferentiation 


(a) Finding specific antiderivatives using initial conditions, including applications to 
motion along a line. 


(b) Solving separable differential equations and using them in modeling (including the 
study of the equation y’ = ky and exponential growth). 


(c) [BC only] Solving logistic differential equations and using them in modeling. 


- Numerical approximations to definite integrals 


Use of Riemann sums (using left, right, and midpoint evaluation points) and trape- 
zoidal sums to approximate definite integrals of functions represented algebraically, 
graphically, and by tables of values. 


© Brooks/Cole, Cengage Learning 


D2 
ah) 


Sy 


Syl aesh Onl (O2, Ors. 


cell O25 OF 


53 
5.3 


4.9, 5.4 
See 


USNS hes 


7.8 


4.9, 5.4 


9.19.3, 9.4 


3.859 ok 


a2, Wall 


(continued) 


Ate PEDITION 
SINGLE VARIABLE 


CALCULUS 


WITH VECTOR FUNCTIONS 
EARLY TRANSCENDENTALS 


SEVENTH EDITION 


JAMES STEWART 
McMASTER UNIVERSITY 

AND 

UNIVERSITY OF TORONTO 


* . BROOKS/COLE 
jee CENGAGE Learning” 


Australia - Brazil - Japan - Korea - Mexico - Singapore » Spain - United Kingdom - United States 


*AP and Advanced Placement Program are registered trademarks of the College Entrance Examination 
Board, which was not involved in the production of, and does not endorse, this product. 


%, 


12 


BROOKS/COLE 
CENGAGE Learning” 


Single Variable Calculus with Vector Functions: 
Early Transcendentals, Seventh Edition, AP* Edition 


James Stewart 


Executive Editor: Liz Covello 
Assistant Editor: Liza Neustaetter 
Editorial Assistant: Jennifer Staller 
Vice President, Director of Advanced and 
Elective Product Programs: Alison Zetterquist 
Advanced and Elective Editorial Coordinator: Jean L. Woy 
Media Editor : Maureen Ross 
Marketing Manager: Jennifer Jones 
Marketing Coordinator: Michael Ledesma 
Marketing Communications Manager: Mary Anne Payumo 
Content Project Manager: Cheryll Linthicum 
Art Director: Vernon T. Boes 
Print Buyer: Becky Cross 
Rights Acquisitions Specialist: Don Schlotman 
Production Service: TECH: arts 
Text Designer: TECH: arts 
Photo Researcher: Terri Wright, www.terriwright.com 
Text Researcher: Sarah D’Stair 
Copy Editor: Kathi Townes 
Cover Designer: Irene Morris 
Cover Illustration: Irene Morris 


Compositor: Stephanie Kuhns, TECH: arts 


Printed in the United States of America 
ub Fy toy i UP Ua sy Te 118) 


© 2012, 2008 Brooks/Cole, coneaee Learning 
ALL RIGHTS RESERVED. No part of this work covered by the copy- 


right herein may be reproduced, transmitted, stored, or used in any 
form or by any means graphic, electronic, or mechanical, including 
but not limited to photocopying, recording, scanning, digitizing, 
taping, Web distribution, information networks, or information stor- 
age and retrieval systems, except as permitted under Section 107 or 
408 of the 1976 United States Ccpyright Act, without the prior writ- 
ten permission of the publisher. 


For product information and t#chnology assistance, contact us at 
Cengage Learning Customs & Sales Support, 1-800-354-9706. 


For permission to use mterial from this text or product, 
submit all requests online awww.cengage.com/permissions. 


Further permissions uestions can be e-mailed to 
permissionreuest@cengage.com. 


Library of Congress Control Nunber: 2011921132 


ISBN-13: 978-0-8400-4932-2 
ISBN-10: 0-8400-4932-3 


Brooks/Cole 

20 Davis Drive 

Belmont, CA 94002-3098 
USA 


Cengage Learning is a leading ovider of customized learning solu- 
tions with office locations arotd the globe, including Singapore, the 
United Kingdom, Australia, Meco, Brazil, and Japan. Locate your 
local office at www.cengage.cn/global. 


Cengage Learning products arepresented in Canada by Nelson 
Education, Ltd. 


To learn more about Brooks/Ce, visit 
www.cengage.com/brooksce. 


Purchase any of our products our preferred online store 
www.cengagebrain.com. 


*AP and Advanced Placemente registered trademarks of the 
College Entrance Examinatioroard, which is not involved in the 
production of, and does not eorse, this product. 


Trademarks 


ExamView® and ExamViewPr are registered trademarks 

of FSCreations, Inc. 

Windows is a registered tradark of the Microsoft Corporation 
and used herein under licens: 

Macintosh and Power Macinh are registered trademarks of 
Apple Computer, Inc. Used hin under license. 

Derive is a registered tradem of Soft Warehouse, Inc. 

Maple is a registered tradem of Waterloo Maple, Inc. 
Mathematica is a registered Jemark of Wolfram Research, Inc. 
Tools for Enriching is a tradek used herein under license. 


KO9T13 


To Bill Ralph and Bruce Thompson 


Digitized by the Internet Archive 
in 2023 | 


https://archive.org/details/singlevariableca0Q000dona_ 


_ Contents 


Prevacce amex 

To the Student — xxiii 

Diagnostic Tests xxiv 

Preparing for the AP* Calculus Examination xxix 


Taking the AP* Calculus Examination — x xxiii 


A PREVIEW OF CALCULUS 1 


Functions and Models 9 


1.1 Four Ways to Represent a Function 10 
1.2 Mathematical Models: A Catalog of Essential Functions 23 


1.3 New Functions from Old Functions 36 

1.4 Graphing Calculators and Computers 44 ; 
1.5 Exponential Functions 51 

1.6 Inverse Functions and Logarithms 58 


Review 72 
Principles of Problem Solving 75 
AP* AB/BC Review Questions AP1-1 


DY Limits and Derivatives 81 


2.1 The Tangent and Velocity Problems 82 

Ze The Limit of a Function 87 

2.3 Calculating Limits Using the Limit Laws 99 
2.4 The Precise Definition of a Limit 108 

2.5 Continuity 118 

2.6 Limits at Infinity; Horizontal Asymptotes 130 


oe 


2.7 Derivatives and Rates of Change 143 


Writing Project = Early Methods for Finding Tangents 153 


*AP and Advanced Placement Program are registered trademarks of the College Entrance Examination Board, 
which was not involved in the production of, and does not endorse, this product. 


vi CONTENTS 


2.8 The Derivative as a Function 154 
Review 165 


Problems Plus 170 
AP* AB/BC Review Questions AP2-1 


Differentiation Rules 173 


3.1 Derivatives of Polynomials and Exponential Functions 174 
Applied Project = Building a Better Roller Coaster 184 
3.2 The Product and Quotient Rules 184 
3.3 Derivatives of Trigonometric Functions 191 
3.4 The Chain Rule 198 
Applied Project = Where Should a Pilot Start Descent? 208 
3.5 Implicit Differentiation 209 
Laboratory Project = Families of Implicit Curves 217 
3.6 Derivatives of Logarithmic Functions 218 
3.7 Rates of Change in the Natural and Social Sciences 224 
3.8 Exponential Growth and Decay = 237 
3.9 Related Rates 244 
3.10 Linear Approximations and Differentials 250 


Laboratory Project = Taylor Polynomials 256 
3.11. Hyperbolic Functions 257 
Review 264 


Problems Plus 268 
AP* AB/BC Review Questions AP3-1 


aS | Applications of Differentiation 273 


41 Maximum and Minimum Values 274 
Applied Project = The Calculus of Rainbows 282 
4.2 The Mean Value Theorem 284 
4.3 How Derivatives Affect the Shape of a Graph 290 
4.4 Indeterminate Forms and |’Hospital’s Rule 301 
Writing Project = The Origins of I'Hospital’s Rule 310 
4.5 Summary of Curve Sketching 310 


4.6 Graphing with Calculus and Calculators 318 


CONTENTS vil 


47 Optimization Problems 325 
Applied Project = The Shape ofaCan 337 
48 Newton’s Method 338 
4.9 Antiderivatives 344 
Review 351 


Problems Plus 355 
AP* AB/BC Review Questions AP4-1 


AEE BR 


5.1 Areas and Distances 360 
5.2 The Definite Integral 371 
Discovery Project » Area Functions 385 
5.3 The Fundamental Theorem of Calculus 386 
5.4 Indefinite Integrals and the Net Change Theorem 397 
Writing Project = Newton, Leibniz, and the Invention of Calculus 406 
5.5 The Substitution Rule 407 
Review 415 


Problems Plus 419 
AP* AB/BC Review Questions AP5-1 


(DI Applications of integration 421 


6.1 Areas Between Curves 422 
Applied Project = The Gini Index 429 

6.2 Volumes 430 

6.3 Volumes by Cylindrical Shells 441 

6.4 Work 446 

6.5 Average Value of a Function 451 
Applied Project » Calculus and Baseball 455 
Applied Project = Where to Sit atthe Movies 456 

Review 457 


Problems Plus 459 
AP* AB/BC Review Questions AP6-1 


vill CONTENTS 


ae Techniques of Integration 463 


7.1 
7.2 
7.3 
7.4 
7.5 
7.6 


77 
7.8 


Integration by Parts 464 

Trigonometric Integrals 471 

Trigonometric Substitution 478 

Integration of Rational Functions by Partial Fractions 484 

Strategy for Integration 494 

Integration Using Tables and Computer Algebra Systems 500 
Discovery Project = Patterns in Integrals 505 

Approximate Integration 506 

Improper Integrals 519 


Review 529 


Problems Plus 533 
AP* AB/BC Review Questions 


AP7-1 


Further Applications of Integration —_537 


8.1 


8.2 


8.3 


8.4 
8.5 


9.1 
9.2 
9.3 


9.4 


Differential Equations aeo73 


Arc Length 538 


Discovery Project » Arc Length Contest 545 
Area of a Surface of Revolution 545 
Discovery Project = Rotating ona Slant 551 
Applications to Physics and Engineering 552 
Discovery Project = Complementary Coffee Cups 562 
Applications to Economics and Biology 563 
Probability 568 
Review 575 


Problems Plus 577 
AP* AB/BC Review Questions 


AP8-1 


Modeling with Differential Equations 580 
Direction Fields and Euler’s Method 585 
Separable Equations 594 
Applied Project = How Fast Does a Tank Drain? 603 
Applied Project » Which Is Faster, Going Up or Coming Down? 604 
Models for Population Growth 605 


CONTENTS 


9.5 Linear Equations 616 
9.6 Predator-Prey Systems 622 
Review 629 


Problems Plus 633 
AP* AB/BC Review Questions AP9-1 


Curves in Parametric, Vector, and Polar Form 635 


ix 


EE infinite Sequences and Series" 71 


10.1 Curves Defined by Parametric Equations 636 
Laboratory Project = Running Circles around Circles 644 
10.2. Calculus with Parametric Curves 645 
Laboratory Project = Bézier Curves 653 
10.3. Vectors in Two Dimensions 654 
10.4 Vector Functions and Their Derivatives 662 
10.5 Curvilinear Motion: Velocity and Acceleration 668 
10.6 Polar Coordinates 673 
Laboratory Project = Families of Polar Curves 683 
10.7. Areas and Lengths in Polar Coordinates 684 
10.8 Conic Sections 689 
10.9 Conic Sections in Polar Coordinates 697 
Review 704 


Problems Plus 708 
AP* AB/BC Review Questions AP10-1 


11:1) Sequences #4 /12 
Laboratory Project = Logistic Sequences 725 
Ii 2 ee Scticsay 2) 
11.3. The Integral Test and Estimates of Sums 736 
11.4 The Comparison Tests 744 
11.5 Alternating Series 749 
11.6 Absolute Convergence and the Ratio and Root Tests 754 
11.7. Strategy for Testing Series 761 
11.8 Power Series 763 


11.9 Representations of Functions as Power Series 768 


x CONTENTS 


11.10 Taylor and Maclaurin Series 775 
Laboratory Project » An Elusive Limit 789 
Writing Project - How Newton Discovered the Binomial Series 789 
11.11. Applications of Taylor Polynomials 790 
Applied Project » Radiation from the Stars 799 
Review 800 


Problems Plus 803 
AP* AB/BC Review Questions AP11-1 


BEM Appendixes AD 


Numbers, Inequalities, and Absolute Values A2 
Coordinate Geometry and Lines A110 

Graphs of Second-Degree Equations A16 
Trigonometry A24 

Sigma Notation A34 

Proofs of Theorems A39 

The Logarithm Defined as an Integral A48 
Complex Numbers  A55 

Answers to Odd-Numbered Exercises A63 


Go eet feph Gel deal f=) for) Tes) bo 


a 


Preface 


A great discovery solves a great problem but there is a grain of discovery in the 
solution of any problem. Your problem may be modest; but if it challenges your 
Curiosity and brings into play your inventive faculties, and if you solve it by your 
own means, you may experience the tension and enjoy the triumph of discovery. 
GEORGE POLYA 


The art of teaching, Mark Van Doren said, is the art of assisting discovery. I have tried to 
write a book that assists students in discovering calculus—both for its practical power and 
its surprising beauty. In this edition, as in the first six editions, I aim to convey to the stu- 
dent a sense of the utility of calculus and develop technical competence, but I also strive 
to give some appreciation for the intrinsic beauty of the subject. Newton undoubtedly 
experienced a sense of triumph when he made his great discoveries. I want students to 
share some of that excitement. 

The emphasis is on understanding concepts. I think that nearly everybody agrees that 
this should be the primary goal of calculus instruction. In fact, the impetus for the current 
calculus reform movement came from the Tulane Conference in 1986, which formulated 
as their first recommendation: 


Focus on conceptual understanding. 


I have tried to implement this goal through the Rule of Three: “Topics should be presented 
geometrically, numerically, and algebraically.” Visualization, numerical and graphical exper- 
imentation, and other approaches have changed how we teach conceptual reasoning in fun- 
damental ways. The Rule of Three has been expanded to become the Rule of Four by 
emphasizing the verbal, or descriptive, point of view as well. 

In writing the seventh edition my premise has been that it is possible to achieve con- 
ceptual understanding and still retain the best traditions of traditional calculus. The book 
contains elements of reform, but within the context of a traditional curriculum. 


ae Alternative Versions 


I have written several other calculus textbooks that might be preferable for some teachers. 
Most of them also come in single variable and multivariable versions. 


® Calculus: Early Transcendentals, Seventh Edition, Hybrid Version, is similar to Cal- 
culus: Early Transcendentals, Seventh Edition, in content and coverage except that all 
end-of-section exercises are available only in Enhanced WebAssign. The printed text 
includes all end-of-chapter review material. 


® Calculus, Seventh Edition, AP* Edition, is similar to Calculus: Early Transcenden- 
tals, Seventh Edition, AP* Edition, except that the exponential, logarithmic, and 
inverse trigonometric functions are covered in the second semester. 
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PREFACE 


Single Variable Calculus with Vector Functions, Seventh Edition, AP* Edition, is a 
single variable version of Calculus, Seventh Edition, AP* Edition, that includes multi- 
variable vector calculus material. 


Calculus, Seventh Edition, Hybrid Version, is similar to Calculus, Seventh Edition, in 
content and coverage except that all end-of-section exercises are available only in 
Enhanced WebAssign. The printed text includes all end-of-chapter review material. 


Calculus: Concepts and Contexts, Fourth Edition, emphasizes conceptual understand- 
ing even more strongly than this book. The coverage of topics is not encyclopedic 
and the material on transcendental functions and on parametric equations is woven 
throughout the book instead of being treated in separate chapters. 


te What's New in the Seventh Edition? 


The changes have resulted from talking with my colleagues and students at the University 
of Toronto and from reading journals, as well as suggestions from users and reviewers. 
Here are some of the many improvements that I’ve incorporated into this edition: 


Some material has been rewritten for greater clarity or for better motivation. See, for 
instance, the introduction to maximum and minimum values on page 274, the intro- 
duction to series on page 725. 


New examples have been added. And the solutions to some of the existing examples 
have been amplified. A case in point: I added details to the solution of Example 2.3.11 
because when I taught Section 2.3 from the sixth edition I realized that students need 
more guidance when setting up inequalities for the Squeeze Theorem. 


The art program has been revamped: New figures have been incorporated and a sub- 
stantial percentage of the existing figures have been redrawn. 


The data in examples and exercises have been updated to be more timely. 


Three new projects have been added: The Gini Index (page 429) explores how to 
measure income distribution among inhabitants of a given country and is a nice appli- 
cation of areas between curves. (I thank Klaus Volpert for suggesting this project.) 
Families of Implicit Curves (page 217) investigates the changing shapes of implicitly 
defined curves as parameters in a family are varied. Families of Polar Curves (page 
683) exhibits the fascinating shapes of polar curves and how they evolve within a 
family. 


More than 25% of the exercises in each chapter are new. Here are some of my 
favorites: 1.6.58, 2.6.51, 2.8.13-14, 3.3.56, 3.4.67, 3.5.69-72, 3.7.22, 4.3.86, 
2.2:51=3370.4.30) 11.2.49=50;and 1110. 7172 


AP* AB/BC Review Questions have been added to the end of each chapter. These 
multiple choice and free-response questions provide students with additional opportu- 
nity for practice and review. The exercises were written by AP* examination readers 
and are modeled after the types of questions students will encounter on the exam. 


ae Technology Enhancements 


The media and technology to support the text have been enhanced to give teachers 
greater control over their course, to provide extra help to deal with the varying levels 
of student preparedness for the calculus course, and to improve support for conceptual 
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understanding. New Enhanced WebAssign features including a customizable Cengage 
YouBook, Just in Time review, Show Your Work, Answer Evaluator, Personalized 
Study Plan, Master Its, solution videos, lecture video clips (with associated questions), 
and Visualizing Calculus (TEC animations with associated questions) have been 
developed to facilitate improved student learning and flexible classroom teaching. 


® Tools for Enriching Calculus (TEC) has been completely redesigned and is accessible 
in Enhanced WebAssign, CourseMate, and PowerLecture. Selected Visuals and 
Modules are available at www.stewartcalculus.com. 


ses Features 


The most important way to foster conceptual understanding is through the problems that 
we assign, To that end I have devised various types of problems. Some exercise sets begin 
with requests to explain the meanings of the basic concepts of the section. (See, for 
instance, the first few exercises in Sections 2.2, 2.5, and 11.2.) Similarly, all the review sec- 
tions begin with a Concept Check and a True-False Quiz. Other exercises test conceptual 
understanding through graphs or tables (see Exercises 2.7.17, 2.8.35—40, 2.8.43—46, 
9.1.11-13, 10.1.24—27, and 11.10.2). 

Another type of exercise uses verbal description to test conceptual understanding (see 
Exercises 2.5.10, 2.8.58, 4.3.63—-64, and 7.8.67). I particularly value problems that com- 
bine and compare graphical, numerical, and algebraic approaches (see Exercises 2.6.39— 
40, 3.7.27, and 9.4.2). 


Each exercise set is carefully graded, progressing from basic conceptual exercises and skill- 
development problems to more challenging problems involving applications and proofs. 


My assistants and I spent a great deal of time looking in libraries, contacting companies and 
government agencies, and searching the Internet for interesting real-world data to intro- 
duce, motivate, and illustrate the concepts of calculus. As a result, many of the examples 
and exercises deal with functions defined by such numerical data or graphs. See, for 
instance, Figure | in Section 1.1 (seismograms from the Northridge earthquake), Exercise 
2.8.36 (percentage of the population under age 18), Exercise 5.1.16 (velocity of the space 
shuttle Endeavour), and Figure 4 in Section 5.4 (San Francisco power consumption). 


One way of involving students and making them active learners is to have them work (per- 
haps in groups) on extended projects that give a feeling of substantial accomplishment 
when completed. I have included four kinds of projects: Applied Projects involve applica- 
tions that are designed to appeal to the imagination of students. The project after Section 
9,3 asks whether a ball thrown upward takes longer to reach its maximum height or to fall 
back to its original height. (The answer might surprise you.) Laboratory Projects involve 
technology; the one following Section 10.2 shows how to use Bézier curves to design 
shapes that represent letters for a laser printer. Writing Projects ask students to compare 
present-day methods with those of the founders of calculus—Fermat’s method for finding 
tangents, for instance. Suggested references are supplied. Discovery Projects anticipate 
results to be discussed later or encourage discovery through pattern recognition (see the 
one following Section 7.6). Additional projects can be found in the Teacher's Resource 
Guide (see, for instance, Group Exercise 5.1: Position from Samples). 


Students usually have difficulties with problems for which there is no single well-defined 
procedure for obtaining the answer. I think nobody has improved very much on George 
Polya’s four-stage problem-solving strategy and, accordingly, I have included a version of 
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his problem-solving principles following Chapter 1. They are applied, both explicitly and 
implicitly, throughout the book. After the other chapters I have placed sections called 
Problems Plus, which feature examples of how to tackle challenging calculus problems. In 
selecting the varied problems for these sections I kept in mind the following advice from 
David Hilbert: “A mathematical problem should be difficult in order to entice us, yet not 
inaccessible lest it mock our efforts.” When I put these challenging problems on assign- 
ments and tests I grade them in a different way. Here I reward a student significantly for 
ideas toward a solution and for recognizing which problem-solving principles are relevant. 


The availability of technology makes it not less important but more important to clearly 
understand the concepts that underlie the images on the screen. But, when properly used, 
graphing calculators and computers are powerful tools for discovering and understanding 
those concepts. This textbook can be used either with or without technology and I use two 
special symbols to indicate clearly when a particular type of machine is required. The icon 
indicates an exercise that definitely requires the use of such technology, but that is not 
to say that it can’t be used on the other exercises as well. The symbol 04S is reserved for 
problems in which the full resources of a computer algebra system (like Derive, Maple, 
Mathematica, or the TI-89/92) are required. But technology doesn’t make pencil and paper 
obsolete. Hand calculation and sketches are often preferable to technology for illustrating 
and reinforcing some concepts. Both teachers and students need to develop the ability to 
decide where the hand or the machine is appropriate. 


TEC is a companion to the text and is intended to enrich and complement its contents. (It 
is now accessible in Enhanced WebAssign, CourseMate, and PowerLecture. Selected 
Visuals and Modules are available at www.stewartcalculus.com.) Developed by Harvey 
Keynes, Dan Clegg, Hubert Hohn, and myself, TEC uses a discovery and exploratory 
approach. In sections of the book where technology is particularly appropriate, marginal 
icons direct students to TEC modules that provide a laboratory environment in which they 
can explore the topic in different ways and at different levels. Visuals are animations of 
figures in text; Modules are more elaborate activities and include exercises. Teachers 
can choose to become involved at several different levels, ranging from simply encourag- 
ing students to use the Visuals and Modules for independent exploration, to assigning spe- 
cific exercises from those included with each Module, or to creating additional exercises, 
labs, and projects that make use of the Visuals and Modules. 


Homework Hints presented in the form of questions try to imitate an effective teaching 
assistant by functioning as a silent tutor. Hints for representative exercises (usually odd- 
numbered) are included in every section of the text, indicated by printing the exercise 
number in red. They are constructed so as not to reveal any more of the actual solution than 
is minimally necessary to make further progress, and are available to students at 
stewartcalculus.com and in CourseMate and Enhanced WebAssign. 


Technology is having an impact on the way homework is assigned to students, particularly 
in large classes. The.use of online homework is growing and its appeal depends on ease of 
use, grading precision, and reliability. With the seventh edition we have been working with 
the calculus community and WebAssign to develop a more robust online homework Sys- 
tem. Up to 70% of the exercises in each section are assignable as online homework, includ- 
ing free response, multiple choice, and multi-part formats. 

The system also includes Active Examples, in which students are guided in step-by-step 
tutorials through text examples, with links to the textbook and to video solutions, New 
enhancements to the system include a customizable eBook, a Show Your Work feature, 
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Diagnostic Tests 


A Preview of Calculus 


1 Functions and Models 


2 Limits and Derivatives 


3 Differentiation Rules 


4 Applications of Differentiation 
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Just in Time review of precalculus prerequisites, an improved Assignment Editor, and an 
Answer Evaluator that accepts more mathematically equivalent answers and allows for 
homework grading in much the same way that a teacher grades. 


This site includes the following. 

=" Homework Hints 

= Algebra Review 

= Lies My Calculator and Computer Told Me 

= History of Mathematics, with links to the better historical websites 


= Additional Topics (complete with exercise sets): Fourier Series, Formulas for the 
Remainder Term in Taylor Series, Rotation of Axes 


® Archived Problems (Drill exercises that appeared in previous editions, together with 
their solutions) 


L] Challenge Problems (some from the Problems Plus sections from prior editions) 
= Links, for particular topics, to outside web resources 
® Selected Tools for Enriching Calculus (TEC) Modules and Visuals 


eee Content 


The book begins with four diagnostic tests, in Basic Algebra, Analytic Geometry, Func- 
tions, and Trigonometry. 


This is an overview of the subject and includes a list of questions to motivate the study of 
calculus. 


From the beginning, multiple representations of functions are stressed: verbal, numerical, 
visual, and algebraic. A discussion of mathematical models leads to a review of the stan- 
dard functions, including exponential and logarithmic functions, from these four points of 
view. 


The material on limits is motivated by a prior discussion of the tangent and velocity prob- 
lems. Limits are treated from descriptive, graphical, numerical, and algebraic points of 
view. Section 2.4, on the precise e-6 definition of a limit, is an optional section. Sections 
2.7 and 2.8 deal with derivatives (especially with functions defined graphically and numer- 
ically) before the differentiation rules are covered in Chapter 3. Here the examples and 
exercises explore the meanings of derivatives in various contexts. Higher derivatives are 
introduced in Section 2.8. 


All the basic functions, including exponential, logarithmic, and inverse trigonometric func- 
tions, are differentiated here. When derivatives are computed in applied situations, students 
are asked to explain their meanings. Exponential growth and decay are covered in this 
chapter. 


The basic facts concerning extreme values and shapes of curves are deduced from the 
Mean Value Theorem. Graphing with technology emphasizes the interaction between cal- 
culus and calculators and the analysis of families of curves. Some substantial optimization 
problems are provided, including an explanation of why you need to raise your head 42° 
to see the top of a rainbow. 
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6 Applications of Integration 


7 Techniques of Integration 


8 Further Applications 
of Integration 


9 Differential Equations 


10 Curves in Parametric, Vector, 
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and Polar Form 


Infinite Sequences and Series 


The area problem and the distance problem serve to motivate the definite integral, with 
sigma notation introduced as needed. (Full coverage of sigma notation is provided in 
Appendix E.) Emphasis is placed on explaining the meanings of integrals in various con- 
texts and on estimating their values from graphs and tables. 


Here I present the applications of integration—area, volume, work, average value—that 
can reasonably be done without specialized techniques of integration. General methods are 
emphasized. The goal is for students to be able to divide a quantity into small pieces, esti- 
mate with Riemann sums, and recognize the limit as an integral. 


All the standard methods are covered but, of course, the real challenge is to be able to 
recognize which technique is best used in a given situation. Accordingly, in Section 7.5, I 
present a strategy for integration. The use of computer algebra systems is discussed in 
Section 7.6. 


Here are the applications of integration—arc length and surface area—for which it is use- 
ful to have available all the techniques of integration, as well as applications to biology, 
economics, and physics (hydrostatic force and centers of mass). I have also included a sec- 
tion on probability. There are more applications here than can realistically be covered in a 
given course. Teachers should select applications suitable for their students and for which 
they themselves have enthusiasm. 


Modeling is the theme that unifies this introductory treatment of differential equations. 
Direction fields and Euler’s method are studied before separable and linear equations are 
solved explicitly, so that qualitative, numerical, and analytic approaches are given equal 
consideration. These methods are applied to the exponential, logistic, and other models for 
population growth. The first four or five sections of this chapter serve as a good introduc- 
tion to first-order differential equations. An optional final section uses predator-prey mod- 
els to illustrate systems of differential equations. 


Parametric curves and their analysis with calculus are covered first. A section on vectors 
in two dimensions leads to the description of planar curves in terms of vector functions and 
the motion of an object along a curve, including velocity and acceleration. The chapter 
concludes with a third method for analyzing planar curves: polar coordinates. 


The convergence tests have intuitive justifications (see page 736) as well as formal proofs. 
Numerical estimates of sums of series are based on which test was used to prove conver- 
gence. The emphasis is on Taylor series and polynomials and their applications to physics. 
Error estimates include those from graphing devices. 


Maen Ancillaries 


Single Variable Calculus with Vector F unctions, Early Transcendentals, Seventh Edition, 
AP* Edition, is supported by a complete set of ancillaries developed under my direction. 
Each piece has been designed to enhance student understanding and to facilitate creative 
instruction. With this edition, new media and technologies have been developed that help 
students to visualize calculus and teachers to customize content to better align with the 
way they teach their course. The tables on pages Xx—xxi describe each of these ancillaries. 
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PowerLecture 
ISBN 0-8400-5421-1 


This comprehensive DVD contains all art from the text in both 
Jpeg and PowerPoint formats, key equations and tables from the 
text, complete pre-built PowerPoint lectures, Solution Builder, 
ExamView testing software, Tools for Enriching Calculus, video 
instruction, and JoinIn on Turning Point clicker content. 


AP* Teacher's Resource Guide 

by Douglas Shaw 

ISBN 0-8400-5857-8 
Taking the perspective of optimizing preparation for the AP 
exam, each section of the main text is discussed from several 
viewpoints. The guide includes a variety of useful lesson plan 
resources: suggested time to allot, points to stress, daily quizzes, 
core materials for lecture, workshop and discussion sugges- 
tions, group work exercises in a form suitable for handout, tips 
for the AP exam, and suggested homework problems. 


Complete Solutions Manual 
Single Variable with Vector Functions Early Transcendentals 
By Daniel Anderson, Jeffery A. Cole, and Daniel Drucker 
ISBN 1-1114-2711-9 


Includes worked-out solutions to all exercises in the text. 


Printed Test Bank 
By William Steven Harmon 
ISBN 0-8400-5419-X 


Contains text-specific multiple-choice and free response test 
items. 


ExamView Testing 


Create, deliver, and customize tests in print and online formats 
with ExamView, an easy-to-use assessment and tutorial software. 
ExamView contains hundreds of multiple-choice and free 
response test items. ExamView testing is available on the Power- 
Lecture DVD. 
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Stewart Website 
www.stewartcalculus.com 


Contents: Homework Hints = Algebra Review « Additional 


History of Mathematics ® Tools for Enriching Calculus (TEC) 


Topics ® Drill exercises = Challenge Problems = Web Links = 
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By James Stewart, Harvey Keynes, Dan Clegg, and 

developer Hu Hohn 
Tools for Enriching Calculus (TEC) functions as both a power- 
ful tool for teachers, as well as a tutorial environment in which 
students can explore and review selected topics. The Flash sim- 
ulation modules in TEC include instructions, written and audio 
explanations of the concepts, and exercises. TEC is accessible 
in CourseMate, WebAssign, and Power-Lecture. Selected Visu- 
als and Modules are available at www.stewartcalculus.com. 


“ae VVebAssign Enhanced WebAssign 

www.webassign.net 
WebAssign’s homework delivery system lets teachers deliver, 
collect, grade, and record assignments via the web. Enhanced 
WebAssign for Stewart's Calculus now includes opportunities 
for students to review prerequisite skills and content both at the 
start of the course and at the beginning of each section. In addi- 
tion, for selected problems, students can get extra help in the 
form of “enhanced feedback” (rejoinders) and video solutions. 
Other key features include: thousands of problems from Stew- 
art’s Calculus, a customizable Cengage YouBook, Personal 
Study Plans, Show Your Work, Just in Time Review, Answer 
Evaluator, Visualizing Calculus animations and modules, 
quizzes, lecture videos (with associated questions), and more! 
Ask your sales representative about available discounts. 


Cengage Customizable YouBook 


YouBook is a Flash-based eBook that is interactive and cus- 
tomizable! Containing all the content from Stewart's Calculus, 
YouBook features a text edit tool that allows teachers to modify 
the textbook narrative as needed. With YouBook, teachers can 
quickly re-order entire sections and chapters or hide any con- 
tent they don’t teach to create an eBook that perfectly matches 
their syllabus. Teachers can further customize the text by adding 
teacher-created or YouTube video links. Additional media assets 
include: animated figures, video clips, highlighting, notes, and 
more! YouBook is available in Enhanced WebAssign. 


CourseMate 
Wwww.cengagebrain.com 


CourseMate is a perfect self-study tool for students, and 
requires no set up from teachers. CourseMate brings course 
concepts to life with interactive learning, study, and exam 
preparation tools that support the printed textbook. CourseMate 
for Stewart’s Calculus includes: an interactive eBook, Tools 

for Enriching Calculus, videos, quizzes, flashcards, and more! 
For teachers, CourseMate includes Engagement Tracker, a 
first-of-its-kind tool that monitors student engagement. Ask your 
sales representative about available discounts. 
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Maple CD-ROM 
Maple provides an advanced, high performance mathe- 
matical computation engine with fully integrated numerics 
& symbolics, all accessible from a WYSIWYG technical docu- 
ment environment. 


CengageBrain.com 
To access additional course materials and companion resources, 
please visit www.cengagebrain.com. At the CengageBrain.com 
home page, search for the ISBN of your title (from the back 
cover of your book) using the search box at the top of the page. 
This will take you to the product page where free companion 
resources can be found. 
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Fast Track toa 5 

By Sharon Cade, Rhea Caldwell, and Jeff Lucia 

ISBN 0-8400-5861-6 
This comprehensive test preparation manual provides valuable 
test-taking strategies, review, and full-length practice exams, 
designed to help students improve their scores and identify the 
areas where they need the most focus and practice. Keyed to 
Stewart's Calculus, it helps students efficiently and effectively 
prepare for the AP exam. The Fast Track to a 5 can be pur- 
chased either with the text or separately. Ask your sales repre- 
sentative about available discounts. 


AP* Notetaking Guide 

ISBN 0-8400-5887-X 
This printed organizer is designed to help students organize 
their notes, and provides section-by-section summaries of key 
topics and other useful study tools. Ask your sales representa- 
tive about available discounts. 


Student Solutions Manual 


Single Variable with Vector Functions Early Transcendentals 

By Daniel Anderson, Jeffery A. Cole, and Daniel Drucker 

ISBN 0-1114-2712-7 
Provides completely worked-out solutions to all odd-numbered 
exercises in the text, giving students a chance to check their 
answers and ensure they took the correct steps to arrive at an 
answer. Ask your sales representative about available discounts. 


Study Guide 


Single Variable Early Transcendentals 
By Richard St. Andre 
ISBN 0-8400-5420-3 


For each section of the text, the Study Guide provides students 
with a brief introduction, a short list of concepts to master, as 
well as summary and focus questions with explained answers. 
The Study Guide also contains “Technology Plus” questions, 
and multiple-choice “On Your Own” exam-style questions. Ask 
your sales representative about available discounts. 


CalcLabs with Maple 


Single Variable By Philip B. Yasskin and Robert Lopez 
ISBN 0-8400-5811-X 


CalcLabs with Mathematica 


Single Variable By Selwyn Hollis 

ISBN 0-8400-5814-4 
Each of these comprehensive lab manuals will help students 
learn to use the technology tools available to them. CalcLabs 
contain clearly explained exercises and a variety of labs and 
projects to accompany the text. Ask your sales representative 
about available discounts. 


A Companion to Calculus 

By Dennis Ebersole, Doris Schattschneider, Alicia Sevilla, 

and Kay Somers 

ISBN 0-495-01124-X 
Written to improve algebra and problem-solving skills of stu- 
dents taking a Calculus course, every chapter in this companion 
is keyed to a calculus topic, providing conceptual background 
and specific algebra techniques needed to understand and solve 
calculus problems related to that topic. It is designed for calcu- 
lus courses that integrate the review of precalculus concepts or 
for individual use. Ask your sales representative about available 
discounts. 


Linear Algebra for Calculus 

by Konrad J. Heuvers, William P. Francis, John H. Kuisti, 

Deborah F. Lockhart, Daniel S. Moak, and Gene M. Ortner 

ISBN 0-534-25248-6 
This comprehensive book, designed to supplement the calculus 
course, provides an introduction to and review of the basic 
ideas of linear algebra. Ask your sales representative about 
available discounts. 
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To the Student 


Reading a calculus textbook is different from reading a newspaper or a novel, or even a physics 
book. Don’t be discouraged if you have to read a passage more than once in order to understand 
it. You should have pencil and paper and calculator at hand to sketch a diagram or make a 
calculation. 

Some students start by trying their homework problems and read the text only if they get stuck 
on an exercise. I suggest that a far better plan is to read and understand a section of the text 
before attempting the exercises. In particular, you should look at the definitions to see the exact 
meanings of the terms. And before you read each example, I suggest that you cover up the solu- 
tion and try solving the problem yourself. You’ll get a lot more from looking at the solution if 
you do so. 

Part of the aim of this course is to train you to think logically. Learn to write the solutions of 
the exercises in a connected, step-by-step fashion with explanatory sentences—not just a string 
of disconnected equations or formulas. 

The answers to the odd-numbered exercises appear at the back of the book, in Appendix I. 
Some exercises ask for a verbal explanation or interpretation or description. In such cases there 
is no single correct way of expressing the answer, so don’t worry that you haven’t found the 
definitive answer. In addition, there are often several different forms in which to express a numer- 
ical or algebraic answer, so if your answer differs from mine, don’t immediately assume you’re 
wrong. For example, if the answer given in the back of the book is 2 — 1 and you obtain 
1/1 + /2 ), then you’re right and rationalizing the denominator will show that the answers are 
equivalent. 

The icon ¥ indicates an exercise that definitely requires the use of either a graphing calcula- 
tor or a computer with graphing software. (Section 1.4 discusses the use of these graphing devices 
and some of the pitfalls that you may encounter.) But that doesn’t mean that graphing devices 
can’t be used to check your work on the other exercises as well. The symbol CAS) is reserved for 


problems in which the full resources of a computer algebra system (like Derive, Maple, Mathe- 
matica, or the TI-89/92) are required. 

You will also encounter the symbol @, which warns you against committing an error. I have 
placed this symbol in the margin in situations where I have observed that a large proportion of 
my students tend to make the same mistake. 

Tools for Enriching Calculus, which is a companion to this text, is referred to by means of 
the symbol and can be accessed in Enhanced WebAssign and CourseMate (selected Vis- 
uals and Modules are available at www.stewartcalculus.com). It directs you to modules in which 
you can explore aspects of calculus for which the computer is particularly useful. 

Homework Hints for representative exercises are indicated by printing the exercise number 
in red: 5. These hints can be found on stewartcalculus.com as well as Enhanced WebAssign and 
CourseMate. The homework hints ask you questions that allow you to make progress toward a 
solution without actually giving you the answer. You need to pursue each hint in an active man- 
ner with pencil and paper to work out the details. If a particular hint doesn’t enable you to solve 
the problem, you can click to reveal the next hint. 

I recommend that you keep this book for reference purposes after you finish the course. 
Because you will likely forget some of the specific details of calculus, the book will serve as a 
useful reminder when you need to use calculus in subsequent courses. And, because this book 
contains more material than can be covered in any one course, it can also serve as a valuable 
resource for a working scientist or engineer. 

Calculus is an exciting subject, justly considered to be one of the greatest achievements 
of the human intellect. I hope you will discover that it is not only useful but also intrinsically 
beautiful. 


JAMES STEWART 
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A | Diagnostic Test: Algebra 


- Diagnostic Tests 


Success in calculus depends to a large extent on knowledge of the mathematics 
that precedes calculus: algebra, analytic geometry, functions, and trigonometry. 
The following tests are intended to diagnose weaknesses that you might have in 
these areas. After taking each test you can check your answers against the given 
answers and, if necessary, refresh your skills by referring to the review materials 
that are provided. 
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. Evaluate each expression without using a calculator. 
(a) (—3) (Dyes: Osh. 
58 9) —2 = 
(d) 5a (e) (2) (f) lon 


2. Simplify each expression. Write your answer without negative exponents. 


(a) /200 — /32 


(b) (3a*b*)(4ab7)? 


3. Expand and simplify. 


(a) 3(x + 6) + 4(2x — 5) (b) (x + 3)(4x — 5) 


(c) (va + Vb (Ja - Vo) (d) (2x + 3? 


(Cy a2): 


. Factor each expression. 


(a) 4x? — 25 (b) 2x? + 5x — 12 
(c) x? — 3x? — 4x + 12 (d) x* + 27x 
(e) 3x7? — 9x1? + 6x01? (i) xy = 4a 


. Simplify the rational expression. 


x2 +3x+2 a) oe eee ¢ 
os (b) 2x je = Il 2 +3 
Ke = 3p = 2) jen aa ase ae Il 
Dae 
BG Giciaell X y 
Cc 3 — 
anes 71 x+2 (d) i 1 
y i 
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6. Rationalize the expression and simplify. 


ye (py oe 
Su h 
7. Rewrite by completing the square. 
(a) x +x+1 (3) Gir = Wap =e 


8. Solve the equation. (Find only the real solutions.) 


on OFS 
(a) x+5=14-x i ee 

yp el 38 
(c) e —x- 12=0 (d) 2x7 + 4x +1=0 
(e) x* — 3x7+2=0 (i) 3la — 4] = 10 


(g), 2x(4 — x)? — 3./4 -x =0 

9. Solve each inequality. Write your answer using interval notation. 
(@) 49 = sess 7 (Dix 25 8 
(©) xGe— 1) Ga=- 2) = 0 ‘ (CO ee hee) 


(ec) Dy: = 
Kein all ms 


10. State whether each equation is true or false. 


(a) (p+ qv=pt+q (b) ab =.Ja/b 
(Cc) Ja +b? =a+t+b (@) SS =1+7 


1/x 1 
cy = be a= Ib 


(e) —~=-- 


a 
Ka yoy 


(f) 


Eee Answers to Diagnostic Test A: Algebra 


1. (a) 81 (b) —81 (ce) & 6. (a) 5/2 + 2/10 (b) I 
_(d) 25 (e) Z (f) + J4+h+2 
2. (On 2 (b) 48a°b’ (c) aa 7. (a) (x + 4)? +3 (b) 2(x — 3)? — 7 
y 
ah (ey), les = 2 (b) 4x? + 7x — 15 8. (a) 6 (b) 1 (c= 304 
@) @ = (d) 4x? + 12x +9 dye pee A aD) (f) 2 2 
(e) x? + 6x? + 12x + 8 a ee) pale 2) oe 
25 
4. (a) (2x — 5)\(2x +5) (b) (2x — 3)(x + 4) 
(Cyt) Big 2) 2) tax 3 a" = 3774-9) 9. (a) [—4, 3) (b) (—2, 4) 
(6) Sree) = 2) Ga CCR Cae) (c) (—2, 0) U (1, 2) (d) (1,7) 
fi (e) (-1, 4] 
se ae DB 33 — il 
5. (a) ()) ae 5 
a : 10. (a) False (b) True (c) False 
(c) 5 (sas y) (d) False (e) False (f) True 
ae 


If you have had difficulty with these problems, you may wish to consult 
the Review of Algebra on the website www.stewartcalculus.com 
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PB, Diagnostic Test: Analytic Geometry 


1. Find an equation for the line that passes through the point (2, —5) and 
(a) has slope —3 
(b) is parallel to the x-axis 
(c) is parallel to the y-axis 
(d) is parallel to the line 2x — 4y = 3 


2. Find an equation for the circle that has center (—1, 4) and passes through the point (3, —2), 
3. Find the center and radius of the circle with equation x> + y — 6x + 10y +9 =0. 


4. Let A(—7, 4) and B(5, —12) be points in the plane. 
(a) Find the slope of the line that contains A and B. 
(b) Find an equation of the line that passes through A and B. What are the intercepts? 
(c) Find the midpoint of the segment AB. 
(d) Find the length of the segment AB. 
(e) Find an equation of the perpendicular bisector of AB. 
(f) Find an equation of the circle for which AB is a diameter. 


5. Sketch the region in the xy-plane defined by the equation or inequalities. 


i Qi yi=3 (b) |x| <4and|y| <2 
(c) y<1—3x . (dy) yea? — 1 
Oe Maree (f) 9x? + 16y? = 144 


| Answers to Diagnostic Test B: Analytic Geometry 


ib (@) y= sie = Ml (b) y= —5 5. (a) 
@x=2 (d) y=2x- 6 

2. (x + 1)? + (y — 4) = 52 

3. Center (3, —5), radius 5 


4. (a) -} 
(b) 4x + 3y + 16 = 0; x-intercept —4, y-intercept —* (d) 
Oe bh) 
(d) 20 


(e) 3x — 4y = 13 
(f)'@ + 1)? + @ + 4)'= 100 


If you have had difficulty with these problems, you may wish to 
consult the review of analytic geometry in Appendixes B and C. 
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FIGURE FOR PROBLEM 1 


1. 


. If f(x) = x3, evaluate the difference quotient 


The graph of a function f is given at the left. 
(a) State the value of f(—1). 

(b) Estimate the value of f(2). 

(c) For what values of x is f(x) = 2? 

(d) Estimate the values of x such that f(x) = 0. 
(e) State the domain and range of f. 


f2 + h) — FQ) 


(a) Evaluate f(—2) and f(1). _(b) Sketch the graph of f. 


. If f(x) = x* + 2x — 1 and g(x) = 2x — 3, find each of the following functions. 


(a) fog (b)i Gey (c) gegeg 


Poae| Answers to Diagnostic Test C: Functions 


and simplify your answer. 


h 
. Find the domain of the function. 
Dee se Il 0/X ; 
(CN ACA) ire pe ae (b) gix)i—= ae (c) h(x) = V4 —x + Vx? - 1 
5 ie le a a2 eee ae dl 
. How are graphs of the functions obtained from the graph of f? 
(Gey = — f(x) Oar eg) (c) y= f(x — 3) +2 
. Without using a calculator, make a rough sketch of the graph. 
(a) y=x° (b) y= (x + 1) (c) y= (x—-— 2)? +3 
(Daye (e) y= vx (f) y = 2x 
g) y= -2* (h) y=1+x7! 
eee Pee at) 
leet = 
et fla) fa | ifx>0 


1e(aye=2 (b) 2.8 


(@)} 3h 1 @) =22, 0,2 


(Ceyil=3)3 Di2, 3] 
2.12+ 6h +h? 


3. (a) (—%, —2) U (—2, 1) U (1, ©) 
Cree 1p 4] 


4. (a) Reflect about the x-axis 


(b) Stretch vertically by a factor of 2, then shift 1 unit downward 


@ ya (e) yA (f) y 


i 
& 
=) 


(c) Shift 3 units to the right and 2 units upward 


(c) y 


* 


(5, (@) =2\,3 7. (a) (fe g(x) = 4x? — 8x + 2 


If you have had difficulty with these problems, you should look at Sections 1.1—1.3 of this book. 


(6b) (Gof) = 2? 4 — 5 
(c) (g°g°g)(x) = 8x — 21 
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| D | Diagnostic Test: Trigonometry 


1. Convert from degrees to radians. 
(a) 300° (D) el oe 
2. Convert from radians to degrees. 
(a) 57/6 (b) 2 
3. Find the length of an arc of a circle with radius 12 cm if the arc subtends a central angle of 
BOR 
4. Find the exact values. 
(a) tan(7/3) (b) sin(77/6) (c) sec(57/3) 


5. Express the lengths a and in the figure in terms of 0. 


os 6. If sin x = 4 and sec y = 3, where x and y lie between 0 and 7/2, evaluate sin(x + y). 
z= 7. Prove the identities. 
b (a) tan@ sin@ + cos @ = secé 
5 : 
FIGURE FOR PROBLEM 5 (b) Aes = sin 2x 
1 + tan°x 


8. Find all values of x such that sin 2x = sin x and 0 Sx S 27. 


9. Sketch the graph of the function y = 1 + sin 2x without using a calculator. 


ed Answers to Diagnostic Test D: Trigonometry 


1. (a) 52/3 (b) —7/10 6. 5(4 + 6/2) 
72, (@) ISO? (b) 3607/7 ~ 114.6° 8. 0, 77/3, 7, 57/3, 277 
3. 277 cm 9. 


4. (a) /3 (b) = (c) 2 
5. (a) 24 sin @ (b) 24 cos @ 


If you have had difficulty with these problems, you should look at Appendix D of this book. 
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Preparing for the AP* 
Calculus Examination 


Advanced Placement can be exhilarating. Whether you are taking an AP course at your 
school or you are working on the AP curriculum independently, the stage is set for a great 
intellectual experience. 

But sometime in the spring, when the examination begins to loom on a very real hori- 
zon, Advanced Placement can seem intimidating. It is a normal feeling to be nervous about 
the test; you are in good company. 

The best way to deal with an AP examination is to master it, not let it master you. You 
should think of this examination as a way to show off how much calculus you know. Atti- 
tude does help. But, no matter what type of math student you are, there is still a lot you 
can do to prepare for the exam. Focused review and practice time will help you master the 
examination so that you can walk in with confidence and earn a great score. 


os What's In the Calculus Textbook That Will Help You Prepare 


As you work through the textbook, there are some things that you should do to get the most 
out of the text. 


= Brush up on your precalculus skills by reviewing the Diagnostic Tests at the front of 
the book, as well as Appendixes A, B, C, and D at the back of the book and the 
Review of Algebra online at www.stewartcalculus.com. Success in calculus comes not 
only from understanding the calculus but being able to do the mechanics, so the skills 
covered in these review materials are key. 


= Review the problem-solving techniques included in the Principles of Problem Solving 
module immediately following Chapter 1. 


= Read through supplementary material on the stewartcalculus.com website. The addi- 
tional topic Lies My Calculator and Computer Told Me, for example, will help you 
understand fundamental issues that occur with any calculating tool. 

= As you read the sections, 
= take time reading the examples, 


= do the conceptual exercises so that you can check your understanding of the 
material, and 


*AP and Advanced Placement Program are registered trademarks of the College Entrance Examination Board, 
which was not involved in the production of, and does not endorse, this product. 
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= notice that the author begins each set of exercises with the basic concepts and skills 
and proceeds to more challenging problems and applications; be sure to try some of 
each level. 


After finishing a chapter, work through the review exercises, including the “concept 
check” and “‘true-false quiz” (the true-false exercises help you discern small differ- 
ences in conceptual understanding). 


Read through the “Problems Plus” section and try a couple of the more challenging 
problems before moving on to the next chapter. 


In calculus, reading the text is an essential part of the learning curve and will, in the 


end, save you time in understanding and mastering the material. There is more to the study 
of calculus than just being able to do some mathematics; you must understand the concepts 
and how they fit together. You will also learn to broaden your thinking as well as think 
logically if you allow yourself to try to see mathematics in a new way, not just as a set of 
algorithms. 


sual How to Get the Most Out of Your Calculus Class 


how to tell when the graph has a “hole”: try 


Know your advanced algebra skills: 

= Linear equations 

= Quadratics (factoring) 

= Functions (transformations, piecewise, odd, even, domain, range) 
= Polynomials (zeros, end behavior) 

= Exponential and logarithmic curves 

= Rational and radical equations 

= Direct, inverse relations 

= Conics (for BC) 

Know your trigonometry: 

= Unit circle (0, 30, 45, 60, and 90 degrees and equivalent radian measures) 
= Symmetry around the unit circle 

= Basic identities 


Know basic sequences and series and when to apply which sequence or series 
formula. 


Have some knowledge of vectors (BC only). 


Know your calculator: 
= Plot the graph of a function in an appropriate window. 
= Find the zeros of a function (solving the equations numerically). 


= Know how to calculate the value of a function at a specific x: on the graph, 
2nd calc, value; on the home screen, yl (value). 


= Graph your functions and analyze them as a comparison to the algebra you do. 


Remember that you have to analyze what the calculator gives you. For example, know 
nae 


2 
apa yond look for the value at x = 2. 
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fee Setting Up a Review Schedule 


The AP Calculus courses are concerned with developing a student’s understanding of the 
concepts while providing experiences with its methods and applications. Both the AB and 
BC courses require a depth of understanding. If you have been doing your homework 
steadily and keeping up with the course work, you are in good shape. Organize your notes, 
homework, and handouts from class by topic. For example, keep a set of notes on precal- 
culus topics (no longer tested on the AP exam but essential to your success with calculus), 
limits, derivative rules and applications, integral rules and applications, series and 
sequences techniques and methods, and major theorems. If you can summarize the main 
information in a few pages, by topic, you will find reviewing much easier. Refer to these 
materials as you begin to prepare for the exam. Use your textbook to get more detail as 
needed. 


See AP Information Before the Examination 


IN FEBRUARY 


= Make sure that you are registered to take the test. Some schools take care of the 
paperwork and handle the fees for their AP students, but check with your teacher or 
the AP coordinator to make sure that you are registered. This is especially important if 
you have a documented disability and need test accommodations. If you are studying 
AP independently, or if your school does not have an AP coordinator, call AP Services 
at the College Board at (609) 771-7300 or (888) 225-5427 (toll-free in the United 
States and Canada). You can also email apexams @ info.collegeboard.org for the name 
of the local AP coordinator, who will help you through the registration process. It is 
suggested that you call AP Services or contact your AP Coordinator by March 1. 


= Check on the eligibility of your calculator. Go online to 
http:// www.collegeboard.conv/student/testing/ap/calculus_ab/calc.html ?calcab#list 
early enough so that if you need a different calculator, you will have time to get one 
and to become familiar with it. 
BY MID-MARCH 


= Begin your review process; set a schedule for yourself that you can follow. 


NIGHT BEFORE 
# Put all of your materials in one place. 


= Relax and get a good night’s rest (this alone could improve your score because you 
will be able to think more clearly throughout the test). 


THINGS TO HAVE ON TEST DAY 

» Approved graphing calculator with fresh batteries (you may have a second calcula- 
tor as a backup, but it must also be a graphing calculator). The calculator must not 
have a typewriter-style (QWERTY) keyboard, nor can it be a nongraphing scientific 
calculator. Calculator memories are not cleared for the exam. 


AP TIP Be sure your calculator is set in radian mode (pi radians, or approximately 
three radians, is half the circle; 3 degrees is an angle just barely above the x-axis). 
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= #2 pencils (at least 2) with good erasers. 

# A watch (to monitor your pace, but turn off the alarm if it has one). 
» A bottle of water and a snack (fruit or power bar). 

= Social Security number (if you choose to include it on the forms). 
# The College Board school code. 

= Photo identification and the admissions ticket. 


® Comfortable clothes and a sweatshirt or sweater in case the room is cold. 


Schools may have your admissions ticket at the testing site; a photo identification may not 
be needed at your own school, but check with your AP coordinator prior to test day. 

On the day of the examination, it is wise to eat a good breakfast. Studies show that stu- 
dents who eat a hot breakfast before testing get higher scores. Breakfast can give you the 
energy you need to power through the test and more. You will spend some time waiting 
while everyone is seated in the right room for the right test. That’s before the test has even 
begun. With a short break between Section I and Section II, the AP Calculus exam can last 
almost four hours. 

Now go geta 5! 


MULTIPLE CHOICE 


FREE RESPONSE 


Taking the AP* 
Calculus Examination 


To do well on the AP Calculus examination, you should be able to: 


= Understand and work with the connections between the graphical, numerical, 
analytical, and verbal representations of functions. 


= Use derivatives to solve a variety of problems and understand the meaning of a deriv- 
ative in terms of rate of change and local linearity. 


# Use integrals to solve a variety of problems and understand the meaning of a definite 
integral in terms of the limit of Riemann sums as well as the net accumulation of 
change. 


» A student also needs to: 
= Understand both parts of the Fundamental Theorem of Calculus. 
= Communicate mathematics in written sentences. 
= Appropriately model a physical situation. 
= Use technology correctly and efficiently. 


= Determine if solutions are reasonable and understand them in terms of units of 
measurement, size, and so on. 


It is important to realize that a student who is in AP Calculus is expected to have studied 
all of the prerequisite material. A student should have a mastery of functions and their 
properties and an understanding of algebra, graphs, and the language of domain, range, 
symmetry, periodicity, and so on. The student should also understand trigonometry and 
have a mastery of the basic values in the unit circle and the basic trigonometric identities. 


ee Exam Format ; 


The AP Calculus examination currently consists of two major sections and each of those 
has two parts. All sections test proficiency on a variety of topics. 


Section I has two sets of multiple-choice questions. Part A has 28 questions with an allot- 
ted time of 55 minutes and does not allow the use of a calculator. Part B has 17 questions 
and has 50 minutes allotted to it; this set contains some questions for which a graphing cal- 
culator would be needed to answer the questions. The multiple choice section score is 
based on the number of questions answered correctly; no points will be deducted for incor- 
rect answers and no points are awarded for unanswered questions. 


Section II has six free-response questions, and it is broken into two portions. Part A con- 
sists of two problems; some parts of some problems may require a graphing calculator and 
you will be allowed 30 minutes. Part B has four problems and you will be allowed 60 min- 
utes; a calculator is not permitted during this time. Although you may continue working 


*AP and Advanced Placement Program are registered trademarks of the College Entrance Examination Board, 
which was not involved in the production of, and does not endorse, this product. 
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on Part A problems during this 60-minute session, you may no longer use a calculator. 
Thus, when working on Part A, you must be sure to answer the questions requiring a cal- 
culator during that first 30-minute period. 

The grade for the examination is equally weighted between the multiple-choice and 
free-response sections of the exam. You can possibly earn a 5 on the exam even if you miss 
an entire free-response question. Students taking the BC exam will also receive an AB sub- 
score grade. 

The free-response questions and solutions are published annually after the AP Reading 
is completed and can be found at apcentral.com. 


ad General AP Test-Taking Strategies 


Strategize the test question. Begin somewhere. Ask “What do I need?” and then “How do 
I get there?” Start with a clear definition; for example, for question 6 about continuity on 
the 2003 AB test, students needed to have a clear definition of continuity to answer the 
question fully. 


=" Know what the required tools on your calculator are and know how to access and use 
them: 


= Plot the graph of a function within a viewing window. 
= Find the zeros of a function (numerically solve equations). 
= Numerically calculate the derivative of a function. 
= Numerically calculate the value of a definite integral. 
= Know the relationships between f, f’, and f”. 
= Know your derivative and integral rules. 
= Underline key components of the questions. 
= ‘Treat units carefully. 


# Set the calculator to at least THREE decimal places and properly use the store key for 
intermediate steps (if you round too soon, your final answer will not be correct to the 
requisite three decimal places). Although you see only three decimal places on the 
calculator, it actually retains the complete value in its memory; if you just write the 
three numbers down and then use them, you are rounding too soon. If you choose to 
write your answer with more than three decimal places, remember that only the first 
three places are read as your answer—you may truncate or round. 


Bee Strategies for the Mulitple-Choice Section 


To look or not to look at the answers Often you are better off trying to work through the 
problem before you look at the answer. However, there are times when seeing what kind 
of answer is there may help you determine a method of solution [see 1998 multiple-choice 
test question 17, where only in the answer do you see that you have to compare f’(1) to 


ye (ale 


Read the question carefully Pressured for time, many students make the mistake of read- 
ing the questions too quickly or merely skimming them. By reading a question carefully, 
you may already have some idea about the correct answer. Careful reading is especially 
important in EXCEPT questions. After you solve the problem and have a solution, reread 
the question to be sure the answer you solved for actually answers the question. For exam- 
ple, you may have solved for where the maximum occurred (the x-value) but the question 
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actually asks for the maximum value of f (the y-value), and thus you need one more step 
to complete the problem. 


Eliminate any answer you know is wrong You can write on the multiple-choice ques- 
tions in the test book. As you read through the responses, draw a line through any answer 
you know is wrong. Do as much scratch work as is necessary in the exam book, but be sure 
to mark your solution choice on the answer sheet in the corresponding oval. 


Read all of the possible answers, then choose the most accurate response AP exami- 
nations are written to test your precise knowledge of a subject. Some of the responses may 
be partially correct, but there will only be one response that is completely true. 

Be careful of absolute responses. These answers often include the words always or 
never. They could be correct, but you should try to think of counterexamples to disprove 
them. 


Skip tough questions Skip them in the first go-through but be sure that you mark them in 
the margin so you can come back to them later if you possibly can. Make sure you skip 
those questions on your answer sheet too. 


There is NO penalty for guessing Thus, at the end, try to narrow down your choices by 
eliminating answers which you figure are not correct and make an educated guess. 


ADDITIONAL THOUGHTS 


= The exact numerical answer may not be among the choices given. You will have to 
choose the solution that best approximates the exact numerical value. 


= The domain of a function f is assumed to be the set of all real numbers x, where f(x) 
is a real number, unless specified otherwise. 


= f ‘or the prefix arc- indicates the inverse of a trigonometric function 
(cos 4 = arccos.x). 


TYPES OF MULTIPLE-CHOICE QUESTIONS 


All kinds of topics will be covered in the multiple-choice section; your skills and vocabu- 
lary will be tested as well as your ability to do multi-step problem solving. Phrases like 
average value, the definition of continuity, extremum (relative and absolute), the definition 
of a derivative in its two forms, differential equations, graphical interpretations, and slope 
fields are just a sampling of terms that identify the kinds of problems you will see. Read 
through this text and do the practice problems to familiarize yourself with the way the 
questions are framed. 

Multiple-choice questions will be formatted in two basic ways. You will find classic 
questions where there are just five choices for solutions. This is the most common type of 
problem; it requires you to read the question and select the most correct answer. Strategies 
for solving this type of problem include 


= reading the question carefully, 
= eliminating known wrong answers, 


= solving the problem and then interpreting your solution correctly to fit the question, 
and 
= on occasion, testing each solution to see which one Is correct. 


There will also be problems that could be called “list” and “group,” where you may be 
asked “Which of the following is true about g?” They will give choices such as I, II, and 
III and the muitiple-choice answers might appear as 
(a) None (b) I only (c) II only 
(d) I and II only (e) I, I, and I 
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This kind of problem requires a clear understanding of some concept or definition. To 
approach this kind of question, 


= eliminate known wrong answers, 
= recall necessary theorems or definitions to help you interpret the question, and 


= reread the problem to check your solution’s accuracy. 


(eel Strategies for the Free-Response Section 


ALL work needs to be shown IN the test booklet, not on the question sheets. The readers 
must read only solutions in the test booklet itself. Be sure to write the solutions on the cor- 
rect pages (answer for question | on the designated page). It is easy to write a solution on 
the wrong page. If this happens, make a note of it on the correct page and the reader will 
read with you; do not take the time to erase and redo the problem. 


= Scan all of the questions in the section you are working in. First solve the problems 
that you think you can do easily. You can mark and come back to the harder ones 
later. During Part A, the calculator section with only 2 problems, be sure to tackle any 
part of the question that requires the use of the calculator first, because after the 30 
minutes, although you can continue to work on a problem, you will not be allowed to 
use your calculator. 


# Show all of your work. Partial credit will be awarded for problems if the correct work 
is shown, even if the answer is not present or is incorrect. Although not required, it 
can be helpful to the reader if you circle your final answer. 


= Cross out incorrect answers with an “X” rather than spending time erasing. Crossed- 
out or erased work will not be graded. However, don’t cross out or erase work unless 
you have replaced it. Let the reader see what you tried; it may be worth some points. 


= Be clear, neat, and organized in your work. If a reader cannot clearly understand your 
work, you may not receive full credit. 


= Some free-response questions have several parts, such as a, b, c, and d, Attempt to 
solve each part. Even if your answer to part “a” is incorrect, you still may be awarded 
points for the remaining parts of the question if the work is correct for those parts. 
Remember, the answers may not depend on an earlier response and that is why it is 
important to try each part. If you work with your incorrect answer (as long as it is 
reasonably derived) from a previous part, the reader will read with you in a later part, 


checking your numerical answer on the basis of your incorrect input. 


= Units are important in your answer. Keeping track of your units throughout calcula- 
tions and performing unit cancellations, where possible, will help guide you to your 
answer. Points will be deducted for missing or incorrect units in the answer if the 
question asked that units be given. 


= Don’t just write equations or numbers in hopes of finding the correct answer. Extrane- 
ous or incorrect information could lead to a lower score. Don’t make up work that is 
trivial, but do try the problem and the reader will read with you. 


» You do not need to work the questions in order, but be sure the answer is entered in 
the correct section. 


= When you use a table or a graph from one section (part a) in another part of the prob- 
lem (part c, for example) be sure to refer to it in some way—state your use of it or 
draw an arrow back to it. If you inadvertently put a response in the wrong part of the 
problem, note it clearly to the reader. 
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= Show all your work. 
= Clearly label any functions [if the problem uses g(x), don’t call it f(x)]. 


= Label your sign charts accurately, for example, f’ or f” for the derivative tests. 
However, these by themselves do not count as a justification. No credit is given for 
sign charts, but they can help develop your analysis and subsequent answer to the 
question. 


= Label all graphs with appropriate notation including numeric intervals (by 1s or 
10s, for example) and the names for the x- and y-axes (like distance and time). 


= Label all tables or other objects that you use to show your work. 


= Show standard mathematic (noncalculator) notation. For example, you must show 
the integral as {° (x + 2) dx not as fnInt (x + 2, x, 1, 3). 


Remember You are not required to simplify your answer; you can save both time and 
the opportunity to make an error by leaving an answer in an unsimplified form. For 
example, y — 23 = —6(x + 5.4) is an appropriate equation of a tangent line; there is 
no need to simplify it to slope-intercept form. 


= Decimals require an accuracy of three decimal places in the solution. Thus be sure to 
understand how to carry (store in your calculator) the intermediate steps of a problem 
until you round to three decimal places at the end of the problem. If you do multiple 
calculations and each calculation is rounded to three decimal places prior to the next 
calculation, your final solution will not have the required accuracy. The third digit in 
the final solution can be either rounded or truncated. 


SCORING FOR FREE-RESPONSE QUESTIONS 


The free-response sections are graded on a scale of 0—9 with a dash (—) given for no math 
on the page. The chief reader is ultimately responsible not only for working through the 
solution and alternate solutions for each problem, but also for assigning points on a 9-point 
scale to each problem. This varies from problem to problem, based on how many parts are 
in the problem as well as the difficulty or complexity of the particular question. 

For example, in a problem that asks for units, units are generally assigned | point for 
the whole problem. In other words, if you do units correctly in part a, but incorrectly in 
part c, you would not be awarded the | point for units. 

If a problem requires an explanation or reasoning, it generally earns 1—2 points. 

In a typical area and volume problem, the integral is often worth | point and the answer 
is worth an additional 1 point. Sometimes the limits of integration are also worth | point. 
Thus it is important for you at least to get started on the problem because often some points 
are earned on the setup, even if the solution is not there or is incorrect. 

A “bald” answer is one that has no supporting work or documentation, like “yes” or just 
a number. A bald answer is seldom awarded a point. 


To learn calculus and best prepare for the examination, read the text, take risks, ask 
questions, and look for the connections between the algebraic, numeric, and graphical 
approaches to similar problems. As much as possible, graph every problem to enhance 
your understanding of the concepts involved. 
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Preview of Calculus 


© Ziga Camernik / Shutterstock 


© Pichugin Dmitry / Shutterstock 
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Calculus is fundamentally different from the mathematics that you have studied previously: calculus 

is less static and more dynamic. It is concerned with change and motion; it deals with quantities that 
approach other quantities. For that reason it may be useful to have an overview of the subject before 
beginning its intensive study. Here we give a glimpse of some of the main ideas of calculus by showing 
how the concept of a limit arises when we attempt to solve a variety of problems. 
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A=A, +A, +A, 7A, A; 


FIGURE 1 
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In the Preview Visual, you can see how 
areas of inscribed and circumscribed polygons 
approximate the area of a circle. 


M8) The Area Problem 


The origins of calculus go back at least 2500 years to the ancient Greeks, who found areas 
using the “method of exhaustion.” They knew how to find the area A of any polygon by 
dividing it into triangles as in Figure | and adding the areas of these triangles. 

It is a much more difficult problem to find the area of a curved figure. The Greek 
method of exhaustion was to inscribe polygons in the figure and circumscribe polygons 
about the figure and then let the number of sides of the polygons increase. Figure 2 illus- 
trates this process for the special case of a circle with inscribed regular polygons. 


Let A, be the area of the inscribed polygon with n sides. As n increases, it appears that 
A, becomes closer and closer to the area of the circle. We say that the area of the circle is 
the Jimit of the areas of the inscribed polygons, and we write 


A= lim An 
The Greeks themselves did not use limits explicitly. However, by indirect reasoning, 
Eudoxus (fifth century BC) used exhaustion to prove the familiar formula for the area of a 
circle: A = ar’. 

We will use a similar idea in Chapter 5 to find areas of regions of the type shown in Fig- 
ure 3. We will approximate the desired area A by areas of rectangles (as in Figure 4), let 
the width of the rectangles decrease, and then calculate A as the limit of these sums of 
areas of rectangles. 


YA YA YA 
(1, 1) (1, 1) (1, 1) 
> 
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ed n 
FIGURE 3 FIGURE 4 


The area problem is the central problem in the branch of calculus called integral cal- 
culus. The techniques that we will develop in Chapter 5 for finding areas will also enable 
us to compute the volume of a solid, the length of a curve, the force of water against a dam, 
the mass and center of gravity of a rod, and the work done in pumping water out of a tank. 


MN The Tangent Problem 


Consider the problem of trying to find an equation of the tangent line ¢ to a curve with 
equation y = f(x) at a given point P. (We will give a precise definition of a tangent line in 


7 


Vassilis) 


FIGURE 5 
The tangent line at P 


FIGURE 6 
The secant line PO 


yA 


FIGURE 7 
Secant lines approaching the 
tangent line 
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‘Chapter 2. For now you can think of it as a line that touches the curve at P as in Figure 5.) 


Since we know that the point P lies on the tangent line, we can find the equation of t if we 
know its slope m. The problem is that we need two points to compute the slope and we 
know only one point, P, on ¢. To get around the problem we first find an approximation to 
m by taking a nearby point Q on the curve and computing the slope mpg of the secant line 
PQ. From Figure 6 we see that 


[1] f(x) — f(a) 


Inpo — 
3G GI 


Now imagine that Q moves along the curve toward P as in Figure 7. You can see that 
the secant line rotates and approaches the tangent line as its limiting position. This means 
that the slope mpg of the secant line becomes closer and closer to the slope m of the tan- 
gent line. We write 


m = lim mpg 
OP 


and we say that m is the limit of mpg as Q approaches P along the curve. Since x approaches 
a as Q approaches P, we could also use Equation | to write 


o yp ES 


x—>a 3 =e 1G! 


Specific examples of this procedure will be given in Chapter 2. 

The tangent problem has given rise to the branch of calculus called differential calcu- 
lus, which was not invented until more than 2000 years after integral calculus. The main 
ideas behind differential calculus are due to the French mathematician Pierre Fermat 
(1601-1665) and were developed by the English mathematicians John Wallis 
(1616-1703), Isaac Barrow (1630-1677), and Isaac Newton (1642—1727) and the German 
mathematician Gottfried Leibniz (1646-1716). 

The two branches of calculus and their chief problems, the area problem and the tan- 
gent problem, appear to be very different, but it turns out that there is a very close con- 
nection between them. The tangent problem and the area problem are inverse problems in 
a sense that will be described in Chapter 5. 


MW Velocity 


When we look at the speedometer of a car and read that the car is traveling at 48 mi /h, what 
does that information indicate to us? We know that if the velocity remains constant, then 
after an hour we will have traveled 48 mi. But if the velocity of the car varies, what does it 
mean to say that the velocity at a given instant is 48 mi/h? 

In order to analyze this question, let’s examine the motion of a car that travels along a 
straight road and assume that we can measure the distance traveled by the car (in feet) at 
l-second intervals as in the following chart: 


t = Time elapsed (s) 0 1 2 3 4 5 | 


iN) 
\O 
we) 
aS 
K 
p 


d = Distance (ft) 0 


1 | 
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FIGURE 8 


As a first step toward finding the velocity after 2 seconds have elapsed, we find the aver- 
age velocity during the time interval 2 S ¢ S 4: 
change in position 


average velocity = ane elapsed 


_ 42-9 
SLA? 
= 16.5 ft/s 


Similarly, the average velocity in the time interval 2 < t < 3 is 


24 
average velocity = wea Toutt7s 


We have the feeling that the velocity at the instant t = 2 can’t be much different from the 
average velocity during a short time interval starting at t = 2. So let’s imagine that the dis- 
tance traveled has been measured at 0.l-second time intervals as in the following chart: 


Ez 2.0 Pie | Dee, | 2S | 2.4 ZS 


| @d | OOO OKO, |) IIL ING | 12.45 | IS | WS Le 


Then we can compute, for instance, the average velocity over the time interval [2, 2.5]: 


1) BOR 29 00) 
average velocity = iar ah ar mae 13.6 ft/s 


The results of such calculations are shown in the following chart: 


Tie interal } (2,31 (2, 2.5] | [2,24] | 12,23] | (2,22) (2,2.1] 


Average velocity (ft/s) | 15.0 13.6 | 12.4 | HES | 10.8 Leg 


The average velocities over successively smaller intervals appear to be getting closer to 
a number near 10, and so we expect that the velocity at exactly t = 2 is about 10 ft/s. In 
Chapter 2 we will define the instantaneous velocity of a moving object as the limiting 
value of the average velocities over smaller and smaller time intervals. 

In Figure 8 we show a graphical representation of the motion of the car by plotting the 
distance traveled as a function of time. If we write d = f(t), then f(t) is the number of feet 
traveled after t seconds. The average velocity in the time interval [2, /] is 


a 7 ae 
average velocity = = ei = aoe 


which is the same as the slope of the secant line PQ in Figure 8. The velocity v when t = 2 
is the limiting value of this average velocity as t approaches 2; that is, 


Peay Use) 
t>2 Laat 2 


and we recognize from Equation 2 that this is the same as the slope of the tangent line to 
the curve at P. 


FIGURE 9 
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FIGURE 10 
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Thus, when we solve the tangent problem in differential calculus, we are also solving 
problems concerning velocities. The same techniques also enable us to solve problems 
involving rates of change in all of the natural and social sciences. 


© The Limit of a Sequence 


In the fifth century BC the Greek philosopher Zeno of Elea posed four problems, now 
known as Zeno’s paradoxes, that were intended to challenge some of the ideas concerning 
space and time that were held in his day. Zeno’s second paradox concerns a race between 
the Greek hero Achilles and a tortoise that has been given a head start. Zeno argued, as fol- 
lows, that Achilles could never pass the tortoise: Suppose that Achilles starts at position 
a, and the tortoise starts at position t;. (See Figure 9.) When Achilles reaches the point 
az = t, the tortoise is farther ahead at position H. When Achilles reaches a3 = h, the tor- 
toise is at t;. This process continues indefinitely and so it appears that the tortoise will 
always be ahead! But this defies common sense. 


a, ay a a4 as 
Achilles e 2 + ~ — 
tortoise —— +—_—______e- 


One way of explaining this paradox is with the idea of a sequence. The successive posi- 
tions of Achilles (a;, a2, a3,...) or the successive positions of the tortoise (ft, h, 6, ...) 
form what is known as a sequence. 

In general, a sequence {a,} is a set of numbers written in a definite order. For instance, 
the sequence 


We can visualize this sequence by plotting its terms on a number line as in Fig- 
ure 10(a) or by drawing its graph as in Figure 10(b). Observe from either picture that the 
terms of the sequence a, = 1/n are becoming closer and closer to 0 as n increases. In fact, 
we can find terms as small as we please by making n large enough. We say that the limit 
of the sequence is 0, and we indicate this by writing 


heey 
lim —=0 
no fl 
In general, the notation 
lim a,=L 


rede 


is used if the terms a, approach the number L as n becomes large. This means that the num- 
bers a, can be made as close as we like to the number L by taking n sufficiently large. 
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FIGURE 11 


The concept of the limit of a sequence occurs whenever we use the decimal represen- 
tation of a real number. For instance, if 


ay ="3:1 

ad, = 3.14 

a3 = 3.141 

a4 = 3.1415 
as = 3.14159 
ao = 3.141592 


a; = 3.1415926 


then lim a, = 7 


no 


The terms in this sequence are rational approximations to 7. 

Let’s return to Zeno’s paradox. The successive positions of Achilles and the tortoise 
form sequences {a,} and {t,}, where a, < tf, for all n. It can be shown that both sequences 
have the same limit: 

lim a, = p = lim tf, 


no nc 
It is precisely at this point p that Achilles overtakes the tortoise. 


M8 The Sum of a Series 


Another of Zeno’s paradoxes, as passed on to us by Aristotle, is the following: “A man 
standing in a room cannot walk to the wall. In order to do so, he would first have to go half 
the distance, then half the remaining distance, and then again half of what still remains. 
This process can always be continued and can never be ended.” (See Figure 11.) 
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Of course, we know that the man can actually reach the wall, so this Suggests that per- 


haps the total distance can be expressed as the sum of infinitely many smaller distances as 
follows: 


alee el ak 
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Zeno was arguing that it doesn’t make sense to add infinitely many numbers together. But 
there are other situations in which we implicitly use infinite sums. For instance, in decimal 
notation, the symbol 0.3 = 0.3333... means 


3 3 3 3 
as —— + ——— + + O50 
10 100 1000 10,000 
and so, in some sense, it must be true that 
3 3 3 3 1 
= Ss ——— + + cc. =S — 
10 100 1000 10,000 3 


More generally, if d,, denotes the nth digit in the decimal representation of a number, then 


d, do d; ih, 
= — = 5 + oa + Gro + = 
10 10 10° 10” 


0.d,d>d3d4 a0 


Therefore some infinite sums, or infinite series as they are called, have a meaning. But we 
must define carefully what the sum of an infinite series is. 

Returning to the series in Equation 3, we denote by s, the sum of the first n terms of the 
series. Thus 


sy = 5 +545 = 0.875 
ss=gt+ qt E+ % = 0.9375 
ss=5t+qt gti tm = 0.96875 


ss=5titetuetat |= 0.984375 


pete te Fe ht+ & =0.9921875 


so =5 +454 +++ + Toa ~ 0.99902344 


fiom I 
sig Sy hy th Oe th zee TEE 


Observe that as we add more and more terms, the partial sums become closer and closer 
to 1. In fact, it can be shown that by taking n large enough (that is, by adding sufficiently 
many terms of the series), we can make the partial sum s, as close as we please to the num- 
ber 1. It therefore seems reasonable to say that the sum of the infinite series is | and to 
write 


1 1 
—+—+—+4+ cee 4 ee = | 
Deets aud 2s 
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rays from sun 


rays from sun 


A 
Ye 
observer N 


FIGURE 12 


In other words, the reason the sum of the series is 1 is that 


lim sp = | 
In Chapter 11 we will discuss these ideas further. We will then use Newton’s idea of 
combining infinite series with differential and integral calculus. 


M8 Summary 


We have seen that the concept of a limit arises in trying to find the area of a region, the 
slope of a tangent to a curve, the velocity of a car, or the sum of an infinite series. In each 
case the common theme is the calculation of a quantity as the limit of other, easily calcu- 
lated quantities. It is this basic idea of a limit that sets calculus apart from other areas of 
mathematics. In fact, we could define calculus as the part of mathematics that deals with 
limits. 

After Sir Isaac Newton invented his version of calculus, he used it to explain the motion 
of the planets around the sun. Today calculus is used in calculating the orbits of satellites 
and spacecraft, in predicting population sizes, in estimating how fast oil prices rise or fall, 
in forecasting weather, in measuring the cardiac output of the heart, in calculating life 
insurance premiums, and in a great variety of other areas. We will explore some of these 
uses of calculus in this book. 

In order to convey a sense of the power of the subject, we end this preview with a list 
of some of the questions that you will be able to answer using calculus: 


1. How can we explain the fact, illustrated in Figure 12, that the angle of elevation 
from an observer up to the highest point in a rainbow is 42°? (See page 282.) 

. How can we explain the shapes of cans on supermarket shelves? (See page 337.) 

. Where is the best place to sit in a movie theater? (See page 456.) 

How can we design a roller coaster for a smooth ride? (See page 184.) 


. How far away from an airport should a pilot start descent? (See page 208.) 


Oo oo fF WwW DN 


. How can we fit curves together to design shapes to represent letters on a laser 
printer? (See page 653.) 


7. How can we estimate the number of workers that were needed to build the Great 
Pyramid of Khufu in ancient Egypt? (See page 451.) 


8. Where should an infielder position himself to catch a baseball thrown by an out- 
fielder and relay it to home plate? (See page 456.) 


9. Does a ball thrown upward take longer to reach its maximum height or to fall 
back to its original height? (See page 604.) 


"Functions and Models 
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The fundamental objects that we deal with in calculus are functions. This chapter prepares the way for 
calculus by discussing the basic ideas concerning functions, their graphs, and ways of transforming and 
combining them. We stress that a function can be represented in different ways: by an equation, in a table, 
by a graph, or in words. We look at the main types of functions that occur in calculus and describe the 
process of using these functions as mathematical models of real-world phenomena. We also discuss the 
use of graphing calculators and graphing software for computers. 
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FUNCTIONS AND MODELS 


hie Four Ways to Represent a Function 


Vertical ground acceleration during 


Population 
Year (millions) 
1900 1650 
1910 1750 
1920 1860 
1930 2070 
1940 2300 
1950 2560 
1960 3040 
1970 3710 
1980 4450 
1990 5280 
2000 6080 
2010 6870 

FIGURE 1 


the Northridge earthquake 


Functions arise whenever one quantity depends on another. Consider the following four 
situations. 


A. The area A of a circle depends on the radius r of the circle. The rule that connects r 
and A is given by the equation A = zr’. With each positive number r there is associ- 
ated one value of A, and we say that A is a function of r. 


B. The human population of the world P depends on the time f. The table gives estimates 
of the world population P(t) at time ¢, for certain years. For instance, 


P(1950) ~ 2,560,000,000 


But for each value of the time f there is a corresponding value of P, and we say that P 
is a function of ¢. 


C. The cost C of mailing an envelope depends on its weight w. Although there is no 
simple formula that connects w and C, the post office has a rule for determining C 
when w is known. 


D. The vertical acceleration a of the ground as measured by a seismograph during an 
earthquake is a function of the elapsed time f. Figure 1 shows a graph generated by 
seismic activity during the Northridge earthquake that shook Los Angeles in 1994. 
For a given value of f, the graph provides a corresponding value of a. 


ah 
(cm/s’) 


100 + 


50 + 


t (seconds) 


Calif. Dept. of Mines and Geology 


Each of these examples describes a rule whereby, given a number (r, tf, w, or t), another 
number (A, P, C, or a) is assigned. In each case we say that the second number is a func- 
tion of the first number. 


A function f is a rule that assigns to each element x in a set D exactly one ele- 
ment, called f(x), in a set E. 


We usually consider functions for which the sets D and E are sets of real numbers. The 
set D is called the domain of the function. The number f(x) is the value of f at x and is 
read “f of x.” The range of f is the set of all possible values of f(x) as x varies through- 
out the domain. A symbol that represents an arbitrary number in the domain of a function 
f is called an independent variable. A symbol that represents a number in the range of f 


is called a dependent variable. In Example A, for instance, r is the independent variable 
and A is the dependent variable. 


(input) — (output) 
FIGURE 2 


Machine diagram for a function f 


D E 


FIGURE 3 
Arrow diagram for f 


O} 1 y 
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if 


FIGURE 6 


The notation for intervals is given in 
Appendix A. 
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It’s helpful to think of a function as a machine (see Figure 2). If x is in the domain of 
the function f, then when x enters the machine, it’s accepted as an input and the machine 
produces an output f(x) according to the rule of the function. Thus we can think of the 
domain as the set of all possible inputs and the range as the set of all possible outputs. 

The preprogrammed functions in a calculator are good examples of a function as a 
machine. For example, the square root key on your calculator computes such a function. 
You press the key labeled / (or ./x ) and enter the input x. If x < 0, then x is not in the 
domain of this function; that is, x is not an acceptable input, and the calculator will indi- 
cate an error. If x > 0, then an approximation to ./x will appear in the display. Thus the 
Nee key on your calculator is not quite the same as the exact mathematical function f 
defined by f(x) = /x. 

Another way to picture a function is by an arrow diagram as in Figure 3. Each arrow 
connects an element of D to an element of E. The arrow indicates that f(x) is associated 
with x, f(a) is associated with a, and so on. 

The most common method for visualizing a function is its graph. If f is a function with 
domain D, then its graph is the set of ordered pairs 


{(x, f(x)) | x © D} 


(Notice that these are input-output pairs.) In other words, the graph of f consists of all 
points (x, y) in the coordinate plane such that y = f(x) and x is in the domain of f 

The graph of a function f gives us a useful picture of the behavior or “life history” of 
a function. Since the y-coordinate of any point (x, y) on the graph is y = f(x), we can read 
the value of f(x) from the graph as being the height of the graph above the point x (see 
Figure 4). The graph of f also allows us to picture the domain of f on the x-axis and its 
range on the y-axis as in Figure 5. 


range 


domain 


FIGURE 4 FIGURE 5 


@\8s0) The graph of a function f is shown in Figure 6. 
(a) Find the values of f(1) and f(5). 
(b) What are the domain and range of f? 


SOLUTION 
(a) We see from Figure 6 that the point (1, 3) lies on the graph of f, so the value of f 
at 1 is f(1) = 3. (In other words, the point on the graph that lies above x = | is 3 units 
above the x-axis.) 

When x = 5, the graph lies about 0.7 unit below the x-axis, so we estimate that 
f(S) == 0.7. 
(b) We see that f(x) is defined when 0 S x < 7, so the domain of f is the closed inter- 
val [0, 7]. Notice that f takes on all values from —2 to 4, so the range of f is 


ey ray | 2, 4 EN 
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yA 


FIGURE 7 


FIGURE 8 


The expression 


fla +h) -f@ 
h 


in Example 3 is called a difference quotient 
and occurs frequently in calculus. As we will 
see in Chapter 2, it represents the average 
rate of change of f(x) between x = a and 
x=ath. 


(S0GIS4 Sketch the graph and find the domain and range of each function. 
(fhe al (b) g(x) = x? 


SOLUTION 
(a) The equation of the graph is y = 2x — 1, and we recognize this as being the equa- 
tion of a line with slope 2 and y-intercept —1. (Recall the slope-intercept form of the 
equation of a line: y = mx + b. See Appendix B.) This enables us to sketch a portion of 
the graph of f in Figure 7. The expression 2x — | is defined for all real numbers, so the 
domain of f is the set of all real numbers, which we denote by R. The graph shows that 
the range is also R. 
(b) Since g(2) = 2? = 4 and g(—1) = (—1)’ = 1, we could plot the points (2,4) and 
(—1, 1), together with a few other points on the graph, and join them to produce the 
graph (Figure 8). The equation of the graph is y = x’, which represents a parabola (see 
Appendix C). The domain of g is R. The range of g consists of all values of g(x), that is, 
all numbers of the form x?. But x? => 0 for all numbers x and any positive number y is a 
square. So the range of g is {y | y = 0} = [0, ~). This can also be seen from Figure 8. 
ana 


fla +h) —-f@ 
5 


SOLUTION We first evaluate f(a + h) by replacing x by a + h in the expression for f(x): 


aCiaeses If f(x) = 2x* — 5x + 1andh # O, evaluate 


fla +h) =2asth)? = Slat h) + 1 
= 2(a* + Jah +h’) — Sa t+h) +1 
= 2a’ + 4ah + 2h? — 5a —5h+ 1 


Then we substitute into the given expression and simplify: 


f(a+h)—f(a) (2a? + 4ah + 2h? — 5a — 5h + 1) — Qa? — 5a + 1) 


h h 
20S TAG gp OND ie 2g ree 
h 
4ah + 2h* — 5h 
- ; =4a+2h—-5 cane 


MN Representations of Functions 


There are four possible ways to represent a function: 


# verbally : (by a description in words) 
= numerically (by a table of values) 

= visually (by a graph) 

# algebraically (by an explicit formula) 


If a single function can be represented in all four ways, it’s often useful to go from one 
representation to another to gain additional insight into the function. (In Example 2, for 
instance, we started with algebraic formulas and then obtained the graphs.) But certain 
functions are described more naturally by one method than by another. With this in mind, 
let’s reexamine the four situations that we considered at the beginning of this section. 
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A. The most useful representation of the area of a circle as a function of its radius is 
probably the algebraic formula A(r) = zr’, though it is possible to compile a table of 
values or to sketch a graph (half a parabola). Because a circle has to have a positive 
radius, the domain is {r | r > 0} = (0,~), and the range is also (0, ~). 


Booulgon B. We are given a description of the function in words: P(t) is the human population of 
’ (millions) the world at time rf. Let’s measure ¢ so that t = 0 corresponds to the year 1900. The 
| table of values of world population provides a convenient representation of this func- 
0 1650 tion. If we plot these values, we get the graph (called a scatter plot) in Figure 9. It too 
10 1750 is a useful representation; the graph allows us to absorb all the data at once. What 
20 1860 about a formula? Of course, it’s impossible to devise an explicit formula that gives 
30 2070 the exact human population P(t) at any time f. But it is possible to find an expression 
40 2300 for a function that approximates P(t). In fact, using methods explained in Section 1.2, 
50 2560 we obtain the approximation 
60 3040 
70 3710 P(t) ~ f(t) = (1.43653 X 10”) - (1.01395)! 
80 4450 : ae 
90 5280 Figure 10 shows that it is a reasonably good “fit.” The function f is called a mathe- 
100 6080 matical model for population growth. In other words, it is a function with an explicit 
110 6870 formula that approximates the behavior of our given function. We will see, however, 
that the ideas of calculus can be applied to a table of values; an explicit formula is not 
necessary. 
Pa 
ak 
5x i ; 
-- f+ __ _} + : + ed : + : —t 1 + > 
0 20 40 60 80 100 120 U 0 20 40 60 80 100 120 t 
FIGURE 9 FIGURE 10 
The function P is typical of the functions that arise whenever we attempt to apply 
calculus to the real world. We start with a verbal description of a function. Then we 
A function defined by a table of values is called a may be able to construct a table of values of the function, perhaps from instrument 
tabular function. readings in a scientific experiment. Even though we don’t have complete knowledge 
of the values of the function, we will see throughout the book that it is still possible to 
perform the operations of calculus on such a function. 
pronces) Cy dollar) C. Again the function is described in words: Let C(w) be the cost of mailing a large enve- 
lope with weight w. The rule that the US Postal Service used as of 2010 is as follows: 
Va w= 0.88 The cost is 88 cents for up to 1 oz, plus 17 cents for each additional ounce (or less) 
1<ws2 1.05 up to 13 oz. The table of values shown in the margin is the most convenient represen- 
2<ws3 1.22 tation for this function, though it is possible to sketch a graph (see Example 10). 
Ss 
y : 4 e : ies D. The graph shown in Figure | is the most natural representation of the vertical acceler- 
ation function a(t). It’s true that a table of values could be compiled, and it is even 
possible to devise an approximate formula. But everything a geologist needs to 
know—amplitudes and patterns—can be seen easily from the graph. (The same is 


true for the patterns seen in electrocardiograms of heart patients and polygraphs for 
lie-detection. ) 
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TA 
0 , 
FIGURE 11 
aso Bessie ce | | 
1 | 
5. ee 
Ie 
ee Soe, oes eee YY 
2w 
FIGURE 12 


[Z In setting up applied functions as in 
Example 5, it may be useful to review the 
principles of problem solving as discussed on 
page 75, particularly Step 7: Understand the 
Problem. 


Domain Convention 

If a function is given by a formula and the 
domain is not stated explicitly, the convention is 
that the domain is the set of all numbers for 
which the formula makes sense and defines a 
real number. 


In the next example we sketch the graph of a function that is defined verbally. 


Seas When you turn on a hot-water faucet, the temperature T of the water 
depends on how long the water has been running. Draw a rough graph of T as a function 
of the time f that has elapsed since the faucet was turned on. 


SOLUTION The initial temperature of the running water is close to room temperature 
because the water has been sitting in the pipes. When the water from the hot-water tank 
starts flowing from the faucet, T increases quickly. In the next phase, T is constant at 

the temperature of the heated water in the tank. When the tank is drained, T decreases 

to the temperature of the water supply. This enables us to make the rough sketch of T as 
a function of t in Figure 11. od 


In the following example we start with a verbal description of a function in a physical 
situation and obtain an explicit algebraic formula. The ability to do this is a useful skill in 
solving calculus problems that ask for the maximum or minimum values of quantities. 


(] (SCATSs A rectangular storage container with an open top has a volume Of 10 m*. 
The length of its base is twice its width. Material for the base costs $10 per square meter; 
material for the sides costs $6 per square meter. Express the cost of materials as a func- 
tion of the width of the base. 


SOLUTION We draw a diagram as in Figure 12 and introduce notation by letting w and 2w 
be the width and length of the base, respectively, and h be the height. 

The area of the base is (2w)w = 2w”, so the cost, in dollars, of the material for the 
base is 10(2w7). Two of the sides have area wh and the other two have area 2wh, so the 
cost of the material for the sides is 6[2(wh) + 2(2wh)]. The total cost is therefore 


C = 10(2w?) + 6[2(wh) + 2(2wh)] = 20w? + 36wh 


To express C as a function of w alone, we need to eliminate / and we do so by using the 
fact that the volume is 10 m*. Thus 


w(2w)h = 10 
which gives h= au = 2 
2w* we 


Substituting this into the expression for C, we have 


S 
) = 2002 + 82 


2 
Ww Ww 


C = 20w* + sul 


Therefore the equation 


expresses C as a function of w. ead 
(FS CS995) Find the domain of each function. 


(2) 0) eee acta (D)ag( a) a ae 
5g a 

SOLUTION 

(a) Because the square root of a negative number is not defined (as a real number), 

the domain of f consists of all values of x such that x + 2 = 0. This is equivalent to 

x 2 —2, so the domain is the interval [—2, %). 


FIGURE 13 


FIGURE 14 
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(b) Since 


1 1 
AO Pebetaths a. 


and division by 0 is not allowed, we see that g(x) is not defined when x = 0 or x = 1. 
Thus the domain of g is 


{x | x #0,x # 1} 
which could also be written in interval notation as 
(—%, 0) U (0, 1) U (1, ») Pe) 


The graph of a function is a curve in the xy-plane. But the question arises: Which curves 
in the xy-plane are graphs of functions? This is answered by the following test. 


The Vertical Line Test A curve in the xy-plane is the graph of a function of x if and 
only if no vertical line intersects the curve more than once. 


The reason for the truth of the Vertical Line Test can be seen in Figure 13. If each ver- 
tical line x = a intersects a curve only once, at (a, b), then exactly one functional value 
is defined by f(a) = b. But if a line x = a intersects the curve twice, at (a, b) and (a, c), 
then the curve can’t represent a function because a function can’t assign two different val- 
ues to a. 


For example, the parabola x = y* — 2 shown in Figure 14(a) is not the graph of a func- 
tion of x because, as you can see, there are vertical lines that intersect the parabola twice. 
The parabola, however, does contain the graphs of two functions of x. Notice that the equa- 
tion x = y* — 2 implies y? = x + 2, so y = +./x + 2. Thus the upper and lower halves 
of the parabola are the graphs of the functions f(x) = ./x + 2 [from Example 6(a)] and 
g(x) = —./x + 2. [See Figures 14(b) and (c).] We observe that if we reverse the roles of 
x and y, then the equation x = h(y) = y? — 2 does define x as a function of y (with y as 
the independent variable and x as the dependent variable) and the parabola now appears as 
the graph of the function h. 


yA ya 
Geen , 
NS. > } — > 
= 10) 3 0 x 
(a)x=y?-2 (b) y=Vx+2 (c) y=—-Vx+2 
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FIGURE 15 


For a more extensive review of absolute values, 
see Appendix A. 


FIGURE 16 


WS Piecewise Defined Functions 


The functions in the following four examples are defined by different formulas in different 
parts of their domains. Such functions are called piecewise defined functions. 


1] ECE A function f is defined by 


fe = 4! = je lige — 


De i Meee tl 


Evaluate f(—2), f(—1), and f(0) and sketch the graph. 


SOLUTION Remember that a function is a rule. For this particular function the rule is the 
following: First look at the value of the input x. If it happens that x = —1, then the value 
of f(x) is 1 — x. On the other hand, if x > —1, then the value of f(x) is age 


Since —2 < —1, we have f(—2) = 1 — (—2) =3. 
Since —1 < —1, we have f(—1) = 1 — (—1) =2. 
Since 0 > —1, we have f(0) = 0° = 0. 


How do we draw the graph of f? We observe that if x < —1, then f(x) = 1 — x, so 
the part of the graph of f that lies to the left of the vertical line x = —1 must coincide 
with the line y = 1 — x, which has slope —1 and y-intercept 1. If x > —1, then 
f(x) = x’, so the part of the graph of f that lies to the right of the line x = —1 must 
coincide with the graph of y = x’, which is a parabola. This enables us to sketch the 
graph in Figure 15. The solid dot indicates that the point (—1, 2) is included on the 
graph; the open dot indicates that the point (—1, 1) is excluded from the graph. ae 


The next example of a piecewise defined function is the absolute value function. Recall 
that the absolute value of a number a, denoted by | a|, is the distance from a to 0 on the 
real number line. Distances are always positive or 0, so we have 


|a|=0O for every number a 


For example, 
[3[=3 {-3)=3° [00° 42 =a — 2) 1 ee 


In general, we have 


lal =a if a=0 


lal|=-a ifa<0 


(Remember that if a is negative, then —a is positive.) 


SYMQ"S3 Sketch the graph of the absolute value function f(x) = |x]. 
SOLUTION From the preceding discussion we know that 
i ibe. 0 
[| eae 
cli <a 


Using the same method as in Example 7, we see that the graph of f coincides with the 
line y = x to the right of the y-axis and coincides with the line y = —x to the left of the 
y-axis (see Figure 15). GES 


Point-slope form of the equation of a line: 


Vires Vion x = x4) 


See Appendix B. 


FIGURE 17 


FIGURE 18 
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S\a's:) Find a formula for the function f graphed in Figure 17. 


YA 
1! 
VAN h 2 
0 | x 


SOLUTION The line through (0, 0) and (1, 1) has slope m = 1 and y-intercept b = 0, so 
its equation is y = x. Thus, for the part of the graph of f that joins (0, 0) to (1, 1), we 
have 
f(x) =x he lOies ssa 
The line through (1, 1) and (2, 0) has slope m = —1, so its point-slope form is 
yO) 2) or YH 2x 
So we have fooH2Ax iN, | Nati eS 


We also see that the graph of f coincides with the x-axis for x > 2. Putting this infor- 
mation together, we have the following three-piece formula for f: 


3% i OS x= il 
ne mae) 
0 itt 32 > D ae 


S0\\2's0) In Example C at the beginning of this section we considered the cost C(w) 
of mailing a large envelope with weight w. In effect, this is a piecewise defined function 
because, from the table of values on page 13, we have 


0.88 if0<w<1 

PO Smmett gest eee 

Cm) = 122) h2i= 3, 
ws4 


ESO melita = 


The graph is shown in Figure 18. You can see why functions similar to this one are 
called step functions—they jump from one value to the next. Such functions will be 
studied in Chapter 2. aes 


Ma Symmetry 


If a function f satisfies f(—x) = f(x) for every number x in its domain, then f is called an 
even function. For instance, the function f(x) = x’ is even because 


I ee) pag ae cate) (1) 


The geometric significance of an even function is that its graph is symmetric with respect 
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FIGURE 21 


to the y-axis (see Figure 19). This means that if we have plotted the graph of f for x = 0, 
we obtain the entire graph simply by reflecting this portion about the y-axis. 


FIGURE 19 An even function FIGURE 20 An odd function 


If f satisfies f(—x) = —f(x) for every number x in its domain, then f is called an odd 
function. For example, the function f(x) = x° is odd because 


depth me Si, = ile) 


The graph of an odd function is symmetric about the origin (see Figure 20). If we already 
have the graph of f for x = 0, we can obtain the entire graph by rotating this portion 
through 180° about the origin. 


{% [S20 2529 Determine whether each of the following functions is even, odd, or 
neither even nor odd. 


(a) f(x) =x +x (b) g(x) = 1 — x* (CON AEs == 

SOLUTION 

(a) fa) ae (ae) a) eae Lt (a) 
Sx (ee x) 
= f(A) 

Therefore f is an odd function. 

(b) I) aL) ae ei) 

So g is even. 

(c) Ao) 2 sa) = ag SS Se ae 


Since h(—x) # h(x) and h(—x) # —h(x), we conclude that h is neither even nor odd. 
es 


The graphs of the functions in Example 11 are shown in Figure 21. Notice that the 
graph of h is symmetric neither about the y-axis nor about the origin. 


it h 


Hy 


(a) (b) (c) 
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M88 Increasing and Decreasing Functions 


The graph shown in Figure 22 rises from A to B, falls from B to C, and rises again from C 
to D. The function f is said to be increasing on the interval [a, b], decreasing on [b, c], and 
increasing again on [c, d]. Notice that if x; and x. are any two numbers between a and b 
with x; < x2, then f(x,) < f(x2). We use this as the defining property of an increasing 
function. 


a A function f is called increasing on an interval / if 
FIGURE 22 f(x) < f (x2) whenever 26 Ss HD in / 
ya It is called decreasing on / if 
=e 
jivctleu Res) whenever x; < x2 in / 
In the definition of an increasing function it is important to realize that the inequality 
0 Xx f (x1) < f(x2) must be satisfied for every pair of numbers x; and x2 in J with x; < x. 
You can see from Figure 23 that the function f(x) = x’ is decreasing on the interval 
FIGURE 23 (—, 0] and increasing on the interval [0, ©). 
1.1 | Exercises 
1. If f(x) =x + J2 — x and g(u) =u + /2 — wu, is it true (c) Estimate the solution of the equation f(x) = —1. 
that f = g? (d) On what interval is f decreasing? 
Dik (e) State the domain and range of f. 
: ; (f) State the domain and range of g. 
f(xy = Eee, and g(x) = x 
x- 1 7) 


is it true that f = g? 


3. The graph of a function f is given. 
(a) State the value of f(1). 
(b) Estimate the value of f(—1). 
(c) For what values of x is f(x) = 1? 


(d) Estimate the value of x such that f(x) = 0. 
(e) State the domain and range of f 
(f) On what interval is f increasing? 
5. Figure 1 was recorded by an instrument operated by the Cali- 
fornia Department of Mines and Geology at the University 
Hospital of the University of Southern California in Los Ange- 
les. Use it to estimate the range of the vertical ground accelera- 
tion function at USC during the Northridge earthquake. 
% 6. In this section we discussed examples of ordinary, everyday 
functions: Population is a function of time, postage cost is a 
function of weight, water temperature is a function of time. 
Give three other examples of functions from everyday life that 
4. The graphs of f and g are given. are described verbally. What can you say about the domain and 
(a) State the values of f(—4) and g(3). range of each of your functions? If possible, sketch a rough 
(b) For what values of x is f(x) = g(x)? graph of each function. 


1. Homework Hints available at stewartcalculus.com 
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7-10 Determine whether the curve is the graph of a function of x. 
If it is, state the domain and range of the function. 


7. 8. 
9 y 10. y 
| l 
0 1 x 0 " 
Vi ise] a 


11. The graph shown gives the weight of a certain person as a 
function of age. Describe in words how this person’s weight 
varies over time. What do you think happened when this 
person was 30 years old? 


200 


weight 150 
d 
(pounds) 100 


50 


ph . ' t t — 
(Q) 20) 30. 240. 50. 0 40) age 
(years) 


12. The graph shows the height of the water in a bathtub as a 
function of time. Give a verbal description of what you think 
happened. 

height i 
(inches) 


0 5 10 15 time 
(min) 


13. You put some ice cubes in a glass, fill the glass with cold 
water, and then let the glass sit on a table. Describe how the 
temperature of the water changes as time passes. Then sketch a 
rough graph of the temperature of the water as a function of the 
elapsed time. 


14. Three runners compete in a 100-meter race. The graph depicts 
the distance run as a function of time for each runner. Describe 


in words what the graph tells you about this race. Who won the 
race? Did each runner finish the race? 


y (m) 4 


t(s) 


15. The graph shows the power consumption for a day in Septem- 
ber in San Francisco. (P is measured in megawatts; ¢ is mea- 
sured in hours starting at midnight.) 

(a) What was the power consumption at 6 AM? At 6 PM? 
(b) When was the power consumption the lowest? When was it 
the highest? Do these times seem reasonable? 


il 1 = eal | 
ot > 
0 3 6 9 PA ails) Wb 2A) is 
Pacific Gas & Electric 


16. Sketch a rough graph of the number of hours of daylight as a 
function of the time of year. 


17. Sketch a rough graph of the outdoor temperature as a function 
of time during a typical spring day. 


18. Sketch a rough graph of the market value of a new car as a 
function of time for a period of 20 years. Assume the car is 
well maintained. 


19. Sketch the graph of the amount of a particular brand of coffee 
sold by a store as a function of the price of the coffee. 


20. You place a frozen pie in an oven and bake it for an hour. Then 
you take it out and let it cool before eating it. Describe how the 
temperature of the pie changes as time passes. Then sketch a 
rough graph of the temperature of the pie as a function of time. 


21. A homeowner mows the lawn every Wednesday afternoon. 
Sketch a rough graph of the height of the grass as a function of 
time over the course of a four-week period. 


22. An airplane takes off from an airport and lands an hour later at 
another airport, 400 miles away. If t represents the time in min- 
utes since the plane has left the terminal building, let x(t) be 


the horizontal distance traveled and y(t) be the altitude of the 
plane. 

(a) Sketch a possible graph of x(t). 

(b) Sketch a possible graph of y(t). 

(c) Sketch a possible graph of the ground speed. 

(d) Sketch a possible graph of the vertical velocity. 


23. The number JN (in millions) of US cellular phone subscribers is 
shown in the table. (Midyear estimates are given.) 


1998 | 2000 | 2002 | 2004 
69 | 109 141 182 


t 1996 
N 44 


(a) Use the data to sketch a rough graph of N as a function of t. 
(b) Use your graph to estimate the number of cell-phone sub- 
scribers at midyear in 2001 and 2005. 


24. Temperature readings T (in °F) were recorded every two hours 
from midnight to 2:00 PM in Phoenix on September 10, 2008. 
The time ¢ was measured in hours from midnight. 


t 0 2 4 6 8 10 
Ir 82 us 74 1p 84 90 


(a) Use the readings to sketch a rough graph of T as a function 
of t. 
(b) Use your graph to estimate the temperature at 9:00 AM. 


25, lf f(x) = 3x? — x ch2, find f)f(=2)ud(@af(—a), 
fla + 1), 2f(a), f(2a), fla’), [f@y*, and f(a + h). 


26. A spherical balloon with radius r inches has volume 
V(r) = Sarr, Find a function that represents the amount of air 
required to inflate the balloon from a radius of r inches to a 
radius of r + | inches. 


27-30 Evaluate the difference quotient for the given function. 
Simplify your answer. 


Teese) ea 1S) 


h 
28. f(x) = x fee 
1 = 
29. f(x) = = mite 
x+3 Tia) = 7) 


Det AGEs Serge peal 


31-37 Find the domain of the function. 


GA rs SS 
eae an AC3 eater iar ers 


33. f(t) = V2t-1 Bet) =o t= Veet 


31. f(x) = 
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1 nae | 

5. A(x) = ——— 36. = —______ 
”) VOUS fw) ‘fie | 

mae il 


37. F(p) = J2— Jp 


38. Find the domain and range and sketch the graph of the 


function h(x) = ./4 — x2. 
39-50 Find the domain and sketch the graph of the function. 
38. f(x) = 2 — 0.4x 40. F(x) =x? -—2x+1 


4— f? 
M1. f(t) =2t+ 2? (9), Jak) = ee 
43. g(x) = yx — 5 44. F(x) =|2x+1| 
Bue se 
45. G(x) aa) 4 46. g(x) =|x|—x 
Bg 


yap iW e< © 
[ae it or 
it 9 SD 


BG 
Mae => 3) ihe Ze SF 


oF 2 itt gS ll 
BGe if x >—-1 


gear D itt a KB 
if |x| <3 
=6 WP oe > 3} 


51-56 Find an expression for the function whose graph is the 
given curve. 


51. The line segment joining the points (1, —3) and (5, 7) 
52. The line segment joining the points (—5, 10) and (7, —10) 
53. The bottom half of the parabola x + (y — 1)? = 


54. The top half of the circle x* + (y — 2)* = 


55. y A | 56. 


57-61 Find a formula for the described function and state its 
domain. 


57. A rectangle has perimeter 20 m. Express the area of the rect- 
angle as a function of the length of one of its sides. 


62. 


63. 


64. 


65. 


66. 
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A rectangle has area 16 m’. Express the perimeter of the rect- 
angle as a function of the length of one of its sides. 


. Express the area of an equilateral triangle as a function of the 


length of a side. 


. Express the surface area of a cube as a function of its volume. 


. An open rectangular box with volume 2 m’* has a square base. 


Express the surface area of the box as a function of the length 
of a side of the base. 


A Norman window has the shape of a rectangle surmounted by 
a semicircle. If the perimeter of the window is 30 ft, express 
the area A of the window as a function of the width x of the 
window. 


A box with an open top is to be constructed from a rectangular 
piece of cardboard with dimensions 12 in. by 20 in. by cutting 
out equal squares of side x at each corner and then folding up 
the sides as in the figure. Express the volume V of the box as a 
function of x. 


< 20 > 
= | zi a | 
(x x! 
| as Wd 
x x 
12 
1 % 
{ | 


A cell phone plan has a basic charge of $35 a month. The plan 
includes 400 free minutes and charges 10 cents for each addi- 
tional minute of usage. Write the monthly cost C as a function 
of the number x of minutes used and graph C as a function of x 
for 0 S x < 600. 


In a certain state the maximum speed permitted on freeways is 
65 mi/h and the minimum speed is 40 mi/h. The fine for vio- 
lating these limits is $15 for every mile per hour above the 
maximum speed or below the minimum speed. Express the 
amount of the fine F as a function of the driving speed x and 
graph F(x) for 0 S x < 100. 


An electricity company charges its customers a base rate of 
$10 a month, plus 6 cents per kilowatt-hour (kWh) for the first 
1200 kWh and 7 cents per kWh for all usage over 1200 kWh. 
Express the monthly cost E as a function of the amount x of 
electricity used. Then graph the function E for 0 < x < 2000. 


67. 


68. 


In a certain country, income tax is assessed as follows. There is 
no tax on income up to $10,000. Any income over $10,000 is 
taxed at a rate of 10%, up to an income of $20,000. Any income 
over $20,000 is taxed at 15%. 

(a) Sketch the graph of the tax rate R as a function of the 


income /. 

(b) How much tax is assessed on an income of $14,000? 
On $26,000? 

(c) Sketch the graph of the total assessed tax T as a function of 
the income /. 


The functions in Example 10 and Exercise 67 are called step 


functions because their graphs look like stairs. Give two other 


examples of step functions that arise in everyday life. 


69-70 Graphs of f and g are shown. Decide whether each function 
is even, odd, or neither. Explain your reasoning. 


69. 


71. 


70. 4 


x Y 
& 


(a) If the point (5, 3) is on the graph of an even function, what 
other point must also be on the graph? 

(b) If the point (5,3) is on the graph of an odd function, what 
other point must also be on the graph? 


72. A function f has domain [—5, 5] and a portion of its graph is 


shown. 
(a) Complete the graph of f if it is known that f is even. 
(b) Complete the graph of /f if it is known that f is odd. 


73-18 Determine whether f is even, odd, or neither. If you have a 
graphing calculator, use it to check your answer visually. 


73. f(x) = 


73s file) 


77. f(x) = 1 + 3x? — xt 


x+1 


74, f(x) = 


xt+] 


x 
xe Ih 


76. f(x) = x|x| 


78. f(x) = 1+ 3x? — x9 


SECTION 1.2 MATHEMATICAL MODELS: A CATALOG OF ESSENTIAL FUNCTIONS 23 


79. If f and g are both even functions, is f + g even? If fand g are 80. If f and g are both even functions, is the product fg even? If f 
both odd functions, is f + g odd? What if fis even and g is and g are both odd functions, is fg odd? What if fis even and 


odd? Justify your answers. 


g is odd? Justify your answers. 


1.2 | Mathematical Models: A Catalog of Essential Functions 


Formulate 


Real-world 
problem 


A mathematical model is a mathematical description (often by means of a function or an 
equation) of a real-world phenomenon such as the size of a population, the demand for a 
product, the speed of a falling object, the concentration of a product in a chemical reaction, 
the life expectancy of a person at birth, or the cost of emission reductions. The purpose of 
the model is to understand the phenomenon and perhaps to make predictions about future 
behavior. 

Figure | illustrates the process of mathematical modeling. Given a real-world problem, 
our first task is to formulate a mathematical model by identifying and naming the inde- 
pendent and dependent variables and making assumptions that simplify the phenomenon 
enough to make it mathematically tractable. We use our knowledge of the physical situation 
and our mathematical skills to obtain equations that relate the variables. In situations where 
there is no physical law to guide us, we may need to collect data (either from a library or 
the Internet or by conducting our own experiments) and examine the data in the form of a 
table in order to discern patterns. From this numerical representation of a function we may 
wish to obtain a graphical representation by plotting the data. The graph might even sug- 
gest a suitable algebraic formula in some cases. 


ae é2 enon 


| fips pen pk i 
Mathematical Solve | Mathematical | Interpret Real-world — 
| . | oo Let RR ae 
model | conclusions — predictions — 
Ses Pee ee : 


FIGURE 1 The modeling process 


The coordinate geometry of lines is reviewed 
in Appendix B. 


The second stage is to apply the mathematics that we know (such as the calculus that will 
be developed throughout this book) to the mathematical model that we have formulated in 
order to derive mathematical conclusions. Then, in the third stage, we take those mathe- 
matical conclusions and interpret them as information about the original real-world phe- 
nomenon by way of offering explanations or making predictions. The final step is to test our 
predictions by checking against new real data. If the predictions don’t compare well with 
reality, we need to refine our model or to formulate a new model and start the cycle again. 

A mathematical model is never a completely accurate representation of a physical situ- 
ation—it is an idealization. A good model simplifies reality enough to permit mathematical 
calculations but is accurate enough to provide valuable conclusions. It is important to real- 
ize the limitations of the model. In the end, Mother Nature has the final say. 

There are many different types of functions that can be used to model relationships 
observed in the real world. In what follows, we discuss the behavior and graphs of these 
functions and give examples of situations appropriately modeled by such functions. 


M88 Linear Models 


When we say that y is a linear function of x, we mean that the graph of the function is a 
line, so we can use the slope-intercept form of the equation of a line to write a formula for 
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FIGURE 2 
Tt 
20 
T=—10h + 20 
10 7 
—— > 
0} h 
FIGURE 3 


the function as 
y = f(x) = mx + db 


where m is the slope of the line and b is the y-intercept. 

A characteristic feature of linear functions is that they grow at a constant rate. For in- 
stance, Figure 2 shows a graph of the linear function f(x) = 3x — 2 and a table of sample 
values. Notice that whenever x increases by 0.1, the value of f(x) increases by 0.3. So f(x) 
increases three times as fast as x. Thus the slope of the graph y = 3x — 2, namely 3, can be 
interpreted as the rate of change of y with respect to x. 


yA 
og f(x) = 3x -—2 
1.0 1.0 
ail 3 
th 1.6 
i 1.9 
1.4 22 
LS) DS) 


Vi EXAMPLE 1 


(a) As dry air moves upward, it expands and cools. If the ground temperature is 20°C 
and the temperature at a height of 1 km is 10°C, express the temperature 7 (in °C) as a 
function of the height h (in kilometers), assuming that a linear model is appropriate. 
(b) Draw the graph of the function in part (a). What does the slope represent? 

(c) What is the temperature at a height of 2.5 km? 


SOLUTION 
(a) Because we are assuming that T is a linear function of h, we can write 


T=mh-+b 
We are given that T = 20 when h = 0, so 
20=m:0+b=b 


In other words, the y-intercept is b = 20. 
We are also given that T = 10 when h = 1, so 


LO ele) 
The slope of the line is therefore m = 10 — 20 = —10 and the required linear function is 
T= —10het 20 


(b) The graph is sketched in Figure 3. The slope is m = — 10°C/km, and this represents 
the rate of change of temperature with respect to height. 


(c) Ata height of h = 2.5 km, the temperature is 


T=""10@5)'-4°20'= —S58G ad 


SECTION 1.2 MATHEMATICAL MODELS: A CATALOG OF ESSENTIAL FUNCTIONS 25 


If there is no physical law or principle to help us formulate a model, we construct an 
empirical model, which is based entirely on collected data. We seek a curve that “fits” the 
data in the sense that it captures the basic trend of the data points. 


1M (SES) Table | lists the average carbon dioxide level in the atmosphere, measured 
in parts per million at Mauna Loa Observatory from 1980 to 2008. Use the data in Table 1 
to find a model for the carbon dioxide level. 


SOLUTION We use the data in Table | to make the scatter plot in Figure 4, where f repre- 
sents time (in years) and C represents the CO; level (in parts per million, ppm). 


€ 
TABLE 1 380 
CO; level CO; level 
Year (in ppm) Year (in ppm) 370 + 
1980 338.7 1996 362.4 
1982 341.2 1998 366.5 oo 
1984 344.4 2000 369.4 
1986 347.2 2002 Byer 2507 
1988 Boies 2004 SD 
1990 354.2 2006 381.9 say 
H 
1992 356.3 2008 385.6 oe Sere or en 
1994 358.6 1980 1985 1990 1995 2000 2005 2010 ! 
FIGURE 4 Scatter plot for the average CO, level 
Notice that the data points appear to lie close to a straight line, so it’s natural to 
choose a linear model in this case. But there are many possible lines that approximate 
these data points, so which one should we use? One possibility is the line that passes 
through the first and last data points. The slope of this line is 
395:0 ran 5S een tOLo 
Ss eee L675 
2008 — 1980 28 
and its equation is 
C — 338.7 = 1.675(¢-— 1980) 
or 
[1] C = 1.675t — 2977.8 
Equation | gives one possible linear model for the carbon dioxide level; it is graphed 
in Figure 5. 
on <4 
380 + - 
370 + ee 
360 + _ 
Sa 
350 “iP xe 
es 
340 Ligue 
FIGURE 5 ioe | 4 . meet 
Linear model through 7 1980 1985 1990 1995 2000 2005 2010 ! 
first and last data points 
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A computer or graphing calculator finds the 
regression line by the method of least squares, 
which is to minimize the sum of the squares of 
the vertical distances between the data points 
and the line. The details are explained in 


Section 14.7. 


FIGURE 6 
The regression line 


Notice that our model gives values higher than most of the actual CO; levels. A better 
linear model is obtained by a procedure from statistics called linear regression. If we use 
a graphing calculator, we enter the data from Table | into the data editor and choose the 
linear regression command. (With Maple we use the fit[leastsquare] command in the 
stats package; with Mathematica we use the Fit command.) The machine gives the slope 
and y-intercept of the regression line as 


m = 1.65429 b = —2938.07 


So our least squares model for the CO; level is 


[2] C = 1.65429t — 2938.07 


In Figure 6 we graph the regression line as well as the data points. Comparing with 
Figure 5, we see that it gives a better fit than our previous linear model. 


340 


>A—— + + —- + po > 
1980, 1985 1990 1995 2000 2005 2010 # 


(% (SEMRT) Use the linear model given by Equation 2 to estimate the average CO, 
level for 1987 and to predict the level for the year 2015. According to this model, when 
will the CO) level exceed 420 parts per million? 


SOLUTION Using Equation 2 with t = 1987, we estimate that the average CO) level in 
1987 was 


C(1987) = (1.65429)(1987) — 2938.07 ~ 349.00 


This is an example of interpolation because we have estimated a value between observed 
values. (In fact, the Mauna Loa Observatory reported that the average CO; level in 1987 
was 348.93 ppm, so our estimate is quite accurate.) 

With t = 2015, we get 


C(2015) = (1.65429)(2015) — 2938.07 ~ 395.32 


So we predict that the average CO, level in the year 2015 will be 395.3 ppm. This is 

an example of extrapolation because we have predicted a value outside the region of 

observations. Consequently, we are far less certain about the accuracy of our prediction. 
Using Equation 2, we see that the CO) level exceeds 420 ppm when 


1.65429t — 2938.07 > 420 
Solving this inequality, we get 


3358.07 


1.65499 = 2029.92 


FIGURE 7 
The graphs of quadratic 
functions are parabolas. 


FIGURE 8 
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We therefore predict that the CO; level will exceed 420 ppm by the year 2030. This 
prediction is risky because it involves a time quite remote from our observations. In fact, 
we see from Figure 6 that the trend has been for CO; levels to increase rather more rap- 
idly in recent years, so the level might exceed 420 ppm well before 2030. eas 


MMH Polynomials 


A function P is called a polynomial if 
P(x) = anx" + An-1x" |) +++ + anx? + ayx + ay 


where n is a nonnegative integer and the numbers do, ad, d2, ... , @, are constants called the 
coefficients of the polynomial. The domain of any polynomial is R = (—%, %). If the 
leading coefficient a, # 0, then the degree of the polynomial is n. For example, the 
function 


P(x) = 2x°— x* + 2x3 + V2 


is a polynomial of degree 6. 

A polynomial of degree | is of the form P(x) = mx + b and so it is a linear function. 
A polynomial of degree 2 is of the form P(x) = ax* + bx + c and is called a quadratic 
function. Its graph is always a parabola obtained by shifting the parabola y = ax’, as we 
will see in the next section. The parabola opens upward if a > 0 and downward if a < 0. 
(See Figure 7.) 


é 


(a)y=x?4+x4+1 (b) y=—2x? + 3x4+1 


A polynomial of degree 3 is of the form 
P(x) = ax? + bx? +cx+d a#~0 
and is called a cubic function. Figure 8 shows the graph of a cubic function in part (a) and 


graphs of polynomials of degrees 4 and 5 in parts (b) and (c). We will see later why the 
graphs have these shapes. 


(Qjy=x a+ (b) y= x*— 3x7 +x (c) y= 3x°— 25x37 + 60x 
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TABLE 2 
Time Height 
(seconds) (meters) 
0 450 
1 445 
2 431 
3 408 
4 375 
5 B52) 
6 279 
7 216 
8 143 
9 61 


Polynomials are commonly used to model various quantities that occur in the natural 
and social sciences. For instance, in Section 3.7 we will explain why economists often use 
a polynomial P(x) to represent the cost of producing x units of a commodity. In the fol- 
lowing example we use a quadratic function to model the fall of a ball. 


[SEGERE A ball is dropped from the upper observation deck of the CN Tower, 450 m 
above the ground, and its height A above the ground is recorded at 1-second intervals in 
Table 2. Find a model to fit the data and use the model to predict the time at which the 
ball hits the ground. 


SOLUTION We draw a scatter plot of the data in Figure 9 and observe that a linear model 
is inappropriate. But it looks as if the data points might lie on a parabola, so we try a 
quadratic model instead. Using a graphing calculator or computer algebra system (which 
uses the least squares method), we obtain the following quadratic model: 


[3] h = 449.36 + 0.96 — 4.902? 
ha hh 
(meters) 
400 + 
200 + 
= |— ——_t SS + = 
0 g) 4 6 t 
(seconds) 
FIGURE 9 FIGURE 10 
Scatter plot for a falling ball Quadratic model for a falling ball 


In Figure 10 we plot the graph of Equation 3 together with the data points and see 
that the quadratic model gives a very good fit. 
The ball hits the ground when h = 0, so we solve the quadratic equation 


—4.90t* + 0.96t + 449.36 = 0 


The quadratic formula gives 


a —0.96 + (0.96)? — 4(—4.90) (449.36) 


2(—4.90) 


The positive root is t ~ 9.67, so we predict that the ball will hit the ground after about 
9.7 seconds. ag 


Ml Power Functions 


A function of the form f(x) = x*, where a is a constant, is called a power function. We con- 
sider several cases. 


FIGURE 11 
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(i) a =n, where n is a positive integer 


The graphs of f(x) = x" for n = 1, 2, 3, 4, and 5 are shown in Figure 11. (These are poly- 
nomials with only one term.) We already know the shape of the graphs of y = x (a line 
through the origin with slope 1) and y = x? [a parabola, see Example 2(b) in Section 1.1]. 
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Graphs of f(x) = x” forn=1, 2, 3, 4,5 


FIGURE 12 
Families of power functions 


FIGURE 13 
Graphs of root functions 


The general shape of the graph of f(x) = x” depends on whether n is even or odd. If n 
is even, then f(x) = x” is an even function and its graph is similar to the parabola y = x’. 
If n is odd, then f(x) = x" is an odd function and its graph is similar to that of y = x°, 
Notice from Figure 12, however, that as n increases, the graph of y = x” becomes flatter 
near 0 and steeper when |x| > 1. (If x is small, then x? is smaller, x? is even smaller, x* 
is smaller still, and so on.) 


(ii) a = 1/n, where n is a positive integer 

The function f(x) = x!” = /x is a root function. For n = 2 it is the square root 
function f(x) = ./x, whose domain is [0, ©) and whose graph is the upper half of the 
parabola x = y’. [See Figure 13(a).] For other even values of n, the graph of y = 4/x is 
similar to that of y = ,/x. For n = 3 we have the cube root function f(x) = x/x whose 
domain is R (recall that every real number has a cube root) and whose graph is shown 
in Figure 13(b). The graph of y = */x for n odd (n > 3) is similar to that of y = fx. 


yA yA 
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FIGURE 14 


The reciprocal function 


Volume as a function of pressure 
at constant temperature 


yA 
ky 
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FIGURE 16 
Qxt— x7 +1 
fx= x2-4 
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(iii) a= —1 

The graph of the reciprocal function f(x) = x ' = 1/x is shown in Figure 14. Its graph 
has the equation y = 1/x, or xy = 1, and is a hyperbola with the coordinate axes as its 
asymptotes. This function arises in physics and chemistry in connection with Boyle’s 
Law, which says that, when the temperature is constant, the volume V of a gas is 
inversely proportional to the pressure P: 


where C is a constant. Thus the graph of V as a function of P (see Figure 15) has the 
same general shape as the right half of Figure 14. 


: 


Power functions are also used to model species-area relationships (Exercises 26—27), 
illumination as a function of a distance from a light source (Exercise 25), and the period 
of revolution of a planet as a function of its distance from the sun (Exercise 28). 


M8) Rational Functions 

A rational function f is a ratio of two polynomials: 
P(x) 
Q(x) 


where P and Q are polynomials. The domain consists of all values of x such that Q(x) # 0. 
A simple example of a rational function is the function f(x) = 1/x, whose domain is 
{x |x ¥ O}; this is the reciprocal function graphed in Figure 14. The function 


VCH 


RY ete | 


F(x) ie 


is a rational function with domain {x | x # +2}. Its graph is shown in Figure 16. 


MH Algebraic Functions 


A function f is called an algebraic function if it can be constructed using algebraic oper- 
ations (such as addition, subtraction, multiplication, division, and taking roots) starting with 
polynomials. Any rational function is automatically an algebraic function. Here are two 
more examples: 


le 2 
Fix wixne g(x) = Ae Ose Gree = PA ees. «| 
x + f/x 


When we sketch algebraic functions in Chapter 4, we will see that their graphs can assume 
a variety of shapes. Figure 17 illustrates some of the possibilities. 


FIGURE 17 


The Reference Pages are located at the back of 
the book. 
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aay 
=3 1 
1 1 
[ > i > 
0 5 x 0 1 x 
(a) f(x)=xJx4+3 (b) g(x) = 4/x? — 25 (c) A(x) = x?(x — 2) 


An example of an algebraic function occurs in the theory of relativity. The mass of a par- 
ticle with velocity v is 
Mo 


SONS Spero 


where io is the rest mass of the particle and c = 3.0 X 10° km/s is the speed of light in a 
vacuum. 


M8 Trigonometric Functions 


Trigonometry and the trigonometric functions are reviewed on Reference Page 2 and also 
in Appendix D. In calculus the convention is that radian measure is always used (except 
when otherwise indicated). For example, when we use the function f(x) = sin x, it is 
understood that sin x means the sine of the angle whose radian measure is x. Thus the graphs 
of the sine and cosine functions are as shown in Figure 18. 


(a) f(x) = sin x 


FIGURE 18 


(b) g(x) =cos x 


Notice that for both the sine and cosine functions the domain is (—, ©) and the range 
is the closed interval [—1, 1]. Thus, for all values of x, we have 


or, in terms of absolute values, 
|sinx| <1 |cosx| <1 
Also, the zeros of the sine function occur at the integer multiples of 77; that is, 
sin x = 0 when x =nq7 nan integer 


An important property of the sine and cosine functions is that they are periodic func- 
tions and have period 277. This means that, for all values of x, 


sin(x + 27r) = sin x cos(x + 27) = cos x 
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FIGURE 19 
y=tanx 
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1 
x 0| 1 5 
(a) y=2* (b) y= (0.5)* 
FIGURE 20 
Al y = log, x 


FIGURE 21 


y = login x 
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The periodic nature of these functions makes them suitable for modeling repetitive phe- 
nomena such as tides, vibrating springs, and sound waves. For instance, in Example 4 in 
Section 1.3 we will see that a reasonable model for the number of hours of daylight in 
Philadelphia ¢ days after January 1 is given by the function 


27 
= SST peepee (ll) 
L(t) = 12 + 2.8 | RGe (t | 


The tangent function is related to the sine and cosine functions by the equation 


and its graph is shown in Figure 19. It is undefined whenever cos x = 0, that is, when 
x = +7/2,+37/2, .... Itsrange is (—™, %). Notice that the tangent function has period 7: 


tan(x + 7) = tan x for all x 


The remaining three trigonometric functions (cosecant, secant, and cotangent) are 
the reciprocals of the sine, cosine, and tangent functions. Their graphs are shown in 
Appendix D. 


MH Exponential Functions 


The exponential functions are the functions of the form f(x) = a*, where the base a is a 
positive constant. The graphs of y = 2* and y = (0.5)* are shown in Figure 20. In both cases 
the domain is (—°°, ©) and the range is (0, ©). 

Exponential functions will be studied in detail in Section 1.5, and we will see that they 
are useful for modeling many natural phenomena, such as population growth (if a > 1) 
and radioactive decay (if a < 1). 


M8 Logarithmic Functions 


The logarithmic functions f(x) = log.x, where the base a is a positive constant, are the 
inverse functions of the exponential functions. They will be studied in Section 1.6. Figure 
21 shows the graphs of four logarithmic functions with various bases. In each case the 
domain is (0, ©), the range is (—%, ©), and the function increases slowly when x > 1. 


WON h =) Classify the following functions as one of the types of functions that we 
hawe discussed. 


(aye (2) 15 (b) g(x) = x° 

(c) h(x} = plus (d) u(t) = 1 —1+ 544 
eee 

SOLUTION 


(a) f(x) = 5* is an exponential function. (The x is the exponent.) 


(b) g(x) = x° is a power function. (The x is the base.) We could also consider it to be a 
polynomial of degree 5. 


( ) le ) i i 1 


(d) u(t) = 1 — t + St* is a polynomial of degree 4. sti 
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Eg Exercises 


1-2 Classify each function as a power function, root function, 
polynomial (state its degree), rational function, algebraic function, 
trigonometric function, exponential function, or logarithmic 
function. 


1. (a) f(x) = logo x (b) g(x) = Vx 
(c) h(x) = = (d) u(t) = 1 — 1.1t + 2.54?? 
(e) v(t) = 5! (f) w(@) = sin 6 cos’0 

2a) years (b) Sys, 
(c) y= x?(2 — x?) (d) y= tant — cost 
jy Opec ae 


3-4 Match each equation with its graph. Explain your choices. 
(Don’t use a computer or graphing calculator.) 


3. (a) y= x (D) ys: (c) y= x" 


5. (a) Find an equation for the family of linear functions with 
slope 2 and sketch several members of the family. 
(b) Find an equation for the family of linear functions such that 
f(2) = 1 and sketch several members of the family. 
(c) Which function belongs to both families? 


6. What do all members of the family of linear functions 
f(x) = 1 + m(x + 3) have in common? Sketch several mem- 
bers of the family. 


7. What do all members of the family of linear functions 
f(x) = c — x have in common? Sketch several members of 
the family. 


8. Find expressions for the quadratic functions whose graphs are 


shown. 
yA YA 
(=2,2) 
y (0, 1) 
(4,2) 0 x 
i g 
@) 3 Xx (ls) 


9. Find an expression for a cubic function f if f(1) = 6 and 


(a) ea (Oren gf (2), 


10. Recent studies indicate that the average surface tempera- 
ture of the earth has been rising steadily. Some scientists 
have modeled the temperature by the linear function 
T = 0.02t + 8.50, where T is temperature in °C and t 
represents years since 1900. 

(a) What do the slope and 7-intercept represent? 
(b) Use the equation to predict the average global surface 
temperature in 2100. 


11. If the recommended adult dosage for a drug is D (in mg), then 
to determine the appropriate dosage c for a child of age a, 
pharmacists use the equation c = 0.0417D(a + 1). Suppose 
the dosage for an adult is 200 mg. 

(a) Find the slope of the graph of c. What does it represent? 
(b) What is the dosage for a newborn? 


12. The manager of a weekend flea market knows from past expe- 
rience that if he charges x dollars for a rental space at the mar- 
ket, then the number y of spaces he can rent is given by the 
equation y = 200 — 4x. 

(a) Sketch a graph of this linear function. (Remember that the 
rental charge per space and the number of spaces rented 
can’t be negative quantities.) 

(b) What do the slope, the y-intercept, and the x-intercept of 
the graph represent? 


13. The relationship between the Fahrenheit (F’) and Celsius (C) 
temperature scales is given by the linear function F = 2C + 32. 
(a) Sketch a graph of this function. 
(b) What is the slope of the graph and what does it represent? 
What is the F-intercept and what does it represent? 


14. Jason leaves Detroit at 2:00 PM and drives at a constant speed 
west along I-96. He passes Ann Arbor, 40 mi from Detroit, at 
2:50 PM. 

(a) Express the distance traveled in terms of the time elapsed. 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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15. 


16. 


18. 
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(b) Draw the graph of the equation in part (a). 
(c) What is the slope of this line? What does it represent? 


Biologists have noticed that the chirping rate of crickets of a 

certain species is related to temperature, and the relationship 

appears to be very nearly linear. A cricket produces 113 chirps 

per minute at 70°F and 173 chirps per minute at 80°F. 

(a) Find a linear equation that models the temperature T'as a 
function of the number of chirps per minute N. 

(b) What is the slope of the graph? What does it represent? 

(c) If the crickets are chirping at 150 chirps per minute, 
estimate the temperature. 


The manager of a furniture factory finds that it costs $2200 

to manufacture 100 chairs in one day and $4800 to produce 

300 chairs in one day. 

(a) Express the cost as a function of the number of chairs pro- 
duced, assuming that it is linear. Then sketch the graph. 

(b) What is the slope of the graph and what does it represent? 

(c) What is the y-intercept of the graph and what does it 
represent? 


. At the surface of the ocean, the water pressure is the same as 


the air pressure above the water, 15 Ib/in*. Below the surface, 

the water pressure increases by 4.34 lb/in* for every 10 ft of 

descent. 

(a) Express the water pressure as a function of the depth below 
the ocean surface. 

(b) At what depth is the pressure 100 Ib/in*? 


The monthly cost of driving a car depends on the number of 
miles driven. Lynn found that in May it cost her $380 to drive 
480 mi and in June it cost her $460 to drive 800 mi. 

(a) Express the monthly cost C as a function of the distance 
driven d, assuming that a linear relationship gives a suitable 
model. 

(b) Use part (a) to predict the cost of driving 1500 miles per 
month. 

(c) Draw the graph of the linear function. What does the slope 
represent? 

(d) What does the C-intercept represent? 

(e) Why does a linear function give a suitable model in this 
situation? 


19-20 For each scatter plot, decide what type of function you 
might choose as a model for the data. Explain your choices. 


19. (a) (b) 
yA yA 
fe, aN ° Boy 
Re We ey *. aoe 
Als rae Be 
0 x 0 5 


(b) 


/ 21. The table shows (lifetime) peptic ulcer rates (per 100 popu- 
lation) for various family incomes as reported by the National 
Health Interview Survey. 


Ulcer rate 

Income (per 100 population) 

$4,000 14.1 

$6,000 13.0 

$8,000 13.4 
$12,000 12.5 
$16,000 12.0 
$20,000 12.4 
$30,000 10.5 
$45,000 9.4 
$60,000 8.2 


(a) Make a scatter plot of these data and decide whether a 


linear model is appropriate. 


(b) Find and graph a linear model using the first and last data 


points. 


(c) Find and graph the least squares regression line. 
(d) Use the linear model in part (c) to estimate the ulcer rate 


for an income of $25,000. 


(e) According to the model, how likely is someone with an 
income of $80,000 to suffer from peptic ulcers? 

(f) Do you think it would be reasonable to apply the model to 
someone with an income of $200,000? 


22. Biologists have observed that the chirping rate of crickets of a 
certain species appears to be related to temperature. The table 
shows the chirping rates for various temperatures. 


Temperature | Chirping rate || Temperature | Chirping rate 
(°F) (chirps/min) (°F) (chirps/min) 
50 20 75 140 
55 46 80 173 
60 79 85 198 
65 91 90 211 
70 113 


(a) Make a scatter plot of the data. 
(b) Find and graph the regression line. 
(c) Use the linear model in part (b) to estimate the chirping rate 


at 100°F. 
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23. The table gives the winning heights for the men’s Olympic 


ecologists have modeled the species-area relation with a 
pole vault competitions up to the year 2004. 


power function and, in particular, the number of species S of 
bats living in caves in central Mexico has been related to the 


Wort Height (m) Nea Height (m) surface area A of the caves by the equation S = 0.7A"’, 
(806 a SEG ae (a) The cave called Misidn NOOO: near Puebla, Mexico, 
1900 330 1964 Boh has a surface area of A = 60 m*. How many species of 
1904 3.50 1968 5.40 bats would you expect to find in that cave? 
1968 371 1972 564 (b) If you discover that four species of bats live in a cave, 
1912 3.95 1976 5.64 estimate the area of the cave. 
Dp) 
i ae mie Bi 27. The table shows the number N of species of reptiles and 
1928 4.20 1988 5.90 amphibians inhabiting Caribbean islands and the area A of 
1932 431 1992 5.87 the island in square miles. 
1936 4.35 1996 192 
1948 4.30 2000 5.90 ee e iy 
1952 4.55 2004 5.95 Saba 4 5 
1956 4.56 Monserrat 40 9 
Puerto Rico 3,459 40 
(a) Make a scatter plot and decide whether a linear model is Jamaica 4,411 - 39 
appropriate. Hispaniola 29,418 84 
(b) Find and graph the regression line. Cuba 44.218 76 
(c) Use the linear model to predict the height of the winning 


pole vault at the 2008 Olympics and compare with the 
actual winning height of 5.96 meters. 

(d) Is it reasonable to use the model to predict the winning 
height at the 2100 Olympics? 


(a) Use a power function to model WN as a function of A. 

(b) The Caribbean island of Dominica has area 291 mi?. How 
many species of reptiles and amphibians would you 
expect to find on Dominica? 


(4 24. The table shows the percentage of the population of 
Argentina that has lived in rural areas from 1955 to 2000. /M 28. The table shows the mean (average) distances d of the plan- 
Find a model for the data and use it to estimate the rural per- ets from the sun (taking the unit of measurement to be the 
centage in 1988 and 2002. distance from the earth to the sun) and their periods T (time 
of revolution in years). 
Percentage Percentage 
Year rural Year rural Planet d = Ap 
1955 30.4 1980 7s!) Mercury 0.387 0.241 
1960 26.4 1985 15.0 Venus 0.723 0.615 
1965 23.6 1990 13.0 Earth 1.000 1.000 
1970 214 1995 ity ee 1.523 1.881 
1975 13.0 2p ae Jupiter 5.203 | 11.861 
Saturn 9.541 29.457 
25. Many physical quantities are connected by inverse square Ureame 19.190 84.008 
laws, that is, by power functions of the form f(x) = kx >. In Neptune 30.086 164.784 


particular, the illumination of an object by a light source is 
inversely proportional to the square of the distance from the 
source. Suppose that after dark you are in a room with just 
one lamp and you are trying to read a book. The light is too 
dim and so you move halfway to the lamp. How much 
brighter is the light? 


(a) Fit a power model to the data. 
(b) Kepler’s Third Law of Planetary Motion states that 


“The square of the period of revolution of a planet 
is proportional to the cube of its mean distance from 


26. It makes sense that the larger the area of a region, the larger the sun. 


the number of species that inhabit the region. Many Does your model corroborate Kepler’s Third Law? 
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m3) New Functions from Old Functions 


FUNCTIONS AND MODELS 


In this section we start with the basic functions we discussed in Section 1.2 and obtain new 
functions by shifting, stretching, and reflecting their graphs. We also show how to combine 
pairs of functions by the standard arithmetic operations and by composition. 


WS Transformations of Functions 


By applying certain transformations to the graph of a given function we can obtain the 
graphs of certain related functions. This will give us the ability to sketch the graphs of 
many functions quickly by hand. It will also enable us to write equations for given graphs. 
Let’s first consider translations. If c is a positive number, then the graph of y = f(x) + cis 
just the graph of y = f(x) shifted upward a distance of c units (because each y-coordinate 
is increased by the same number c). Likewise, if g(x) = f(x — c), where c > 0, then the 
value of g at x is the same as the value of f at x — c (c units to the left of x). There- 
fore the graph of y = f(x — c) is just the graph of y = f(x) shifted c units to the right (see 
Figure 1). 


lel 


Vertical and Horizontal Shifts Suppose c > 0. To obtain the graph of 
y = f(x) + c, shift the graph of y = f(x) a distance c units upward 
y = f(x) — c, shift the graph of y = f(x) a distance c units downward 
y = f(x — c), shift the graph of y = f(x) a distance c units to the right 


y = f(x + c), shift the graph of y = f(x) a distance c units to the left 


oy 
YA 1 
y=f(x)tre ma i 
(Ge) 
| 
| 
y=faete) Cly=fa) y=fa-d yvies 
| Fea iia. aie 
0 E : > - , 
| 
Yes y= fla)—c 
| 
piers ye shit) 
FIGURE 1 m FIGURE 2 


Translating the graph of f 


Stretching and reflecting the graph of f 


Now let’s consider the stretching and reflecting transformations. If c > 1, then the 
graph of y = cf(x) is the graph of y = f(x) stretched by a factor of c in the vertical 
direction (because each y-coordinate is multiplied by the same number c). The graph of 
y = —f(x) is the graph of y = f(x) reflected about the x-axis because the point (x, y) is 
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replaced by the point (x, —y). (See Figure 2 and the following chart, where the results of 
other stretching, shrinking, and reflecting transformations are also given.) 


Vertical and Horizontal Stretching and Reflecting Suppose c > 1. To obtain the 
graph of 


y = cf(x), stretch the graph of y = f(x) vertically by a factor of c 
(1/c)f(x), shrink the graph of y = f(x) vertically by a factor of c 


I 


y 
y = f(cx), shrink the graph of y = f(x) horizontally by a factor of c 
y = f(x/c), stretch the graph of y = f(x) horizontally by a factor of c 
y = —f (x), reflect the graph of y = f(x) about the x-axis 

y = f(—x), reflect the graph of y = f(x) about the y-axis 


Figure 3 illustrates these stretching transformations when applied to the cosine function 
with c = 2. For instance, in order to get the graph of y = 2 cos x we multiply the y-coordi- 
nate of each point on the graph of y = cos x by 2. This means that the graph of y = cos x 
gets stretched vertically by a factor of 2. 


an y=2cosx 


FIGURE 3 


(% ESTE Given the graph of y = \/x, use transformations to graph y = //x — 2, 
y=Jx—2,y = —Vx,y = 2x, andy = /-x. 

SOLUTION The graph of the square root function y = /x, obtained from Figure 13(a) 

in Section 1.2, is shown in Figure 4(a). In the other parts of the figure we sketch 

y= x — 2 by shifting 2 units downward, y = ,/x — 2 by shifting 2 units to the right, 
y = —\/x by reflecting about the x-axis, y = 2./x by stretching vertically by a factor 
of 2, and y = J—x by reflecting about the y-axis. 


yA yA yA yA ; a 


SS 
> > > > Be > 


(a) y= Vx 


FIGURE 4 


a 


0 x 0 2 BG 0 ie x% 0 x 0 


(b) y=Vx-2 (c) y=Vx-2 d) y=-\Vx (e) y=2Vx (f) y=V—x 
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FIGURE 5 


STG Sketch the graph of the function f(x) = x° + 6x + 10. 


SOLUTION Completing the square, we write the equation of the graph as 
ym xe Oxo 10 ach Sate 


This means we obtain the desired graph by starting with the parabola y = x° and shifting 
3 units to the left and then | unit upward (see Figure 5). 


YA yA 
(-3, 1) , 
> + +—_+ > 
0 oe =3 =i 0 29, 
@)y=x" (b) y=(x +3)? +1 EEA 


(S292) Sketch the graphs of the following functions. 
(a) y = sin 2x (b) y=1-sinx 


SOLUTION 

(a) We obtain the graph of y = sin 2x from that of y = sin x by compressing horizon- 
tally by a factor of 2. (See Figures 6 and 7.) Thus, whereas the period of y = sin x is 27, 
the period of y = sin 2x is 27/2 = 7m. 


FIGURE 6 


FIGURE 8 


FIGURE 7 


(b) To obtain the graph of y = | — sin x, we again start with y = sin x. We reflect 
about the x-axis to get the graph of y = —sin x and then we shift | unit upward to get 
Vi— le sin, (sec Figure op) 


y=1-sinx 


2 Nie"s") Figure 9 shows graphs of the number of hours of daylight as functions of the 
time of the year at several latitudes. Given that Philadelphia is located at approximately 
40°N latitude, find a function that models the length of daylight at Philadelphia. 


FIGURE 9 

Graph of the length of daylight 

from March 21 through December 21 
at various latitudes 


Lucia C. Harrison, Daylight, Twilight, Darkness and Time 
(New York, 1935) page 40. 


y 
—P> 
=| @) 1 ix, 
(a) y=x?-1 
YA 
-1 O 1 x 
(b)yx°—1] 
FIGURE 10 
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20 
18 
16 
14 
12 
20°N 
Hours 10 | 30°N 
g © | 40°N 
=| 50°N 
6 
| 60°N 
4 | } 
2 | | 


Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 


SOLUTION Notice that each curve resembles a shifted and stretched sine function. By 
looking at the blue curve we see that, at the latitude of Philadelphia, daylight lasts about 
14.8 hours on June 21 and 9.2 hours on December 21, so the amplitude of the curve (the 
factor by which we have to stretch the sine curve vertically) is (14.8 — 9.2) = 2.8. 

By what factor do we need to stretch the sine curve horizontally if we measure the 
time f in days? Because there are about 365 days in a year, the period of our model 
should be 365. But the period of y = sint is 27, so the horizontal stretching factor is 
277/365. 

We also notice that the curve begins its cycle on March 21, the 80th day of the year, 
so we have to shift the curve 80 units to the right. In addition, we shift it 12 units 
upward. Therefore we model the length of daylight in Philadelphia on the rth day of the 
year by the function 


27 
2) . i 
L(t) (2) sp DES | 365 (t 30 | FE 


Another transformation of some interest is taking the absolute value of a function. If 
y = |f(2x)|, then according to the definition of absolute value, y = f(x) when f(x) > 0 and 
y = —f(x) when f(x) < 0. This tells us how to get the graph of y = | f(x)| from the graph 
of y = f(x): The part of the graph that lies above the x-axis remains the same; the part that 
lies below the x-axis is reflected about the x-axis. 


7 (EZ Sketch the graph of the function y = |x* — 1]. 


SOLUTION We first graph the parabola y = x* — | in Figure 10(a) by shifting the parabola 
y = x’ downward | unit. We see that the graph lies below the x-axis when —1 < x < 1, 
so we reflect that part of the graph about the x-axis to obtain the graph of y = |x* — 1| 
in Figure 10(b). ics] 


ME Combinations of Functions 


Two functions f and g can be combined to form new functions f + g, f — g, fg, and f/g 
in a manner similar to the way we add, subtract, multiply, and divide real numbers. The 
sum and difference functions are defined by 


(fg) (x) — 7 (x) eg) Cf = g(x) =f) =g) 
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f(g(x)) (output) 


FIGURE 11 

The f°g machine is composed of 
the g machine (first) and then 

the f machine. 


If the domain of f is A and the domain of g is B, then the domain of f + g is the intersec- 
tion A A B because both f(x) and g(x) have to be defined. For example, the domain of 
fw= ./x is A = [0, ©) and the domain of g(x) = /2 — x isB = (—co, 2], so the domain 
of (f + g(x) = Vx + J2 —x isAN B= (0, 2]. 


Similarly, the product and quotient functions are defined by 


i= ee. (£)oo : i 


The domain of fg is A B, but we can’t divide by 0 and so the domain of f/9 is 
{x € AM B | g(x) # O}. For instance, if f(x) = x* and g(x) = x — 1, then the domain of 
the rational function (f/g)(x) = x?/(x — 1) is {x | x ¥ 1}, or (-~, 1) U C1, ~). 

There is another way of combining two functions to obtain a new function. For exam- 
ple, suppose that y = f(u) = Ju and u = g(x) = x? + 1. Since y is a function of u and u 
is, in turn, a function of x, it follows that y is ultimately a function of x. We compute this 
by substitution: 


Dare ha) = f(g) seat gee Ups; ite a al 


The procedure is called composition because the new function is composed of the two 
given functions f and g. 

In general, given any two functions f and g, we start with a number x in the domain of 
g and find its image g(x). If this number g(x) is in the domain of f, then we can calculate 
the value of f(g(x)). Notice that the output of one function is used as the input to the next 
function. The result is a new function h(x) = f(g(x)) obtained by substituting g into f. It is 
called the composition (or composite) of f and g and is denoted by f° g (“f circle g”). 


Definition Given two functions f and g, the composite function f° g (also called 
the composition of f and g) is defined by 


(f° g)(x) = f(g(x)) 


The domain of f° g is the set of all x in the domain of g such that g(x) is in the domain 
of f. In other words, (f° g)(x) is defined whenever both g(x) and f(g(x)) are defined. Fig- 
ure 11 shows how to picture f° g in terms of machines. 


CR If f(x) = x* and g(x) = x — 3, find the composite functions f° g and g °f. 
SOLUTION We have 
CF gx) = G@) 7 = 3) — (8) 
(go f)(x) = GG) ge) => 13 ies 
NOTE You can see from Example 6 that, in general, fo g # g° f. Remember, the 
notation f° g means that the, function g is applied first and then f is applied second. In 


Example 6, f° g is the function that first subtracts 3 and then squares; g ° f is the function 
that first squares and then subtracts 3. 


If0 <aSb, thena’® <b’. 
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Vj If f(x) = ./x and g(x) = 2 — x, find each function and its domain. 
(a) fog (b) gof (fos (d) geg 


SOLUTION 

(a) (fog) = f(g@) =flV2—2) = Jj2 —x =42 =e 
The domain of f° g is {x|2 — x = 0} = {x| x < 2} = (—~, 2]. 

(b) (g°f)(x) = g( f(x) = glVx) = V2 -— Ve 


For \/x to be defined we must have x > 0. For 2 — ,/x to be defined we must have 
Do x = (), that is, Jx <= 2, or x S 4. Thus we have 0 S x S 4, so the domain of 
g°f is the closed interval [0, 4]. 


(c) COMES GO) Sl lean i se 
The domain of f° f is [0, %). 
(d) (g° g(x) = g(g(x)) = go V2 —x) = J2- 2 -x 


This expression is defined when both 2 — x = 0 and 2 — /2 — x 2 0. The first 
inequality means x < 2, and the second is equivalent to. /2 — x <2, or2 — x <4, or 
x = —2. Thus —2 < x S 2, so the domain of g © g is the closed interval [—2,2]. [= 


It is possible to take the composition of three or more functions. For instance, the com- 
posite function f° g ° h is found by first applying h, then g, and then f as follows: 


(fogeh)(x) = f(g(A(x))) 


Find fo gohif f(x) = x/(x + 1), g(x) = x", and A(x) = x + 3. 


SOLUTION (fg = h)() =F (gia) — fge 3) 
— 5 LON (x ee o)s 
SAGs ar sii) een es] 


So far we have used composition to build complicated functions from simpler ones. But 
in calculus it is often useful to be able to decompose a complicated function into simpler 
ones, as in the following example. 


STetacn Given F(x) = cos*(x + 9), find functions f, g, and h such that F = fo gh. 


SOLUTION Since F(x) = [cos(x + 9)]?, the formula for F says: First add 9, then take the 
cosine of the result, and finally square. So we let 


2 


h(x) =x+9 g(x) = cos x f(x) =x 


Then (fog h\x) = f(g(A(a)) = f(g(x + 9)) =f(cos(x + 9)) 
= [cos(x + 9)]? = F(x) REE 
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[ee Exercises 


1. Suppose the graph of f is given. Write equations for the graphs 6-7 The graph of y = 3x — x? is given. Use transformations to 
that are obtained from the graph of f as follows. create a function whose graph is as shown. 
(a) Shift 3 units upward. (b) Shift 3 units downward. 


(c) Shift 3 units to the right. (d) Shift 3 units to the left. yA 
(e) Reflect about the x-axis. (f) Reflect about the y-axis. vs Bee? 
(g) Stretch vertically by a factor of 3. LSy 
(h) Shrink vertically by a factor of 3. 


2. Explain how each graph is obtained from the graph of y = f(x). 0 nee} Ze 
Qi =f (Xe) +8 (b) y=f(x + 8) 
(c) y = 8f(x) (d) y = f(8x) 6. 
(c) y= —f(x) - 1 (f) y = 8f(5x) 


7. 
3 1 er | Pa 
3. The graph of y = f(x) is given. Match each equation with its A =I ¥) 3 we 
graph and give reasons for your choices. Wee 
(a) y=f(x — 4) (b) y=f(x) + 3 Q se 
2 Sans 


(c) y=3f(x) (d) y = —f(x + 4) 0 
(e) y = 2f(x + 6) 


8. (a) How is the graph of y = 2 sin x related to the graph of 
y = sin x? Use your answer and Figure 6 to sketch the 
graph of y = 2 sinx. 

(b) How is the graph of y = 1 + /x related to the graph of 
y= Vx ? Use your answer and Figure 4(a) to sketch the 
graph of y = 1 + ae 


9-24 Graph the function by hand, not by plotting points, but by 
starting with the graph of one of the standard functions given in Sec- 
tion 1.2, and then applying the appropriate transformations. 


93 y= 10. y= (x — 1)? 
4. The graph of f is given. Draw the graphs of the following x+2 
functions. 7 
11. y= —</% 125 y= "x 6x ot 
@) y=f(x) -2 (b) y=f@—2) bee na ye 
(c) y = —2f(x) (d) y= f(3x) +1 13, y=./x—-2—-1 14. y = 4sin 3x 
reat ‘ 4 
15. y = sin($x) 16:3 ye 
eG 
, 17. y = 5(1 — cos x) 18. y=1-—2/x43 
x 
19. y= 1 — 2x — x? 20. y=|x|-2 
5. The graph of f is given. Use it to graph the following 21. y=|x-2| 2 y = i tan| x= ase 
functions. ‘ ak os 4 
= HOS eat bee P 
(a) yi (2x) (b) y iced By = | /x = || | rae | cos 1x | 


(c) y = f(—2) (Diy ied) 


25. The city of New Orleans is located at latitude 30°N. Use Fig- 
ure 9 to find a function that models the number of hours of 

>| daylight at New Orleans as a function of the time of year. To 

check the accuracy of your model, use the fact that on March 31 

the sun rises at 5:51 AM and sets at 6:18 PM in New Orleans. 


1. Homework Hints available at stewartcalculus.com 


26. A variable star is one whose brightness alternately increases 
and decreases. For the most visible variable star, Delta Cepheli, 
the time between periods of maximum brightness is 5.4 days, 
the average brightness (or magnitude) of the star is 4.0, and its 
brightness varies by +0.35 magnitude. Find a function that 
models the brightness of Delta Cephei as a function of time. 


27. (a) How is the graph of y = f (|x|) related to the graph of f? 
(b) Sketch the graph of y = sin |x|. 


(c) Sketch the graph of y = /| |. 
28. Use the given graph of f to sketch the graph of y = 1/f(x). 


Which features of f are the most important in sketching 
y = 1/f(x)? Explain how they are used. 


29-30 Find (a) f + g, (b) f — g, (c) fg, and (d) f/g and state their 
domains. 


29°F (x)= x? 4 27; g(x) = 3x7 — 1 


BOF (x) aS — t, gik) = ax — I 


31-36 Find the functions (a) f° g, (b) g°f, (c) fe f, and (d) g°g 
and their domains. 


af a)la=x — Tg) = 2x4 1 
32. f(x) =x — 2, g(x) =x? + 3x+4 
33. f(x) = 1 — 3x, g(x) = cosx 


MB. f@=Vvx, go =V1—x 


_ ee Gap eeaiee 

35. f(x) =x = Gas ai 

6. f(x) =— (x) = sin 2x 
bas 1+x’ 9 


37-40 Find fogch. 
37, fix). = 3%.— 2, gi) = sin, hi) =x" 


C2 Neel ELC) end 
39. f(x) = Vx -—3, g(x) =x’, A) = x3+2 


a0. f(x) =tanx, g(x) == Ala) = Ve 


38. f(x) = |x — 4 


SECTION 1.3 NEW FUNCTIONS FROM OLD FUNCTIONS 


41-46 Express the function in the form f° g. 


ATH ("Oa 42. F(x) = cos*x 


aren Rives 
1+ vx Ih size 

45. v(t) = sec(t*) tan(t’) 46. u(t) = pared 
eet sec an Bh. 1 an 


43 


47-49 Express the function in the form f° g° h. 


4], R(x) = Vx — 1 48. (x) = 2 + |x| 
49. H(x) = sec*(V/x ) 


50. Use the table to evaluate each expression. 
(a) f(g) (b) g(f()) 
(d) g(g(1)) (e) (g°f)(3) 


(yey OD) 


a I! 2 3 4 5 6 
f(x) 3 I 4 2 y) 5 
g(x) 6 3 2 ] 2 3} 


51. Use the given graphs of f and g to evaluate each expression, 


or explain why it is undefined. 
(a) f(g(2)) (b) g( f(0)) 
(d) (g°f)() (e) (g°g)(—2) 


52. Use the given graphs of f and g to estimate the value of 


f(g(x)) for x = —5, —4, —3,...,5. Use these estimates to 


sketch a rough graph of f° g. 


(f) (fe g)(6) 


(c) (f° g)(0) 
(Ds Ci cny ta) 
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53. 


54. 


55. 


56. 


uf 


CHAPTER 1 FUNCTIONS AND MODELS 
A stone is dropped into a lake, creating a circular ripple that 
travels outward at a speed of 60 cm/s. 
(a) Express the radius r of this circle as a function of the 
time f (in seconds). 
(b) If A is the area of this circle as a function of the radius, find 
A r and interpret it. 


A spherical balloon is being inflated and the radius of the bal- 
loon is increasing at a rate of 2 cm/s. 
(a) Express the radius r of the balloon as a function of the 
time ft (in seconds). 
(b) If V is the volume of the balloon as a function of the radius, 
find V ° r and interpret it. 


A ship is moving at a speed of 30 km/h parallel to a straight 
shoreline. The ship is 6 km from shore and it passes a light- 
house at noon. 

(a) Express the distance s between the lighthouse and the ship 
as a function of d, the distance the ship has traveled since 
noon; that is, find f so that s = f(d). 

(b) Express d as a function of f, the time elapsed since noon; 
that is, find g so that d = g(t). 

(c) Find f° g. What does this function represent? 


An airplane is flying at a speed of 350 mi/h at an altitude of 

one mile and passes directly over a radar station at time t = 0. 

(a) Express the horizontal distance d (in miles) that the plane 
has flown as a function of f. 

(b) Express the distance s between the plane and the radar 
station as a function of d. 

(c) Use composition to express s as a function of f. 


The Heaviside function H is defined by 


H(t) = {° 


It is used in the study of electric circuits to represent the 
sudden surge of electric current, or voltage, when a switch is 
instantaneously turned on. 

(a) Sketch the graph of the Heaviside function. 

(b) Sketch the graph of the voltage V(r) in a circuit if the 
switch is turned on at time f = 0 and 120 volts are applied 
instantaneously to the circuit. Write a formula for V(t) in 
terms of H(t). 


ihe—<0) 
if t=0 


Ae Graphing Calculators and Computers 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


(c) Sketch the graph of the voltage V(1) in a circuit if the 
switch is turned on at time t = 5 seconds and 240 volts are 
applied instantaneously to the circuit. Write a formula for 
V(t) in terms of H(t). (Note that starting at t = 5 corre- 
sponds to a translation.) 


The Heaviside function defined in Exercise 57 can also be used 
to define the ramp function y = ctH(t), which represents a 
gradual increase in voltage or current in a circuit. 

(a) Sketch the graph of the ramp function y = tH(t). 

(b) Sketch the graph of the voltage V(t) in a circuit if the 
switch is turned on at time t = 0 and the voltage is gradu- 
ally increased to 120 volts over a 60-second time interval. 
Write a formula for V(t) in terms of H(t) for t < 60. 

(c) Sketch the graph of the voltage V(t) in a circuit if the 
switch is turned on at time t = 7 seconds and the voltage is 
gradually increased to 100 volts over a period of 
25 seconds. Write a formula for V(t) in terms of H(t) for 
t = 32. 


Let f and g be linear functions with equations f(x) = mx + b, 
and g(x) = m2x + bo. Is f° g also a linear function? If so, 
what is the slope of its graph? 


If you invest x dollars at 4% interest compounded annually, 
then the amount A(x) of the investment after one year is 

A(x) = 1.04x. Find Ae A, A°A°A, and A°A°A°cA. What 
do these compositions represent? Find a formula for the com- 
position of n copies of A. 


(a) If g(x) = 2x + 1 and h(x) = 4x? + 4x + 7, find a function 
f such that f° g = h. (Think about what operations you 
would have to perform on the formula for g to end up with 
the formula for h.) 

(b) If f(x) = 3x + 5 and h(x) = 3x? + 3x + 2, find a function 
g such that fog = h. 


If f(x) = x + 4 and h(x) = 4x — 1, find a function g such that 
g°f=h. 
Suppose g is an even function and let h = f° g. Is h always an 


even function? 


Suppose g is an odd function and let h = f° g. Is h always an 
odd function? What if f is odd? What if f is even? 


In this section we assume that you have access to a graphing calculator or a computer with 
graphing software. We will see that the use of such a device enables us to graph more com- 
plicated functions and to solve more complex problems than would otherwise be possible. 
We also point out some of the pitfalls that can occur with these machines. 

Graphing calculators and computers can give very accurate graphs of functions. But we 
will see in Chapter 4 that only through the use of calculus can we be sure that we have 
uncovered all the interesting aspects of a graph. 

A graphing calculator or computer displays a rectangular portion of the graph of a func- 
tion in a display window or viewing screen, which we refer to as a viewing rectangle. 
The default screen often gives an incomplete or misleading picture, so it is important to 


FIGURE 1 


The viewing rectangle [a, b] by [c, d] 


in) 


(b) [-4, 4] by [-4, 4] 


FIGURE 2 Graphs of f(x) =x? +3 


SECTION 1.4 GRAPHING CALCULATORS AND COMPUTERS 45 


choose the viewing rectangle with care. If we choose the x-values to range from a mini- 
mum value of Xmin = a to a maximum value of Xmax = b and the y-values to range from 
a minimum of Ymin = c toa maximum of Ymax = d, then the visible portion of the graph 
lies in the rectangle 


eee SINGER Pee sel BES eS ere) 
shown in Figure |. We refer to this rectangle as the [a, b] by [c, d] viewing rectangle. 
(a, d) 


y=d (b, ad) 


X=a 


SS 
(AC) 


y=c (b,c) 


The machine draws the graph of a function f much as you would. It plots points of the 
form (x, f(x)) for a certain number of equally spaced values of x between a and b. If an 
x-value is not in the domain of f, or if f(x) lies outside the viewing rectangle, it moves on 
to the next x-value. The machine connects each point to the preceding plotted point to form 
a representation of the graph of f 


SeQetae Draw the graph of the function f(x) = x° + 3 in each of the following 
viewing rectangles. 

(a) [=2, 2] by [=2, 2] 

(Cy -=10610) by (5,30) 


(b) [—4, 4] by [—4, 4] 
(d) [—50, 50] by [—100, 1000] 


SOLUTION For part (a) we select the range by setting Xmin = —2, Xmax = 2, 
Ymin = —2, and Ymax = 2. The resulting graph is shown in Figure 2(a). The display 
window is blank! A moment’s thought provides the explanation: Notice that x* > 0 for 
all x, so x2 + 3 = 3 for all x. Thus the range of the function f(x) = x? + 3 is [3, %). This 
means that the graph of f lies entirely outside the viewing rectangle [—2, 2] by [—2, 2]. 
The graphs for the viewing rectangles in parts (b), (c), and (d) are also shown in 
Figure 2. Observe that we get a more complete picture in parts (c) and (d), but in part (d) 
it is not clear that the y-intercept is 3. 


1000 


50 


—100 


(c) [-10, 10] by [—5, 30] (d) [—50, 50] by [-100, 1000] 


We see from Example | that the choice of a viewing rectangle can make a big differ- 
ence in the appearance of a graph. Often it’s necessary to change to a larger viewing 
rectangle to obtain a more complete picture, a more global view, of the graph. In the next 
example we see that knowledge of the domain and range of a function sometimes provides 
us with enough information to select a good viewing rectangle. 
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S204 Determine an appropriate viewing rectangle for the function 
f(x) = V8 — 2x? and use it to graph f 
SOLUTION The expression for f(x) is defined when 


oS Oya) eS Sa Se Se 


( > Paes ME NA say \ Women eens Se) 


Therefore the domain of f is the interval [—2, 2]. Also, 
4 0 = 8 Seay s 83 


= so the range of f is the interval [0, 2 ea 

We choose the viewing rectangle so that the x-interval is somewhat larger than the 
—— domain and the y-interval is larger than the range. Taking the viewing rectangle to be 
ULI ais [—3, 3] by [—1, 4], we get the graph shown in Figure 3. FEE, 


FIGURE 3 


SET FEY Graph the function y = x*? — 150x. 
5 
SOLUTION Here the domain is R, the set of all real numbers. That doesn’t help us choose 


| a viewing rectangle. Let’s experiment. If we start with the viewing rectangle [—5, 5] by 
| [—5, 5], we get the graph in Figure 4. It appears blank, but actually the graph is so 
ia nearly vertical that it blends in with the y-axis. 

If we change the viewing rectangle to [—20, 20] by [—20, 20], we get the picture 
shown in Figure 5(a). The graph appears to consist of vertical lines, but we know that 
can’t be correct. If we look carefully while the graph is being drawn, we see that the 
graph leaves the screen and reappears during the graphing process. This indicates that 
FIGURE 4 we need to see more in the vertical direction, so we change the viewing rectangle to 
[—20, 20] by [—500, 500]. The resulting graph is shown in Figure 5(b). It still doesn’t 
quite reveal all the main features of the function, so we try [—20, 20] by [—1000, 1000] 
in Figure 5(c). Now we are more confident that we have arrived at an appropriate view- 
ing rectangle. In Chapter 4 we will be able to see that the graph shown in Figure 5(c) 
does indeed reveal all the main features of the function. 


20 500 


—20 + | 20 20 a ptt 20 204 
| : | 
| 
\ ) L ; 
~20 
(a) — (b) (c) 
FIGURE 5 Graphs of y = x? — 150x aS 


© GEES «Graph the function f(x) = sin 50x in an appropriate viewing rectangle. 


SOLUTION Figure 6(a) shows the graph of f produced by a graphing calculator using the 
viewing rectangle [—12, 12] by [—1.5, 1.5]. At first glance the graph appears to be 


The appearance of the graphs in Figure 6 
depends on the machine used. The graphs you 
get with your own graphing device might not 
look like these figures, but they will also be 
quite inaccurate. 


FIGURE 6 
= sin 50x 
in four viewing rectangles 


Graphs of f(x) 


1S 
hs | 25 
=il55) 
FIGURE 7 
f(x) = sin 50x 
1.5 


FIGURE 8 
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reasonable. But if we change the viewing rectangle to the ones shown in the following 
parts of Figure 6, the graphs look very different. Something strange is happening. 


wn 
— 
nN 


| ploy 


nH HHT 


In order to explain the big differences in appearance of these graphs and to find an 
appropriate viewing rectangle, we need to find the period of the function y = sin 50x. 
We know that the function y = sin x has period 27 and the graph of y = sin 50x is 
shrunk horizontally by a factor of 50, so the period of y = sin 50x is 


This suggests that we should deal only with small values of x in order to show just a few 
oscillations of the graph. If we choose the viewing rectangle [—0.25. 0.25] by [—1.5. 1.5]. 
we get the graph shown in Figure 7. 

Now we see what went wrong in Figure 6. The oscillations of y = sin 50x are so rapid 
that when the calculator plots points and joins them, it misses most of the maximum and 
minimum points and therefore gives a very misleading impressio of the graph. eco 


We have seen that the use of an inappropriate viewing rectangle can give a misleading 
impression of the graph of a function. In Examples | and 3 we solved the problem by 
changing to a larger viewing rectangle. In Example 4+ we had to make the viewing rect- 
angle smaller. In the next example we look at a function for which there is no single view- 
ing rectangle that reveals the true shape of the graph. 


1 GEA «Graph the function f(x) = sinx + aw cos 100x. 


SOLUTION Figure 8 shows the graph of f produced by a graphing calculator with viewing 
rectangle [—6.5, 6.5] by [—1.5, 1.5]. It looks much like the graph of y = sin x, but per- 
haps with some bumps attached. If we zoom in to the viewing rectangle [—0.1, 0.1] by 
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FIGURE 9 


Another way to avoid the extraneous line is to 
change the graphing mode on the calculator so 
that the dots are not connected. 


FIGURE 10 


You can get the correct graph with Maple if 
you first type 


with(RealDomain) ; 


{—0.1, 0.1], we can see much more clearly the shape of these bumps in Figure 9. The 
reason for this behavior is that the second term, jj) cos 100x, is very small in comparison 
with the first term, sin. Thus we really need two graphs to see the true nature of this 
function. esi) 


1 
l-— x) 


(COTTA Draw the graph of the function y = 


SOLUTION Figure 10(a) shows the graph produced by a graphing calculator with view- 
ing rectangle [—9, 9] by [—9, 9]. In connecting successive points on the graph, the 
calculator produced a steep line segment from the top to the bottom of the screen. That 
line segment is not truly part of the graph. Notice that the domain of the function 

y = I/(1 — x) is {x | x ¥ 1}. We can eliminate the extraneous near-vertical line by exper- 
imenting with a change of scale. When we change to the smaller viewing rectangle 

| —4.7, 4.7] by [—4.7, 4.7] on this particular calculator, we obtain the much better graph 
in Figure 10(b). 


~9 A =47 


(a) (b) Et 


(SCRA Graph the function y = ¢/x. 


SOLUTION Some graphing devices display the graph shown in Figure 11, whereas others 
produce a graph like that in Figure 12. We know from Section 1.2 (Figure 13) that the 
graph in Figure 12 is correct, so what happened in Figure 11? The explanation is that 
some machines compute the cube root of x using a logarithm, which is not defined if x 
is negative, so only the right half of the graph is produced. , 


i) 
bo 


FIGURE 11 FIGURE 12 


You should experiment with your own machine to see which of these two graphs is 


produced. If you get the graph in Figure 11, you can obtain the correct picture by graph- 
ing the function 
. > , 
foe sade | 


Ix| 


Notice that this function is equal to lx (except when x = 0). fs. 


In Visual 1.4 you can see an 


animation of Figure 13. 


(a) y=x? + 2x 


FIGURE 13 
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To understand how the expression for a function relates to its graph, it’s helpful to graph 
a family of functions, that is, a collection of functions whose equations are related. In the 
next example we graph members of a family of cubic polynomials. 


2 (ZA «Graph the function y = x* + cx for various values of the number c. How 
does the graph change when c is changed? 


SOLUTION Figure 13 shows the graphs of y = x* + cx forc = 2, 1,0, —1, and —2. We 
see that, for positive values of c, the graph increases from left to right with no maximum 
or minimum points (peaks or valleys). When c = 0, the curve is flat at the origin. When c 
is negative, the curve has a maximum point and a minimum point. As c decreases, the 
maximum point becomes higher and the minimum point lower. 


—< 


ee os 


(b) pHx2+% ()y=x" (d) p=x?-x 


Several members of the family of 
functions y = x? + cx, all graphed 
in the viewing rectangle [—2, 2] 


byl 2)5, 2.51 


FIGURE 14 
Locating the roots 
OL COS 726 


(SCZ Find the solution of the equation cos x = x correct to two decimal places. 


SOLUTION The solutions of the equation cos x = x are the x-coordinates of the points of 
intersection of the curves y = cos x and y = x. From Figure 14(a) we see that there is 
only one solution and it lies between 0 and 1. Zooming in to the viewing rectangle [0, 1] 
by [0, 1], we see from Figure 14(b) that the root lies between 0.7 and 0.8. So we zoom in 
further to the viewing rectangle [0.7, 0.8] by [0.7, 0.8] in Figure 14(c). By moving the 
cursor to the intersection point of the two curves, or by inspection and the fact that the 
x-scale is 0.01, we see that the solution of the equation is about 0.74. (Many calculators 
have a built-in intersection feature.) 


(a) [—5, 5] by [-1.5, 1.5] (b) [0, 1] by [0, 1] (c) [0.7, 0.8] by [0.7, 0.8] 


x-scale = 1 


x-scale = 0.1 x-scale = 0.01 ais 23) 
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m= Exercises 


. Use a graphing calculator or computer to determine which of 
the given viewing rectangles produces the most appropriate 
graph of the function f(x) = x3 — 5x?. 

(a) [—5, 5] by [—5, 5] (b) [0, 10] by [0, 2] 
c) [0, 10] by [0, 10] 


2. Use a graphing calculator or computer to determine which of 
the given viewing rectangles produces the most appropriate 
graph of the function f(x) = x* — 16x* + 20. 

(a) [=3, 3] by [=3; 3] (b) [—10, 10] by [—10, 10] 
(c) [-50, 50] by [—50, 50] (d) Toro by (50,00) 


3-14 Determine an appropriate viewing rectangle for the given 
function and use it to draw the graph. 


3. f(x) = x? — 36x + 32 4. f(x) = x? + 15x? + 65x 
ah ED) = VI = OP 6. f(x) = V15x — x? 

tas : Cee x 
7. f(x) =x DDK 8. f(x) y? 1100 


9. f(x) = sin?(1000x) 
1. f(x) = sin /x 12. f(x) = 
14. y = x” + 0.02 sin 50x 


10. f(x) = cos(0.001x) 
sec(20 7x) 


13. y = 10 sinx + sin 100x 


15. (a) Try to find an appropriate viewing rectangle for 
f(x) = & — 10)?27 


(b) Do you need more than one window? Why? 


16. Graph the function f(x) = x*,/30 — x in an appropriate 
viewing rectangle. Why does part of the graph appear to be 
missing? 

17. Graph the ellipse 4x* + 2y* = 1 by graphing the functions 


whose graphs are the upper and lower halves of the ellipse. 


18. Graph the hyperbola y* — 9x? = 1 by graphing the functions 
whose graphs are the upper and lower branches of le 
hyperbola. 


19-20 Do the graphs intersect in the given viewing rectangle? 
If they do, how many points of intersection are there? 


19. y = 3x7 — 6x +1, y =0.23x — 2.25: 
tel by i-—255.1-5] 


20. y= 6 — 4x — x’, i 


3x + 18; [—6, 2] by [—5, 20] 


21-23 Find all solutions of the equation correct to two decimal 
places. 


Jal, 3 — poe | 


Zaman — x) | x2 


2. J/x =x3-1 


Graphing calculator or computer required 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31, 


32. 


We saw in Example 9 that the equation cos x = x has exactly 

one solution. 

(a) Use a graph to show that the equation cos x = 0.3x has 
three solutions and find their values correct to two decimal 
places. 

(b) Find an approximate value of m such that the equation 
cos x = mx has exactly two solutions. 


Use graphs to determine which of the functions f(x) = 10x? 
and g(x) = x*/10 is eventually larger (that is, larger when x is 
very large). 


Use graphs to determine which of the functions 
f(x) = x* — 100x* and g(x) = x? is eventually larger. 


For what values of x is it true that | tanx — x| < 0.01 and 
=) 2 —% a 7/2 


Graph the polynomials P(x) = 3x° — 5x* + 2x and Q(x) = 3x° 
on the same screen, first using the viewing rectangle [—2, 2] by 
[—2, 2] and then changing to [—10, 10] by [—10,000, 10,000]. 
What do you observe from these graphs? 


In this exercise we consider the family of root functions 


f(x) = */x, where nis a positive integer. 


(a) Graph the functions y = JX, y= fx, and y = Sx on the 
same screen using the viewing rectangle [—1, 4] by [—1, 3]. 
(b) Graph the functions y = x, y = 3/x, and y = 3/x on 
the same screen using the viewing rectangle [—3, 3] 
by [—2, 2]. (See Example 7.) 
(c) Graph the functions y = ./x, Ae y = */x, and 
y = ¥/x on the same screen using the viewing rectangle 
[=1, 3] by [—1, 2]. 
(d) What conclusions can you make from these graphs? 


In this exercise we consider the family of functions 

f(x) = 1/x", where n is a positive integer. 

(a) Graph the functions y = 1/x and y = 1/x* on the same 
screen using the viewing rectangle [—3, 3] by [+3, 3]. 

(b) Graph the functions vy = 1/x? and y = 1/x* on the same 
screen using the same viewing rectangle as in part (a). 

(c) Graph all of the functions in parts (a) and (b) on the same 
screen using the viewing rectangle [—1, 3] by [—1, 3]. 

(d) What conclusions can you make from these graphs? 


Graph the function f(x) = x* + ex? + x for several values 
of c. How does the graph change when c changes? 


Graph the function f(x) = 1 + cx2 for various values 
of c. Describe how changing the value of c affects the graph. 


1. Homework Hints available at stewartcalculus.com 
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33. Graph the function y = x"2“, x = 0, forn = 1, 2,3, 4,5, [Hint: The TI-83’s graphing window is 95 pixels wide. What 
and 6. How does the graph change as n increases? specific points does the calculator plot?] 


34. The curves with equations 


Lx 


= 


are called bullet-nose curves. Graph some of these curves to 
see why. What happens as c increases? 


PF Ga) 
Vc Xx 


y =sin 96x 


35. What happens to the graph of the equation y> = cx* + x* as 


c varies? 


36. This exercise explores the effect of the inner function g on a 


composite function y = f(g(x)). 


(a) Graph the function y = sin(./x ) using the viewing rect- 
angle [0, 400] by [—1.5, 1.5]. How does this graph differ 
from the graph of the sine function? 


5 


(b) Graph the function y = sin(x~) using the viewing rectangle 
[—5, 5] by [—1.5, 1.5]. How does this graph differ from the a — 


graph of the sine function? 


37. The figure shows the graphs of y = sin 96x and y = sin 2x as 
displayed by a TI-83 graphing calculator. The first graph is 


38. The first graph in the figure is that of y = sin 45x as displayed 
by a TI-83 graphing calculator. It is inaccurate and so, to help 
explain its appearance, we replot the curve in dot mode in 
the second graph. What two sine curves does the calculator 
appear to be plotting? Show that each point on the graph of 
y = sin 45x that the TI-83 chooses to plot is in fact on one of 
these two curves. (The TI-83’s graphing window is 95 pixels 
wide.) 


inaccurate. Explain why the two graphs appear identical. fA 2 : Leak 


1.5 | Exponential Functions 


In Appendix G we present an alternative 
approach to the exponential and logarithmic 
functions using integral calculus. 


YA 
1" 

— ad 
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FIGURE 1 
Representation of y = 2°, x rational 


The function f(x) = 2° is called an exponential function because the variable, x, is the 
exponent. It should not be confused with the power function g(x) = x°, in which the vari- 
able is the base. 

In general, an exponential function is a function of the form 


J(x) = a" 


where a is a positive constant. Let’s recall what this means. 
If x = n, a positive integer, then 


C—O 
oS. rice eee 
n factors 
If x = 0, then a° = 1, and if x = —n, where nis a positive integer, then 
a= = 
One 


If x is a rational number, x = p/g, where p and q are integers and q > 0, then 


a=qQi= fq? ee (Ya ie 


But what is the meaning of a’ if x is an irrational number? For instance, what is meant by 
2%? or 57? 

To help us answer this question we first look at the graph of the function y = 2*, where 
x is rational. A representation of this graph is shown in Figure 1. We want to enlarge the 


domain of y = 2* to include both rational and irrational numbers. 
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A proof of this fact is given in J. Marsden 
and A. Weinstein, Ca/culus Unlimited (Menlo 
Park, CA, 1981). For an online version, see 


caltechbook.library.caltech.edu/197/ 


FIGURE 2 
y = 2*, x real 


IfO <a < 1, then a* approaches 0 as x 
becomes large. If a > 1, then a* approaches 0 
as x decreases through negative values. In both 
cases the x-axis is a horizontal asymptote. 
These matters are discussed in Section 2.6, 


FIGURE 3 


There are holes in the graph in Figure 1 corresponding to irrational values of x. We want 
to fill in the holes by defining f(x) = 2*, where x € R, so that f is an increasing function. 
In particular, since the irrational number a3 satisfies 


Neg Paty OS 
we must have 


We qv3 < 218 


and we know what 2'7 and 2'* mean because 1.7 and 1.8 are rational numbers. Similarly, 
if we use better approximations for V3, we obtain better approximations for 23. 


Race = A Ge > 1B < V3 < 21% 
L732) Sar 0 pea 
1.7320 < 4/3 -<ail SD Sane a ae 
1973205 <c2/3 <9 1,73206. me ee 


It can be shown that there is exactly one number that is greater than all of the numbers 


9) ie » W738: 2 732 D) 1.7320 9) 1.73205 
‘J ° r2 «) 


° 


and less than all of the numbers 


18 1.74 1.733 1.7321 1.73206 
i ee Poa” a aie aan eee ; 


We define 2° to be this number. Using the preceding approximation process we can com- 
pute it correct to six decimal places: 


2¥3 = 3.321997 


Similarly, we can define 2* (or a’*, if a > 0) where x is any irrational number. Figure 2 
shows how all the holes in Figure 1 have been filled to complete the graph of the function 
f(x) =2*,xER. 

The graphs of members of the family of functions y = a* are shown in Figure 3 for var- 
ious values of the base a. Notice that all of these graphs pass through the same point (0, 1) 
because a? = | for a ¥ 0. Notice also that as the base a gets larger, the exponential func- 
tion grows more rapidly (for x > 0). 


www.stewartcalculus.com 


FIGURE 4 


For review and practice using the Laws of 
Exponents, click on Review of Algebra. 


For a review of reflecting and shifting graphs, 


see Section 1.3. 


FIGURE 5 
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You can see from Figure 3 that there are basically three kinds of exponential functions 
y =a’. If0 <a <1, the exponential function decreases; if a = 1, it is a constant; and if 
a > 1, it increases. These three cases are illustrated in Figure 4. Observe that if a ~ 1, then 
the exponential function y = a‘ has domain R and range (0, ©). Notice also that, since 
(1/a)* = 1/a* = a“, the graph of y = (1/a)* is just the reflection of the graph of y = a’* 
about the y-axis. 


yA yA 
1 
(0, 1) 
0 _ 0 x 
(a) y=a‘, 0<a<l (b) y=1" (c)y=a’,a>1 


One reason for the importance of the exponential function lies in the following proper- 
ties. If x and y are rational numbers, then these laws are well known from elementary 
algebra. It can be proved that they remain true for arbitrary real numbers x and y. 


Laws of Exponents If a and b are positive numbers and x and y are any real num- 
bers, then 


3 pals a , Es . hess 
1.a*? =a‘@ 210) a 3, (a*)? = a” 4. (ab)* = a*b* 
a 


SETS Sketch the graph of the function y = 3 — 2* and determine its domain and 
range. 


SOLUTION First we reflect the graph of y = 2* [shown in Figures 2 and 5(a)] about the 
x-axis to get the graph of y = —2* in Figure 5(b). Then we shift the graph of y = —2* 
upward 3 units to obtain the graph of y = 3 — 2* in Figure 5(c). The domain is R and the 
range is (—%, 3). 


yA YA 
1 
> > 
0) x 0 %G 
=| 
(a)y=2* O)p Sa3 (c) y=3-2° Bie 


Vv) EXAMPLE 2 Use a graphing device to compare the exponential function f(x) = 2° 
and the power function g(x) = x*. Which function grows more quickly when x is large? 
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Example 2 shows that y = 2* increases more 
quickly than y = x7. To demonstrate just how 
quickly f(x) = 2* increases, let's perform the 
following thought experiment. Suppose we start 
with a piece of paper a thousandth of an inch 
thick and we fold it in half 50 times. Each time 
we fold the paper in half, the thickness of the 
paper doubles, so the thickness of the resulting 
paper would be 2°°/1000 inches. How thick do 
you think that is? It works out to be more than 


17 million miles! 


TABLE 1 

Population 

t (millions) 
0 1650 
10 1750 
20 1860 
30 2070 
40 2300 
50 2560 
60 3040 
70 3710 
80 4450 
90 5280 
100 6080 
110 6870 
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SOLUTION Figure 6 shows both functions graphed in the viewing rectangle [266] 

by [0, 40]. We see that the graphs intersect three times, but for x > 4 the graph of 

f(x) = 2" stays above the graph of g(x) = x°. Figure 7 gives a more global view and 
shows that for large values of x, the exponential function y = 2* grows far more rapidly 
than the power function y = x’. 


FIGURE 6 FIGURE 7 _— 


M8 Applications of Exponential Functions 


The exponential function occurs very frequently in mathematical models of nature and 
society. Here we indicate briefly how it arises in the description of population growth. 
In later chapters we will pursue these and other applications in greater detail. 

First we consider a population of bacteria in a homogeneous nutrient medium. Suppose 
that by sampling the population at certain intervals it is determined that the population 
doubles every hour. If the number of bacteria at time f is p(t), where ft is measured in hours, 
and the initial population is p(0) = 1000, then we have 


p(1) = 2p(0) = 2 X 1000 
p(2) = 2p(1) = 2? X 1000 
p(3) = 2p(2) = 2? X 1000 


It seems from this pattern that, in general, 
p(t) = 2' X 1000 = (1000)2' 


This population function is a constant multiple of the exponential function y = 2', so it 
exhibits the rapid growth that we observed in Figures 2 and 7. Under ideal conditions 
(unlimited space and nutrition and absence of disease) this exponential growth is typical of 
what actually occurs in nature. 

What about the human population? Table | shows data for the population of the world 
in the 20th century and Figure 8 shows the corresponding scatter plot. 


rt + t + + t 
20 40 60 80 100 120 t 


FIGURE 8 Scatter plot for world population growth 


FIGURE 9 
Exponential model for 
population growth 


FIGURE 12 


The natural exponential function 
crosses the y-axis with a slope of 1. 


SECTION 1.5 EXPONENTIAL FUNCTIONS 55 


The pattern of the data points in Figure 8 suggests exponential growth, so we use a graph- 
ing calculator with exponential regression capability to apply the method of least squares 
and obtain the exponential model 


P = (1436.53) + (1.01395)' 


where t = 0 corresponds to 1900. Figure 9 shows the graph of this exponential function 
together with the original data points. We see that the exponential curve fits the data rea- 
sonably well. The period of relatively slow population growth is explained by the two world 
wars and the Great Depression of the 1930s. 


M8 The Number e 


Of all possible bases for an exponential function, there is one that is most convenient for the 
purposes of calculus. The choice of a base a is influenced by the way the graph of y = a* 
crosses the y-axis. Figures 10 and 11 show the tangent lines to the graphs of y = 2* and 
y = 3* at the point (0, 1). (Tangent lines will be defined precisely in Section 2.7. For pres- 
ent purposes, you can think of the tangent line to an exponential graph at a point as the line 
that touches the graph only at that point.) If we measure the slopes of these tangent lines at 
(0, 1), we find that m ~ 0.7 for y = 2* and m = 1.1 for y = 3”. 


ya 27] 


FIGURE 10 FIGURE 11 


It turns out, as we will see in Chapter 3, that some of the formulas of calculus will be 
greatly simplified if we choose the base a so that the slope of the tangent line to y = a” at 
(0, 1) is exactly 1. (See Figure 12.) In fact, there is such a number and it is denoted by the 
letter e. (This notation was chosen by the Swiss mathematician Leonhard Euler in 1727, 
probably because it is the first letter of the word exponential.) In view of Figures 10 and 
11, it comes as no surprise that the number e lies between 2 and 3 and the graph of y = e* 
lies between the graphs of y = 2* and y = 3’. (See Figure 13.) In Chapter 3 we will see 
that the value of e, correct to five decimal places, is 


e =~ 2.71828 
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Module 1.5 enables you to graph 
exponential functions with various bases and 
their tangent lines in order to estimate more 
closely the value of a for which the tangent has 
slope 1. 


FIGURE 13 


YA 


We call the function f(x) = e* the natural exponential function. 


( (SQ «Graph the function y = je* — 1 and state the domain and range. 


SOLUTION We start with the graph of y = e* from Figures 12 and 14(a) and reflect about 
the y-axis to get the graph of y = e * in Figure 14(b). (Notice that the graph crosses the 
y-axis with a slope of —1). Then we compress the graph vertically by a factor of 2 to 
obtain the graph of y = 5e* in Figure 14(c). Finally, we shift the graph downward one 
unit to get the desired graph in Figure 14(d). The domain is R and the range is (—1, ). 


YA 


(ayy <* 


FIGURE 14 


FIGURE 15 


(b) ye (c)y= wo (d) y= se —1 


How far to the right do you think we would have to go for the height of the graph of 
y = e* to exceed a million? The next example demonstrates the rapid growth of this func- 
tion by providing an answer that might surprise you. 


2C\iglscy) Use a graphing device to find the values of x for which e* > 1,000,000. 


SOLUTION In Figure 15 we graph both the function y = e* and the horizontal line 
y = 1,000,000. We see that these curves intersect when x ~ 13.8. Thus e* > 10° when 


ee 13.8. It is perhaps surprising that the values of the exponential function have already 
surpassed a million when x is only 14. 


Sy < 10)" 


ER Exercises 


1-4 Use the Law of Exponents to rewrite and simplify the 
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expression. 
il: 
(a) aye (b) afxF 
Danse (b) x(3x’)? 
3\4 
3. (a) b*(2b)* oy 22 
Dye 
x2” a xine! laJb 
4. (a) re (b) [= 
Ji Vab 
5. (a) Write an equation that defines the exponential function 


with base a > 0. 

(b) What is the domain of this function? 

(c) If a ¥ 1, what is the range of this function? 

(d) Sketch the general shape of the graph of the exponential 
function for each of the following cases. 
(i) ar II (11) a= 1 (iui) OR ai < il 


. (a) How is the number e defined? 


(b) What is an approximate value for e? 
(c) What is the natural exponential function? 


7-10 Graph the given functions on a common screen. How are 
these graphs related? 


iE 
8. 
Gy 
10. 


y=2*%, y=e*, y=S*, y= 20" 

Veet cm Ca Emr O sn, BY oe ote 
IH 3%) 910%, yal yy aio) 
y=0.9%, y=0.6%*, y=03*%, y=0.1° 


11-16 Make a rough sketch of the graph of the function. Do not 
use a calculator. Just use the graphs given in Figures 3 and 13 
and, if necessary, the transformations of Section 1.3. 


he ee SiGe 12. y = (0.5)* ~ 2 

13. y= 2 14..y =e! 

15. y=1—5e" 16. y = 2(1 — e*) 

17. Starting with the graph of y = e*, write the equation of the 


Graphing calculator or computer required 


graph that results from 

(a) shifting 2 units downward 

(b) shifting 2 units to the right 

(c) reflecting about the x-axis 

(d) reflecting about the y-axis 

(e) reflecting about the x-axis and then about the y-axis 


18. Starting with the graph of y = e*, find the equation of the 


graph that results from 
(a) reflecting about the line y = 4 
(b) reflecting about the line x = 2 


19-20 Find the domain of each function. 


19. 


20. 


War lieate 
(a) f(x) = reer (6) f) = see 
= e 


(Daa Aas 


(a) g(t) = sin(e ‘) 


21-22 Find the exponential function f(x) = Ca* whose graph 
is given. 


21. 


yA 22. 


23. 


24. 


25. 


26. 


21 


If f(x) = 5*, show that 


(CARI) “(= ~ ") 
h 


Suppose you are offered a job that lasts one month. Which of 

the following methods of payment do you prefer? 

I. One million dollars at the end of the month. 

II. One cent on the first day of the month, two cents on the 
second day, four cents on the third day, and, in general, 
2”~' cents on the nth day. 


Suppose the graphs of f(x) = x* and g(x) = 2* are drawn on 
a coordinate grid where the unit of measurement is 1 inch. 
Show that, at a distance 2 ft to the right of the origin, the 
height of the graph of f is 48 ft but the height of the graph of 
g is about 265 mi. 


Compare the functions f(x) = x° and g(x) = 5* by graphing 
both functions in several viewing rectangles. Find all points 
of intersection of the graphs correct to one decimal place. 
Which function grows more rapidly when x is large? 


Compare the functions f(x) = x'° and g(x) = e* by graphing 
both f and g in several viewing rectangles. When does the 
graph of g finally surpass the graph of f? 


1. Homework Hints available at stewartcalculus.com 
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AY 28. 


(41) 


TS] 
C1) 


30. 


CHAPTER 1 FUNCTIONS AND MODELS 
Use a graph to estimate the values of x such that 
e* > 1,000,000,000. 


Under ideal conditions a certain bacteria population is known 

to double every three hours. Suppose that there are initially 

100 bacteria. 

(a) What is the size of the population after 15 hours? 

(b) What is the size of the population after t hours? 

(c) Estimate the size of the population after 20 hours. 

(d) Graph the population function and estimate the time for 
the population to reach 50,000. 


A bacterial culture starts with 500 bacteria and doubles in 

size every half hour. 

(a) How many bacteria are there after 3 hours? 

(b) How many bacteria are there after ¢ hours? 

(c) How many bacteria are there after 40 minutes? 

(d) Graph the population function and estimate the time for 
the population to reach 100,000. 


. Use a graphing calculator with exponential regression capa- 


bility to model the population of the world with the data from 
1950 to 2010 in Table 1 on page 54. Use the model to esti- 
mate the population in 1993 and to predict the population in 
the year 2020. 


EE) inverse Functions and Logarithms 


32. 


AH 34. 


The table gives the population of the United States, in mil- 
lions, for the years 1900-2010. Use a graphing calculator 
with exponential regression capability to model the US popu- 
lation since 1900. Use the model to estimate the population 
in 1925 and to predict the population in the year 2020. 


Year Population Year Population 
1900 76 1960 WS 
1910 92 1970 203 
1920 106 1980 227 
1930 123 1990 250 
1940 131 2000 281 
1950 150 2010 310 
. If you graph the function 

ce 1/x 

Sa 

7A) 1+ e'* 


you'll see that f appears to be an odd function. Prove it. 


Graph several members of the family of functions 


1 
1 + ae” 


f(x) = 


where a > 0). How does the graph change when b changes? 
How does it change when a changes? 


Table | gives data from an experiment in which a bacteria culture started with 100 bacteria 
in a limited nutrient medium; the size of the bacteria population was recorded at hourly 
intervals. The number of bacteria N is a function of the time t: N = f(t). 

Suppose, however, that the biologist changes her point of view and becomes interested 
in the time required for the population to reach various levels. In other words, she is think- 
ing of t as a function of N. This function is called the inverse function of f, denoted by f ', 
and read “‘finverse.” Thus t = f ~'(N) is the time required for the population level to reach 
N. The values of f~' can be found by reading Table 1 from right to left or by consulting 
Table 2. For instance, f '(550) = 6 because f(6) = 550. 


TABLE 1 Nasa function of ¢ TABLE 2 ¢ asa function of N 
t N= f(t) Past aN) 
(hours) = population at time f N = time to reach N bacteria 

0 100 100 0 

| 168 168 1 

p) 259 259 2 

3 358 358 3 

4 445 445 4 

5 509 509 5 

6 550 550 6 

v as Sis) 7 

8 586 586 8 


FIGURE 1 


f is one-to-one; g is not 


In the language of inputs and outputs, this defi- 
nition says that f is one-to-one if each output 
corresponds to only one input. 


YA 


FIGURE 2 
This function is not one-to-one 
because f(x,) = f(x). 


yA 


FIGURE 3 
f(x) =x? is one-to-one. 
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Not all functions possess inverses. Let’s compare the functions f and g whose arrow 
diagrams are shown in Figure 1. Note that f never takes on the same value twice (any two 


inputs in A have different outputs), whereas g does take on the same value twice (both 2 
and 3 have the same output, 4). In symbols, 


g(2) = g(3) 
but f(x1) A f(x2) whenever x; # x2 


Functions that share this property with f are called one-to-one functions. 


'1| Definition A function f is called a one-to-one function if it never takes on the 
same value twice; that is, 


\ 


f(x) 4 f(x) whenever x; # x2 


If a horizontal line intersects the graph of f in more than one point, then we see from 
Figure 2 that there are numbers x, and x such that f(x;) = f(x2). This means that fis not 
one-to-one. Therefore we have the following geometric method for determining whether a 
function is one-to-one. 


Horizontal Line Test A function is one-to-one if and only if no horizontal line inter- 
sects its graph more than once. 


1) ESUESE Is the function f(x) = x? one-to-one? 


SOLUTION 1 If.x; # x2, then x? # x? (two different numbers can’t have the same cube). 
Therefore, by Definition 1, f(x) = x? is one-to-one. 


SOLUTION 2 From Figure 3 we see that no horizontal line intersects the graph of 
f(x) = x? more than once. Therefore, by the Horizontal Line Test, f is one-to-one. [mmm 


Wd ESSA Is the function g(x) = x? one-to-one? 


SOLUTION 1 This function is not one-to-one because, for instance, 


GAD) Siw) 


and so | and —1 have the same output. 
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FIGURE 4 


oa 
g(x) = X° 1s not one-to-one, 


= 


B 


FIGURE 5 


SOLUTION 2 From Figure 4 we see that there are horizontal lines that intersect the graph of 
g more than once. Therefore, by the Horizontal Line Test, g is not one-to-one. GREE 


One-to-one functions are important because they are precisely the functions that pos- 
sess inverse functions according to the following definition. 


a Sa ee || 
[2] Definition Let f be a one-to-one function with domain A and range B. Then 
its inverse function f | has domain B and range A and is defined by 


fy) nt eee BT OX) ey 


for any y in B. 
eee 


This definition says that if f maps x into y, then f' maps y back into x. (If f were not 
one-to-one, then f ! would not be uniquely defined.) The arrow diagram in Figure 5 indi- 
cates that f' reverses the effect of f. Note that 


domain of f ' = range of f 


range of f-' = domain of f 


For example, the inverse function of f(x) = xis f (x) = x'/3 because if y = x°, then 
ee ee 


CAUTION Do not mistake the —1 in f | for an exponent. Thus 


l 
f—\(x) does notmean ——~— 
f(x) 


The reciprocal 1/f(x) could, however, be written as [ f(x)]7'. 


a If f(1) = 5, f(3) = 7, and f(8) = —10, find f~'(7), f~1(5), and 
f7(-10). 


SOLUTION From the definition of f~' we have 
fa (7) = 3 because #3) =7 
f-'6)=1 because f(1) =5 


f-\(-10)=8 because (8) = —10 


The diagram in Figure 6 makes it clear how f | reverses the effect of f in this case 


FIGURE 6 
The inverse function reverses 
inputs and outputs. 


FIGURE 7 
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A B A B 


————_> <— Eee 


The letter x is traditionally used as the independent variable, so when we concentrate 
on f ' rather than on f, we usually reverse the roles of x and y in Definition 2 and write 


[3] fia=y = fly)=x 


By substituting for y in Definition 2 and substituting for x in [3], we get the following can- 
cellation equations: 


[4] f-(f()) =x forevery xin A 
f(f-'\(@)) =x for every xin B 


The first cancellation equation says that if we start with x, apply f, and then apply f~', we 
arrive back at x, where we started (see the machine diagram in Figure 7). Thus f | undoes 
what f does. The second equation says that f undoes what f—' does. 


a 


+ — if pie f(x) tee % 


For example, if f(x) = x?, then f~'(x) = x'/° and so the cancellation equations become 


f°) = @)!8 =x 
ff @) = Gy =x 


These equations simply say that the cube function and the cube root function cancel each 
other when applied in succession. 

Now let’s see how to compute inverse functions. If we have a function y = f(x) and are 
able to solve this equation for x in terms of y, then according to Definition 2 we must have 
x = f—'(y). If we want to call the independent variable x, we then interchange x and y and 


arrive at the equation y = f '(x). 


[5 | How to Find the Inverse Function of a One-to-One Function f 


Step1 Write y = f(x). 
Step 2 Solve this equation for x in terms of y (if possible). 


Step 3 To express f | as a function of x, interchange x and y. 
The resulting equation is y = f '(x). 
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In Example 4, notice how f | reverses the 

effect of f. The function f is the rule “Cube, 
then add 2”; f ‘is the rule “Subtract 2, then 
take the cube root.” 


y= f(x) 


yA 


FIGURE 10 
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(%] (SCE Find the inverse function of f(x) = x? + 2. 
SOLUTION According to [5] we first write 


y= x +2 
Then we solve this equation for x: 
x =y-—2 
x=~V7y-2 
Finally, we interchange x and y: 
y=yx-2 


Therefore the inverse function is f-'(x) = Vx — 2. bed 

The principle of interchanging x and y to find the inverse function also gives us the 
method for obtaining the graph of f~' from the graph of f. Since f(a) = b if and only 
if f-'(b) = a, the point (a, b) is on the graph of f if and only if the point (b, a) is on the 
graph of f'. But we get the point (b, a) from (a, b) by reflecting about the line y = x. (See 
Figure 8.) 


YN (bya) y, 
Fa ee 
/ Z 
v ee? 
0 Vig va 
5 5 
yrx 
FIGURE 8 FIGURE 9 


Therefore, as illustrated by Figure 9: 


The graph of f | is obtained by reflecting the graph of f about the line y = x. 


S05) Sketch the graphs of f(x) = /—1 — x and its inverse function using the 
same coordinate axes. 


SOLUTION First we sketch the curve y = —1 — x (the top half of the parabola 
y? = —1 — x, or x = —y* — 1) and then we reflect about the line y = x to get the 

graph of f —'. (See Figure 10.) As a check on our graph, notice that the expression for f~! 
is f(x) = —x? — 1, x = 0. So the graph of f~' is the right half of the parabola 
y = —x* — 1 and this seems reasonable from Figure 10. 


MH Logarithmic Functions 


Ifa > 0 and a * |, the exponential function f(x) = a* is either increasing or decreasing 
and so it is one-to-one by the Horizontal Line Test. It therefore has an inverse function f~', 
which is called the logarithmic function with base a and is denoted by log,. If we use the 
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formulation of an inverse function given by [3], 


fide nf (y) =x 
then we have 


Ore an, 


Thus, if x > 0, then log,.x is the exponent to which the base a must be raised to give x. For 
example, logio 0.001 = —3 because 10 * = 0.001. 

The cancellation equations [4], when applied to the functions f(x) = a* and 
f '(x) = logax, become 


log.(a*) =x foreveryx € R 


loga x 


a — i, 1OLevety x0) 


The logarithmic function log, has domain (0, 2) and range R. Its graph is the reflection 
of the graph of y = a* about the line y = x. 

Figure 11 shows the case where a > 1. (The most important logarithmic functions have 
base a > 1.) The fact that y = a” is a very rapidly increasing function for x > 0 is 
reflected in the fact that y = log.x is a very slowly increasing function for x > 1. 

Figure 12 shows the graphs of y = log,x with various values of the base a > 1. Since 
log. 1 = 0, the graphs of all logarithmic functions pass through the point (1, 0). 


y=log,x, a>1 


y=log, x 


FIGURE 11 y=log,x — 


FIGURE 12 


The following properties of logarithmic functions follow from the corresponding prop- 
erties of exponential functions given in Section 1.5. 


Laws of Logarithms If x and y are positive numbers, then 


1. log.(xy) = log. x + logay 


7) ee.(*) = log.x — logay 
y 


3. loga(x’) = rlogax (where r is any real number) 
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Notation for Logarithms 

Most textbooks in calculus and the sciences, as 
well as calculators, use the notation In x for the 
natural logarithm and log x for the “common 


logarithm,” logiox. In the more advanced mathe- 


matical and scientific literature and in computer 
languages, however, the notation log x usually 
denotes the natural logarithm. 


[SEGA Use the laws of logarithms to evaluate log, 80 — log25. 
SOLUTION Using Law 2, we have 


80 
log. 80 — log25 = ee.) = log. 16 = 4 
because 2* = 16. eae 


M8 Natural Logarithms 


Of all possible bases a for logarithms, we will see in Chapter 3 that the most convenient 
choice of a base is the number e, which was defined in Section 1.5. The logarithm with base 
e is called the natural logarithm and has a special notation: 


fi log.x = Inx | 


If we put a = e and replace log, with “In” in [6] and [7], then the defining properties of 
the natural logarithm function become 


| ne=y <= =x 


[9] In(e*) = x xER 


In particular, if we set x = 1, we get 


Wiese Find x if Inx = 5. 
SOLUTION 1 From |8| we see that 


Inx=5 means e=x 


Therefore x = e°. 


(If you have trouble working with the “In” notation, just replace it by log.. Then the 
equation becomes log..x = 5; so, by the definition of logarithm, e° = x.) 


SOLUTION 2 Start with the equation 


Inx=5 


and apply the exponential function to both sides of the equation: 


But the second cancellation equation in [9] says that e™* = x. Thereforex = e°>. [am 
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EW AEEY Solve the equation e> * = 10. 


SOLUTION We take natural logarithms of both sides of the equation and use [9]: 


In(e> **) = In 10 


5 — 3x =1n10 
3 een 
x = 3(5 — In 10) 


Since the natural logarithm is found on scientific calculators, we can approximate the 
solution: to four decimal places, x ~ 0.8991. aH 


© (SENS) Express Ina + $Inb as a single logarithm. 


SOLUTION Using Laws 3 and 1 of logarithms, we have 
Ina + $Inb = Ina + Inb”” 
=Ina+t ln Jb 


= In(a Vb ) wena 


The following formula shows that logarithms with any base can be expressed in terms 
of the natural logarithm. 


Change of Base Formula For any positive number a (a ~ 1), we have 


In x 


logax = 
Ina 


PROOF Let y = log, x. Then, from [6], we have a” = x. Taking natural logarithms of both 
sides of this equation, we get yIna = In x. Therefore 


Inx 


Ve ress] 
Ina 


Scientific calculators have a key for natural logarithms, so Formula 10 enables us to use 
a calculator to compute a logarithm with any base (as shown in the following example). 
Similarly, Formula 10 allows us to graph any logarithmic function on a graphing calcula- 
tor or computer (see Exercises 43 and 44). 


(CT «Evaluate logs 5 correct to six decimal places. 


SOLUTION Formula 10 gives 


In 5 
lor.) = ——= = 0.773976 Se 
In8 


oa 
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FIGURE 13 

The graph of y = In x is the reflection 
of the graph of y = e* about the 

line y=x 


yA 


FIGURE 14 


M8 Graph and Growth of the Natural Logarithm 


The graphs of the exponential function y = e* and its inverse function, the natural loga- 
rithm function, are shown in Figure 13. Because the curve y = e* crosses the y-axis with 
a slope of 1, it follows that the reflected curve y = In x crosses the x-axis with a slope of I. 

In common with all other logarithmic functions with base greater than 1, the natural log- 
arithm is an increasing function defined on (0, ©) and the y-axis is a vertical asymptote. 
(This means that the values of In x become very large negative as x approaches 0.) 


(STEEN Sketch the graph of the function y = In(v — 2) — 1. 


SOLUTION We start with the graph of y = In x as given in Figure 13. Using the transfor- 
mations of Section 1.3, we shift it 2 units to the right to get the graph of y = In(x — 2) 


and then we shift it 1 unit downward to get the graph of y = In(x — 2) — 1. (See Fig- 
ure 14.) 
yf yf }x=2 
| 
| 
| line 2) — Il 
| 
0 0 ihe x 


Although In x is an increasing function, it grows very slowly when x > 1. In fact, In x 
grows more slowly than any positive power of x. To illustrate this fact, we compare 
approximate values of the functions y = Inx and y = x!/? = x in the following table 
and we graph them in Figures 15 and 16. You can see that initially the graphs of y = /x 
and y = Inx grow at comparable rates, but eventually the root function far surpasses the 
logarithm. 


a 1 2 5 10 50 100 500 ; 1000 10,000 100,000 
In x | 0 Oey) || al 2.30 ; Boll 4.6 6.2 6.9 Qe? IES 
ee 1 AL 2-24 ie oal6 | 7.07 ine! 22.4 BEG 100 316 
In x ae 

rs 0 OAM | 72 | O78 0.55 | 0.46 | 0.28 0.22 0.09 0.04 


FIGURE 15 FIGURE 16 
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M8 Inverse Trigonometric Functions 


When we try to find the inverse trigonometric functions, we have a slight difficulty: 
Because the trigonometric functions are not one-to-one, they don’t have inverse functions. 
The difficulty is overcome by restricting the domains of these functions so that they 
become one-to-one. 

You can see from Figure 17 that the sine function y = sin x is not one-to-one (use the 
Horizontal Line Test). But the function f(x) = sin x, — 7/2 < x < 7/2, is one-to-one (see 
Figure 18). The inverse function of this restricted sine function f exists and is denoted by 
sin ' or arcsin. It is called the inverse sine function or the arcsine function. 


y=sinx 


FIGURE 17 


Since the definition of an inverse function says that 


Tia.) =a ae yin 


we have 


aT : 7 7 
sin x=y <> siny=x and . dk a 


@ sin''x + Thus, if —1 < x < 1, sin ‘x is the number between — 77/2 and 7/2 whose sine is x. 


SETA Evaluate (a) sin '(5) and (b) tan(arcsin 4). 


SOLUTION 
(a) We have 


because sin(7/6) = 5 and 7r/6 lies between — 7/2 and 7/2. 
| (b) Let @ = arcsin 5, so sin 9 = ;. Then we can draw a right triangle with angle @ as 
in Figure 19 and deduce from the Pythagorean Theorem that the third side has length 
2 J/9 — 1 = 2,2. This enables us to read from the triangle that 


OD 


| 
+ | 

tan(arcsin ;) = tan 8 = —= ease 
FIGURE 19 (aresin 3) 2/2 


The cancellation equations for inverse functions become, in this case, 
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The inverse sine function, sin™!, has domain [—1, 1] and range [— 7/2, 7/2], and its 
graph, shown in Figure 20, is obtained from that of the restricted sine function (Figure 18) 


by reflection about the line y = x. 
The inverse cosine function is handled similarly. The restricted cosine function 


f(x) = cos x, 0 S x S 7, 1s one-to-one (see Figure 21) and so it has an inverse function 
se denoted by cos! or arccos. 


SAVZESEH Simplify the expression cos(tan 'x). 


SOLUTION 1 Let y = tan”'x. Then tan y = x and — 7/2 < y < 7/2. We want to find 
FIGURE 23 cos y but, since tan y is known, it is easier to find sec y first: 
y = tan x, -F Beery 


FIGURE 20 
y= sin 'x = arcsin x 
YA YA 
1 
0 Sore 
T 26 
2 PUL 
| “8 
x 
FIGURE 21 FIGURE 22 
y=cosx,0Sxs7 y =cos | x= arccos x 
The cancellation equations are 
cos ‘(cosx) =x forO=x= 7 
cos(cos"'x) =x for—-1 =x 
The inverse cosine function, cos~', has domain [—1, 1] and range [0, z]. Its graph is 
shown in Figure 22. 
The tangent function can be made one-to-one by restricting it to the interval 
1 yA (—7/2, 7/2). Thus the inverse tangent function is defined as the inverse of the function 
: | f(x) = tan x, — 7/2 <x < 2/2. (See Figure 23.) It is denoted by tan! or arctan. 
| | 
| | 
) 7 7 
! tan'x=y &— tany=x and -—<y<— 
3 On sla GF : : 
| | 
| | 
| | 
l | 
| | 
| | 


sec’y = 1 + tan?’y = 1 + x? 


secy = /1 + x? (since sec y > 0 for —7/2 < y < w/ 


sec y ee 


Nm 


Thus cos(tan™'x) = cos y = 


FIGURE 24 
FIGURE 25 
y=tan' x= arctan x 
YA 
| | | | 
| aw | | | 
| | | | 
| | | | 
l l | 
+ + t ai +}—> 
| i (eR 1. Qari ine 
eal | | | 
] Lgl | 
| | | 
| | | 
FIGURE 26 
y =sec x 


1.6 | Exercises 
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SOLUTION 2 Instead of using trigonometric identities as in Solution 1, it is perhaps easier 
to use a diagram. If y = tan’ 'x, then tan y = x, and we can read from Figure 24 (which 
illustrates the case y > 0) that 


l 


cos(tan7'x) = cos y = —————— 
V1 +x? 


The inverse tangent function, tan! 


Its graph is shown in Figure 25. 


= arctan, has domain R and range (— 7/2, 7/2). 


We know that the lines x = + 77/2 are vertical asymptotes of the graph of tan. Since the 
graph of tan”! is obtained by reflecting the graph of the restricted tangent function about the 
line y = x, it follows that the lines y = 7/2 and y = — 77/2 are horizontal asymptotes of 
the graph of tan '. 

The remaining inverse trigonometric functions are not used as frequently and are sum- 


marized here. 


[11] y = csc7'x (|x| = 1) <> cscy=x and yE (0, 7/2] U (7, 32/2] 


sec 'x (|x| = 1) <> secy=x and ye (0, w/2) U [7, 32/2) 


< 
I 


y=cot'x (xE€R) = coty=x and yE(0,7) 


The choice of intervals for y in the definitions of csc”' and sec ' is not universally agreed 
upon. For instance, some authors use y € [0, 7/2) U (2/2, a] in the definition of sec '. 
(You can see from the graph of the secant function in Figure 26 that both this choice and the 


one in [I] will work.) 


1. (a) What is a one-to-one function? 


3-14 A function is given by a table of values, a graph, a formula, or 


(b) How can you tell from the graph of a function whether it is a verbal description. Determine whether it is one-to-one. 
one-to-one? 3 
; ; ; ; 3 1 2 3 4 2) 6 
2. (a) Suppose f is a one-to-one function with domain A and 
range B. How is the inverse function f~' defined? What is f(x) IS) 2.0 3.6 a 2.8 2.0 
the domain of f~'? What is the range of f-'? : 
(b) If you are given a formula for f, how do you find a 
ih : 2 3 4 5 6 
formula for f°? x l ae | 
(c) ee ees given the graph of f, how do you find the graph f(x) 10 19 28 3.5 a 50 
Ofte wal pie 


Graphing calculator or computer required [cas| Computer algebra system required 1. Homework Hints available at stewartcalculus.com 
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Ni 


23. f(x) = e™™ eyes Xs, ee 


25. y = In(x + 3) 26. y = 


i ~ - _— . —|1 
/™ 27-28 Find an explicit formula for f ' and use it to graph f ’, f, 
and the line y = x on the same screen. To check your work, see 
whether the graphs of f and f ' are reflections about the line. 


27, f(x) =x* +1, x20 28. f(x) =2-e' 


29-30 Use the given graph of f to sketch the graph ore 


29. y 30. 
9. f(x) = x? — 2x 10. f(x) = 10 — 3x 
11. g(x) = 1/x 12. g(x) = cos x | 
13. f(t) is the height of a football t seconds after kickoff. Ce x 
14. f(t) is your height at age f. : 
15. Assume that fis a one-to-one function. 31. Let f(x) = 9/1 = x° pe ISAs, 
(a) If f(6) = 17. what ee Par Ay (a) Find f ' How is it related to f a 
(b) If f-'(3) = , what is f(2)? (b) Identify the graph of f and explain your answer to part (a). 
. a ee 
16. If f(x) = x5 + x3 + x, find f~'(3) and f(f~'(2)). 32. Let g(x) = vl — x". 
(a) Find g '. How is it related to g? 
17. If g(x) =3 + x + e*, find g '(4). -M (b) Graph g. How do you explain your answer to part (a)? 
18. The graph of f is given. 33. (a) How is the logarithmic function y = log,.x defined? 
(a) Why is f one-to-one? (b) What is the domain of this function? 
(b) What are the domain and range of f '? (c) What is the range of this function? 
(c) What is the value of f '(2)? (d) Sketch the general shape of the graph of the function 
(d) Estimate the value of f '(0). y = logaxifa> 1. 


34. (a) What is the natural logarithm? 
(b) What is the common logarithm? 
(c) Sketch the graphs of the natural logarithm function and the 
natural exponential function with a common set of axes. 


35-38 Find the exact value of each expression. 


35. (a) logs 125 (b) logs(3) 
36. (a) In(1/e) (b) login 10 
19. The formula C = a(F — 32), where F => —459.67, expresses Be 
the Celsius temperature C as a function of the Fahrenheit tem- 37. (a) log2 6 — log. 15 + log. 20 
perature F. Find a formula for the inverse function and (b) logs 100 — logs 18 — logs 50 
interpret it. What is the domain of the inverse function? 38. (a) e 25 (b) In(In e°’) 


20. In the theory of relativity, the mass of a particle with speed 


v 1s 39-41 Express the given quantity as a single logarithm. 


Mo 
PS re aaah 39. In + 5In3 
where mo is the rest mass of the particle and c is the speed of 40. In(a + b) + Infa — b) — 2Inec 
light in a vacuum. Find the inverse function of f and explain M1, 5 In(x + 2)? + $ [In x — In(x? + 3x + 2)7] 


its meaning. 


21-26 Find a formula for the inverse of the function. 42. Use Formula 10 to evaluate each logarithm correct to six 


decimal places. 


dx — 1 
21. f(x) =1+ J2 + 3x 22. f(x) = — (a) logis 10 (oslowsee4 


[) 43-44 Use Formula 10 to graph the given functions on a common 


= 46. 


[cas] 


screen. How are these graphs related? 
43. y=logisx, y=Inx, y= logpx, 


44. y = Inx, 


y = logsox 


y=logwox, y=e, y=10" 


45. Suppose that the graph of y = log»x is drawn on a coordinate 


grid where the unit of measurement is an inch. How many 
miles to the right of the origin do we have to move before the 
height of the curve reaches 3 ft? 


Compare the functions f(x) = x°! and g(x) = In x by graph- 
ing both f and g in several viewing rectangles. When does 
the graph of / finally surpass the graph of g? 


47—48 Make a rough sketch of the graph of each function. Do not 
use a calculator. Just use the graphs given in Figures 12.and 13 


and, if necessary, the transformations of Section 1.3. 
47. (a) y = logio(x + 5) (b) y= —Inx 


48. (a) y = In(—x) (b) y=In|x| 


49-50 (a) What are the domain and range of f? 
(b) What is the x-intercept of the graph of f? 
(c) Sketch the graph of f- 


49. f(x) =Inx +2 50. f(x) = In(x — 1) — 1 


51-54 Solve each equation for x. 


51. (a) e * =6 (b) In(3x — 10) =2 
52. (a) In(x? — 1) =3 (b) e* — 3e°+2=0 
53. (a) 27° =3 (b) Inx + In(x — 1) = 1 


54. (a) In(In x) = 1 (b) e** = Ce, wherea ~b 


55-56 Solve each inequality for x. 
55. (a) nx <0 (Db) kes 
(oy = Dihise< 3 


Soria ee ee 


57. (a) Find the domain of f(x) = In(e* — 3). 
(b) Find f ' and its domain. 


In 300 300) 


58. (a) What are the values of e and In(e- 
(b) Use your calculator to evaluate e"*” and In(e 300) What 
do you notice? Can you explain why the calculator has 
trouble? 


CAS) 59. Graph the function f(x) = x3 + x? + x + 1 and explain 


why it is one-to-one. Then use a computer algebra system 

to find an explicit expression for f~ '(x). (Your CAS will 
produce three possible expressions. Explain why two of them 
are irrelevant in this context.) 


60. (a) If g(x) = x° + x*,x = 0, use a computer algebra system 
to find an expression for g '(x). 
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(b) Use the expression in part (a) to graph y = g(x), y = x, 
and y = g '(x) on the same screen. 


61. If a bacteria population starts with 100 bacteria and doubles 
every three hours, then the number of bacteria after t hours 
isn = f(t) = 100 - 2’*. (See Exercise 29 in Section 1.5.) 
(a) Find the inverse of this function and explain its meaning. 
(b) When will the population reach 50,000? 


62. When a camera flash goes off, the batteries immediately 
begin to recharge the flash’s capacitor, which stores electric 
charge given by 


0) = 2,4 =e) 


(The maximum charge capacity is Qo and r is measured in 

seconds.) 

(a) Find the inverse of this function and explain its meaning. 

(b) How long does it take to recharge the capacitor to 90% 
of capacity if a = 2? 


63-68 Find the exact value of each expression. 


63. (a) sin-'(./3/2) (b) cos '(—1) 

64. (a) tan '(1//3 ) (b) sec! 2 

65. (a) arctan | (b) sin7!(1/,/2 ) 
66. (a) cot '(—/3 ) (b) arccos(—) 

67. (a) tan(arctan 10) (b) sin '(sin(77/3)) 
68. (a) tan(sec | 4) (b) sin(2 sin”'(2)) 


69. Prove that cos(sin |x) = /1 — x?. 


70-72 Simplify the expression. 
70. tan(sin ‘x) 71. sin(tan'x) 


72. cos(2 tan™!x) 


73-74 Graph the given functions on the same screen. How are 
these graphs related? 


73. y=sinx, —7/2Sx< 0/2; y=sn'x; y=x 


A yy =tan x, —1/2 <x < 0/2; y = taney 


75. Find the domain and range of the function 
g(x) = sin’ '(3x + 1) 


76. (a) Graph the function f(x) = sin(sin-'x) and explain the 
appearance of the graph. 
(b) Graph the function g(x) = sin '(sin x). How do you 
explain the appearance of this graph? 


77. (a) If we shift a curve to the left, what happens to its reflec- 
tion about the line y = x? In view of this geometric 
principle, find an expression for the inverse of 
g(x) = f(x + c), where f is a one-to-one function. 

(b) Find an expression for the inverse of h(x) = f(cx), 
where c # 0. 
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aioe Review 


Concept Check 


ik 


(a) What is a function? What are its domain and range? 

(b) What is the graph of a function? 

(c) How can you tell whether a given curve is the graph of 
a function? 


. Discuss four ways of representing a function. Illustrate your 


discussion with examples. 


. (a) What is an even function? How can you tell if a function is 


even by looking at its graph? Give three examples of an 
even function. 

(b) What is an odd function? How can you tell if a function is 
odd by looking at its graph? Give three examples of an odd 
function. 


. What is an increasing function? 
. What is a mathematical model? 


. Give an example of each type of function. 


(b) Power function 
(d) Quadratic function 
(f) Rational function 


(a) Linear function 
(c) Exponential function 
(e) Polynomial of degree 5 


. Sketch by hand, on the same axes, the graphs of the following 
functions. 
(a) f(x) =x (b) g(x) = x? 
(c) h(x) = x? (d) j(x) =x’ 


. Draw, by hand, a rough sketch of the graph of each function. 
(a) y = sinx (b) y = tanx 
(c) y=e* (d) y=Inx 
Orie ie (f) y = |x| 


(g) y= vx 


(h) y = tan 'x 


True-False Quiz 


Determine whether the statement is true or false. If it is true, explain why. 
If it is false, explain why or give an example that disproves the statement. 


1. 


7a. 


3. 


. If f is one-to-one, then f~'(x) = 


If f is a function, then f(s + 1) = f(s) + f(x). 
If f(s) = f(t), then s = ¢. 


If f is a function, then f(3x) = 3f(x). 


. If x; < x2 and f is a decreasing function, then f(x:) > f(x2). 
. A vertical line intersects the graph of a function at most once. 


. If f and g are functions, then f° g = g of. 


ey 


13. 


10. 


11. 


12. 


13. 


14. 


Suppose that f has domain A and g has domain B. 
(a) What is the domain of f + g? 

(b) What is the domain of fg? 

(c) What is the domain of f/g? 


. How is the composite function f° g defined? What is its 


domain? 


. Suppose the graph of f is given. Write an equation for each of 


the graphs that are obtained from the graph of f as follows. 
(a) Shift 2 units upward. 

(b) Shift 2 units downward. 

(c) Shift 2 units to the right. 

(d) Shift 2 units to the left. 

(e) Reflect about the x-axis. 

(f) Reflect about the y-axis. 

(g) Stretch vertically by a factor of 2. 
(h) Shrink vertically by a factor of 2. 
(i) Stretch horizontally by a factor of 2. 
(j) Shrink horizontally by a factor of 2. 


. (a) What is a one-to-one function? How can you tell if a func- 


tion is one-to-one by looking at its graph? 

(b) If f is a one-to-one function, how is its inverse function 
f | defined? How do you obtain the graph of f ~' from the 
graph of f? 


(a) How is the inverse sine function f(x) = sin 'x defined? 
What are its domain and range? 

(b) How is the inverse cosine function f(x) = cos 'x defined? 
What are its domain and range? 

(c) How is the inverse tangent function f(x) = tan” 'x defined? 
What are its domain and range? 


. You can always divide by e’. 


. If0 <a <b, then Ina < Inb. 


If x > 0, then (In x)® = 6 Inx. 


If x > 0 anda > 1, the ae eine. 
n 


tan”'(—1) = 32/4 


#3 sin x 
tan x = = 
COSmEy 
If x is any real number, then ./x? = x. 


Exercises 
1. Let f be the function whose graph is given. 

(a) Estimate the value of f(2). 
(b) Estimate the values of x such that f(x) = 3. 
(c) State the domain of f. 
(d) State the range of f. 
(e) On what interval is f increasing? 
(f) Is f one-to-one? Explain. 
(g) Is f even, odd, or neither even nor odd? Explain. 


2. The graph of g is given. 
(a) State the value of g(2). 
(b) Why is g one-to-one? 
(c) Estimate the value of g '(2). 
(d) Estimate the domain of g™'. 
(e) Sketch the graph of g '. 


3. If f(x) = x? — 2x + 3, evaluate the difference quotient 


(ica i AC) 
h 


4. Sketch a rough graph of the yield of a crop as a function of the 
amount of fertilizer used. 


5-8 Find the domain and range of the function. Write your answer 
in interval notation. 


5. f(x) = 2/(3x — 1) 
7. h(x) = In(x + 6) 


6. g(x) = V16 — x4 


8. F(t) =3 + cos 2t 
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9. Suppose that the graph of f is given. Describe how the graphs 
of the following functions can be obtained from the graph of f. 
(a) y= f(x) + 8 (b) y=f(x + 8) 

(c) y=1 + 2f(x) (d) y=f(x -—2)-2 


(6) yj.) Ce a) 
10. The graph of f is given. Draw the graphs of the following 
functions. 
(2) y= f(r 8) (b) y= (2) 
OF a rae AE (@) y=2f() - 1 
(ce) y= fi (A) (Oia wat) 


= V 


11-16 Use transformations to sketch the graph of the function. 


12. y = 3 In(x — 2) 


WM. y=2—./x 


11. y = —sin 2x 


13. y =4(1 + e*) 


15. f(x) = 


sep 2 


ai he See (0) 


16. f(x) = {8 ie 


Graphing calculator or computer required 


17. Determine whether f is even, odd, or neither even nor odd. 
(a) f(x) = 2x7 — 3x* + 2 
(b) f(x) = x? = pe 
(Oy) ers 
(d) f(x) = 1 + sinx 


18. Find an expression for the function whose graph consists of 
the line segment from the point (—2, 2) to the point (—1, 0) 
together with the top half of the circle with center the origin 
and radius 1. 


19. If f(x) = Inx and g(x) = x* — 9, find the functions (a) f° g, 
(b) g°f, (c) f° f, (d) g ° g, and their domains. 


20. Express the function F(x) = WAle ak Wed as a composition of 
three functions. 
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Life expectancy improved dramatically in the 20th century. The 
table gives the life expectancy at birth (in years) of males born 
in the United States. Use a scatter plot to choose an appropriate 
type of model. Use your model to predict the life span of a 
male born in the year 2010. 


Birth year | Life expectancy Birth year Life expectancy 
| 1900 | 48.3 1960 66.6 
1910 51.1 1970 67.1 
1920 55.2 1980 70.0 
1930 57.4 1990 71.8 
1940 62.5 2000 73.0 
1950 65.6 


. Asmall-appliance manufacturer finds that it costs $9000 to 


produce 1000 toaster ovens a week and $12,000 to produce 

1500 toaster ovens a week. 

(a) Express the cost as a function of the number of toaster 
ovens produced, assuming that it is linear. Then sketch the 
graph. 

(b) What is the slope of the graph and what does it represent? 

(c) What is the y-intercept of the graph and what does it 
represent? 


If f(x) = 2x + Inx, find f~'(2). 


Vaz 
fala 


[5] 


26. 


27. 


28. 


. Find the inverse function of f(x) = 


ap ll 
Qx+1- 


. Find the exact value of each expression. 


(b) log i925 AR logio4 
(d) sin(cos”'(3)) 


(a) e2in3 

(c) tan(arcsin +) 

Solve each equation for x. 
(a)e*=5 

(c) e® =2 


(b) Inx = 2 
(d) tan''x = 1 


The population of a certain species in a limited environment 
with initial population 100 and carrying capacity 1000 is 


100,000 
100 + 900e* 


where f is measured in years. 

(a) Graph this function and estimate how long it takes for the 
population to reach 900. 

(b) Find the inverse of this function and explain its meaning. 

(c) Use the inverse function to find the time required for the 
population to reach 900. Compare with the result of 
part (a). 


P(t) = 


Graph the three functions y = x“, y = a*, and y = log,x on 
the same screen for two or three values of a > 1. For large 
values of x, which of these functions has the largest values 
and which has the smallest values? 


mame [rinciples of Problem Solving pesessssssseemmmmnnmees 


There are no hard and fast rules that will ensure success in solving problems. However, it is 
possible to outline some general steps in the problem-solving process and to give some prin- 
ciples that may be useful in the solution of certain problems. These steps and principles are 
just common sense made explicit. They have been adapted from George Polya’s book How 
To Solve It. 


1 UNDERSTAND THE PROBLEM The first step is to read the problem and make sure that you understand it clearly. Ask your- 
self the following questions: 


What is the unknown? 
What are the given quantities? 


What are the given conditions? 


For many problems it is useful to 
draw a diagram 


and identify the given and required quantities on the diagram. 
Usually it is necessary to 


introduce suitable notation 


In choosing symbols for the unknown quantities we often use letters such as a, b, c, m, n, 
x, and y, but in some cases it helps to use initials as suggestive symbols; for instance, V for 
volume or f for time. 


2 THINK OF A PLAN Find a connection between the given information and the unknown that will enable you to 
calculate the unknown. It often helps to ask yourself explicitly: “How can I relate the given 
to the unknown?” If you don’t see a connection immediately, the following ideas may be 
helpful in devising a plan. 


Try to Recognize Something Familiar Relate the given situation to previous knowledge. 
Look at the unknown and try to recall a more familiar problem that has a similar unknown. 


Try to Recognize Patterns Some problems are solved by recognizing that some kind of 
pattern is occurring. The pattern could be geometric, or numerical, or algebraic. If you can 
see regularity or repetition in a problem, you might be able to guess what the continuing 
pattern is and then prove it. 


Use Analogy Try to think of an analogous problem, that is, a similar problem, a related 
problem, but one that is easier than the original problem. If you can solve the similar, sim- 
pler problem, then it might give you the clues you need to solve the original, more difficult 
problem. For instance, if a problem involves very large numbers, you could first try a sim- 
ilar problem with smaller numbers. Or if the problem involves three-dimensional geome- 
try, you could look for a similar problem in two-dimensional geometry. Or if the problem 
you start with is a general one, you could first try a special case. 


Introduce Something Extra It may sometimes be necessary to introduce something new, 
an auxiliary aid, to help make the connection between the given and the unknown. For 
instance, in a problem where a diagram is useful the auxiliary aid could be a new line drawn 
in a diagram. In a more algebraic problem it could be a new unknown that is related to the 
original unknown. 
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3 CARRY OUT THE PLAN ' 


4 LOOK BACK 
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Take Cases We may sometimes have to split a problem into several cases and give a dif- 
ferent argument for each of the cases. For instance, we often have to use this strategy in 


dealing with absolute value. 


Work Backward Sometimes it is useful to imagine that your problem is solved and work 
backward, step by step, until you arrive at the given data, Then you may be able to reverse 
your steps and thereby construct a solution to the original problem. This procedure is com- 
monly used in solving equations. For instance, in solving the equation 3x — 5 = 7, we sup- 
pose that x is a number that satisfies 3x — 5 = 7 and work backward. We add 5 to each side 
of the equation and then divide each side by 3 to get x = 4. Since each of these steps can 
be reversed, we have solved the problem. 


Establish Subgoals In a complex problem it is often useful to set subgoals (in which the 
desired situation is only partially fulfilled). If we can first reach these subgoals, then we 
may be able to build on them to reach our final goal. 


Indirect Reasoning Sometimes it is appropriate to attack a problem indirectly. In using 
proof by contradiction to prove that P implies Q, we assume that P is true and Q is false and 
try to see why this can’t happen. Somehow we have to use this information and arrive at a 
contradiction to what we absolutely know is true. 


Mathematical Induction In proving statements that involve a positive integer 7, it is fre- 
quently helpful to use the following principle. 


Principle of Mathematical Induction Let S, be a statement about the positive integer n. 
Suppose that 
1. S| is true. 


2. Sx+1 is true whenever 5S; is true. 


Then S,, is true for all positive integers n. 


This is reasonable because, since S, is true, it follows from condition 2 (with k = 1) 
that S» is true. Then, using condition 2 with k = 2, we see that S; is true. Again using 
condition 2, this time with k = 3, we have that S, is true. This procedure can be followed 
indefinitely. 


In Step 2 a plan was devised. In carrying out that plan we have to check each stage of the 
plan and write the details that prove that each stage is correct. 


Having completed our solution, it is wise to look back over it, partly to see if we have made 
errors in the solution and partly to see if we can think of an easier way to solve the prob- 
lem. Another reason for looking back is that it will familiarize us with the method of solu- 
tion and this may be useful for solving a future problem. Descartes said, “Every problem 
that I solved became a rule which served afterwards to solve other problems.” 


These principles of problem solving are illustrated in the following examples. Before 
you look at the solutions, try to solve these problems yourself, referring to these Principles 
of Problem Solving if you get stuck. You may find it useful to refer to this section from time 
to time as you solve the exercises in the remaining chapters of this book. 


MEL tts—~— 


Understand the problem 


Draw a diagram 


FIGURE 1 


Connect the given with the unknown 
Introduce something extra 


Relate to the familiar 


S20\lg'sh Express the hypotenuse / of a right triangle with area 25 m’ as a function of 
its perimeter P. 


SOLUTION Let's first sort out the information by identifying the unknown quantity and the 
data: 
Unknown: hypotenuse h 


Given quantities: perimeter P, area 25 m7 


It helps to draw a diagram and we do so in Figure 1. 


a 


In order to connect the given quantities to the unknown, we introduce two extra vari- 
ables a and b, which are the lengths of the other two sides of the triangle. This enables us 
to express the given condition, which is that the triangle is right-angled, by the Pythago- 
rean Theorem: 

hie—a@ 


The other connections among the variables come by writing expressions for the area and 
perimeter: 
25 = jab P=at+bth 


Since P is given, notice that we now have three equations in the three unknowns a, b, 
and h: 


[1] h? = a? + b? 
[2] 25 = sab 
[3] P=a+bth 


Although we have the correct number of equations, they are not easy to solve in a 
straightforward fashion. But if we use the problem-solving strategy of trying to recognize 
something familiar, then we can solve these equations by an easier method. Look at the 
right sides of Equations 1, 2, and 3. Do these expressions remind you of anything famil- 
iar? Notice that they contain the ingredients of a familiar formula: 


(a+ b)? =a’? + 2ab+ b? 
Using this idea, we express (a + b)? in two ways. From Equations | and 2 we have 
(a + by = (a? +b”) + 2ab =h’? + 4(25) 
From Equation 3 we have 


(a bye (Ph) PPh eh" 


Thus ho Ph 
2Ph = P? — 100 
re Pa ah) 
PS x8 
This is the required expression for h as a function of P. Hei 
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Take cases 


As the next example illustrates, it is often necessary to use the problem-solving principle 
of taking cases when dealing with absolute values. 


SUE Solve the inequality |x — 3| + |x + 2| < 11. 
SOLUTION Recall the definition of absolute value: 


es 5 if exon) 
7) Fala a 0 


Xe if.x — 30 
It follows that |x — 3| _ 


—(x— 3) ifx—3<0 
“rt if x23 


—x% + 3 ie See Bh 


Rahs Leree ix + 2 0 
Similarly jx +2|= 


== i) it xt 2 =O 


oe eee if x = -2 
=x 2 if x < —2 


These expressions show that we must consider three cases: 


V 
uw 


ae —2=x<3 ne 


CASE | If x < —2, we have 
Feed 0 Romina, eanausr||beeseu A 
be Pe eX eek Ll 
maxi 10 
bi aes 
CASE Il If -2 S x < 3, the given inequality becomes 
re ty O acta Meals | 
Sys hl (always true) 
CASE Ill If x > 3, the inequality becomes 
» icaeite Pg lie Pir nee Ag cet 
Doel 2 


SO 


Combining cases I, I, and II, we see that the inequality is satisfied when —5 < x < 6, 
So the solution is the interval (—5, 6). BEE 


In the following example we first guess the answer by looking at special cases and rec- 
ognizing a pattern. Then we prove our conjecture by mathematical induction. 


In using the Principle of Mathematical Induction, we follow three steps: 


Step 1 Prove that S, is true whenn = 1, 


Step 2 Assume that S, is true when n = k and deduce that S, is true whenn = k + 1. 


Step 3 Conclude that S, is true for all n by the Principle of Mathematical Induction. 


If fox) = x/(x + 1) and fir1 =fo° fy forn = 0, 1,2,..., find a formula 


for f,(x). 


Analogy: Try a similar, simpler problem 


Look for a pattern 


SOLUTION We start by finding formulas for f,(x) for the special cases n = 1, 2, and 3. 


filx) = (fo ° fy) (Xx) = fol folx)) =1( : | 
56 Xx 
e x+]1 _ x + | a x 
a aye — Oxt1 oxt 
ans J 
ae aad x+ I 


AO) = (foe AN) = WAU) “ila 


x x 

Sees a TE Ba ol a 

Ret: ri 3x41 3x4] 
My ih MI Dag ye MI 


filx) = (foe fix) = fil flx)) = i ee 


pS, Xx 
ai aitsyate deste 1 v 
ae — Ax+ 1 4x4] 
3x + J 3x + | 


We notice a pattern: The coefficient of x in the denominator of f,() isn + 1 in the 
three cases we have computed. So we make the guess that, in general, 


[4] 


x 


PO aaa 


To prove this, we use the Principle of Mathematical Induction. We have already verified 
that |4} is true for n = 1. Assume that it is true for n = k, that is, 


x 


Al) = (k+1)x+1 


Then fil) = Lies) = Asie) =A Gz) 


x x 
ee youth arbre cts wiretap) <1 Lye | eee 
iol x (k+2)x+1  (k+2)x+1 
(K+ 1)x+ 1 (k + 1)x + 1 


This expression shows that [4] is true forn = k + 1. Therefore, by mathematical induc- 
tion, it is true for all positive integers n. B54 


1. One of the legs of a right triangle has length 4 cm. Express the length of the altitude perpen- 
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dicular to the hypotenuse as a function of the length of the hypotenuse. 


2. The altitude perpendicular to the hypotenuse of a right triangle is 12 cm. Express the length 
of the hypotenuse as a function of the perimeter. 


3. Solve the equation |2x — 1| — |x + 5| =3. 
4. Solve the inequality |x — 1| — |x — 3| = 5. 
5. Sketch the graph of the function f(x) = |x? — 4|x| + 3]. 
6. Sketch the graph of the function g(x) = |x? — 1| — |x? — 4]. 
7. Draw the graph of the equation x + |x| = y + |y]. 
8. Sketch the region in the plane consisting of all points (x, y) such that 
le—y|+|2]-[yl <2 
¢} The notation max{a, b, ...} means the largest of the numbers a, b, .... Sketch the graph of 


each function. 
(a) f(x) = max{x, 1/x} — (b) f(x) = max{sinx,cosx}  (c) f(x) = max{x?,2 + x,2 — x} 


10. Sketch the region in the plane defined by each of the following equations or inequalities. 
(a) max{x, 2y} = 1 (b) —1 S max{x, 2y} < 1 (c) max{x, y?} = 1 


11. Evaluate (log. 3) (log; 4) (logs 5): + + (logs; 32). 


12. (a) Show that the function f(x) = In(x ae Wieee Se 1) is an odd function. 
(b) Find the inverse function of f. 


13. Solve the inequality In(x? — 2x — 2) <0. 
14. Use indirect reasoning to prove that log» 5 is an irrational number. 


15. A driver sets out on a journey. For the first half of the distance she drives at the leisurely pace 
of 30 mi/h; she drives the second half at 60 mi/h. What is her average speed on this trip? 


16. Is it true that fo(g +h) =fog+feoh? 
17. Prove that if n is a positive integer, then 7" — 1 is divisible by 6. 
18. Prove that] +3 +5 +--+ + (2n— 1) =n? 


19. If fo(x) = x* and fr+i(x) = fol fulx)) for n = 0, 1, 2,..., find a formula for f,(x). 


| 
20. (a) Iffi(x) = = 


—xXx 


and fix = fo° fr for n = 0,1, 2,..., find an expression for f,(x) and 


use mathematical induction to prove it. 
ae (b) Graph fo, fi, A, fs on the same screen and describe the effects of repeated composition. 


aS Graphing calculator or computer required 


AP1-1 


1g AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places 


For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator: 


however, show appropriate calculus notation in your work 


Multiple Choice 


1. The graphs of f and g are given. State the following: f(1), 
g(—2), the domain of f, and the range of g. 


suaueanae 


(a) 2, =0.8, [—1, 2], [-3, 1] 
(b) 0, 2, [—5, 3], [—4.1, 3.2] 
(c) 0, 2, [—1, 21, [-3, 1] 

(d) —4, -0.7, [—5, 3], [-3; 2] 


2, e7°'"4 = 
(a) 16 - (b) 64 
(c) 81 (d) In 64 
3. State the domain of the function f(x) = eee 
; J5 — Db 
(a)x > —-? (b) x < —? 
(c) x>j (d) x <3 


4. Starting with the graph of a function f, which sequence of 
transformations produces the graph of g(x) = —Sf(x — 4) + 1? 
(a) Shift 1 unit up, then shift 4 units right, stretch vertically by 
a factor of 5, and reflect about the x-axis. 

(b) Shift 1 unit up, then shift'4 units left, stretch vertically by 
a factor of 5, and reflect about the x-axis. 

(c) Shift 4 units right, then stretch vertically by a factor of 5, 
reflect about the y-axis, and shift 1 unit up. 

(d) Shift 4 units left, then stretch vertically by a factor of 5, 
reflect about the x-axis, and shift 1 unit up. 

5. If f(x) = —x* — 2x + 8, evaluate os 
(a) —4 (b) h- 4 
(c)4—h (Cl) A 


x? -1 ion 2 
6. Gi _ 
Given f(x) fi nt ee. evaluate f(2). 
(a) 3 (b) —4 
(c) 2 (d)m=3 


7. State whether the given function is even, odd, or neither, and 
determine the interval(s) over which it is increasing. 


YA 


(a) Even, (—, ©) (b) Neither, [—1, 1] 
(c) Odd, (—%, —1] and [1, ~) 
(d) Neither, (—:°, —1] and [1, ~) 


8. The graph shows a scatter plot of recovery of paper materials 


in municipal solid waste over a period of time, together with 
the graph of a mathematical model for the data. Which type of 
function is the model? 


Recovery of Paper Products in Municipal Solid Waste 


yk 
melt _ 
40 = 
Quantity 30 
(millions 
of tons) 20 - 
io 
> 
0) 10 20 30 x 


Years since 1980 


(a) Exponential (y = ab*) 

(b) Logarithmic (y = alnx + bd) 

(c) Quadratic (y = ax* + bx + c) 
(d) Cubic (y = ax? + bx? + cx + d) 


AP1-2 


Free Response 


9. The Arizona Science Center in Phoenix offers admission to (b) Graph the center admission price function P as a function 
members and nonmembers at different rates. The center’s 2010 of the attendee’s age a. 
admission rates for nonmembers are displayed in the following (c) Create a piecewise function for the admission price table 
table. for nonmembers. Write the price as a function of a person’s 
: age. 
sue Rey sts me Admission Price 10. Based on the data from 1990-2004, the population of Gilbert, 
az 62 $10.00 Arizona, (in thousands), may be modeled by 
7W=—a=<62 $12.00 P(t) = 29.2(1.128)', where t is the years since July 1, 1990. 
ea | $10.00 (a) Calculate and interpret the meaning of P(5). 
ee) Fitce (b) Find the inverse of the given function and explain its 
meaning. 
Source: www.azscience.org (c) Solve symbolically P(t) = 95 using the inverse function 
(a) Determine the cost of attending the museum with ten and interpret the meaning of the result. 


11-year-olds, four 17-year-olds, three 36-year-olds, and one 
63-year-old. 


Limits and Derivatives 


© 1986 Peticolas / Megna, Fundamental Photographs, NYC 
In A Preview of Calculus (page 1) we saw how the idea of a limit underlies the various branches of 
calculus. It is therefore appropriate to begin our study of calculus by investigating limits and their 
properties. The special type of limit that is used to find tangents and velocities gives rise to the central 


idea in differential calculus, the derivative. 


A 81 
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LIMITS AND DERIVATIVES 


| 24 | The Tangent and Velocity Problems 


FIGURE 1 


(b) 


FIGURE 2 
aXe Mpo 
2 3 
ES 25 
1.1 Pal 
1.01 2.01 
1.001 2.001 
Ai Mpo 
0 1 
0.5 iS 
0.9 1.9 
0.99 1.99 
1.999 


In this section we see how limits arise when we attempt to find the tangent to a curve or 
the velocity of an object. 


M8) The Tangent Problem 


The word tangent is derived from the Latin word tangens, which means “touching.” Thus 
a tangent to a curve is a line that touches the curve. In other words, a tangent line should have 
the same direction as the curve at the point of contact. How can this idea be made precise? 

For a circle we could simply follow Euclid and say that a tangent is a line that intersects 
the circle once and only once, as in Figure 1(a). For more complicated curves this defini- 
tion is inadequate. Figure 1(b) shows two lines / and ¢ passing through a point P on a curve 
C. The line / intersects C only once, but it certainly does not look like what we think of as 
a tangent. The line ¢, on the other hand, looks like a tangent but it intersects C twice. 

To be specific, let’s look at the problem of trying to find a tangent line f to the parabola 
y = x’ in the following example. 


1% (SQL Find an equation of the tangent line to the parabola y = x’ at the 
point P(1, 1). 


SOLUTION We will be able to find an equation of the tangent line t as soon as we know its 
slope m. The difficulty is that we know only one point, P, on t, whereas we need two 
points to compute the slope. But observe that we can compute an approximation to m by 
choosing a nearby point Q(x, x”) on the parabola (as in Figure 2) and computing the slope 
mpg of the secant line PQ. [A secant line, from the Latin word secans, meaning cutting, is 
a line that cuts (intersects) a curve more than once. ] 

We choose x # | so that OQ ¥ P. Then 


x>- 1 
Ws) = a 
xe = ll 


For instance, for the point Q(1.5, 2.25) we have 


The tables in the margin show the values of mpg for several values of x close to 1. The 
closer Q is to P, the closer x is to | and, it appears from the tables, the closer mpg is to 2. 
This suggests that the slope of the tangent line t should be m = 2. 
We say that the slope of the tangent line 1s the limit of the slopes of the secant lines, 
and we express this symbolically by writing 
joes i 


F Penk 
lim mpo = m and linn 2 
O-—P => es ] 


Assuming that the slope of the tangent line is indeed 2, we use the point-slope form 


of the equation of a line (see Appendix B) to write the equation of the tangent line 
through (1, 1) as 


y¥—1=2(% =) or Pi PA ei 
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Figure 3 illustrates the limiting process that occurs in this example. As Q approaches 
P along the parabola, the corresponding secant lines rotate about P and approach the 
tangent line t. 


af 


Q approaches P from the right 


\ YA yA 


P. 
Q 
> 
x 
Q approaches P from the left 

FIGURE 3 EES 
In Visual 2.1 you can see how Many functions that occur in science are not described by explicit equations; they are 
the process in Figure 3 works for additional defined by experimental data. The next example shows how to estimate the slope of the 


functions. tangent line to the graph of such a function. 


© (SECA The flash unit on a camera operates by storing charge on a capacitor and 


: s releasing it suddenly when the flash is set off. The data in the table describe the charge Q 
0.00 100.00 remaining on the capacitor (measured in microcoulombs) at time t (measured in seconds 
0.02 81.87 after the flash goes off). Use the data to draw the graph of this function and estimate the 
0.04 67.03 slope of the tangent line at the point where t = 0.04. [ Note: The slope of the tangent line 
0.06 54.88 represents the electric current flowing from the capacitor to the flash bulb (measured in 
0.08 44.93 microamperes). | 
0.10 36.76 


SOLUTION In Figure 4 we plot the given data and use them to sketch a curve that approx- 
imates the graph of the function. 


OF (microcoulombs) | 
100 


90| 


80} 


if meee 
Oo] 0.02. 0.04. 0.06. 0.08 0.1 ft (seconds) 
FIGURE 4 
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- = 

R Mpr 
(0.00, 100.00) — 824.25 
(0.02, 81.87) —742.00 
(0.06, 54.88) —607.50 
(0.08, 44.93) 3/5710) 
(0.10, 36.76) —504.50 
As | 


The physical meaning of the answer in 
Example 2 is that the electric current flowing 
from the capacitor to the flash bulb after 
0.04 second is about —670 microamperes. 


003 Brand X Pictures /Jupiter Images / Fotosearch 


©2 


The CN Tower in Toronto was the tallest free- 


standing building in the world for 32 years. 


Given the points P(0.04, 67.03) and R(0.00, 100.00) on the graph, we find that the 
slope of the secant line PR is 


sg = 100.00 = 67.03 _ _ 94.95 


0.00 — 0.04 


The table at the left shows the results of similar calculations for the slopes of other 
secant lines. From this table we would expect the slope of the tangent line at t = 0.04 to 
lie somewhere between —742 and —607.5. In fact, the average of the slopes of the two 


closest secant lines is 


5(—742 — 607.5) = —674.75 


So, by this method, we estimate the slope of the tangent line to be —675. 

Another method is to draw an approximation to the tangent line at P and measure the 
sides of the triangle ABC, as in Figure 4. This gives an estimate of the slope of the tan- 
gent line as 


(AB | ps0 53.0 


~ = -670 mae 
|BC| 0.06 — 0.02 


M8 The Velocity Problem 


If you watch the speedometer of a car as you travel in city traffic, you see that the needle 
doesn’t stay still for very long; that is, the velocity of the car is not constant. We assume 
from watching the speedometer that the car has a definite velocity at each moment, but 
how is the “instantaneous” velocity defined? Let’s investigate the example of a falling ball. 


{) ESEQTRT22) Suppose that a ball is dropped from the upper observation deck of the CN 
Tower in Toronto, 450 m above the ground. Find the velocity of the ball after 5 seconds. 


SOLUTION Through experiments carried out four centuries ago, Galileo discovered that 
the distance fallen by any freely falling body is proportional to the square of the time it 
has been falling. (This model for free fall neglects air resistance.) If the distance fallen 
after t seconds is denoted by s(t) and measured in meters, then Galileo’s law is expressed 
by the equation 


S(H.— 4.97" 


The difficulty in finding the velocity after 5 s is that we are dealing with a single 
instant of time (t = 5), so no time interval is involved. However, we can approximate the 
desired quantity by computing the average velocity over the brief time interval of a tenth 
of a second from t = 5 tot = 5.1: 


change in position 


average velocity hee 
ime elapse 


Oot (5) 
0.1 
4.9(5.1)? — 4.9(5) 


= ais = 49.49 m/s 


FIGURE 5 


SECTION 2.1 THE TANGENT AND VELOCITY PROBLEMS 85 


The following table shows the results of similar calculations of the average velocity over 
successively smaller time periods. 


Time interval | Average velocity (m/s) 
os 
|} S=1<6 | 53.9 
| 5st<5.1 49.49 
| S<r='5.05 | 49.245 
| 5=¢35.01 © | 49.049 
S=t=5.001 | 49.0049 


It appears that as we shorten the time period, the average velocity is becoming closer to 
49 m/s. The instantaneous velocity when t = 5 is defined to be the limiting value of 
these average velocities over shorter and shorter time periods that start at t = 5. Thus 
the (instantaneous) velocity after 5 s is 


v = 49 m/s we] 


You may have the feeling that the calculations used in solving this problem are very sim- 
ilar to those used earlier in this section to find tangents. In fact, there is a close connec- 
tion between the tangent problem and the problem of finding velocities. If we draw the 
graph of the distance function of the ball (as in Figure 5) and we consider the points 
P(a, 4.9a*) and Q(a + h,4.9(a + h)’) on the graph, then the slope of the secant line 
PQis 

_ 4.9(4a + hy’ — 4.9a? 
wee (a+h)—a 


which is the same as the average velocity over the time interval [a, a + h]. Therefore the 
velocity at time t = a (the limit of these average velocities as h approaches 0) must be 
equal to the slope of the tangent line at P (the limit of the slopes of the secant lines). 


slope of secant line 


RENO 28) slope of tangent line 


= instantaneous velocity 


~ 


Examples | and 3 show that in order to solve tangent and velocity problems we must be 
able to find limits. After studying methods for computing limits in the next five sections, we 
will return to the problems of finding tangents and velocities in Section 2.7. 
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Kexy | Exercises 


1. A tank holds 1000 gallons of water, which drains from the 


(c) Using the slope from part (b), find an equation of the 


bottom of the tank in half an hour. The values in the table show 
the volume V of water remaining in the tank (in gallons) after 
t minutes. 


t (min) 5 10 15 20 25 30 


+ 


V (gal) 694 444 250 111 28 0) 


(a) If P is the point (15, 250) on the graph of V, find the slopes 
of the secant lines PO when Q is the point on the graph 
with t = 5, 10, 20, 25, and 30. 

(b) Estimate the slope of the tangent line at P by averaging the 
slopes of two secant lines. 

(c) Use a graph of the function to estimate the slope of the 
tangent line at P. (This slope represents the rate at which the 
water is flowing from the tank after 15 minutes.) 


. Acardiac monitor is used to measure the heart rate of a patient 
after surgery. It compiles the number of heartbeats after t min- 
utes. When the data in the table are graphed, the slope of the 
tangent line represents the heart rate in beats per minute. 


sles 36 38 | 40 42 44 


iz 


Heartbeats 2530 2661 | 2806 2948 3080 


The monitor estimates this value by calculating the slope of 
a secant line. Use the data to estimate the patient’s heart rate 
after 42 minutes using the secant line between the points with 
the given values of f. 
(a)t=36 and t=42 
(c)t=40 and t=42 
What are your conclusions? 


(b) t=38 and t= 42 
(d) t=42 and t=44 


. The point P(2, —1) lies on the curve y = 1/(1 — x). 

(a) If Q is the point (x, 1/(1 — x)), use your calculator to find 
the slope of the secant line PQ (correct to six decimal 
places) for the following values of x: 

@) 1d (ii) 1.9 (iii) 1.99 (iv) 1.999 
@) 25 Gail) Dall (vii) 2.01 (vil) 2.001 

(b) Using the results of part (a), guess the value of the slope 
of the tangent line to the curve at P(2, —1). 

(c) Using the slope from part (b), find an equation of the 
tangent line to the curve at P(2, —1). 


4. The point P(0.5, 0) lies on the curve y = cos 7x. 


(a) If Q is the point (x, cos 7x), use your calculator to find 
the slope of the secant line PQ (correct to six decimal 
places) for the following values of x: 

(i) 0 (ii) 0.4 (ii) 0.49 (iv) 0.499 
(v) 1 (vi) 0.6 (vii) 0.51 (viii) 0.501 

(b) Using the results of part (a), guess the value of the slope 

of the tangent line to the curve at P(0.5, 0). 


Graphing calculator or computer required 


CH] 
ma 


tangent line to the curve at P(0.5, 0). 
(d) Sketch the curve, two of the secant lines, and the tangent 
line. 


Ifa ball is thrown into the air with a velocity of 40 ft/s, its 


height in feet ¢ seconds later is given by y = 401 — 162°. 
(a) Find the average velocity for the time period beginning 
when t = 2 and lasting 
(i) 0.5 second (ii) 0.1 second 
(iii) 0.05 second (iv) 0.01 second 
(b) Estimate the instantaneous velocity when t = 2. 


. If a rock is thrown upward on the planet Mars with a velocity 


of 10 m/s, its height in meters t seconds later is given by 
y = 10¢ — 1.8627. 
(a) Find the average velocity over the given time intervals: 
@) [UA Gr aes] (iii) [1, 1.1] 
(iv) [1, 1.01] (v) [1, 1.001] 
(b) Estimate the instantaneous velocity when t = 1. 


. The table shows the position of a cyclist. 


t (seconds) 0 1 | A) 3 4 SS 


s (meters) 0 1.4 | Sale| lO Lee 25.8 


(a) Find the average velocity for each time period: 
@shle3i (ii) [2, 3] @ii) (3.95) (iv) [3, 4] 

(b) Use the graph of s as a function of ¢ to estimate the instan- 
taneous velocity when t = 3. 


. The displacement (in centimeters) of a particle moving back 


and forth along a straight line is given by the equation of 
motion s = 2 sin wt + 3 cos wt, where ¢ is measured in 
seconds. 
(a) Find the average velocity during each time period: 
@) [ile 2 Gy) |e et 
(iii) [1, 1.01] (iv) [1, 1.001] 
(b) Estimate the instantaneous velocity of the particle 
when t = 1. 


. The point P(/, 0) lies on the curve y = sin(107/x). 


(a) If Q is the point (x, sin(1077/x)), find the slope of the secant 
line PQ (correct to four decimal places) for x = 2, 1.5, 1.4, 
1.3, 1.2, 1.1, 0.5, 0.6, 0.7, 0.8, and 0.9. Do the slopes 
appear to be approaching a limit? 

(b) Use a graph of the curve to explain why the slopes of the 
secant lines in part (a) are not close to the slope of the tan- 
gent line at P. 

(c) By choosing appropriate secant lines, estimate the slope of 
the tangent line at P. 
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F(x) 


approaches + 4 —— 


4. 


FIGURE 1 


As x approaches 2, 


= 


Having seen in the preceding section how limits arise when we want to find the tangent to 
a curve or the velocity of an object, we now turn our attention to limits in general and 
numerical and graphical methods for computing them. 

Let’s investigate the behavior of the function f defined by f(x) = x? — x + 2 for val- 
ues of x near 2. The following table gives values of f(x) for values of x close to 2 but not 
equal to 2. 


x f(x) x f(x) 
1.0 2.000000 3.0 8.000000 
Ls 2.750000 OG 5.750000 
1.8 3.440000 aD 4.640000 
1.9 3.710000 Dl 4.310000 
1.95 3.852500 2.05 4.152500 
1.99 3.970100 2.01 4.030100 
1.995 3.985025 2.005 4.015025 
1.999 3.997001 2.001 4.003001 


From the table and the graph of f (a parabola) shown in Figure | we see that when x is 
close to 2 (on either side of 2), f(x) is close to 4. In fact, it appears that we can make the 
values of f(x) as close as we like to 4 by taking x sufficiently close to 2. We express this by 
saying “the limit of the function f(x) = x* — x + 2 as x approaches 2 is equal to 4.” The 
notation for this is 

lim (x? — x + 2) = 4 


Sia) 


In general, we use the following notation. 


[1| Definition Suppose f(x) is defined when x is near the number a. (This means 
that fis defined on some open interval that contains a, except possibly at a itself.) 
Then we write 

lim f(x) = L 


xa 


and say “the limit of f(x), as x approaches a, equals L” 


if we can make the values of f(x) arbitrarily close to L (as close to L as we like) by 
taking x to be sufficiently close to a (on either side of a) but not equal to a. 


Roughly speaking, this says that the values of f(x) approach L as x approaches a. In other 
words, the values of f(x) tend to get closer and closer to the number L as x gets closer and 
closer to the number a (from either side of a) but x # a. (A more precise definition will be 
given in Section 2.4.) 

An alternative notation for 

lim f(x) = L 


iS AS) eed as x—a 


which is usually read ““f(x) approaches L as x approaches a.” 
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Notice the phrase “but x 4 a” in the definition of limit. This means that in finding the 
limit of f(x) as x approaches a, we never consider x = a. In fact, f (x) need not even be 
defined when x = a. The only thing that matters is how f is defined near a. 

Figure 2 shows the graphs of three functions. Note that in part (c), f (a) is not defined and 
in part (b), f(a) # L. But in each case, regardless of what happens at a, it is true that 
limpsef(x) We 


So ide aloe a 
“Y 


(a) (b) (c) 


FIGURE 2 lim f(x) =L in all three cases 


2G 


: k= I 
ei ilahes Guess the value of lim 5 


peo Il 


SOLUTION Notice that the function f(x) = (x — 1)/(x? — 1) is not defined when x = 1, 


air! fx) but that doesn’t matter because the definition of lim,—. f(x) says that we consider values 
0.5 0.666667 of x that are close to a but not equal to a. 
0.9 0.526316 The tables at the left give values of f(x) (correct to six decimal places) for values of x 
0.99 0.502513 that approach | (but are not equal to 1). On the basis of the values in the tables, we make 
0.999 0.500250 the guess that 
0.9999 0.500025 se ll 
lim = = 0:5 =e 
coi x = — | 
peonl| f(x) Example | is illustrated by the graph of f in Figure 3. Now let’s change f slightly by giv- 
ie avers ing it the value 2 when x = | and calling the resulting function g: 
Ld 0.476190 pie 
1.01 0.497512 3 eal 
1.001 0.499750 IG eee 
1.0001 0.499975 2 if x = 1 


This new function g still has the same limit as x approaches 1. (See Figure 4.) 


YA yA 


a 


FIGURE 3 FIGURE 4 


SECTION 2.2) THE LIMIT OF A FUNCTION 89 


t /t? + = 
4 \ kava Estimate the value of lim ae ee | 


t>0 ip 


SOLUTION The table lists values of the function for several values of ¢ near 0. 


Wie ae @ = 3 

t = 
221140) 0.16228 
+0.5 0.16553 
ets (a 0.16662 
+0.05 0.16666 
+0.01 0.16667 


As t approaches 0, the values of the function seem to approach 0.1666666 ... and so we 


guess that 
We tort 9 3 1 
Sole eaMUDA 6 =: 
wie ae = 3 
t TT 
+0.0005 0.16800 In Example 2 what would have happened if we had taken even smaller values of t? The 
+0.0001 0.20000 table in the margin shows the results from one calculator; you can see that something strange 
+0.00005 0.00000 seems to be happening. 
+0.00001 0.00000 If you try these calculations on your own calculator you might get different values, but 
eventually you will get the value 0 if you make ¢ sufficiently small. Does this mean that 
the answer is really 0 instead of 2? No, the value of the limit is ;, as we will show in the 
@ next section. The problem is that the calculator gave false values because /t? + 9 is very 
close to 3 when ¢ is small. (In fact, when ¢ is sufficiently small, a calculator’s value for 
www.stewartcalculus.com Jt? + 9 is 3.000... to as many digits as the calculator is capable of carrying.) 
For a further explanation of why calculators Something similar happens when we try to graph the function 


sometimes give false values, click on Lies My 
Calculator and Computer Told Me. \n particular, 
see the section called The Perils of Subtraction. (LO 3 


of Example 2 on a graphing calculator or computer. Parts (a) and (b) of Figure 5 show quite 
accurate graphs of f, and when we use the trace mode (if available) we can estimate eas- 
ily that the limit is about :. But if we zoom in too much, as in parts (c) and (d), then we get 
inaccurate graphs, again because of problems with subtraction. 


(a) [—5, 5] by [-0.1, 0.3] (b) [—0.1, 0.1] by [—0.1, 0.3] (c) [-10-°, 10°°] by [—0.1, 0.3] (d) [-10-7, 10-7] by [—0.1, 0.3] 


FIGURE 5 
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sin x 
x 
ue 
+1.0 0.84147098 
+0.5 0.95885 108 
+0.4 0.97354586 
=in(0):) 0.98506736 
280)? 0.99334665 
2201 0.99833417 
+0.05 0.99958339 
=0:01 0.99998333 
+0.005 0.99999583 
+0.001 0.99999983 


Computer Algebra Systems 

Computer algebra systems (CAS) have 
commands that compute limits. In order to 
avoid the types of pitfalls demonstrated in 
Examples 2, 4, and 5, they don’t find limits by 
numerical experimentation. Instead, they use 
more sophisticated techniques such as com- 
puting infinite series. If you have access to a 
CAS, use the limit command to compute the 
limits in the examples of this section and to 
check your answers in the exercises of this 
chapter. 


LIMITS AND DERIVATIVES 


Pe sine 
(7 ESCEEY Guess the value of lim ass 


SOLUTION The function f(x) = (sin x)/x is not defined when x = 0. Using a calculator 
(and remembering that, if x € R, sin x means the sine of the angle whose radian mea- 
sure is x), we construct a table of values correct to eight decimal places. From the table at 
the left and the graph in Figure 6 we guess that 


yA ; 
1 y= sin Xx 
pts Gibairg tee 
t t =>. 
=| 0 i EG 
FIGURE 6 Ess3 


7 
WZ BSCE Investigate lim ci 
— i 


SOLUTION Again the function f(x) = sin(7/x) is undefined at 0. Evaluating the function 
for some small values of x, we get 


f() = sina =0 
f(3) = 
f(0.1) = sin 107 = 0 


sin 277 = 0 


fG)= 
sin 377 = 0 f(4) =sin4da =0 
f(0.01) = sin 1007 = 0 


Similarly, f(0.001) = f(0.0001) = 0. On the basis of this information we might be 
tempted to guess that 


2 Sep Als 
lim sin — = 0 
x—0 ae 


@ but this time our guess is wrong. Note that although f(1/n) = sinna = 0 for any integer 


FIGURE 7 


n, it is also true that f(x) = 1 for infinitely many values of x that approach 0. You can 
see this from the graph of f shown in Figure 7. 


YA 
1 y = sin(7/x) 


PE COSIO: 
x eae 
10,000 
] 1.000028 
OS 0.124920 
0.1 0.001088 
0.05 0.000222 
0.01 0.000101 
t A cos 5x 
' 10,000 
0.005 0.00010009 
0.001 0.00010000 
y 
1 
0 


FIGURE 8 
The Heaviside function 
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The dashed lines near the y-axis indicate that the values of sin(7r/x) oscillate between 
1 and —1 infinitely often as x approaches 0. (See Exercise 45.) 


Since the values of f(x) do not approach a fixed number as x approaches 0, 


; 5 5 
lim sin— does not exist fee] 
x0 aX; 


SANTEE Find lim | x? + ©°°=~ |, 
Za 10,000 


SOLUTION As before, we construct a table of values. From the first table in the margin it 


appears that 
5 COSax 
lina |e° Sr = 0 
x0 10,000 


But if we persevere with smaller values of x, the second table suggests that 


5 
lim (« bos = 0.000100 = 


10,000 10,000 


Later we will see that lim,—») cos 5x = 1; then it follows that the limit is 0.0001. Stevie | 


Examples 4 and 5 illustrate some of the pitfalls in guessing the value of a limit. It is easy 
to guess the wrong value if we use inappropriate values of x, but it is difficult to know when 
to stop calculating values. And, as the discussion after Example 2 shows, sometimes cal- 
culators and computers give the wrong values. In the next section, however, we will de- 
velop foolproof methods for calculating limits. 


(%] ESQNTSH The Heaviside function H is defined by 


H(t) = OF git ts 0 
Teeth ec == 0) 


[This function is named after the electrical engineer Oliver Heaviside (1850-1925) and 
can be used to describe an electric current that is switched on at time tf = 0.] Its graph is 


shown in Figure 8. 

As t approaches 0 from the left, H(t) approaches 0. As ¢ approaches 0 from the right, 
H(t) approaches 1. There is no single number that H(t) approaches as f approaches 0. 
Therefore lim,—.o H(t) does not exist. atid 


ME One-Sided Limits 


We noticed in Example 6 that H(t) approaches 0 as t approaches 0 from the left and H(t) 
approaches | as f approaches 0 from the right. We indicate this situation symbolically by 
writing 

lim H(t) = 0 and lim A(t) = 1 


== t—> Om 


The symbol “t — 0” indicates that we consider only values of f that are less than 0. Like- 
wise, “t — 0*” indicates that we consider only values of f that are greater than 0. 
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FIGURE 9 


FIGURE 10 


[2] Definition We write 
jim f(x) = L 


and say the left-hand limit of f(x) as x approaches a [or the limit of f(x) as x 
approaches a from the left] is equal to L if we can make the values of f(x) arbi- 
trarily close to L by taking x to be sufficiently close to a and x less than a. 


Notice that Definition 2 differs from Definition 1 only in that we require x to be less 
than a. Similarly, if we require that x be greater than a, we get “the right-hand limit of 
f(x) as x approaches a is equal to L” and we write 
lim f(x) = L 
Thus the symbol “x — a‘” means that we consider only x > a. These definitions are illus- 
trated in Figure 9. 


oO 
be 
| 
iS) 
be 
S 
g 
| 
be 
be 


(a) lim. f(x)=L (b) lim. f(x)=L 


By comparing Definition | with the definitions of one-sided limits, we see that the fol- 
lowing is true. 


3 | lim f(x) =L _ if and only if lim f(x) =L. and lim f(x) =L 


( (SCRA The graph of a function g is shown in Figure 10. Use it to state the values 
(if they exist) of the following: 


© Jim) © fim a) @rlimetd 
es (e) lim, g(x) (f) lim g(x) 


SOLUTION From the graph we see that the values of g(x) approach 3 as x approaches 2 
from the left, but they approach | as x approaches 2 from the right. Therefore 


(a) Jim. g(x) = 3 and (b) lim g(x) = 1 


(c) Since the left and right limits are different, we conclude from that lim,—.2 g(x) 
does not exist. 


The graph also shows that 


(d) lim g(x) = 2 and (e) lim g(x) = 2 
x5 x—5+ 


x 9) 
© 
= {| 1 
+0.5 4 
sta) a 25 
at () i 100 
+0.05 400 
+0.01 10,000 
+0.001 
FIGURE 11 
oN 
0) 
Y=a 
FIGURE 12 


lim f(x)=© 


xSa 
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(f) This time the left and right limits are the same and so, by [3], we have 
lim g(x) = 2 
Despite this fact, notice that g(5) # 2. ona 
ME Infinite Limits 
| 
EXAMPLE 8 ane! lim TeLLLiviexists: 
sa) Beo 
SOLUTION As x becomes close to 0, x” also becomes close to 0, and 1/x* becomes very 
large. (See the table in the margin.) In fact, it appears from the graph of the function 
f(x) = 1/x? shown in Figure 11 that the values of f(x) can be made arbitrarily large by 
taking x close enough to 0. Thus the values of f(x) do not approach a number, so 


lim,—+o (1/x’) does not exist. eas 


To indicate the kind of behavior exhibited in Example 8, we use the notation 


lim —;> = © 
a0) DG 


This does not mean that we are regarding © as a number. Nor does it mean that the limit 
exists. It simply expresses the particular way in which the limit does not exist: 1/x* can be 
made as large as we like by taking x close enough to 0. 
In general, we write symbolically 
lim f(x) = © 
to indicate that the values of f(x) tend to become larger and larger (or “increase without 
bound’’) as x becomes closer and closer to a. 


[4] Definition Let f be a function defined on both sides of a, except possibly at a 
itself. Then 

lim f(x) = & 
means that the values of f(x) can be made arbitrarily large (as large as we please) 
by taking x sufficiently close to a, but not equal to a. sy 


Another notation for lim... f(x) = © is 
f(x) as ca 
Again, the symbol ~ is not a number, but the expression lim,—« f(x) = © is often read as 
“the limit of f(x), as x approaches a, is infinity” 
or “#(x) becomes infinite as x approaches a” 
or “ f(x) increases without bound as x approaches a” 


This definition is illustrated graphically in Figure 12. 
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When we say a number is “large negative,” we 
mean that it is negative but its magnitude 


(absolute value) is large. 


yA 


FIGURE 13 
lim f(x) =—© 


» haa” 


A similar sort of limit, for functions that become large negative as x gets close to a, is 
defined in Definition 5 and is illustrated in Figure 13. 


[5 | Definition Let f be defined on both sides of a, except possibly at a itself. Then 


lim flx) = —% 


means that the values of f(x) can be made arbitrarily large negative by taking x 
sufficiently close to a, but not equal to a. 


The symbol lim,_., f(x) = —% can be read as “the limit of f(x), as x approaches a, is 
negative infinity” or ““f(x) decreases without bound as x approaches a.” As an example we 


have 


li ata = —0 
Pac ata Pe RTs 


Similar definitions can be given for the one-sided infinite limits 


lim f(x) = lim, f(x) = 
lim f(x) = -% lim, f(x) = —2 


b) 


remembering that “x — a ” means that we consider only values of x that are less than a, 
and similarly “x — a*” means that we consider only x > a. Illustrations of these four cases 
are given in Figure 14. 


yA yA y yA 
0 e x 0 0 a é O| a =< 
oe ib) dim chong (c)lim f(x) =—2 (d) lim f(x)=—e 


FIGURE 14 


oe xa 


[6 | Definition The line x = a is called a vertical asymptote of the curve y = f(x) 
if at least one of the following statements is true: 


x—a x—a7 


lim f(x) = 9% lim f(x) = % lim f(x) = % 


lim f(x) = — lim f(x) = —« lim f(x) = —2 


xa xa 


x—at 


av 


FIGURE 15 


FIGURE 16 
y=tanx 
y 


FIGURE 17 
The y-axis is a vertical asymptote of 
the natural logarithmic function. 
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For instance, the y-axis is a vertical asymptote of the curve y = 1/x* because 
. 9: . . . . . 
lim,—o (1/x*) = ©. In Figure 14 the line x = a is a vertical asymptote in each of the four 
cases shown. In general, knowledge of vertical asymptotes is very useful in sketching graphs. 


; ; 2h 2 
[EXAMPLE 9 ani i 5 and lim : 
x33t xX — x33- xX — 
SOLUTION If x is close to 3 but larger than 3, then the denominator x — 3 is a small posi- 
tive number and 2x is close to 6. So the quotient 2x/(x — 3) is a large positive number. 
Thus, intuitively, we see that 


; D5 
lim = Ge 
x>3+ x — 3 


Likewise, if x is close to 3 but smaller than 3, then x — 3 is a small negative number but 
2x is still a positive number (close to 6). So 2x/(x — 3) is a numerically large negative 
number. Thus 


Y 2x 
lim = —o00 
r= je = 


The graph of the curve y = 2x/(x — 3) is given in Figure 15. The line x = 3 is a verti- 
cal asymptote. ie] 


CUT Find the vertical asymptotes of f(x) = tan x. 
SOLUTION Because 


there are potential vertical asymptotes where cos x = 0. In fact, since cos x — 0° as 
x — (7/2)” and cos x — 0° as x — (7/2)", whereas sin x is positive when x is near 
qr/2, we have 
lim tanx = © and lim tanx = —© 

x—>(17/2)~ x—>(n/2)+ 
This shows that the line x = 7/2 is a vertical asymptote. Similar reasoning shows 
that the lines x = (2n + 1)7/2, where n is an integer, are all vertical asymptotes of 
f(x) = tan x. The graph in Figure 16 confirms this. bea) 


Another example of a function whose graph has a vertical asymptote is the natural log- 
arithmic function y = Inx. From Figure 17 we see that 


and so the line x = 0 (the y-axis) is a vertical asymptote. In fact, the same is true for 
y = log, x provided that a > 1. (See Figures 11 and 12 in Section 1.6.) 
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Exercises 


1. Explain in your own words what is meant by the equation 
lim f(x) = 5 
r—2 


Is it possible for this statement to be true and yet f(2) = 3? 
Explain. 
2. Explain what it means to say that 
lim f(x) =3 and 
x—> 


lim, f(x) =7 


In this situation is it possible that lim, .; f(x) exists? 
Explain. 


3. Explain the meaning of each of the following. 
(a) lim, f(x) = (b) lim, f(x) = -% 


4. Use the given graph of f to state the value of each quantity, 
if it exists. If it does not exist, explain why. 
(a) lim f(x) (b) lim f(x) (c) lim Gs) 


(d) f(2) (e) lim f(x) CEP (4) 


5. For the function f whose graph is given, state the value of each 
quantity, if it exists. If it does not exist, explain why. 


(a) lim f(x) (b) lim f(x) (c) tim f(x) 


(d) lim f(x) (e) f(3) 


a 
x 


6. For the function h whose graph is given, state the value of each 
quantity, if it exists. If it does not exist, explain why. 
(a) lim h(x)  (b) lim h(x) (c) lim h(x) 
x—> y—> —37 x2 -3 


WA . 1. 
Graphing calculator or computer required 


(d) h(—3) (e) lim h(x) (f) lim h(x) 
(g) lim h(x) (h) h(0) (i) lim h(x) 
(j) A(2) (k) lim, h(x) (1) jim h(x) 


7. For the function g whose graph is given, state the value of each 
quantity, if it exists. If it does not exist, explain why. 


(a) lim g(o) (b) lim g() (c) lim g(t) 


(2) tim gf) (e) tim gl) (4) Tim g( 


(2) 9(2) (h) lim g( 
YA 
4 / 
x 2 
[ a. ea 


8. For the function R whose graph is shown, state the following. 
(a) lim R(x) (b) lim R(x) 
(c) im R(x) (d) Jim, R(x) 


(e) The equations of the vertical asymptotes. 


YA 


i 
[ 
Be 


a| 3) 
rat 


1, Homework Hints available at stewartcalculus.com 


9. For the function f whose graph is shown, state the follow- 
ing. 


(a) iim FX) (b) lim f(x) (c) lim f(x) 
(d) lim f(x) @) lim, f(x) 


(f) The equations of the vertical asymptotes. 


10. A patient receives a 150-mg injection of a drug every 
4 hours. The graph shows the amount f(t) of the drug in the 
bloodstream after t hours. Find 


lim f(t) and lim, f(t) 


oe 


and explain the significance of these one-sided limits. 


150 ise 


11-12 Sketch the graph of the function and use it to determine 
the values of a for which lim,—, f(x) exists. 


I 42 se ir op = I 
11. f(x) = 4x? ihe bees ll 
Oe ih er 


i) SE Sim ze ifr 0 
12. f(x) = 4 cos x itt 0 = xe S oe 


sin x fhe 30 => ep 
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15-18 Sketch the graph of an example of a function /f that 
satisfies all of the given conditions. 


15, lim f(G@) = —1, Vimiyizy— 2, 70) = 1 


16. lim f(x) =1, lim f(x) =—2, lim f(x) =2, 


x0 x37 x—3t 


USS 


17. lim, f(x) = 4, lim f(x) = 2, lim, f(x) = 2, 


VAC) ont TAG)" 
18. lim f(x) = 2, lim f(x) =0, lim f(x) = 3, 
lim fq) =0, f(0)=2, f(4)=1 


97 


19-22 Guess the value of the limit (if it exists) by evaluating the 


function at the given numbers (correct to six decimal places). 


. x? — 2x 
19, lim =; , 
=P) ho = ye = 
32 = DD), Poll, HOB, POI PLOWS, ZLCOI., 
1.9, 1.95, 1.99, 1.995, 1.999 


Dips 2) 
ine 
a 
v= 0, =05, =O, =0.95, —0.9, —O.899, 
=2). = 1,5, SI, SO, SOL! 


21. lim z = t = +0.5, +0.1, +0.01, +0.001, +0.0001 
—s 
Oy Sep 

2 ii) ——$$$$$$ 
h—0 h 


h = +0.5, +0.1, £0.01, +0.001, =0.0001 


YY 13-14 Use the graph of the function f to state the value of each 
limit, if it exists. If it does not exist, explain why. 


(a) lim f(s) b)_lim fla) Opa) 
s 1 14. f@) = pete 
13. f(x) = nee ba fee x2 


27. 


23-26 Use a table of values to estimate the value of the limit. 


If you have a graphing device, use it to confirm your result 
graphically. 


vx +4 =) tan 3x 


23: ea ae 24. lim 
x0 35 x>0 tan Sx 
(im Ae 1 f Q* = 5° 
25. lim — ey tha =—— 
x>-1 x — 1 x0 x 
(a) By graphing the function f(x) = (cos 2x — cos x)/x? 


and zooming in toward the point where the graph crosses 


the y-axis, estimate the value of lim,—o f(x). 


(b) Check your answer in part (a) by evaluating f(x) for 


values of x that approach 0. 
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28. (a) Estimate the value of 43, (a) Evaluate the function f(x) = x* — (2*/1000) for x = 1, 
sin x 0.8, 0.6, 0.4, 0.2, 0.1, and 0.05, and guess the value of 
lim —— 
x>0 Sin 1X . 
: Ko Sa : iin Ee ope 
by graphing the function f(x) = (sin x)/(sin 7x). State x0 ( Gal 


your answer correct to two decimal places. 
(b) Check your answer in part (a) by evaluating f(x) for 
values of x that approach 0. 


(b) Evaluate f(x) for x = 0.04, 0.02, 0.01, 0.005, 0.003, and 
0.001. Guess again. 


29-37 Determine the infinite limit. 44. (a) Evaluate h(x) = (tan x — x)/x* for x = 1, 0.5, 0.1, 0.95, 
a wg 2 aa) 0.01, and 0.005. Lah ee 
oe a eae S a ee spall 3 (b) Guess the value of lim Se 
a A (c) Evaluate h(x) for successively smaller values of x until 
31. lim ai 32. lim aan you finally reach a value of 0 for h(x). Are you still confi- 
/ . dent that your guess in part (b) is correct? Explain why 
33. lim In(x? — 9) 34. lim cotx you eventually obtained O values. (In Section 4.4 a 
ae ao method for evaluating the limit will be explained.) 
Pom) (~ (d) Graph the function h in the viewing rectangle [—1, 1] 
35. im X CSC X 36. jim escola by [0, 1]. Then zoom in toward the point where the graph 
; crosses the y-axis to estimate the limit of h(x) as x 
1 |i Kee 8 approaches 0. Continue to zoom in until you observe 
rE aot ee eG distortions in the graph of h. Compare with the results of 
part (c). 
; 45. Graph the function f(x) = sin(7/x) of Example 4 in the 
38. (a) Find the vertical asymptotes of the function viewing rectangle [—1, 1] by [—1, 1]. Then zoom in toward 
eel the origin several times. Comment on the behavior of this 
yy eae aa function. 
AM (b) Confirm your answer to part (a) by graphing the function. 46. In the theory of relativity, the mass of a particle with 
velocity v is 
39. Determine lim i and lim — i Mo 
> lei He. XY n= —_—_—— 
(a) by evaluating f(x) = 1/(x* — 1) for values of x that vil jeife 
approach 1 from the left and from the right, where mo is the mass of the particle at rest and c is the speed 
(b) by reasoning as in Example 9, and of light. What happens as v — c”? 
(c) from a graph of f. 
a AM 47. Use a graph to estimate the equations of all the vertical 
40. (a) By graphing the function f(x) = (tan 4.x)/x and zooming asymptotes of the curve 
in toward the point where the graph crosses the y-axis, 
estimate the value of lim,—9 f(x). y = tan(2 sin x) —T SST 
(b) Check your answer in part (a) by evaluating f(x) for 
values of x that approach 0. Then find the exact equations of these asymptotes. 
41. (a) Estimate the value of the limit lim,—9 (1 + x)!” to five /™ 48. (a) Use numerical and graphical evidence to guess the value 
decimal places. Does this number look familiar? of the limit 
(b) Illustrate part (a) by graphing the function y = (1 + x)!” ey 
‘ ies 
42. (a) Graph the function f(x) = e* + In| x — 4] for lim ea 
0 <x <5. Do you think the graph is an accurate 
representation of f? (b) How close to 1 does x have to be to ensure that the func- 


(b) How would you get a graph that represents f better? tion in part (a) is within a distance 0.5 of its limit? 
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EEZJ) calcutating Limits Using the Limit Laws 


Sum Law 
Difference Law 


Constant Multiple Law 


Product Law 


Quotient Law 


FIGURE 1 


In Section 2.2 we used calculators and graphs to guess the values of limits, but we saw that 
such methods don’t always lead to the correct answer. In this section we use the following 
properties of limits, called the Limit Laws, to calculate limits. 


— 


LimitLaws Suppose that c is a constant and the limits 


lim f(x) and 


Xa 


exist. Then 


1. 


lim [f(x) + g(x)] = lim f(x) + lim g(x) 


. lim [F(x) — g(x] = lim f(x) — lim g(x) 


. lim [cf (x)] = c lim f(x) 


xa xa 


- Lim [f(x) g(x)] = lim f(x) + lim g(x) 


lim f(x) 
Lm) a may ima #0 


lim g(x) 


xa 


These five laws can be stated verbally as follows: 


1. 
7 
3. 


The limit of a sum is the sum of the limits. 


The limit of a difference is the difference of the limits. 


The limit of a constant times a function is the constant times the limit of the 


function. 


denominator is not 0). 


. The limit of a product is the product of the limits. 


. The limit of a quotient is the quotient of the limits (provided that the limit of the 


It is easy to believe that these properties are true. For instance, if f(x) is close to L and 
g(x) is close to M, it is reasonable to conclude that f(x) + g(x) is close to L + M. This gives 
us an intuitive basis for believing that Law | is true. In Section 2.4 we give a precise defi- 
nition of a limit and use it to prove this law. The proofs of the remaining laws are given in 
Appendix F. 


SITES Use the Limit Laws and the graphs of f and g in Figure | to evaluate the fol- 
lowing limits, if they exist. 


(a) lim [ f(a) + 590) (b) lim [f(x)g(x) 


SOLUTION 
(a) From the graphs of f and g we see that 


lim) f(x) =1 and 


@ lim HA: & 


gx 


lim, g(x) = -1 
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Therefore we have 


tim [f) + 599] 


lim Eo) ae lim [5g(x) ] (by Law 1) 


Lim ehcG hace lim, g(x) (by Law 3) 


De 


1+ 5(-1)=—4 


(b) We see that lim,—; f(x) = 2. But lim,—; g(x) does not exist because the left and 
right limits are different: 


lim g(x) = —2 lim, g(x) = -1 


x17 
So we can’t use Law 4 for the desired limit. But we can use Law 4 for the one-sided 
limits: 


tim [fOx)g(a)] = 2° (-2) = 4 Tim [f)g@)] = 2+ (1) = ~2 


The left and right limits aren’t equal, so lim,—, [f(x)g(x)] does not exist. 


(c) The graphs show that 
lim f(x) ~ 1.4 and lim g(x) = 0 
Because the limit of the denominator is 0, we can’t use Law 5. The given limit does not 


exist because the denominator approaches 0 while the numerator approaches a nonzero 
number. ee 


If we use the Product Law repeatedly with g(x) = f(x), we obtain the following law. 


Power Law 6. lim [ f(x) ]}" = [lim F(x)" where 7 is a positive integer 


In applying these six limit laws, we need to use two special limits: 


These limits are obvious from an intuitive point of view (state them in words or draw 


graphs of y = c and y = x), but proofs based on the precise definition are requested in the 
exercises for Section 2.4. 


If we now put f(x) = x in Law 6 and use Law 8, we get another useful special limit. 


9. lim x” = a" where n is a positive integer 


xa 


A similar limit holds for roots as follows. (For square roots the proof is outlined in Exer- 
cise 37 in Section 2.4.) 


10. lim = 4/0 where nis a positive integer 


xa 


(If n is even, we assume that a > 0.) 


Root Law 


Newton and Limits 


Isaac Newton was born on Christmas Day in 
1642, the year of Galileo’s death. When he 
entered Cambridge University in 1661 Newton 
didn't know much mathematics, but he learned 
quickly by reading Euclid and Descartes and 
by attending the lectures of Isaac Barrow. Cam- 
bridge was closed because of the plague in 
1665 and 1666, and Newton returned home to 
reflect on what he had learned. Those two years 
were amazingly productive for at that time he 
made four of his major discoveries: (1) his repre- 
sentation of functions as sums of infinite series, 
including the binomial theorem; (2) his work on 
differential and integral calculus; (3) his laws 
of motion and law of universal gravitation; and 
(4) his prism experiments on the nature of light 
and color. Because of a fear of controversy and 
criticism, he was reluctant to publish his dis- 
coveries and it wasn’t until 1687, at the urging 
of the astronomer Halley, that Newton published 
Principia Mathematica. In this work, the great- 
est scientific treatise ever written, Newton set 
forth his version of calculus and used it to 
investigate mechanics, fluid dynamics, and 
wave motion, and to explain the motion of 
planets and comets. 

The beginnings of calculus are found in 
the calculations of areas and volumes by 
ancient Greek scholars such as Eudoxus and 
Archimedes. Although aspects of the idea 
of a limit are implicit in their “method of 
exhaustion,” Eudoxus and Archimedes never 
explicitly formulated the concept of a limit. Like- 
wise, mathematicians such as Cavalieri, Fermat, 
and Barrow, the immediate precursors of New- 
ton in the development of calculus, did not actu- 
ally use limits. It was Isaac Newton who was 
the first to talk explicitly about limits. He 
explained that the main idea behind limits is 
that quantities “approach nearer than by any 
given difference.” Newton stated that the limit 
was the basic concept in calculus, but it was 
left to later mathematicians like Cauchy to clar- 
ify his ideas about limits. 
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More generally, we have the following law, which is proved in Section 2.5 as a conse- 
quence of Law 10. 


M1. tim Vf) = ¥/lim f) 


[Hf n is even, we assume that lim hea 0 


where v is a positive integer 


(SET) Evaluate the following limits and justify each step. 


3 5) 3 ar 2 
(a) lim (2x2 — 3x + 4) ost ee 
x5 so-2 «5 — 3x 
SOLUTION 
(a) lim (2x? = She SP 4) = lim (2x7) 1. lim (3x) Si lim 4 (by Laws 2 and 1) 


= 2limx? — 3 limx + lim4 (by 3) 
252) 2038) 


25) 


= 2(52) a 3(5) ap A (by 9, 8, and 7) 


a) 


(b) We start by using Law 5, but its use is fully justified only at the final stage when we 
see that the limits of the numerator and denominator exist and the limit of the denomina- 
tor is not 0. 


Sa pie eae lim, (x? + 2x? — 1) 
lim ———— = —— (by Law 5) 
a) SSE ox lim, (ess) 


bit be Seinen se? = Than il 
Ye x=>=2 x= =2 
aa A 3 (by 1, 2, and 3) 
hii = 3) lho 


bee 


arr 


(—2)? + 2(-2? - 1 
= (by 9, 8, and 7) 
5 — 3(—2) ; 
meld 
ili 


NOTE If we let f(x) = 2x* — 3x + 4, then f(5) = 39. In other words, we would have 
gotten the correct answer in Example 2(a) by substituting 5 for x. Similarly, direct substi- 
tution provides the correct answer in part (b). The functions in Example 2 are a polynomial 
and a rational function, respectively, and similar use of the Limit Laws proves that direct 
substitution always works for such functions (see Exercises 55 and 56). We state this fact 
as follows. 


Direct Substitution Property If f is a polynomial or a rational function and a is in 
the domain of f, then 


lim f(x) = f(@) 


K=7a 
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FIGURE 2 
The graphs of the functions f (from 
Example 3) and g (from Example 4) 


Functions with the Direct Substitution Property are called continuous at a and will be 
studied in Section 2.5. However, not all limits can be evaluated by direct substitution, as the 
following examples show. 


x1 


EXAMPLE 3 gptitel lim 
xl x 
SOLUTION Let f(x) = (x? — 1)/(x — 1). We can’t find the limit by substituting x = 1 
because f(1) isn’t defined. Nor can we apply the Quotient Law, because the limit of the 
denominator is 0. Instead, we need to do some preliminary algebra. We factor the numer- 
ator as a difference of squares: 
Xe tee cet) ee 


= Il 39 = II 


The numerator and denominator have a common factor of x — 1. When we take the limit 
as x approaches 1, we have x # 1 and so x — 1 # 0. Therefore we can cancel the com- 
mon factor and compute the limit as follows: 


x7- 1 =) A=" 1) Gace dy) 
= ia —<$<$—$—$$ 


Se eel = JI 


= lim (x + 1) 
Nem 


1+1=2 


The limit in this example arose in Section 2.1 when we were trying to find the tangent to 
the parabola y = x’ at the point (1, 1). EER 


NOTE In Example 3 we were able to compute the limit by replacing the given function 
f(x) = (x? — 1)/(x — 1) by a simpler function, g(x) = x + 1, with the same limit. This is 
valid because f(x) = g(x) except when x = 1, and in computing a limit as x approaches 1 
we don’t consider what happens when x is actually equal to 1. In general, we have the fol- 
lowing useful fact. 


If f(x) = g(x) when x # a, then lim f(x) = lim g(x), provided the limits exist. 


EXAMPLE 4 Wi susvet lim g(x) where 


Fea ally ali see I] 
T iit 3e —* Ih 


SOLUTION Here g is defined at x = | and g(1) = 7, but the value of a limit as x 


approaches | does not depend on the value of the function at 1. Since g(x) = x + 1 for 
x ~ 1, we have 


lim g(x) = lim Ws cate rl) aa) Ea 


Note that the values of the functions in Examples 3 and 4 are identical except when 
x = | (see Figure 2) and so they have the same limit as x approaches 1. 
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2 GS Evaluate lim ne 
h—-0 
SOLUTION If we define 
3+ hy - 
F(h) = Bae eae. 


h 


then, as in Example 3, we can’t compute lim; 9 F(h) by letting h = 0 since F(0) is 
undefined. But if we simplify F(h) algebraically, we find that 


_ Pertesne) © 6h + h? 
h h 


=6+h 


F(h) 


(Recall that we consider only h ¥ 0 when letting h approach 0.) Thus 


34+ hy’r-9 
jim S* 9 < tim (6 +h) = 6 BEDS 


h>0 h 


i VP +9 -3 
SETI Find lim“, 


SOLUTION We can’t apply the Quotient Law immediately, since the limit of the denomi- 
nator is 0. Here the preliminary algebra consists of rationalizing the numerator: 


Vie + QD = 3 i wie ap = By ae) se 3} 
i>) ana : 


hi i a ee ee as 
= 72 a re Vaaoe 3 
(#7 +9) —9 
= | pep 
iD A ERD +3) 
iin 2 


t 
0 2/72 +9 + 3) 
] 
= ]j ee 
0 EO 43 


1 


lim (7729) 43 


eh i ready 
Site ane) 
This calculation confirms the guess that we made in Example 2 in Section 2.2. ssc} 


Some limits are best calculated by first finding the left- and right-hand limits. The fol- 
lowing theorem is a reminder of what we discovered in Section 2.2. It says that a two-sided 
limit exists if and only if both of the one-sided limits exist and are equal. 


[1] Theorem = lim f(x) = L if and only if lim f(x) =L = lim f(x) 


xa a Cee X-7a 


When computing one-sided limits, we use the fact that the Limit Laws also hold for one- 
sided limits. 
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SCE Show that lim |x| = 0. 


SOLUTION Recall that 


Ix | x if x = 0 
ig || = : 

— ee lien 
The result of Example 7 looks plausible 


from Figure 3. Since |x| = x for x > 0, we have 
lim |x| = lim x = 0 
x—0T x—0* 
For x < 0 we have |x| = —x and so 


lim |x| = lim. (—x) =0 


i Om 


Therefore, by Theorem 1, 
FIGURE 3 lim |x| =() 


x0 


am does not exist. 
x 


1 GY Prove that lim 


; j x ‘ x ‘ 
ay SOLUTION lim al = lim — = lim 1 = 1 

|x| > OEY x—>0t X x—0t 

— aes 1 
; x : Xx ; 
== cies lim — = lim (-1) = -1 
0 x x—>0- Xx x0 x x—>07- 
|| 
Since the right- and left-hand limits are different, it follows from Theorem | that 


lim,—o |x |/x does not exist. The graph of the function f(x) = |x|/x is shown in 
FIGURE 4 Figure 4 and supports the one-sided limits that we found. 


EXAMPLE 9 ite 


x 
See he <4 


= 4 =A i 4 


determine whether lim,—.4 f(x) exists. 


It is shown in Example 3 in SOLUTION Since f(x) = ./x — 4 for x > 4, we have 
Section 2.4 that lim,—9- /x = 0. 
lim f(x) = lim, VJx-4=/4-4=0 


Since f(x) = 8 — 2x for x < 4, we have 


VA 
lim f(x) = lim (8 — 2x) =8—2-4=0 
The right- and left-hand limits are equal. Thus the limit exists and 
: j : lim f(x) = 0 


FIGURE 5 The graph of f is shown in Figure 5. 


Other notations for [x] are [x] and Lx] The 
greatest integer function is sometimes called 
the floor function. 

A 


ey 
4+ e—o 


FIGURE 6 
Greatest integer function 


SS ——— 


FIGURE 7 
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20\gES) The greatest integer function is defined by [x] = the largest integer 
that is less than or equal to x. (For instance, [4] = 4, [4.8] = 4, [7] = 3, [2 | = 1, 
[-] = —1.) Show that lim,_.; [x] does not exist. 


SOLUTION The graph of the greatest integer function is shown in Figure 6. Since [x] = 3 
for 3 S x < 4, we have 


Since [x] = 2 for 2 < x < 3, we have 
lim [x] = lim 2=2 
Because these one-sided limits are not equal, lim,—.3 [x]] does not exist by Theorem 1. 
eon | 


The next two theorems give two additional properties of limits. Their proofs can be 
found in Appendix F. 


[2] Theorem If f(x) < g(x) when x is near a (except possibly at a) and the limits 
of f and g both exist as x approaches a, then 


lim f(x) S lim g(x) 


[3] The Squeeze Theorem If f(x) < g(x) S h(x) when x is near a (except 


possibly at a) and 


lim f(x) = lim A(x) = L 


xa X=? 4 


then lim! g(x) = 2 


2 Seal 2 


The Squeeze Theorem, which is sometimes called the Sandwich Theorem or the Pinch- 
ing Theorem, is illustrated by Figure 7. It says that if g(x) is squeezed between f(x) and 
h(x) near a, and if f and h have the same limit L at a, then g is forced to have the same 
limit L at a. 


ery | 
T GREE Show that lim x’ sin— = 0. 
x0 Be 
SOLUTION First note that we cannot use 
: foe a : Peas ai 
lim x~ sin — = lim x* : lim sin — 
x0 Xe x=) x0 ae 


because lim,—.o sin(1/x) does not exist (see Example 4 in Section 2.2). 
Instead we apply the Squeeze Theorem, and so we need to find a function f smaller 
than g(x) = x? sin(1/x) and a function h bigger than g such that both f(x) and h(x) 
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approach 0. To do this we use our knowledge of the sine function. Because the sine of 
any number lies between —1 and 1, we can write 


1 
[4] —1| <sin—<1 
x 


Any inequality remains true when multiplied by a positive number. We know that x = 0 
for all x and so, multiplying each side of the inequalities in |4} by Keio ret 


1 
ye at Sites 
x 
as illustrated by Figure 8. We know that 
limx« = and lim (—x”?) =0 
oo AN) to 
Taking f(x) = —x?, g(x) = x? sin(1/x), and h(x) = x* in the Squeeze Theorem, we 
obtain 
FIGURE 8 l 
y = x’ sin(1/x) lim x* sin — = 0 [Soci] 
x0 BXG 
23) Exercises 
1. Given that 3-9 Evaluate the limit and justify each step by indicating the 


1 ; appropriate Limit Law(s). 
lim f(x) =4 lim g(x) = —2 lim h(x) = 0 Ppprop 


pe 3. lim (5x7 — 3x* + x — 6) 
find the limits that exist. If the limit does not exist, explain why. 6G 


(a) lim [ f(x) + 59(2)] (b) lim [g(x) 4. lim (x* — 3x)(x* + Sx + 3) 
ee _ 3f (x) sae. 

(c) lim Vf (x) (Cah), Shins) tin S$ $< —<—= i Jus + 3ut+6 
fom x2 g(x) coos Die = Ye 2s D 6. iim, us + 3u + 6 
. GC) — g(x)h(x) : 

(e) lim (f) lin See : 2 ‘ 
Ne) v2 f(x) 7. tim (1 + Yx)(2— 6x7 + x7) 8 lim eat 

x> 32 \t t 
2. The graphs of f and g are given. Use them to evaluate each 
limit, if it exists. If the limit does not exist, explain why. D2 4 
soli 


10. (a) What is wrong with the following equation? 


j x>+x-6 see 
= i cs 
(a) lim [ f) + g(x)] (b) lim Liat) (b) In view of part (a), explain why the equation 
(c) lim [ f(x) g(x)] (d) lim f(x) rf x +x — 6 Gay 
ae rol g(x) tS on 
(e) lim [x *F(x)] (f) lim /3 + f(x) is correct. 
x2 x1 


Tae 2 * . . . 
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


11-32 Evaluate the limit, if it exists. 
= oT. ae 
iL tine eae pita ee 
x5 x — 5 r—>4 x* — 3x — 4 
. x? —5x+6 oh 
13, lim -—=** > ete 
xo x-5 sei yes 35 Hy) 
; Po 2x? + 3x + 1 
15. lim —~——_—_—_ bei 
3 2 + Tt + 3 De ae ae eae 
—5 +h) - gaa 
17. fn So eS 18 im oe 
h0 h h—0 h 
. lim ‘ 
x—>-2 al a ra r — | 
wise i = 3 / oe 
21. lim 22a ees 
h—0 h FRG Ra?) 
1 1 
47x eae tel 
D® “ F 
23. lim Ziel eee 
ad x ave | 
will ae == <yall 5 i 1 
25. lim 26. lim (2 = Ges 
ay t i-0 \ ¢t jie ts 
o. Ose _ B+h 1-37 
27. iim 1Gaue 28. lim ; 
29. li L u rye ei cabs. ra 
LT | eg ———— . lim 
0 t/1 ind: t x34 x+4 
i acd 
+ h che ie h 2 5 
Te ry ee SF bape I 
h-0 h h—0 h 
/M 33. (a) Estimate the value of 


34. 


35. 


lim 


oG 
A) ey NI agep ss =I) 
by graphing the function f(x) = x/(v1 + 3x — 1). 


(b) Make a table of values of f(x) for x close to 0 and guess 


the value of the limit. 
(c) Use the Limit Laws to prove that your guess is correct. 


(a) Use a graph of 


Aiea 3 
f(x) r 


to estimate the value of lim,_,) f(x) to two decimal 
places. 


(b) Use a table of values of f(x) to estimate the limit to four 


decimal places. 
(c) Use the Limit Laws to find the exact value of the limit. 


Use the Squeeze Theorem to show that 
lim,-+0 (x* cos 207rx) = 0. Illustrate by graphing the 


functions f(x) = —x?, g(x) = x? cos 207x, and A(x) = x* on 


the same screen. 
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36. 


37. 
38. 


39. 
40. 


41- 
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Use the Squeeze Theorem to show that 
: mg 
lim Vx3 + x? sin—=0 
t= Xx 


Illustrate by graphing the functions f, g, and h (in the 
notation of the Squeeze Theorem) on the same screen. 


Ifa 0's f(x) =x = 4x4 tora = 0, find lim f(x). 


If 2x < g(x) < x* — x? + 2 for all x, evaluate lim g(x). 
x21 
wa oe 
Prove that lim x*cos — = 0. 
ae 2 


Prove that lim, Rr i 
x0 


46 Find the limit, if it exists. If the limit does not exist, 


explain why. 


41. 


43. 


45. 


Meg se il 

lim (2x + |x — 3]) 42. lim — 
x3 x—-6 i + 6| 

; (eo All es ae 

] ——————— ea 
505 2a eeex a oa 2+x 

: l 1 ; i 1 
ian | = Ay, hee) || == <=> 
407 \ X | x | x>0t \ x |x| 


47. 


48. 


49. 


The signum (or sign) function, denoted by sgn, is defined by 


=(| ie SO 
senx = 0 if x=0 
IL tir ge > @ 


(a) Sketch the graph of this function. 
(b) Find each of the following limits or explain why it does 
not exist. 
(i) lim sgn x (11) lim sen x 
x>0t x07 
(iii) lim sgn x (iv) lim | sgn x| 


Let 
uh se <= Ih 


i ae 2 


x? + 1 
fx = ft? _ 9 


(a) Find lim,—1- f(x) and lim, —)+ f(x). 
(b) Does lim ,— f(x) exist? 
(c) Sketch the graph of f. 


v+x-6 
Let g(x) = eee 


(a) Find 


(1) lim g(x) 


X72 


(ii) lim g(a) 
(b) Does lim,—2 g(x) exist? 
(c) Sketch the graph of g. 
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= © : 
50. Let 57. If lim Oise eis 10, find lim fie. 
xi pe! - ie 
os itt oe 
3 if 58. If lim f &) = §, find the following limits. 
g(x) = 2) ives s Oe BRE 
ne Ne ioe a7) 
: Pete) 
x Be at xiea2 (a) lim f(x) (op) kira, ——— 
x0 x0 ae 
(a) Evaluate each of the following, if it exists. 59. If Seg iey 
(i) lim g(x) (ii) tim g(x) (iii) g(1) ie 1k if xis rational 
x=] Sle 2 = ore oye : 
; AEE f tional 
(iv) lim. g(x) (v) lim, g(x) (v1) lim g(x) QO if xis irrationa 
(b) Sketch the graph of g. prove that lim, +o f(x) = 0. 
anes iM, +. * atc 
51. (a) If the symbol [ ] denotes the greatest integer function 60. Show by means of oe me that lim, Lf) g(x)] Lh 
defined in Example 10, evaluate exist even though neither lim,—. f(x) nor lim,—< g(x) exists. 
(i) lim, [x] (i1) jim, [x] (iii) Jim | [x] 61. Show by means of an example that lim, —.[ f(x) g(x)] may 
(b) If n is an integer, evaluate exist even though neither lim,—. f(x) nor lim,— g(x) exists. 
OD a a _ yo=x-2 
(c) For what values of a does lim,—.. [x] exist? 62. Evaluate lim Ter ee 
52. Let f(x) = [cos x], -m<xS 7. 63, Is there a number a such that 
(a) Sketch the graph of fr | Boge ar ere 
(b) Evaluate each limit, if it exists. i << S—— 
Ras ar : x2 ee 38 
(i) lim f(x) (ii) Jim, f(x) 
Ps ae exists? If so, find the value of a and the value of the limit. 
(iti) Se FO) ay) ae F(x) 64. The figure shows a fixed circle C; with equation 


(x — 1)? + y? = 1 and a shrinking circle C) with radius r and 
center the origin. P is the point (0, r), Q is the upper point of 
intersection of the two circles, and R is the point of intersection 
of the line PQ and the x-axis. What happens to R as C shrinks, 
that is, as r > 07? 


(c) For what values of a does lim,—., f(x) exist? 


53. If f(x) = [x] + [-*], show that lim,_,, f(x) exists but is not 
equal to f(2). 


54. In the theory of relativity, the Lorentz contraction formula 
Di Bon! ix 02/2 


expresses the length L of an object as a function of its velocity 
v with respect to an observer, where Lo is the length of the 
object at rest and c is the speed of light. Find lim,—..- L and 
interpret the result. Why is a left-hand limit necessary? 


yA 


55. If p is a polynomial, show that lim, ., p(x) = p(a). 


56. If r is a rational function, use Exercise 55 to show that 
lim,_.,, r(x) = r(a) for every number a in the domain of r. 


2.4 | The Precise Definition of a Limit 


The intuitive definition of a limit given in Section 2.2 is inadequate for some purposes 
because such phrases as “x is close to 2” and “f(x) gets closer and closer to L” are vague. 
In order to be able to prove conclusively that 

cos 5x 


lim { x7 + 
r>0 10,000 


we must make the definition of a limit precise. 


= 0.0001 or 


It is traditional to use the Greek letter 5 
(delta) in this situation. 
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To motivate the precise definition of a limit, let’s consider the function 
; Wag — MN She oe 8) 
Gm on 
6 if x =3 
Intuitively, it is clear that when x is close to 3 but x 4 3, then f(x) is close to 5, and so 
lim,—3 f(x) = 5. 


To obtain more detailed information about how f(x) varies when x is close to 3, we ask 
the following question: 


How close to 3 does x have to be so that f(x) differs from 5 by less than 0.1? 


The distance from x to 3 is |x — 3| and the distance from f(x) to 5 is | f(x) — 5], so our 
problem is to find a number 6 such that 


lf@)-5|<01 if = |x-3/<8 butx 43 


If |x — 3| > 0, then x ¥ 3, soan equivalent formulation of our problem is to find a num- 
ber 6 such that 


Gao 0.le rite Oly ales 
Notice that if 0 < |x — 3| < (0.1)/2 = 0.05, then 


| f(x) — 5|. = | (2x — 1) — 5| = |2x - 6| = 2|x — 3| < 210.05) = 0.1 


that is, fa Sla01” “if “0=|x—3) 005 


Thus an answer to the problem is given by 6 = 0.05; that is, if x is within a distance of 
0.05 from 3, then f(x) will be within a distance of 0.1 from 5. 

If we change the number 0.1 in our problem to the smaller number 0.01, then by using 
the same method we find that f(x) will differ from 5 by less than 0.01 provided that x dif- 
fers from 3 by less than (0.01)/2 = 0.005: 


If) —5|<001 if O<|x—3|<0.005 


Similarly, 


|f)-—5|<0001 if O0<|x-3|<0.0005 


The numbers 0.1, 0.01, and 0.001 that we have considered are error tolerances that we 
might allow. For 5 to be the precise limit of f(x) as x approaches 3, we must not only be 
able to bring the difference between f(x) and 5 below each of these three numbers; we 
must be able to bring it below any positive number. And, by the same reasoning, we can! If 
we write ¢ (the Greek letter epsilon) for an arbitrary positive number, then we find as 
before that 


[1] f= s|<e if O<|x-3/<d=— 


This is a precise way of saying that f(x) is close to 5 when x is close to 3 because [1] says 
that we can make the values of f(x) within an arbitrary distance ¢ from 5 by taking the val- 
ues of x within a distance ¢/2 from 3 (but x ¥ 3). 
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FIGURE 1 


when x is in here 


(x # 3) 


FIGURE 2 


Note that [1] can be rewritten as follows: 
if 3-8<x<3+6 (x43) then 5—e<f(x)<5te 


and this is illustrated in Figure 1. By taking the values of x (# 3) to lie in the interval 
(3 — 6,3 + 8) we can make the values of f(x) lie in the interval (5 — 6,5 + S); 
Using [1] as a model, we give a precise definition of a limit. 


[2] Definition Let f be a function defined on some open interval that contains the 
number a, except possibly at a itself. Then we say that the limit of f(x) as x 
approaches a is L, and we write 


lim f(x) =L 


xa 


if for every number e > 0 there is a number 6 > 0 such that 


te Oe Sen then les) I< 


Since |x — a| is the distance from x to a and | f(x) — L| is the distance from f(x) to L, 
and since ¢ can be arbitrarily small, the definition of a limit can be expressed in words 
as follows: 


lim,—. f(x) = L means that the distance between f(x) and L can be made arbitrarily small 
by taking the distance from x to a sufficiently small (but not 0). 


Alternatively, 


lim, +a f(x) = L means that the values of f(x) can be made as close as we please to L 
by taking x close enough to a (but not equal to a). 


We can also reformulate Definition 2 in terms of intervals by observing that the in- 
equality |x — a| < 6 is equivalent to —5 < x — a < 6, which in turn can be written 
as a—- 8<x<a+t6. Also 0 < |x —a| is true if and only if x — a £0, that is, 
x ¥ a. Similarly, the inequality | f(x) — L| < « is equivalent to the pair of inequalities 
L-—e< f(x) <L+«. Therefore, in terms of intervals, Definition 2 can be stated 
as follows: 


lim,—a f(x) = L means that for every « > 0 (no matter how small ¢ is) we can find 
6 > 0 such that if x lies in the open interval (a — 6, a + 6) and x # a, then f(x) lies in 
the open interval (L — e,L + ). 


We interpret this statement geometrically by representing a function by an arrow diagram 
as in Figure 2, where f maps a subset of R onto another subset of R. 


ana eet aE 


ce % f(a) f(x) 


The definition of limit says that if any small interval (L — ¢, L + e)is given around L, then 
we can find an interval (a — 6,a + 6) around a such that f maps all the points in 
(a — 6,a + 8) (except possibly a) into the interval (L — s, L + «). (See Figure 3.) 
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FIGURE 3 Gia Grab) bts I Shee 


Another geometric interpretation of limits can be given in terms of the graph of a func- 
tion. If e > 0 is given, then we draw the horizontal lines y = L + ¢ and y =L-— eand 
the graph of f. (See Figure 4.) If lim,—, f(x) = L, then we can find a number 6 > 0 such 
that if we restrict x to lie in the interval (a — 6,a + 6) and take x ¥ a, then the curve 
y = f(x) lies between the lines y = L — ¢ and y= L + e. (See Figure 5.) You can see 
that if such a 6 has been found, then any smaller 6 will also work. 

It is important to realize that the process illustrated in Figures 4 and 5 must work for 
every positive number e, no matter how small it is chosen. Figure 6 shows that if a smaller 
é€ is chosen, then a smaller 6 may be required. 


YA 

f(x) 
is in 
here 

a= 16) a+6 

when x is in here 

(x # a) 
FIGURE 4 FIGURE 5 FIGURE 6 


0 \id"e) Use a graph to find a number 6 such that 


if eae a) then KE Sense Oy = | ys 


In other words, find a number 6 that corresponds to e = 0.2 in the definition of a limit 
for the function f(x) = x? — 5x + 6 witha = 1 and L = 2. 


SOLUTION A graph of f is shown in Figure 7; we are interested in the region near the 
point (1, 2). Notice that we can rewrite the inequality 


| (x3 -— 5x + 6) - 2|< 02 
FIGURE 7 


as ie Stee = NO) OD 


2.3 


So we need to determine the values of x for which the curve y = x* — 5x + 6 lies 
between the horizontal lines y = 1.8 and y = 2.2. Therefore we graph the curves 
y =x? — 5x + 6, y = 1.8, and y = 2.2 near the point (1, 2) in Figure 8. Then we use 
the cursor to estimate that the x-coordinate of the point of intersection of the line y = 2.2 
and the curve y = x° — 5x + 6 is about 0.911. Similarly, y = x* — 5x + 6 intersects 
0.8 \ - ; “N's the line y = 1.8 when x ~ 1.124. So, rounding to be safe, we can say that 

Wi 
FIGURE 8 if 92s eel 2 then 18<x?-—5x+6<2.2 


112 CHAPTER 2 


In Module 2.4/2.6 you can explore the 
precise definition of a limit both graphically and 


numerically. 


LIMITS AND DERIVATIVES 


y=4x-5 


FIGURE 9 


= 


This interval (0.92, 1.12) is not symmetric about x = 1. The distance from x = | to the 
left endpoint is 1 — 0.92 = 0.08 and the distance to the right endpoint is 0.12. We can 
choose 6 to be the smaller of these numbers, that is, 6 = 0.08. Then we can rewrite our 
inequalities in terms of distances as follows: 


if) oh eal 210.08 peep then | (cr p50 AO rae) a0 


This just says that by keeping x within 0.08 of 1, we are able to keep f(x) within 0.2 
Ofi27 

Although we chose 6 = 0.08, any smaller positive value of 6 would also have 
worked. ERE. 


The graphical procedure in Example | gives an illustration of the definition for e = 0.2, 
but it does not prove that the limit is equal to 2. A proof has to provide a 6 for every €. 

In proving limit statements it may be helpful to think of the definition of limit as a chal- 
lenge. First it challenges you with a number e. Then you must be able to produce a suitable 
8. You have to be able to do this for every ¢ > 0, not just a particular e. 

Imagine a contest between two people, A and B, and imagine yourself to be B. Person A 
stipulates that the fixed number L should be approximated by the values of f(x) to within a 
degree of accuracy « (say, 0.01). Person B then responds by finding a number 6 such that if 
0 < |x — a| < 6, then | f(x) — L| < e. Then A may become more exacting and challenge 
B with a smaller value of ¢ (say, 0.0001). Again B has to respond by finding a correspon- 
ding 5. Usually the smaller the value of ¢, the smaller the corresponding value of 6 must be. 
If B always wins, no matter how small A makes «, then limzsefa) = 


Wd Gea Prove that lim (4x — 5) =7. 


SOLUTION 
1. Preliminary analysis of the problem (guessing a value for 6). Let € be a given 
positive number. We want to find a number 6 such that 


fee 42mm ten) | (4x.= 5) 7] ae 


But | (4x — 5) — 7| = |4x — 12| = |4(« — 3)| = 4|x — 3|. Therefore we want 6 
such that 


ie Ore re — 93, |= One then wnt ee oa re 


E 


that is, 1G O55) Feae syn Omd eathen Poe his, 


This suggests that we should choose 6 = &/4. 


2. Proof (showing that this 6 works). Given e > 0, choose 6 = &/4. If 
O< |x 3i) = 6, then 


| 4x.— 5) — 7| =|4x - 12| = alr 3] <49=4(£] =¢ 


Thus 
if uO) <n 0 we emtnien (405) Tee 
Therefore, by the definition of a limit, 


lim (4x —5) =7 


This example is illustrated by Figure 9. CEE 


Cauchy and Limits 


After the invention of calculus in the 17th cen- 
tury, there followed a period of free development 
of the subject in the 18th century. Mathemati- 
cians like the Bernoulli brothers and Euler were 
eager to exploit the power of calculus and boldly 
explored the consequences of this new and won- 
derful mathematical theory without worrying too 
much about whether their proofs were 
completely correct. 

The 19th century, by contrast, was the Age of 
Rigor in mathematics. There was a movement to 
go back to the foundations of the subject—to 
provide careful definitions and rigorous proofs. 
At the forefront of this movement was the 
French mathematician Augustin-Louis Cauchy 
(1789-1857), who started out as a military engi- 
neer before becoming a mathematics professor 
in Paris. Cauchy took Newton's idea of a limit, 
which was kept alive in the 18th century by the 
French mathematician Jean d'Alembert, and 
made it more precise. His definition of a limit 
reads as follows: “When the successive values 
attributed to a variable approach indefinitely a 
fixed value so as to end by differing from it by 
as little as one wishes, this last is called the 
limit of all the others.” But when Cauchy used 
this definition in examples and proofs, he often 
employed delta-epsilon inequalities similar to 
the ones in this section. A typical Cauchy proof 
starts with: “Designate by 6 and e two very 
small numbers; .. ." He used e because of the 
correspondence between epsilon and the French 
word erreur and 6 because delta corresponds to 
difference. Later, the German mathematician 
Karl Weierstrass (1815-1897) stated the defini- 
tion of a limit exactly as in our Definition 2. 
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Note that in the solution of Example 2 there were two stages—guessing and proving. 
We made a preliminary analysis that enabled us to guess a value for 6. But then in the sec- 
ond stage we had to go back and prove in a careful, logical fashion that we had made a cor- 
rect guess. This procedure is typical of much of mathematics. Sometimes it is necessary to 
first make an intelligent guess about the answer to a problem and then prove that the guess 
1S correct. 

The intuitive definitions of one-sided limits that were given in Section 2.2 can be pre- 
cisely reformulated as follows. 


[3] Definition of Left-Hand Limit 


lim. f(x) = 


if for every number ¢ > 0 there is a number 5 > 0 such that 


if * Va 0 = haa wy Sthen Cm ae 


[4] Definition of Right-Hand Limit 


if for every number e¢ > 0 there is a number 6 > O such that 


ieee oe Omeethen Ae) = 1h es 


Notice that Definition 3 is the same as Definition 2 except that x is restricted to lie in the 
left half (a — 6, a) of the interval (a — 6, a + 8). In Definition 4, x is restricted to lie in the 
right half (a, a + 6) of the interval (a — 6,a + 8). 


(2 GSZEEI Use Definition 4 to prove that lim jx = 0. 


oO 


SOLUTION 
1. Guessing a value for 6. Let € be a given positive number. Here a = 0 and L = 0, 
so we want to find a number 6 such that 


[ve = Ole 
Vee 


or, squaring both sides of the inequality Jx <8, we get 


if Oo then 


that is, if ORS a0) then 


if O=7= 0 then xe 


This suggests that we should choose 6 = e”. 
2. Showing that this 6 works. Given e > 0, let 6 = e*. If 0 < x < 6, then 


N= 0 0 
so |vx -—O|<e 


According to Definition 4, this shows that lim ,—o+ vx = 0, 
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SQMAIRY Prove that lim x= 9, 
SOLUTION 
1. Guessing a value for 6. Let e > 0 be given. We have to find a number 6 > 0 
such that 
if 0< |= 3| —aaethen cemome) || cane 


To connect |x? — 9| with |x — 3| we write |x? — 9| = | (x + 3)(x — 3)|. Then we 
want 
if O eeelvtel3) oro then [tee eae See 


Notice that if we can find a positive constant C such that |x + 3 == Cmthien 
[aaverane jl ue wetleees Cl chi 


and we can make C|x — 3| < « by taking |x — 3| < e/C = 6. 

We can find such a number C if we restrict x to lie in some interval centered at 3. 
In fact, since we are interested only in values of x that are close to 3, it is reasonable 
to assume that x is within a distance | from 3, that is, |x — 3 | <a le nena ee 
so5 <x +3 <7. Thus we have |x + 3 | < 7, and so C = 7 is a suitable choice for 
the constant. 

But now there are two restrictions on |x — 3 


, hamely 


ee SRG and 3 |e ees 


To make sure that both of these inequalities are satisfied, we take 6 to be the smaller of 
the two numbers | and ¢/7. The notation for this is 6 = min{1, e/7}. 

2. Showing that this 5 works. Given e > 0, let 6 = min{1, e/7}. If 0 < |x — 3| < 6, 
then. ae 3.|9 a 02 — aad ee ee 
Waele eo) tars 


< 7 (as in part 1). We also have 


nm 


|x Sa Ri cataeN eee sah a on 


This shows that lim,.3.x* = 9. ia 

As Example 4 shows, it is not always easy to prove that limit statements are true 
using the e, 6 definition. In fact, if we had been given a more complicated function such as 
f(x) = (6x? — 8x + 9)/(2x? — 1), a proof would require a great deal of ingenuity. Fortu- 
nately this is unnecessary because the Limit Laws stated in Section 2.3 can be proved using 
Definition 2, and then the limits of complicated functions can be found rigorously from the 
Limit Laws without resorting to the definition directly. 

For instance, we prove the Sum Law: If lim,—., f(x) = L and lim,.., g(x) = M both 
exist, then 


lim [f(x) + g(@x)] = L + M 


The remaining laws are proved in the exercises and in Appendix F, 
PROOF OF THE SUMLAW Let € > 0 be given. We must find 6 > 0 such that 


if 0 alhoana ap) then | Fe) eg) te ees 


Triangle Inequality: 
la + b| <|a| + |d| 


(See Appendix A.) 
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Using the Triangle Inequality we can write 
[5] | f(x) + gx) — © + M)| = | FQ) — LD) + (g(x) - M)| 
< | f(x) — L| + |g(x) — M| 


We make | f(x) + g(x) — (L + M)| less than ¢ by making each of the terms | f(x) — L| 
and | g(x) — M| less than ¢/2. 
Since e/2 > 0 and lim,-., f(x) = L, there exists a number 6, > 0 such that 


if O<|x—a|<8, then ea Hiae 


Similarly, since lim, g(x) = M, there exists a number 6, > 0 such that 


E 


if Ox — Gi 10>, then |g@x) — M| <> 


Let 6 = min{6,, 62}, the smaller of the numbers 6; and 63. Notice that 
if Oe Oe theme 0 all a es Oneal ec 


E 


and so (fx) — Tie & and |g(x) — M| <5 


2D 

Therefore, by [5], 
| F(x) + g(x) — L + M)| S| FG) — L] + [g(x) — M| 
<< 


AP eS 


as 1 
Je ke 


To summarize, 
if QE S6 | imaen Gila ed then Le) g(x) = Ure! )i| 2s 
Thus, by the definition of a limit, 
lim [fO) + g@)]=L+M =m 


WS Infinite Limits 


Infinite limits can also be defined in a precise way. The following is a precise version of Defi- 
nition 4 in Section 2.2. 


[ 6 | Definition Let f be a function defined on some open interval that contains the 
number a, except possibly at a itself. Then 


lim f(x) = © 


means that for every positive number M there is a positive number 6 such that 


pi Oewlite—-a|i-o@ wethen (4) ai 
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This says that the values of f(x) can be made arbitrarily large (larger than any given 
number M) by taking x close enough to a (within a distance 6, where 6 depends on M, but 
with x ~ a). A geometric illustration is shown in Figure 10. 

Given any horizontal line y = M, we can find a number 6 > 0 such that if we restrict x 
to lie in the interval (a — 6, a + 8) but x ¥ a, then the curve y = f(x) lies above the line 
y = M. You can see that if a larger M is chosen, then a smaller 6 may be required. 


yD, 


5 = 


i 
1 (QE Use Definition 6 to prove that lim 
X-70) X 


SOLUTION Let M be a given positive number. We want to find a number 6 such that 


FIGURE 10 
if 9 00 =< iyi 67 amined Wee mei 
] : 1 1 
But We ee Oe eae [<1 
Le M JM 
So if we choose 6 = 1//M and0 < |x| << 6= 1/,/M, then 1/x? > M. This shows that 
I/x? > ~asx—0. nro 
YA Similarly, the following is a precise version of Definition 5 in Section 2.2. It is illus- 


trated by Figure 11. 


Definition Let f be a function defined on some open interval that contains the 
number a, except possibly at a itself. Then 


lim f(x) = -—© 


xa 


FIGURE 11 means that for every negative number WN there is a positive number 6 such that 


if 0'< |e aio then lately 


[aS Exercises 


1. Use the given graph of f to find a number 6 such that 2. Use the given graph of f to find a number 6 such that 
if ee = ieee then Aes Ah eal if Ole ol = oO then AGS Sees a 
yA yA 
il Des 
] Ss 
0.8 ite a me 
| 15 | 
| | 
| | 
| | 
+ > 
0 Om fs 11 x 0 + > 
ORS moss x 


YY : ' [eas 
Graphing calculator or computer required CAS) Computer algebra system required 1. Homework Hints available at stewartcalculus.com 


3. Use the given graph of f(x) = \/x to find a number 6 such 
that 


if |x—4|/<6 ™ ‘then 


| Vx —2|<04 


a (alts 


4. Use the given graph of f(x) = x? to find a number 6 such 
that 


eel =O. then ia) x eat |< 


5. Use a graph to find a number 6 such that 


if ra <6 then |tanx —1|<02 


6. Use a graph to find a number 6 such that 


ifeien rte eros Wither 


7. For the limit 


lim (x* — 3x + 4) = 6 


a= 


illustrate Definition 2 by finding values of 6 that correspond 
toe = 0.2 ande= 0.1. 


/f 8. For the limit 


Ge = i 
hit) $$ 
x0 xX 
illustrate Definition 2 by finding values of 6 that correspond 
tos = 0.5 and e = 0.1. 


9. Given that lim,—./2 tan’x = ©, illustrate Definition 6 by 
finding values of 6 that correspond to (a) M = 1000 and 
(b) M = 10,000. 


10. Use a graph to find a number 6 such that 


See 100 


i <5+6 th — 
if Sane 5) 9) en eo 
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11. A machinist is required to manufacture a circular metal disk 
with area 1000 cm’. 

(a) What radius produces such a disk? 

(b) If the machinist is allowed an error tolerance of +5 cm? 
in the area of the disk, how close to the ideal radius in 
part (a) must the machinist control the radius? 

(c) In terms of the e, 6 definition of lim... f(x) = L, what 
is x? What is f(x)? What is a? What is L? What value of 
€ is given? What is the corresponding value of 6? 


12. A crystal growth furnace is used in research to determine 


how best to manufacture crystals used in electronic compo- 
nents for the space shuttle. For proper growth of the crystal, 
the temperature must be controlled accurately by adjusting 
the input power. Suppose the relationship is given by 


T(w) = 0.1w? + 2.155w + 20 


where T is the temperature in degrees Celsius and w is the 

power input in watts. 

(a) How much power is needed to maintain the temperature 
at 200°C ? 

(b) If the temperature is allowed to vary from 200°C by up 
to +1°C, what range of wattage is allowed for the input 
power? 

(c) In terms of the e, 6 definition of lim,—, f(x) = L, what 
is x? What is f(x)? What is a? What is L? What value of 
€ is given? What is the corresponding value of 6? 


13. (a) Find a number 6 such that if |x — 2| < 6, then 
|4x — 8| < e, where e = 0.1. 
(b) Repeat part (a) with e = 0.01. 


14. Given that lim,..(5x — 7) = 3, illustrate Definition 2 by 
finding values of 6 that correspond to « = 0.1, e = 0.05, 
and e = 0.01. 


15-18 Prove the statement using the e, 6 definition of a limit and 
illustrate with a diagram like Figure 9. 
15. lim (1 +4x)=2 16. lim (2x — 5) =3 


AT ira 4) aa 18. lim (3x + 5) = —1 


19-32 Prove the statement using the e, 6 definition of a limit. 


2+4 
19. lim 2 20. lim (3 — $x) = —5 
5 all 3 x— 10 
x6 Stee © 
21. lim as Bo. a, Ter] =5 22. Jim . aTaaD = 6 
23. lim x = a 24. lim c=c 
25. lim x? = 26. lim x =) 
x0 Y= 
27. lim |x| = 0 28. lim ¥6+x =0 
x0 x——61 
29. lim (x? — 4x + 5) = 1 30. lim (x? ++ 2x -—7)=1 


a) \ 
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31. him w-)=3 


32. limx'=8 the limit is L. Take © = 5 in the definition of a limit and try 


to arrive at a contradiction.] 


33. Verify that another possible choice of 5 for showing that 
fim..; x" = 9 in Example 4 is 5 = min{2. 2/8}. 


3 Verify, by a geometric armument, that the largest pos- 


39. If the function f is defined by 


“w 0 if xis rational 
i= 1 if xis irrational 


sible choice of 5 for showing that lim,—...x* = 9 is 


> 


§= /9 +5 —3. 


prove that lim.— f(x) does not exist. 


S&S 3S. (@) For the limit lim,—., (x° + x + 1) = 3, use a graph to 40. By comparing Definitions 2. 3, and 4, prove Theorem 1 in 
find a value of 5 that corresponds to « = 0.4. Section.2.3. 


(b) By using a computer algebra system to solve the cubic 


equation x° + x + 1 =3 + «, find the largest possible a1. 


How close to —3 do we have to take x so that 


value of 5 that works for any given > 0. 


(c) Pat s = 04 im your answer to part (b) and compare with (x + 3) 


your answer to part (2). 


I i 
3% Prove that im — = — 


rz 


37. Prove that lim yr= vaifa>a 


> 10,000 


42. Prove, using Definition 6, that im t——~] = 
3 x>-3 (x + 3) 


43. Prove that lim Inx = —-&, 
x 


44. Suppose that lim... f(x) = © and lim,_.. g(x) = c, where c 


: = ~ x—a is a real number. Prove each statement. 
Hine: Use [fx — Ya |= (a) lim [f(@) + g@] == 
38. If H is the Heaviside function defined in Example 6 in Sec- (b) lim[f(@ga)]== if c>0 
tion 2.2. prove, using Definition 2, that lim... H(z) does not git 
exist. [Hinr> Use an indirect proof as follows. Suppose that (c) lim[f(@)g@]= —-= if c<0 


| 25 | Continuity 


ee 


As Wustated in Rgure 1, if f is continuous 
then the poms (x, f(a) on He Ganh of F 
Snpraach the pomt (¢, 7a) on the graph. So 
there S NO Gap im the curve 


ya 
y= fu 
Fix 
i : x 
approaches + fia) -———— + 
fie). | < 
7 ——— > 
u es Mie win 


As x approaches a, 


FIGURE 1 


We noticed in Section 2.3 that the limit of a function as x approaches a can often be found 
simply by calculating the value of the function at a. Functions with this property are called 
continuous at a. We will see that the mathematical definition of continuity corresponds 
closely with the meaning of the word continuity in everyday language. (A continuous 
process is One that takes place gradually. without interruption or abrupt change.) 


1 Definition A function 7 is continuous at a number a if 


lim f(x) = f(a) 


Notice that Definition | implicitly requires three things if f is continuous at a: 


1. f(a) is defined (that is, a is in the domain of f) 


2. lim f(x) exists 


—~ 


3 lim f(x) = fla) 


The definition says that 7 is continuous at a if f(x) approaches f(a) as x approaches a. 
Thus a continuous function 7 has the property that a small change in x produces only a 


YA 


FIGURE 2 
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small change in f(x). In fact, the change in f(x) can be kept as small as we please by keep- 
ing the change in x sufficiently small. 

If f is defined near a (in other words, f is defined on an open interval containing a, 
except perhaps at a), we say that f is discontinuous at a (or f has a discontinuity at a) if 
f is not continuous at a. 

Physical phenomena are usually continuous. For instance, the displacement or velocity 
of a vehicle varies continuously with time, as does a person’s height. But discontinuities 
do occur in such situations as electric currents. [See Example 6 in Section 2.2, where the 
Heaviside function is discontinuous at 0 because lim,_.) H(t) does not exist. ] 

Geometrically, you can think of a function that is continuous at every number in an 
interval as a function whose graph has no break in it. The graph can be drawn without 
removing your pen from the paper. 


(2202539 Figure 2 shows the graph of a function f, At which numbers is f discontinu- 
ous? Why? 


SOLUTION It looks as if there is a discontinuity when a = | because the graph has a break 
there. The official reason that fis discontinuous at | is that f(1) is not defined. 

The graph also has a break when a = 3, but the reason for the discontinuity is differ- 
ent. Here, f(3) is defined, but lim,—.; f(x) does not exist (because the left and right limits 
are different). So f is discontinuous at 3. 

What about a = 5? Here, f(5) is defined and lim,—.; f(x) exists (because the left and 
right limits are the same). But 


lim f(x) # (5) 


So f is discontinuous at 5. ca 
Now let’s see how to detect discontinuities when a function is defined by a formula. 


1% (2A Where are each of the following functions discontinuous? 
] 


ila ae it 0 
ONO ae (b) fe) = 4x? ~~ 
is il ie se = © 
x*>-x-2 
SS hiss 2 
(f=, x-2 °° () f(x) = [a 
il iit oe = ® 
SOLUTION 


(a) Notice that f(2) is not defined, so fis discontinuous at 2. Later we'll see why /f is 
continuous at all other numbers. 


(b) Here f(0) = 1 is defined but 


Hi, fs) = im 


2 
Xx 


does not exist. (See Example 8 in Section 2.2.) So fis discontinuous at 0. 
(c) Here f(2) = 1 is defined and 
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exists. But 
lim f(x) 4 £2) 


so f is not continuous at 2. 

(d) The greatest integer function f(x) = [x] has discontinuities at all of the integers 
because lim,_., [x] does not exist if n is an integer. (See Example 10 and Exercise 51 in 
Section 2.3.) [ent] 


Figure 3 shows the graphs of the functions in Example 2. In each case the graph can’t be 
drawn without lifting the pen from the paper because a hole or break or jump occurs in the 
graph. The kind of discontinuity illustrated in parts (a) and (c) is called removable because 
we could remove the discontinuity by redefining f at just the single number 2. [The func- 
tion g(x) = x + 1 is continuous.] The discontinuity in part (b) is called an infinite discon- 
tinuity. The discontinuities in part (d) are called jump discontinuities because the function 
‘Sumps” from one value to another. 


yA 


(a) f(x) == 


FIGURE 3 
Graphs of the functions in Example 2 


[2] Definition A function f is continuous from the right at a number a if 
tim f(x) = f(@) 


and f is continuous from the left at a if 


lim f(x) = f(a) 


oral 


BON" lates At each integer n, the function f(x) = [x] [see Figure 3(d)] is continuous 
from the right but discontinuous from the left because 


Jim fQ) = lim, [x] = 2 = fm) 


but tim f(x) = lim [x] =n - 14 f(r) =a 


[3] Definition A function f is continuous on an interval if it is continuous at 
every number in the interval. (If f is defined only on one side of an endpoint of the 
interval, we understand continuous at the endpoint to mean continuous from the 
right or continuous from the left.) 


FIGURE 4 
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SOW etsy Show that the function f(x) = 1 — V1 — x? is continuous on the 


interval [—1, 1]. 


SOLUTION If -l <a < 1, then using the Limit Laws, we have 


lim f(x) = lim (1 — /1 — x?) 


=1-lm v1 - x? (by Laws 2 and 7) 
x—a 
=1—  /lim(1 — x?) (by LL) 
Vira : 
= L/h (by 2, 7, and 9) 
= f(a) 
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Thus, by Definition |, f is continuous at a if —1 <a < 1. Similar calculations show that 


lim, f(x) = 1=f(-1) and lim f(x) = 1=f() 


so f is continuous from the right at —1 and continuous from the left at 1. Therefore, 


according to Definition 3, f is continuous on [—1, 1]. 


The graph of f is sketched in Figure 4. It is the lower half of the circle 


x+(y-1?=1 


Instead of always using Definitions 1, 2, and 3 to verify the continuity of a function as 
we did in Example 4, it is often convenient to use the next theorem, which shows how to 


build up complicated continuous functions from simple ones. 


[4] Theorem If f and g are continuous at a and c is a constant, then the following 


functions are also continuous at a: 


Litzeg asd aed daGh 


4. fg 5. J if gia) # 0 
gy 


PROOF Each of the five parts of this theorem follows from the corresponding Limit Law 
in Section 2.3. For instance, we give the proof of part 1. Since f and g are continuous at 


a, we have 


lim f(x) = f(a) and lim g(x) = gla) 


Therefore 
lim (f + g)(x) = lim [ f(x) + gia)] 


= lim f(x) + lim g(x) (by Law 1) 


i 


= f(a) + gla) 
= (f + g)(a) 


This shows that f + g is continuous at a. 
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It follows from Theorem 4 and Definition 3 that if f and g are continuous on an interval, 
then so are the functions f + g, f — g, cf, fg, and (if g is never 0) f/g. The following theo- 
rem was stated in Section 2.3 as the Direct Substitution Property. 


[5 | Theorem 


(a) Any polynomial is continuous everywhere; that is, it is continuous on 


R = (—%™, ©), . 
(b) Any rational function is continuous wherever it is defined; that is, it 1s contin- 
uous on its domain. 


PROOF 
(a) A polynomial is a function of the form 


P(x) tee recat eat F cx to 
Wwhereico, Cis +. > c, are constants. We know that 
lim co = Co (by Law 7) 
x—a 
and lim x” = a” (i= A Pee (by 9) 


ta 


This equation is precisely the statement that the function f (x) = x” is a continuous 
function. Thus, by part 3 of Theorem 4, the function g(x) = cx” is continuous. Since P 
is a sum of functions of this form and a constant function, it follows from part 1 of 
Theorem 4 that P is continuous. 


(b) A rational function is a function of the form 


us P(x) 
Q(x) 


f(x) 


where P and Q are polynomials. The domain of f is D = {x € R | Q(x) + 0}. We know 
from part (a) that P and Q are continuous everywhere. Thus, by part 5 of Theorem 4, 
f is continuous at every number in D. kale 


As an illustration of Theorem 5, observe that the volume of a sphere varies continuously 
with its radius because the formula V(r) = {7r* shows that V is a polynomial function 
of r. Likewise, if a ball is thrown vertically into the air with a velocity of 50 ft/s, then the 
height of the ball in feet t seconds later is given by the formula h = 50t — 16°. Again this 
is a polynomial function, so the height is a continuous function of the elapsed time. 

Knowledge of which functions are continuous enables us to evaluate some limits very 
quickly, as the following example shows. Compare it with Example 2(b) in Section 2.3. 


xi + 2x? - 
SUIS Find lim —— 
x—-2 == he 
SOLUTION The function 
x? + 2x? — 1 
aie 
f(x) aula 


is rational, so by Theorem 5 it is continuous on its domain, which is {x | x#F 3} 


P(cos 6, sin @) 


FIGURE 5 


Another way to establish the limits in [6] is 

to use the Squeeze Theorem with the inequality 
sin 6 < @(for @ > 0), which is proved in 
Section 3.3. 


FIGURE 6 y=tanx 


The inverse trigonometric functions are reviewed 
in Section 1.6. 
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Therefore 
fen x Cr ex | ‘aren 
ee aes Jim fQ) = f(—2) 
A ee ase (= 2) 
5 = 93(=2) 11 


It turns out that most of the familiar functions are continuous at every number in their 
domains. For instance, Limit Law 10 (page 100) is exactly the statement that root functions 
are continuous. 

From the appearance of the graphs of the sine and cosine functions (Figure 18 in Section 
1.2), we would certainly guess that they are continuous. We know from the definitions of 
sin 6 and cos 6 that the coordinates of the point P in Figure 5 are (cos 0, sin 6). As @— 0, 
we see that P approaches the point (1, 0) and so cos @ — | and sin 6 — 0. Thus 

[6| lim cos 6 = 1 lim sin 6 = 0 

60 6-0 
Since cos 0 = 1 and sin = 0, the equations in [6] assert that the cosine and sine func- 
tions are continuous at 0. The addition formulas for cosine and sine can then be used to 
deduce that these functions are continuous everywhere (see Exercises 60 and 61). 
It follows from part 5 of Theorem 4 that 


is continuous except where cos x = 0. This happens when x is an odd integer multiple of 
ar/2, So y = tan x has infinite discontinuities when x = +7/2, +32/2, +57/2, and so on 
(see Figure 6). 

The inverse function of any continuous one-to-one function is also continuous. (This 
fact is proved in Appendix F, but our geometric intuition makes it seem plausible: The graph 
of f | is obtained by reflecting the graph of f about the line y = x. So if the graph of f 
has no break in it, neither does the graph of f~'.) Thus the inverse trigonometric functions 
are continuous. 

In Section 1.5 we defined the exponential function y = a* so as to fill in the holes in the 
graph of y = a“ where x is rational. In other words, the very definition of y = a* makes 
it a continuous function on R. Therefore its inverse function y = log, x is continuous 
on (0, ©). 


[7] Theorem The following types of functions are continuous at every number in 


their domains: 
polynomials rational functions root functions 
trigonometric functions inverse trigonometric functions 
exponential functions logarithmic functions 


= In x + tan ‘x 


Seta Where is the function f(x) = - 


= | 


continuous? 


SOLUTION We know from Theorem 7 that the function y = Inx is continuous for x > 0 
and y = tan 'x is continuous on R. Thus, by part 1 of Theorem 4, y = Inx + tan 'y is 


continuous on (0, %). The denominator, y = x° — 1, is a polynomial, so it is continuous 
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This theorem says that a limit symbol can be 
moved through a function symbol if the function 
is continuous and the limit exists. In other words, 
the order of these two symbols can be reversed. 


everywhere. Therefore, by part 5 of Theorem 4, f is continuous at all positive numbers x 


except where x* — 1 = 0. So f is continuous on the intervals (0, 1) and (1, ~). a 
sin x 
PCV iyiawe Evaluate lim —————. 


SOLUTION Theorem 7 tells us that y = sin x is continuous. The function in the denomi- 
nator, y = 2 + cos x, is the sum of two continuous functions and is therefore continuous. 
Notice that this function is never 0 because cos x = —1 for all x and so 2 + cos x = 0 
everywhere. Thus the ratio 


dese sin x 


De ACOSEG 
is continuous everywhere. Hence, by the definition of a continuous function, 


sin x sin 7 0 
li if _ = —___—_ > ——_—_= () Ez 
ees 2+ cosx lim f() ites 2 COS == Il 


Another way of combining continuous functions f and g to get a new continuous func- 
tion is to form the composite function f° g. This fact is a consequence of the following 
theorem. 


Theorem If f is continuous at b and lim g(x) = b, then lim f(g(x)) = f(b). 
In other words, ior rt 


lim f (g(x)) = f (lim g()) 


xa 


Intuitively, Theorem 8 is reasonable because if x is close to a, then g(x) is close to b, 
and since f is continuous at b, if g(x) is close to b, then f(g(x)) is close to f(b). A proof of 
Theorem 8 is given in Appendix F. 


i| —_ 
DOW iahse Evaluate lim aesn( 2) 


ae 


SOLUTION Because arcsin is a continuous function, we can apply Theorem 8: 


: o( +) (i i= “) 
hvan Are Son) $= ]} = arresial| hit =——$—$—— 
esl l-—x bal) 9 | 


= 
\@ 
A 
i=) 
oR 
5 
“ 
| 
rea 
> 
—| 
ee 


1 
= airesin| itn =< 
(in 1+ <x) 


ill T 
= arcsin — = — ay 
2 6 


Let’s now apply Theorem 8 in the special case where f(x) = ax, with n being a posi- 
tive integer. Then 


(g(x) = V9) 


FIGURE 7 
y =In(1 + cos x) 
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and f (lim g(x)) = v/tim g(x) 


Tf we put these expressions into Theorem 8, we get 


lim G(x) = 9/fim 9) 


and so Limit Law 11 has now been proved. (We assume that the roots exist.) 


[9] Theorem If g is continuous at a and f is continuous at g(a), then the compos- 
ite function f° g given by (f° g)(x) = Ff (g(x) is continuous at a. 


This theorem is often expressed informally by saying “a continuous function of a con- 
tinuous function is a continuous function.” 


PROOF Since g is continuous at a, we have 
lim g(x) = g(a) 
Since f is continuous at b = g(a), we can apply Theorem 8 to obtain 
lim f(g(2)) = f(g(a)) 


which is precisely the statement that the function h(x) = f(g(x)) is continuous at a; that 
is, f° g is continuous at a. sy 


1 (EQ Where are the following functions continuous? 
(a) h(x) = sin(x7) (b) F(x) = In(1 + cos x) 


SOLUTION 
(a) We have h(x) = f (g(x), where 


g(x) = x? and f(x) = sinx 


Now g is continuous on R since it is a polynomial, and f is also continuous everywhere. 
Thus h = f° g is continuous on R by Theorem 9. 


(b) We know from Theorem 7 that f(x) = In x is continuous and g(x) = 1 + cos x 

is continuous (because both y = | and y = cos x are continuous). Therefore, by 

Theorem 9, F(x) = Ff (g(x) is continuous wherever it is defined. Now In(1 + cos x) is 
defined when | + cosx > 0. So it is undefined when cos x = —1, and this happens 
when x = +7, +37,.... Thus F has discontinuities when x is an odd multiple of 7 and 
is continuous on the intervals between these values (see Figure 7). awe) 


An important property of continuous functions is expressed by the following theorem, 
whose proof is found in more advanced books on calculus. 


The Intermediate Value Theorem Suppose that f is continuous on the closed 
interval [a, b] and let N be any number between f(a) and f(b), where f(a) # f(b). 
Then there exists a number c in (a, b) such that f(c) = N. 
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FIGURE 8 


FIGURE 9 


The Intermediate Value Theorem states that a continuous function takes on every inter- 
mediate value between the function values f(a) and f (b). It is illustrated by Figure 8. Note 
that the value N can be taken on once [as in part (a)] or more than once [as in part (b)]. 


(a) (b) 


If we think of a continuous function as a function whose graph has no hole or break, 
then it is easy to believe that the Intermediate Value Theorem is true. In geometric terms it 
says that if any horizontal line y = N is given between y = f(a) and y = f(b) as in Figure 9, 
then the graph of f can’t jump over the line. It must intersect y = N somewhere. 


+ > 
b x 


It is important that the function f in Theorem 10 be continuous. The Intermediate Value 
Theorem is not true in general for discontinuous functions (see Exercise 48). 

One use of the Intermediate Value Theorem is in locating roots of equations as in the 
following example. 


1 (QS Show that there is a root of the equation 


4x? — 6x* + 3x —-2=0 


between | and 2. 


SOLUTION Let f(x) = 4x* — 6x? + 3x — 2. Weare looking for a solution of the given 
equation, that is, a number c between | and 2 such that f(c) = 0. Therefore we take 
a = 1,b = 2, and N = 0 in Theorem 10. We have 


70) Ae 6s ea 
and f(2) =32 —-244+6—2=12>0 


Thus f(1) < 0 < f(2); that is, N = 0 is a number between f(1) and f(2). Now f is 
continuous since it is a polynomial, so the Intermediate Value Theorem says there 
is anumber c between | and 2 such that f(c) = 0. In other words, the equation 
4x3 — 6x? + 3x — 2 = 0 has at least one root c in the interval (1, 2). 

In fact, we can locate a root more precisely by using the Intermediate Value Theorem 
again. Since 


f (12) = 0123 =.0 and f(1.3) = 0.548 > 0 


an Exercises 
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a root must lie between 1.2 and 1.3. A calculator gives, by trial and error, 
f(1.22) = —0.007008 < 0 and f(1.23) = 0.056068 > 0 


so a root lies in the interval (1.22, 1.23). ate 


We can use a graphing calculator or computer to illustrate the use of the Intermediate 
Value Theorem in Example 10. Figure 10 shows the graph of f in the viewing rectangle 
[-1, 3] by [—3, 3] and you can see that the graph crosses the x-axis between | and 2. Fig- 
ure 11 shows the result of zooming in to the viewing rectangle [1.2, 1.3] by [—0.2, 0.2]. 


0.2 
il r + eal 3) il 2 + + +++ + +——+- 1 3 
~0.2 
FIGURE 10 FIGURE 11 


In fact, the Intermediate Value Theorem plays a role in the very way these graphing de- 
vices work. A computer calculates a finite number of points on the graph and turns on the 
pixels that contain these calculated points. It assumes that the function is continuous and 
takes on all the intermediate values between two consecutive points. The computer there- 
fore connects the pixels by turning on the intermediate pixels. 


. Write an equation that expresses the fact that a function f 4. From the graph of g, state the intervals on which g is 


is continuous at the number 4. 


graph? 


discontinuous and explain why 


or neither. 


yA 


2. If f is continuous on (—%, %), what can you say about its as 
3. (a) From the graph of f, state the numbers at which f is Sa : ' 
isconti 4 -2 2 4 6 8 

(b) For each of the numbers. stated in part (a), determine 


whether f is continuous from the right, or from the left, 


continuous. 
YA 


5-8 Sketch the graph of a function f that is continuous except for 
the stated discontinuity. 


5. Discontinuous, but continuous from the right, at 2 
6. Discontinuities at —1 and 4, but continuous from the left at — 1 
; in; and from the right at 4 
4 -2 0 2 4 6 x 


7. Removable discontinuity at 3, jump discontinuity at 5 


8. Neither left nor right continuous at —2, continuous only from 
the left at 2 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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9, The toll T charged for driving on a certain stretch of a toll road 
is $5 except during rush hours (between 7 AM and 10 AM and 
between 4 PM and 7 pM) when the toll is $7. 

(a) Sketch a graph of T as a function of the time 1, measured in 
hours past midnight. 

(b) Discuss the discontinuities of this function and their 
significance to someone who uses the road. 


10. Explain why each function is continuous or discontinuous. 

(a) The temperature at a specific location as a function of time 

(b) The temperature at a specific time as a function of the dis- 
tance due west from New York City 

(c) The altitude above sea level as a function of the distance 
due west from New York City 

(d) The cost of a taxi ride as a function of the distance traveled 

(e) The current in the circuit for the lights in a room as a func- 
tion of time 


11. Suppose f and g are continuous functions such that g(2) = 6 
and lim,—2 [3f(x) + f(x)g(x)] = 36. Find f(2). 


12-14 Use the definition of continuity and the properties of limits 
to show that the function is continuous at the given number a. 


12. 7G) =x an 4, a 2 
127s ce) aa) 


2t — 3r? 


saat damit ” 


14. h(t) = 


vis ee 2 
CE ee 
ay — Si cme a= 
6 if x =3 


23-24 How would you “remove the discontinuity” of f? In other 
words, how would you define f(2) in order to make f continuous 
at 2? 


x>—-x-2 =o 
————— 24. = 
Sp) f) x*>-4 


23. f(x) = 


15-16 Use the definition of continuity and the properties of limits 
to show that the function is continuous on the given interval. 


yee =) 


eS 


Gag Lys, 3] 


17-22 Explain why the function is discontinuous at the given num- 
ber a. Sketch the graph of the function. 


a=-2 


cos x i x=0 


xe>-—x ees 
20. f(x) =4x7?-1 Sees a=1 
1 if x= 1 


25-32 Explain, using Theorems 4, 5,7, and 9, why the function is 
continuous at every number in its domain. State the domain. 


25 Hence 26. G(x) = wos). 
re xt] ee 2x? —x-1 
ye —2 esint 
27: SSS 23:40) — — ee 
Q(x) =D. (¢) 2 + cos mt 
ta 
29. A(t) = arcsin(1 + 22) ehg: Fy 


if : 
31. M(x) = 1+— 2 Ni) =i “1 He) 
x 


33-34 Locate the discontinuities of the function and illustrate by 


graphing. 


3. y= 34. y = In(tan*x) 


l+el* 


35-38 Use continuity to evaluate the limit. 


sie 36. lim sin(x + si 
i + 
Be aoe dim. sin(x sin x) 
a 5 & ae oad 4 
37. lim e 38. lim sctan( 
est x2 ys — eee 


39-40 Show that f is continuous on (—*, ~). 


39. f(x) = x if riot 
Aes “Vitra d) 


sinx if x< 7/4 
cosx if x= 7/4 


40. f(x) = 


41-43 Find the numbers at which f is discontinuous. At which 
of these numbers is f continuous from the right, from the left, or 
neither? Sketch the graph of f. 


Lox tee O 
M1. f(x) =42-—x tO == 
(x -—2y ifx>2 


jester Al it? 5a Il 

A2. f(x) = 4 1/x Vinnie aces) 
wise 3 ile Se ES 8} 
38 Sr 2) shh S(O) 

43. f(x) =e 1 Olea 
Ss) Gh BS 


45. 


47. 


48. 


49. 


. The gravitational force exerted by the planet Earth on a unit 


mass at a distance r from the center of the planet is 


GMr . 
R: He p< IR 
F(r) = 
GM. 
= ree PS Ie 
s) 


where M is the mass of Earth, R is its radius, and G is the grav- 


itational constant. Is F a continuous function of r? 


For what value of the constant c is the function f continuous 
on (—%, %)? 
Cup aapaten 2 
FES) ek 
5g ee hh a 


. Find the values of a and b that make f continuous everywhere. 
a 
z it eSB 
Pe te 
MOSS eye ey tie. ee 
Ds = 0) 3 Ib i 328 3 


Which of the following functions f has a removable disconti- 
nuity at a? If the discontinuity is removable, find a function g 
that agrees with f for x ~ a and is continuous at a. 


yp me, 
ONG Se ~, nel 
eo 


(c) f(x) =[sinx], a=a7 


Suppose that a function f is continuous on [0, 1] except at 
0.25 and that f(0) = 1 and f(1) = 3. Let N = 2. Sketch two 
possible graphs of f, one showing that f might not satisfy 
the conclusion of the Intermediate Value Theorem and one 
showing that f might still satisfy the conclusion of the Inter- 
mediate Value Theorem (even though it doesn’t satisfy the 
hypothesis). 


If f(x) = x? + 10 sin x, show that there is a number c such 
that f(c) = 1000. 


SECTION 2.5 CONTINUITY 


50. Suppose f is continuous on [1, 5] and the only solutions of the 


equation f(x) = 6 are x = | and x = 4. If f(2) = 8, explain 
why f(3) > 6. 


51-54 Use the Intermediate Value Theorem to show that there is a 
root of the given equation in the specified interval. 


51. x4 +x—-—3=0, (1,2) §2. /x =1—x, 
53. e* = 3 — 2x, (0,1) 54. sinx = x — x, 


(0, 1) 
(1, 2) 


55—56 (a) Prove that the equation has at least one real root. 
(b) Use your calculator to find an interval of length 0.01 that 
contains a root. 


55. cos x = x? 56. Inx = 3 — 2x 


57—58 (a) Prove that the equation has at least one real root. 


(b) Use your graphing device to find the root correct to three 
decimal places. 


57. 100e 7” = 0.01x2 58. arctanx = 1 — x 


59. Prove that f is continuous at a if and only if 
lim fla t+ h) =f(@ 


60. To prove that sine is continuous, we need to show that 
lim,—., sin x = sina for every real number a. By Exercise 59 
an equivalent statement is that 


lim sin(a + h) = sina 
h—0 
Use [6] to show that this is true. 
61. Prove that cosine is a continuous function. 


62. (a) Prove Theorem 4, part 3. 
(b) Prove Theorem 4, part 5. 


63. For what values of x is f continuous? 


f(x) = i 


1 if xis irrational 


if x is rational 


64. For what values of x is g continuous? 


gx) = {° 
Xx 


65. Is there a number that is exactly 1 more than its cube? 


if x is rational 


if x is irrational 


66. If a and b are positive numbers, prove that the equation 


a b 


3 2 3 =e 
yer ae De” ll bad Gee ta PP 


has at least one solution in the interval (—1, 1). 


129 
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67. Show that the function (c) Is the converse of the statement in part (b) also true? In 
other words, if | f | is continuous, does it follow that f is 
F( tf sin(1/x) if x #0 continuous? If so, prove it. If not, find a counterexample. 
AD ifn 0 


69. A Tibetan monk leaves the monastery at 7:00 AM and takes his 
usual path to the top of the mountain, arriving at 7:00 pM. The 


is continuous on (—©, %). 
following morning, he starts at 7:00 AM at the top and takes the 


68. (a) Show that the absolute value function F(x) = |x| is same path back, arriving at the monastery at 7:00 pM. Use the 
continuous everywhere. Intermediate Value Theorem to show that there is a point on the 
(b) Prove that if f is a continuous function on an interval, then path that the monk will cross at exactly the same time of day 
so is | f |. on both days. 


26 | Limits at Infinity; Horizontal Asymptotes 


In Sections 2.2 and 2.4 we investigated infinite limits and vertical asymptotes. There we let 
x approach a number and the result was that the values of y became arbitrarily large (posi- 


; (x) tive or negative). In this section we let x become arbitrarily large (positive or negative) and 
: : see what happens to y. 
0 =1 Let’s begin by investigating the behavior of the function f defined by 
+] 0 : 
Oo = || 
+2 0.600000 == 
+3 0.800000 Sani 
+4 0.882353 ; : : ‘ é 
7 0.923077 as x becomes large. The table at the left gives values of this function correct to six decimal 
+10 0.980198 places, and the graph of f has been drawn by a computer in Figure 1. 
+50 0.999200 
+100 0.999800 
+ 1000 0.999998 


FIGURE 1 


As x grows larger and larger you can see that the values of f(x) get closer and closer 
to 1. In fact, it seems that we can make the values of f(x) as close as we like to | by taking 
x sufficiently large. This situation is expressed symbolically by writing 


pool 
in) > = || 
Se Te ap || 


In general, we use the notation 


lim f(x) = L 


xo 


to indicate that the values of f(x) approach L as x becomes larger and larger. 


[1] Definition Let f be a function defined on some interval (a, ©). Then 


lim f(x) = L 


means that the values of f(x) can be made arbitrarily close to L by taking x suf- 
ficiently large. . 
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Another notation for lim,—... f(x) = L is 
f(x) L as x>@ 


The symbol ~ does not represent a number. Nonetheless, the expression lim f(x) = L is 
often read as oe 


“the limit of f(x), as x approaches infinity, is L” 
or “the limit of f(x), as x becomes infinite, is L” 


or “the limit of f(x), as x increases without bound, is L” 


The meaning of such phrases is given by Definition 1. A more precise definition, similar to 
the €, 6 definition of Section 2.4, is given at the end of this section. 

Geometric illustrations of Definition 1 are shown in Figure 2. Notice that there are many 
ways for the graph of f to approach the line y = L (which is called a horizontal asymptote) 
as we look to the far right of each graph. 


YA YA YA 


FIGURE 2 


Examples illustrating lim f(x) = L Referring back to Figure |, we see that for numerically large negative values of x, the val- 


ues of f(x) are close to 1. By letting x decrease through negative values without bound, we 
can make f(x) as close to | as we like. This is expressed by writing 
ea 


litany = = 1 
Boe ee Il 


The general definition is as follows. 


[2] Definition Let f be a function defined on some interval (—%, a). Then 


lim f(x) = L 


means that the values of f(x) can be made arbitrarily close to L by taking x suf- 
ficiently large negative. 


=D Again, the symbol — does not represent a number, but the expression lim f (x) =L 
is often read as 


ya “the limit of f(x), as x approaches negative infinity, is L” 


Definition 2 is illustrated in Figure 3. Notice that the graph approaches the line y = L as 
y = f(x) we look to the far left of each graph. 


[3] Definition The line y = L is called a horizontal asymptote of the curve 
y = f(x) if either 


lim f(x) = L or lim f(y =L 


x0 


FIGURE 3 
Examples illustrating jim: f(x)=L 
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yA 


2/3) 


rly 


FIGURE 4 
y= tan ‘x 


FIGURE 5 


For instance, the curve illustrated in Figure | has the line y = 1 as a horizontal asymp- 
tote because 


An example of a curve with two horizontal asymptotes is y = tan x. (See Figure 4-) 
In fact, 


7 : 
[4] fin 20. — lim tan 'x = 


x—--2 xe 


so both of the lines y = —7/2 and y = 7/2 are horizontal asymptotes. (This follows from 
the fact that the lines x = +77/2 are vertical asymptotes of the graph of tan.) 


(SQGERE Find the infinite limits, limits at infinity, and asymptotes for the function f 
whose graph is shown in Figure 5. 


SOLUTION We see that the values of f(x) become large as x — —1 from both sides, so 
lim. f(x) =" 


Notice that f(x) becomes large negative as x approaches 2 from the left, but large posi- 
tive as x approaches 2 from the right. So 


lim f(x) = -* and lim f(x) =< 


cs ile 


Thus both of the lines x = —1 and x = 2 are vertical asymptotes. 
As x becomes large, it appears that f(x) approaches 4. But as x decreases through 
negative values, f(x) approaches 2. So 


lim f(x) = 4 and iim f(x) =2 


This means that both y = 4 and y = 2 are horizontal asymptotes. ee 
Corpo! eae 
PUA Find lim — and lim —. 
xn XK x3-2 X 


SOLUTION Observe that when x is large, 1/x is small. For instance, 


1 ] 
— = 0.01 = 0. ——___ = 
100 (G00. wee 1,000,000) 


In fact, by taking x large enough, we can make 1/x as close to 0 as we please. Therefore, 
according to Definition 1, we have 


lim — = 0 
X72 YX 


Similar reasoning shows that when x is large negative, 1/x is small negative, so we also 
have 
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It follows that the line y = 0 (the x-axis) is a horizontal asymptote of the curve y = I/x. 
(This is an equilateral hyperbola; see Figure 6.) ia 


Most of the Limit Laws that were given in Section 2.3 also hold for limits at infinity. It 
can be proved that the Limit Laws listed in Section 2.3 (with the exception of Laws 9 and 
10) are also valid if “x — a” is replaced by “x — ~” or “x — —«.” In particular, if we 
combine Laws 6 and 11 with the results of Example 2, we obtain the following important 
rule for calculating limits. 


[5] Theorem If r > O is a rational number, then 


FIGURE 6 


im = 0. lim = 0 


X20: y= X 


lim ee 0 
x30 x” 


If r > O is a rational number such that x’ is defined for all x, then 


lim pee ae 0 
Be ele Ja 6 
MY Bee Evaluate 
Bi 2 


hit? = 
wae Sy ap alse se Il 


and indicate which properties of limits are used at each stage. 


SOLUTION As x becomes large, both numerator and denominator become large, so it isn’t 
obvious what happens to their ratio. We need to do some preliminary algebra. 

To evaluate the limit at infinity of any rational function, we first divide both the 
numerator and denominator by the highest power of x that occurs in the denominator. 
(We may assume that x # 0, since we are interested only in large values of x.) In this 
case the highest power of x in the denominator is x*, so we have 


ye = SD 3 | 2 
Seok xe = 2 : oe ; BX oe 
n= i 
Kare OK 4 x ta | Pe ete AXE ll ae 4 | 
65 3 Ke 


a/c ie ala (by Limit Law 5) 
; ] 

hii {| 5) SF =r 

Bee Xx a 


5 eae al 

Inna 33) = Ian = Dito = 
xm x0 X =)! Ee 

ta Sa aaa ad (by 1, 2, and 3) 


| 
Nureho) ce CMV) aie linia 


x—00 x0 X > 5s Xe 
ees) 
—esyae ea (by 7 and Theorem 5) 
e020) 
5 
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FIGURE 7 


eee? 
Y= 5x? + 4x41 


tad 


FIGURE 8 
eee tl 
y~ ~3x—5 


LIMITS AND DERIVATIVES 


A similar calculation shows that the limit as x > —© is also 2. Figure 7 illustrates the 
results of these calculations by showing how the graph of the given rational function 
approaches the horizontal asymptote y = 5. 


ST_lwy Find the horizontal and vertical asymptotes of the graph of the function 


‘Gi 2x2 + I 
Li ares 


SOLUTION Dividing both numerator and denominator by x and using the properties of 


limits, we have 
1 
Dae Se 
52 


xo BE — xo 5 
3 a 
Xx 


1 1 
lim \ers stim 2+ tim 
uh x7 exh x—o2 xn Xe 


a 3. 1st) oan 
im (3 - 3) rege gece nie 


x—o@ Rl 96 


(since /x? = x for x > 0) 


Therefore the line y = ,/2 /3 is a horizontal asymptote of the graph of /f. 
In computing the limit as x — —®, we must remember that for x < 0, we have 
/x? = |x| = —x. So when we divide the numerator by x, for x < 0 we get 


1 1 il 
— f 202 1 Ses 27 + 1S BE 
¥ Xs 36 J es 
Therefore 
1 Aa 
= xy | Dap =a 2 se lini = = 
} a/ Me se Il ME x>-~ X~ «2 
eee Pia eT ace 
oe ed ie x—--0 
j= = 3—= 5 Ihim = 
ae x>-% X 


Thus the line y = —./2 /3 is also a horizontal asymptote. 
A vertical asymptote is likely to occur when the denominator, 3x — 5, is 0, that is, 
5 : 5 5 : . 
when x = 3. If x is close to ; and x > 3, then the denominator is close to 0 and 3x — 5 


is positive. The numerator ./2x? + 1 is always positive, so f(x) is positive. Therefore 


alse? se Il 


iin ———=——== = «es 
x>(65/3)+ 3x —5 


If x is close to 3 but x < 3, then 3x — 5 < 0 and so f(x) is large negative. Thus 


m CSC 
x3(5/3)> 3x —5 


The vertical asymptote is x = 3. All three asymptotes are shown in Figure 8. 
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Bay Compute lim (x2 + 1- a) 


SOLUTION Because both x? + 1 and x are large when x is large, it’s difficult to see 
what happens to their difference, so we use algebra to rewrite the function. We first mul- 


We can think of the given function as having tiply numerator and denominator by the conjugate radical: 


a denominator of 1. 


fim (9/22 Lee ae eee yee | 


x0 x0 ap” ap il ae X 


(x? + 1) — x? 


1 
2S hit?Eeu-§ SS ——- = Ml _ 
et eee eases Pe he ce Ie pe 


Notice that the denominator of this last expression ( pad ee x) becomes large as 
x — © (it’s bigger than x). So 


FIGURE 9 


—s 1 
tim ( 4+ 1 — x)= lim eae l Che 


Figure 9 illustrates this result. a 


1 
ae Wives Evaluate lim rctan( >) 
x—>2t SR 


SOLUTION If we let t = 1/(x — 2), we know that t — © as x — 2”. Therefore, by the 
second equation in [4], we have 


] 7 
lim arctan = lim arctan t = — aes 
x= 2 te 2 


x—2t 


The graph of the natural exponential function y = e* has the line y = 0 (the x-axis) as a 
horizontal asymptote. (The same is true of any exponential function with base a > 1.) In 
fact, from the graph in Figure 10 and the corresponding table of values, we see that 


[6 | lim e~=0 


Notice that the values of e* approach 0 very rapidly. 


YR 38 e 
y=e 0 1.00000 
55) 0.36788 
=) 0.13534 
3 0.04979 
a 9 252 = 0.00674 
=a —_——s =8 0.00034 
Oh : 250) 0.00005 
FIGURE 10 
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The problem-solving strategy for 
Examples 6 and 7 is introducing something 
extra (see page 75). Here, the something extra, 
the auxiliary aid, is the new variable t. 


FIGURE 11 


lim x7=0, lim x?=—« 


x7o x>—o 


FIGURE 12 
e* is much larger than x° 
when x is large. 


7 Bea Evaluate lime”. 


SOLUTION If we let t = 1/x, we know that t > —% as x > 0). Therefore, by [6], 
lim e'* = lim e'=0 


x07 Nee oe) 


(See Exercise 75.) Se 
SAN ighsem Evaluate lim sin x. 


SOLUTION As x increases, the values of sin x oscillate between | and —1 infinitely often 
and so they don’t approach any definite number. Thus lim, sinx does not exist. ill 


ME Infinite Limits at Infinity 
The notation 


lim f(x) =~ 


is used to indicate that the values of f(x) become large as x becomes large. Similar mean- 
ings are attached to the following symbols: 


lim f(x) = lim f(x) = —% lim f(x) = —% 
SCT Find lim x? and lim XK 


SOLUTION When x becomes large, x°* also becomes large. For instance, 


10° = 1000 100° = 1,000,000 1000° = 1,000,000,000 


In fact, we can make x’ as big as we like by taking x large enough. Therefore we can 
write 
lim x? = © 


xn 


Similarly, when x is large negative, so is x?. Thus 


lim x? = —© 
These limit statements can also be seen from the graph of y = x° in Figure 11. | 
Looking at Figure 10 we see that 
lim e* = % 


Xn 


but, as Figure 12 demonstrates, y = e* becomes large as x — © at a much faster rate than 
: 
y = 5 “4 


SOLUTION It would be wrong to write 


. 9 . . 
lim (x? — x) = lim x? — limx = ~ — 


XD xa xn 


The Limit Laws can’t be applied to infinite limits because ~ is not a number 
(~ — ~ can’t be defined). However, we can write 


lim (x? — x) = limx(x — 1) = 


xn x30 


because both x and x — | become arbitrarily large and so their product does too. Mill 


FIGURE 13 
yo) (xe x 1) 
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: 
Gamat eC 


Sk Find lim 3 


xo 


SOLUTION As in Example 3, we divide the numerator and denominator by the highest 
power of x in the denominator, which is just x: 


— xt ee | 
lim = 00 
so Se het eS} 
=~] 
a 
because x + 1 > and 3/x — 1 > —1 asx >=, seas 


The next example shows that by using infinite limits at infinity, together with intercepts, 
we can get a rough idea of the graph of a polynomial without having to plot a large number 
of points. 


Wd GSCEA Sketch the graph of y = (x — 2)*(x + 1)?(x — 1) by finding its inter- 
cepts and its limits as x — © and as x > —®, 


SOLUTION The y-intercept is f(0) = (—2)*(1)*(—1) = —16 and the x-intercepts are 
found by setting y = 0: x = 2, —1, 1. Notice that since (x — 2)* is positive, the function 
doesn’t change sign at 2; thus the graph doesn’t cross the x-axis at 2. The graph crosses 
the axis at —1 and 1. 

When x is large positive, all three factors are large, so 


lim (x — 2)*(x + 1)3°(x - 1) = 


x— 2 


When x is large negative, the first factor is large positive and the second and third factors 
are both large negative, so 


lim (x — 2)\4(x + 1%(x — 1) = 
Combining this information, we give a rough sketch of the graph in Figure 13. Vz 


M8 Precise Definitions 


Definition | can be stated precisely as follows. 
Definition Let f be a function defined on some interval (a, ©). Then 
lim f(x) = 
means that for every ¢ > 0 there is a corresponding number N such that 


if x>N then fC Lie 


= 


In words, this says that the values of f(x) can be made arbitrarily close to L (within a 
distance ¢, where € is any positive number) by taking x sufficiently large (larger than N, 
where N depends on ¢). Graphically it says that by choosing x large enough (larger than 
some number NV) we can make the graph of f lie between the given horizontal lines 
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FIGURE 14 
lim f(x) =L 


x00 


FIGURE 15 
lim f(x) =L 


x00 


FIGURE 16 
lim f(x) =L 


¥—+—00 


y=L-—eandy=L + «as in Figure 14. This must be true no matter how small we 
choose €. Figure 15 shows that if a smaller value of ¢ is chosen, then a larger value of N 
may be required. 


f(x) is 


in here 


Similarly, a precise version of Definition 2 is given by Definition 8, which is illustrated 
in Figure 16. 


Definition Let f be a function defined on some interval (—~, a). Then 


MS eae 


means that for every ¢ > O there is a corresponding number WN such that 


if oa then PAE FA) ets 


yA 


In Example 3 we calculated that 


. 3x7 -x-2 3 
lim 5 = — 
ao Se a | 2 


In the next example we use a graphing device to relate this statement to Definition 7 with 
L=sande = 0.1. 


In Module 2.4/2.6 you can explore the 
precise definition of a limit both graphically and 
numerically. 


5 | 
| eee ae | 


YO 5x74 4x +1 | 
0 ees) 
FIGURE 17 
yA 
e=1-4———— 
| 
0} N=1 x6 


FIGURE 18 
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SON 2 8Se% Use a graph to find a number N such that 


Ae eo) 
then a 0.6 


iti we cea : 
Sir ae Gee ar i | 


<a) 


SOLUTION We rewrite the given inequality as 


3x7 -x-2 


0.5 << 
Sore ap dise se II 


<< (57 


We need to determine the values of x for which the given curve lies between the horizon- 
tal lines y = 0.5 and y = 0.7. So we graph the curve and these lines in Figure 17. Then 
we use the cursor to estimate that the curve crosses the line y = 0.5 when x ~ 6.7. To 
the right of this number it seems that the curve stays between the lines y = 0.5 and 

y = 0.7. Rounding to be safe, we can say that 


> 


Bye = SD 
5x7 + 4x 4+ 1 


ie SP SS 7/ then OG) <I 


In other words, for ¢ = 0.1 we can choose N = 7 (or any larger number) in Definition 7. 
Bea) 


1 
lassie Use Definition 7 to prove that lim — = 0. 


pe ee OS. 


SOLUTION Given e > 0, we want to find N such that 


l 
—-0 


Xx 


if se SN then <g 


In computing the limit we may assume that x > 0. Then I/x < ¢ <> x > I/e. Let’s 
choose N = 1/e. So 


1 
if 3S NSS then — a ()| = <5 
€ x; 


Therefore, by Definition 7, 


Figure 18 illustrates the proof by showing some values of ¢ and the corresponding val- 


ues of N. 
yA 


€=0.1 
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Finally we note that an infinite limit at infinity can be defined as follows. The geometric 
illustration is given in Figure 19. 


(9| Definition Let f be a function defined on some interval (a, ©). Then 


lim f(x) = * 


means that for every positive number M there is a corresponding positive number 
N such that 


FIGURE 19 
lim f (x)= 


if x>N then f(x) > M 


Similar definitions apply when the symbol ~ is replaced by —=. (See Exercise 74.) 


| 2.6 | _ Exercises 


be 


1. Explain in your own words the meaning of each of the (e) lim g(x) (f) The equations of the asymptotes 
following. stiff 
(a) lim f(x) = 5 (b) lim f(x) =3 


2. (a) Can the graph of y = f(x) intersect a vertical asymptote? 
Can it intersect a horizontal asymptote? Illustrate by 
sketching graphs. 

(b) How many horizontal asymptotes can the graph of y = f(x) 
have? Sketch graphs to illustrate the possibilities. 


3. For the function f whose graph is given, state the following. 
(a) lim f(x) (b) lim f(x) 5-10 Sketch the graph of an example of a function f that 
to cies satisfies all of the given conditions. 
(c) lim f(x (d) lim f(x . : 
or Pe ha) 5 lim f(x) = —0, lim f(x)=5,. lim f(x) = —5 
(e) The equations of the asymptotes << a oan 
6. lim f(x) = %, lim fixy=*, lim f(x) = —-~, 


Jim f(x) =0, lim f(x) = 0, f(0) = 0 


if lim f(x) = eo lin f(x)=~, lim f(x) =90, 


lim. fix =”, lim f@) =—-©@ 


8. lim f(x) = 3, lim f(x) = &, lim, f(x) =—~, fis odd 


9. f(0)=3, lim f(x) =4, lim f(x) = 2, 
lim f(x) = —2, lim f(z) =», lim f(x) ==, 


4. For the function g whose graph is given, state the following. imyGr=3 


(a) lim g(x) (b) lim g(x) 


(c) lim g(x) (d) lim Pe 10. lim f(x) = 200, lim f(x) =2, f(0)=0, fiseven 


Graphing calculator or computer required 


11. Guess the value of the limit 


lim aE 
by evaluating the function f(x) = x?/2* for x = 0, 1, 2, 3, 
4,5, 6, 7, 8, 9, 10, 20, 50, and 100. Then use a graph of f 
to support your guess. 


12. (a) Use a graph of 


Foe (: = 2) 
awe 


to estimate the value of lim,—... f(x) correct to two 
decimal places. 

(b) Use a table of values of f(x) to estimate the limit to 
four decimal places. 


13-14 Evaluate the limit and justify each step by indicating the 
appropriate properties of limits. 
SS ee 


14. |i cee Sar 2 
eS Sin) _—_ 
ge x 4. Sx 8 xo \i 1 + 4x? + 3x? 


13. lim 


15-38 Find the limit or show that it does not exist. 


Barca) 1— x? 
15. lim — ie —— 
x>~ 2x + I pas = a9 ap Al 
“A ak x-2 “ip 4x> + 6x? — 2 
. a eP . im ——— 
eae Oe rons 29 — Ax + 5 
Se hatte t—tyt 
a cnet aa SFE at 
2x? + 1) 2 
Sh ibe 29, lim === 


x= (x — 1)°(x? + x) me ewe il 


6 = 9 0) — 3 
Pig 24, lim “——— 
xem x + | Fag tee, 0 Gra 


oT 2x ) 


25. lim (9x? + x — 3x) 26. lim (x + 


x73 +> —O9 


27. lim (Vx? + ax — yx? + bx) 28. lim x? + 1 


xn 


oy iit $$ —— 30. lim(e* + 2 cos 3x) 
geod x = For 2 x0 
im (x4 + x5 eine 
31. Jim (@ eae.) - lim i 
eu oe eo 
; : i 
33. lim arctan(e*) 34 lim me — 
jh = @ : sin’ x 
ic. = am, hit). ————= 
sa at 1 + 2e* etarral 


37. lim (e ** cos x) 38. lim, tan '(In x) 


xn 
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39. (a) Estimate the value of 


iim (Jx2+x4+ 14+ x) 
by graphing the function f(x) = /x? +x+ 174 x. 
(b) Use a table of values of f(x) to guess the value of the 
limit. 
(c) Prove that your guess is correct. 


40. (a) Use a graph of 


f(x) = J3x2 + 8x +6 — V3x?+ 3x41 


to estimate the value of lim,—.. f(x) to one decimal place. 
(b) Use a table of values of f(x) to estimate the limit to four 
decimal places. 
(c) Find the exact value of the limit. 


41-46 Find the horizontal and vertical asymptotes of each curve. 
If you have a graphing device, check your work by graphing the 
curve and estimating the asymptotes. 


a - De se Il 42 = xt) 
ae 2) 9x2 3 SO 
Qx*+x-1 1+ x* 
re 4. y=——; 

ke> Se ap = 2 je S55 
ee pa prea ee 2e* 
OR ee as PO Tt 


Vaz 


/™ 47. Estimate the horizontal asymptote of the function 


3x? + 500x? 
fo) 7% ; 
x? + 500x* + 100x + 2000 


by graphing f for —-10 < x < 10. Then calculate the 
equation of the asymptote by evaluating the limit. How do 
you explain the discrepancy? 


48. (a) Graph the function 


2x2 1 


ass aa 


How many horizontal and vertical asymptotes do you 
observe? Use the graph to estimate the values of the 


limits 
i Aj 2se se Il d i 27 | 
a Oe ena es Yea 


(b) By calculating values of f(x), give numerical estimates 
of the limits in part (a). 

(c) Calculate the exact values of the limits in part (a). Did 
you get the same value or different values for these two 
limits? [In view of your answer to part (a), you might 
have to check your calculation for the second limit.} 
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49. Find a formula for a function f that satisfies the following 
conditions: 


lim f(x) = 0, lim f (2) =—o, (2) =0, 


bm of) — 0 lim. fx) = 0 


50. Find a formula for a function that has vertical asymptotes 


x = 1 and x = 3 and horizontal asymptote y = 1. 


51. A function f is a ratio of quadratic functions and has a ver- 


tical asymptote x = 4 and just one x-intercept, x = 1. It is 


known that f has a removable discontinuity at x = —1 and 
lim,—-; f(x) = 2. Evaluate 
(a) f(0) (b) lim f(x) 


52-56 Find the limits as x — % and as x — —©. Use this infor- 
mation, together with intercepts, to give a rough sketch of the 
graph as in Example 12. 


52. y = 2x° — x* s 


Le Pa gees 


My = ee +2ye= 1) 
55. y = (3 — x)(1 + x)7(1 — x)* 
56. y = x(x? — 1)°(x + 2) 
esx 
57. (a) Use the Squeeze Theorem to evaluate lim 


xn XS. 
(b) Graph f(x) = (sin x)/x. How many times does the graph 
cross the asymptote? 


58. By the end behavior of a function we mean the behavior of 
its values as x — “ and as x > —“%, 
(a) Describe and compare the end behavior of the functions 
P(x) = 3x° — 5x? + 2x Q(x) = 3x° 
by graphing both functions in the viewing rectangles 
[—2, 2] by [—2, 2] and [—10, 10] by [—-10,000, 10,000]. 
(b) Two functions are said to have the same end behavior if 
their ratio approaches | as x — ~. Show that P and Q 
have the same end behavior. 
59. Let P and Q be polynomials. Find 
rhe de! 
lim 
v= Ox) 
if the degree of P is (a) less than the degree of Q and 
(b) greater than the degree of Q. 
60. Make a rough sketch of the curve y = x” (n an integer) 


for the following five cases: 
(i) n=0 
(iii) n > 0, n even 


(11) n > 0,n odd 
(iv) n < 0,n odd 
(v) n< 0,neven 
Then use these sketches to find the following limits. 
(b) lim x” 


x07 


(d) lim Ke 


r—>—2 


(a) lim x” 


x07 


(c) lim x” 


x= 


mtd 


61. 


62. 


64. 


Find lim,_.~ f(x) if, for all x > 1, 


5./x 


A all 


10esS 21 
ee 


ae iGal-< 


(a) A tank contains 5000 L of pure water. Brine that contains 
30 g of salt per liter of water is pumped into the tank at a 
rate of 25 L/min. Show that the concentration of salt after 
t minutes (in grams per liter) is 


30t 


Dr se | 


(b) What happens to the concentration as t > %? 


. In Chapter 9 we will be able to show, under certain assump- 


tions, that the velocity v(r) of a falling raindrop at time f is 
v(t) = v*(1 — e 9") 


where g is the acceleration due to gravity and v* is the 

terminal velocity of the raindrop. 

(a) Find lim, v(t). 

(b) Graph v(t) if »* = 1 m/s and g = 9.8 m/s. How long does 
it take for the velocity of the raindrop to reach 99% of its 
terminal velocity? 


x, 


(a) By graphing y = e *'° and y = 0.1 on a common screen, 
discover how large you need to make x so that e *'° < 0.1. 
(b) Can you solve part (a) without using a graphing device? 


. Use a graph to find a number WN such that 


; 3x7 +] 
if cea then = = TS SS 
Qx-+x4+1 
. For the limit 
. 4x2 + 1 
lim =2 
ese I 


illustrate Definition 7 by finding values of N that correspond 
toe = 0.5 ande=0.1. 


. For the limit 


illustrate Definition 8 by finding values of N that correspond 
toe = 0.5 ande=0.1. 


. For the limit 


illustrate Definition 9 by finding a value of N that corre- 
sponds to M = 100. 


69. (a) How large do we have to take x so that 1/x? < 0.0001? 
(b) Taking r = 2 in Theorem 5, we have the statement 
1 
lim + = 0 


xO 


Prove this directly using Definition 7. 
70. (a) How large do we have to take x so that 1) s/ x < 0.0001? 
(b) Taking r = j in Theorem 5, we have the statement 


1 
lim —= = 0 


xm [x 


Prove this directly using Definition 7. 


a | 
71. Use Definition 8 to prove that lim — = 0. 
Y= =o. '¥ 


Derivatives and Rates of Change 


72. 


73. 
74. 


75. 


SECTION 2.7. DERIVATIVES AND RATES OF CHANGE 
Prove, using Definition 9, that lim x* = ©. 


Use Definition 9 to prove that lim e* = %. 


Formulate a precise definition of 


dim fd) = ee 
Then use your definition to prove that 
Jim, (x) 
Prove that 
lim f(x) = lim (1/9) 
and iim f(y = fim f(/t) 


if these limits exist. 
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The problem of finding the tangent line to a curve and the problem of finding the velocity 
of an object both involve finding the same type of limit, as we saw in Section 2.1. This spe- 
cial type of limit is called a derivative and we will see that it can be interpreted as a rate of 
change in any of the sciences or engineering. 


MH Tangents 


FIGURE 1 


f(x) — f(@) 


Mpo — 
xa 


[1] Definition The tangent line to the curve y = f(x) at the point P(a, f(a)) is the 
line through P with slope 


ee era 2) 
aA 


x—a Eh 


provided that this limit exists. 


If a curve C has equation y = f(x) and we want to find the tangent line to C at the point 
P(a, f(a)), then we consider a nearby point Q(x, f(x)), where x # a, and compute the slope 
of the secant line PQ: 


Then we let Q approach P along the curve C by letting x approach a. If mpg approaches a 
number m, then we define the tangent t to be the line through P with slope m. (This 
amounts to saying that the tangent line is the limiting position of the secant line PQ as Q 
approaches P. See Figure 1.) 


In our first example we confirm the guess we made in Example | in Section 2.1. 
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(1 ESQ Find an equation of the tangent line to the parabola y = x? at the 
point P(1, 1). 
SOLUTION Here we have a = 1 and f(x) = x°, so the slope is 


ee x7 — 1 
ot fo) a ie 


. Gene) 
= hn 
x! x= 1 


=lim(x+ 1)=1+1=2 


2h 


Point-slope form for a line through the Using the point-slope form of the equation of a line, we find that an equation of the 
point (1.91 ) with slope m: tangent line at Ri: 1 ) is 
y— yi = mx — Xi) 
y—1=2(-1) or A ae = Ea 


We sometimes refer to the slope of the tangent line to a curve at a point as the slope of 
the curve at the point. The idea is that if we zoom in far enough toward the point, the curve 
looks almost like a straight line. Figure 2 illustrates this procedure for the curve y = x* in 

TEC tae ee ee Example 1. The more we zoom in, the more the parabola looks like a line. In other words, 
Figure 2. the curve becomes almost indistinguishable from its tangent line. 


bo 
_ 
\ ON 
_ 
_ 


—_ 
— 
| met lam a! a eM cL 


(1,1) 
0 - 0.5 1.5 0.9 “hs 
FIGURE 2 Zooming in toward the point (1, 1) on the parabola y = x* 
Ola +h, fla +h)) There is another expression for the slope of a tangent line that is sometimes easier to 


use. If h = x — a, then x = a + hand so the slope of the secant line PQ is 


San 5): 
h 


Mmpo = 


f(a +h) — f(a) 


(See Figure 3 where the case h > 0 is illustrated and Q is to the right of P. If it happened 
that h < 0, however, Q would be to the left of P.) 

Notice that as x approaches a, h approaches 0 (because h = x — a) and so the expres- 
FIGURE 3 sion for the slope of the tangent line in Definition 1 becomes 


ie 2] me el f(a + h) — fla) 


h—0 h 


(EE Find an equation of the tangent line to the hyperbola y = 3/x at the 
point (3, 1). 


\ 


yA 
Gt) Ol — 0) 


— 
FIGURE 4 


position at 
time t=a 


position at 
time t=ath 


* o———_—_____—__> 
0 oo ty 
fla +h) — fla) 
—— fa 
| fedh) aaa 
FIGURE 5 
SA 
O(a +h, fia+h)) 
| h | 
| | 
| | 
| | 
| | > 
0) a ath t 
fiat+h) — fia) 
eas aaa 
= average velocity 
FIGURE 6 


Recall from Section 2.1: The distance 
(in meters) fallen after t seconds is Apa 


cad 
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SOLUTION Let f(x) = 3/x. Then the slope of the tangent at (3, 1) is 


3 = eee) 
Pe Crh) F3) oa Be aimle ; Sol 
m = lim = lim = lim 
h—>(0) h h—0 h0 h 
i mi i | | 
== hit, = = 
e@e ip) dei ang © e 


Therefore an equation of the tangent at the point (3, 1) is 
Vierenh Sania Ulan) 


which simplifies to hey — O—.() 


The hyperbola and its tangent are shown in Figure 4. 


MS Velocities 


In Section 2.1 we investigated the motion of a ball dropped from the CN Tower and defined 
its velocity to be the limiting value of average velocities over shorter and shorter time 
periods. 

In general, suppose an object moves along a straight line according to an equation of 
motion s = f(t), where s is the displacement (directed distance) of the object from the ori- 
gin at time ¢. The function f that describes the motion is called the position function 
of the object. In the time interval from t = a to t= a + h the change in position is 
f(a + h) — f(a). (See Figure 5.) The average velocity over this time interval is 


displacement f(a + h) — f(a) 
time h 


average velocity = 


which is the same as the slope of the secant line PQ in Figure 6. 

Now suppose we compute the average velocities over shorter and shorter time intervals 
[a, a + h]. In other words, we let h approach 0. As in the example of the falling ball, we 
define the velocity (or instantaneous velocity) v(a) at time t = a to be the limit of these 
average velocities: 


en Gey ee) 
(a) i ao h 


[3] 


This means that the velocity at time f = a is equal to the slope of the tangent line at P (com- 
pare Equations 2 and 3). 

Now that we know how to compute limits, let’s reconsider the problem of the fall- 
ing ball. 


Vv] Suppose that a ball is dropped from the upper observation deck of the 
CN Tower, 450 m above the ground. 

(a) What is the velocity of the ball after 5 seconds? 

(b) How fast is the ball traveling when it hits the ground? 


SOLUTION We will need to find the velocity both when tf = 5 and when the ball hits the 
ground, so it’s efficient to start by finding the velocity at a general time t = a. Using the 
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f'(a) is read “f prime of a.” f(a = lim 
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equation of motion s = f(t) = 4.9t’, we have 


; 7% 
v(a) = lim ACR OO ete (Cb ieee zee 


h—0 h 
4.9(a? + 2ah + h? — a’) _ 4,9(2ah + h?) 


= lim = lim 
h—0 h h—0 h 


= lim 4.9(2a + h) = 9.8a 
h->0 
(a) The velocity after 5 s is o(5) = (9.8)(5) = 49 m/s. 
(b) Since the observation deck is 450 m above the ground, the ball will hit the ground at 
the time f; when s(t;) = 450, that is, 
4.9t? = 450 
This gives 
, _ 450 450 


i 49 and i = wy =96s 


The velocity of the ball as it hits the ground is therefore 


450 
v(t) = 9.8t, = 9.8 a9 7 4 m/s Ea 


© Derivatives 


We have seen that the same type of limit arises in finding the slope of a tangent line (Equa- 
tion 2) or the velocity of an object (Equation 3). In fact, limits of the form 


fam 2 tt) — £@) 
a h 


arise whenever we calculate a rate of change in any of the sciences or engineering, such 
as a rate of reaction in chemistry or a marginal cost in economics. Since this type of limit 
occurs so widely, it is given a special name and notation. 


[4] Definition The derivative of a function f at a number a, denoted by f'(a), is 


JG rah) f(a) 
h 


if this limit exists. 


If we write x = a + h, then we have h = x — a and h approaches 0 if and only if x 
approaches a. Therefore an equivalent way of stating the definition of the derivative, as we 
saw in finding tangent lines, is 


ne terrae AC 
[5 fig dime a 


1 ESE Find the derivative of the function f(x) = x? — 8x + 9 at the number a. 


yx ox +9 


FIGURE 7 
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SOLUTION From Definition 4 we have 


fla +h) ~f@ 


f(a) = lim 
h—>0 h 
_ (ath) — 8a +h) + 9] - [a? — 8a + 9] 
Fs ae h 


a’? + 2ah + h* — 8a - 8h +9-a’?+8a-9 


= lim 


h—0 h 
— Qah + h? — 8h ‘ 
= $e are = 
h—0 h h—0 
=2a-—8 bei 


We defined the tangent line to the curve y = f(x) at the point P(a, f(a)) to be the line that 
passes through P and has slope m given by Equation | or 2. Since, by Definition 4, this is 
the same as the derivative f'(a), we can now say the following. 


The tangent line to y = f(x) at (a, f(a)) is the line through (a, f(a)) whose slope is 
equal to f'(a), the derivative of fat a. 


If we use the point-slope form of the equation of a line, we can write an equation of the 
tangent line to the curve y = f(x) at the point (a, f(a)): 


yal@=7'@G — a) 
©! {SEU Find an equation of the tangent line to the parabola y = x° — 8x + 9 at 
the point (3, —6). 


SOLUTION From Example 4 we know that the derivative of f(x) = x° — 8x + 9 at the 
number a is f(a) = 2a — 8. Therefore the slope of the tangent line at (3, —6) is 
f'(3) = 2(3) — 8 = —2. Thus an equation of the tangent line, shown in Figure 7, is 


y= (=6) = (2) (@ +33) or y = —2x SES 


MH Rates of Change 


Suppose y is a quantity that depends on another quantity x. Thus y is a function of x and we 
write y = f(x). If x changes from x; to x2, then the change in x (also called the increment 
of x) 1s 


Ax ae Rane ae | 


and the corresponding change in y is 


The difference quotient 
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Ax 


| 
= 
0 Gi 


average rate of change = po 


instantaneous rate of change = 
slope of tangent at P 


FIGURE 8 


FIGURE 9 
The y-values are changing rapidly 
at P and slowly at Q. 


coy eee ee 
rs 
ay 


is called the average rate of change of y with respect to x over the interval [x;, x2] and can 
be interpreted as the slope of the secant line PQ in Figure 8. 

By analogy with velocity, we consider the average rate of change over smaller and 
smaller intervals by letting x. approach x, and therefore letting Ax approach 0. The limit of 
these average rates of change is called the (instantaneous) rate of change of y with respect 
to x at x = x, which is interpreted as the slope of the tangent to the curve y = f(x) at 


PCcr, f Ga): 


‘ f(x) =f On) 
si ee dt cis iow EEE 


' _ Ay 
[6 | instantaneous rate of change = lim ——~ = li 
Ax>0 Ax x2 x1 XD) aac 


We recognize this limit as being the derivative f’(x1). 
We know that one interpretation of the derivative f’(a) is as the slope of the tangent line 
to the curve y = f(x) when x = a. We now have a second interpretation: 


The derivative f'(a) is the instantaneous rate of change of y = f(x) with respect 


to x when x = a. 


The connection with the first interpretation is that if we sketch the curve y = f(x), then 
the instantaneous rate of change is the slope of the tangent to this curve at the point where 
x = a. This means that when the derivative is large (and therefore the curve is steep, as 
at the point P in Figure 9), the y-values change rapidly. When the derivative is small, the 
curve is relatively flat (as at point Q) and the y-values change slowly. 

In particular, if s = f(t) is the position function of a particle that moves along a straight 
line, then f’(a) is the rate of change of the displacement s with respect to the time ¢. In 
other words, f'(a) is the velocity of the particle at time t = a. The speed of the particle is 
the absolute value of the velocity, that is, | f’(a) |. 

In the next example we discuss the meaning of the derivative of a function that is 
defined verbally. 


iV A manufacturer produces bolts of a fabric with a fixed width. The cost of 
producing x yards of this fabric is C = f(x) dollars. 

(a) What is the meaning of the derivative f'(x)? What are its units? 

(b) In practical terms, what does it mean to say that f’(1000) = 9? 

(c) Which do you think is greater, f’(50) or f'(500)? What about f’(5000)? 


SOLUTION 
(a) The derivative f(x) is the instantaneous rate of change of C with respect to x; that 
is, f'(x) means the rate of change of the production cost with respect to the number of 
yards produced. (Economists call this rate of change the marginal cost. This idea is dis- 
cussed in more detail in Sections 3.7 and 4.7.) 
Because 
ANE 
oles ing 
PN a 
the units for f'(x) are the same as the units for the difference quotient AC/Ax. Since 


AC is measured in dollars and Ax in yards, it follows that the units for f'(x) are dollars 
per yard. 


Here we are assuming that the cost function 
is well behaved; in other words, C(x) doesn't 
oscillate rapidly near x = 1000. 


t D(t) 
1980 930.2 
1985 1945.9 
1990 823355 
1995 4974.0 
2000 5674.2 
2005 7932.7 


A Note on Units 

The units for the average rate of change AD/At 
are the units for AD divided by the units for Af, 
namely, billions of dollars per year. The instan- 
taneous rate of change is the limit of the aver- 
age rates of change, so it is measured in the 
same units: billions of dollars per year. 
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(b) The statement that f’(1000) = 9 means that, after 1000 yards of fabric have been 
manufactured, the rate at which the production cost is increasing is $9/yard. (When 
x = 1000, C is increasing 9 times as fast as x.) 
Since Ax = | is small compared with x = 1000, we could use the approximation 
AC Cae 


11.000) = SS 
yy ) i AG 


and say that the cost of manufacturing the 1000th yard (or the 1001st) is about $9. 

(c) The rate at which the production cost is increasing (per yard) is probably lower 
when x = 500 than when x = 50 (the cost of making the 500th yard is less than the cost 
of the 50th yard) because of economies of scale. (The manufacturer makes more efficient 
use of the fixed costs of production.) So 


f'(50) > f"(500) 


But, as production expands, the resulting large-scale operation might become inefficient 
and there might be overtime costs. Thus it is possible that the rate of increase of costs 
will eventually start to rise. So it may happen that 


£'(5000) > f'(500) Ena 


In the following example we estimate the rate of change of the national debt with respect 
to time. Here the function is defined not by a formula but by a table of values. 


{) ESEETS2 Let D(t) be the US national debt at time rf. The table in the margin gives 
approximate values of this function by providing end of year estimates, in billions of dol- 
lars, from 1980 to 2005. Interpret and estimate the value of D'(1990). 


SOLUTION The derivative D'(1990) means the rate of change of D with respect to t when 
t = 1990, that is, the rate of increase of the national debt in 1990. 
According to Equation 5, 


De nD) 11690) 
DX1990) = lim ~~ 19900 


So we compute and tabulate values of the difference quotient (the average rates of 
change) as follows. 


D(t) — D(1990) 
s ? — 1990 
1980 230.31 
1985 257.48 
1995 348.14 
2000 244,09 
2005 313.29 


From this table we see that D’(1990) lies somewhere between 257.48 and 348.14 billion 
dollars per year. [Here we are making the reasonable assumption that the debt didn’t 
fluctuate wildly between 1980 and 2000.] We estimate that the rate of increase of the 
national debt of the United States in 1990 was the average of these two numbers, namely 


D'(1990) ~ 303 billion dollars per year 


Another method would be to plot the debt function and estimate the slope of the tan- 
gent line when t = 1990. cam 
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Exercises 


1. 


5-8 Find an equation of the tangent line to the curve at the 
given point. 
5. y= 4x — 3x7, 


Lay s/x 4 (Lal) 
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In Examples 3, 6, and 7 we saw three specific examples of rates of change: the veloc- 
ity of an object is the rate of change of displacement with respect to time; marginal cost is 
the rate of change of production cost with respect to the number of items produced; the 
rate of change of the debt with respect to time is of interest in economics. Here is a small 
sample of other rates of change: In physics, the rate of change of work with respect to time 
is called power. Chemists who study a chemical reaction are interested in the rate of 
change in the concentration of a reactant with respect to time (called the rate of reaction). 
A biologist is interested in the rate of change of the population of a colony of bacteria with 
respect to time. In fact, the computation of rates of change is important in all of the natu- 
ral sciences, in engineering, and even in the social sciences. Further examples will be given 
in Section 3.7. 

All these rates of change are derivatives and can therefore be interpreted as slopes of 
tangents. This gives added significance to the solution of the tangent problem. Whenever 
we solve a problem involving tangent lines, we are not just solving a problem in geome- 
try. We are also implicitly solving a great variety of problems involving rates of change in 
science and engineering. 


A curve has equation y = f(x). 

(a) Write an expression for the slope of the secant line and (2, 3). 
through the points P(3, f(3)) and O(x, f(x)). 

(b) Write an expression for the slope of the tangent line at P. 


. (a) Find the slope of the tangent line to the parabola 
y = 4x — x’ at the point (1, 3) 
(i) using Definition 1 
(b) Find an equation of the tangent line in part (a). 
(c) Graph the parabola and the tangent line. As a check on 
your work, zoom in toward the point (1, 3) until the 
parabola and the tangent line are indistinguishable. - s (meters) 


(ii) using Equation 2 


. (a) Find the slope of the tangent line to the curve 
y = x — x? at the point (1, 0) 

(i) using Definition 1 

(b) Find an equation of the tangent line in part (a). 

(c) Graph the curve and the tangent line in successively 0 9 4 6 

smaller viewing rectangles centered at (1, 0) until the 
curve and the line appear to coincide. 


(ii) using Equation 2 


6. yo rel ee) 


5 WW 


(b) Find equations of the tangent lines at the points (1, 5) 


] 
Le 


(c) Graph the curve and both tangents on a common screen. 


10. (a) Find the slope of the tangent to the curve y = | e Jx at 


. Graph the curve y = e* in the viewing rectangles [hel] by the point where x = a. . 
[0, 2], [-0.5, 0.5] by [0.5, 1.5], and [—0.1, 0.1] by [0.9, 1.1]. (b) Find equations of the tangent lines at the points (1, 1) 
What do you notice about the curve as you zoom in toward and (4, ). 
the point (0, 1)? 1 


(] 
q 


a (c) Graph the curve and both tangents.on a common screen. 


11. (a) A particle starts by moving to the right along a horizon- 
tal line; the graph of its position function is shown. 
When is the particle moving to the right? Moving to the 
left? Standing still? , 
(b) Draw a graph of the velocity function: 


4 


HE 


a 


> 
t (seconds) 


12. Shown are graphs of the position functions of two runners, 
A and B, who run a 100-m race and finish in a tie. 


s (meters) & 


ee rates (1,1) 80 
x+2? : 


40 


9. (a) Find the slope of the tangent to the curve 
y =3 4+ 4x? — 2x? at the point where x = a. 0 


> 
t (seconds) 


la ; : 
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


(a) Describe and compare how the runners run the race. 

(b) At what time is the distance between the runners the 
greatest? 

(c) At what time do they have the same velocity? 


If a ball is thrown into the air with a velocity of 40 ft/s, its 
height (in feet) after t seconds is given by y = 40t — 1677. 
Find the velocity when t = 2. 


If a rock is thrown upward on the planet Mars with a velocity 
of 10 m/s, its height (in meters) after t seconds is given by 
H = 10t — 1.86¢?. 


(a) Find the velocity of the rock after one second. yy 


(b) Find the velocity of the rock when t = a. 
(c) When will the rock hit the surface? 
(d) With what velocity will the rock hit the surface? 


The displacement (in meters) of a particle moving in a straight 

line is given by the equation of motion s = 1/t*, where f is las, 
measured in seconds. Find the velocity of the particle at times 
OS OP fh I), CNG 3 


The displacement (in meters) of a particle moving in a straight 
line is given by s = t? — 8t + 18, where f is measured in 
seconds. 

(a) Find the average velocity over each time interval: 

(i) [3, 4] (ily [35544 
(iii) [4, 5] (iv) [4, 4.5] 

(b) Find the instantaneous velocity when t = 4. 

(c) Draw the graph of s as a function of ¢ and draw the secant 
lines whose slopes are the average velocities in part (a) and 
the tangent line whose slope is the instantaneous velocity in 
part (b). 


For the function g whose graph is given, arrange the following 
numbers in increasing order and explain your reasoning: 


g'(0) g'(2) q'(4) 


0 g(-2) 


Find an equation of the tangent line to the graph of y = g(x) at 
x = 5 if g(5) = —3 and g'(5) = 4. 


If an equation of the tangent line to the curve y = f(x) at the 
point where a = 2 is y = 4x — 5, find (2) and f’(2). 

If the tangent line to y = f(x) at (4, 3) passes through the point 
(0, 2), find f(4) and f'(4). 


Sketch the graph of a function f for which f(0) = 0, f’(0) 
f(y Or and f° (2) == 1: 


23 3), 
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. Sketch the graph of a function g for which 

g(0) = g(2) = g(4) = 0, g(1) = 9’(3) = 0, g'(0) = g'(4) = 1, 
g'(2) = 1, lim,+« g(x) = ©, and lim, g(x) = —®. 

If f(x) = 3x? — x3, find f’(1) and use it to find an equation of 
the tangent line to the curve y = 3x* — x° at the point (1, 2). 


23. 


. If g(x) = x* — 2, find g'(1) and use it to find an equation of the 
tangent line to the curve y = x* — 2 at the point (1, —1). 


. (a) If F(x) = S5x/(1 + x’), find F’(2) and use it to find an 
equation of the tangent line to the curve y = 5x/(1 + x’) 
at the point (2, 2). 
(b) Illustrate part (a) by graphing the curve and the tangent line 
on the same screen. 


26. (a) If G(x) = 4x° — x*, find G'(a) and use it to find equations 


of the tangent lines to the curve y = 4x° — x° at the points 
(2, 8) and (3, 9). 

(b) Illustrate part (a) by graphing the curve and the tangent 
lines on the same screen. 


27-32 Find f'(a). 

27. f(x) = 3x? — 4x +1 28. fi) =20 +t 

ence 
ae 3 


31. f(x) = x 


29. f(t) 30. f(x) =x” 
4 


32. f(x) = i= 


33-38 Each limit represents the derivative of some function f at 
some number a. State such an f and a in each case. 


bh) Pia i af LOE ae 
agree ee Bh 
h—0 h h—0 h 
aaa ee Sees 
ae 2 ea 
“+ hy | i 
in 38. lim 


39-40 A particle moves along a straight line with equation of 
motion s = f(t), where s is measured in meters and f in seconds. 
Find the velocity and the speed when t = 5. 


39. f(t) = 100 + S50r — 4.97? 
40. f(t) =t'-t 


41. A warm can of soda is placed in a cold refrigerator. Sketch the 
graph of the temperature of the soda as a function of time. Is 
the initial rate of change of temperature greater or less than the 
rate of change after an hour? 


42. A roast turkey is taken from an oven when its temperature has 
reached 185°F and is placed on a table in a room where the 
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43. 


45. 
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temperature is 75°F. The graph shows how the temperature of 
the turkey decreases and eventually approaches room tempera- 
ture. By measuring the slope of the tangent, estimate the rate of 
change of the temperature after an hour. 


T (°F)A 
200 +—}—_+ 


100 


> 
0 30 60 90 120 150 ¢ (min) 


The number N of US cellular phone subscribers (in millions) is 
shown in the table. (Midyear estimates are given.) 
t 1996 1998 2000 | 2002 | 2004 2006 
N 44 69 | 109 | 14] | 182 Zpo 


(a) Find the average rate of cell phone growth 
(i) from 2002 to 2006 (ii) from 2002 to 2004 
(iii) from 2000 to 2002 
In each case, include the units. 

(b) Estimate the instantaneous rate of growth in 2002 by 
taking the average of two average rates of change. What 
are its units? 

(c) Estimate the instantaneous rate of growth in 2002 by mea- 
suring the slope of a tangent. 


. The number N of locations of a popular coffeehouse chain is 


given in the table. (The numbers of locations as of October | 
are given.) 


Year | 2004 i 2005 | 2006 


2007 2008 


N 8569 | 10,241 | 12,440 | 15,011 16,680 


(a) Find the average rate of growth 
(i) from 2006 to 2008 / (ii) from 2006 to 2007 
(iii) from 2005 to 2006 
In each case, include the units. 

(b) Estimate the instantaneous rate of growth in 2006 by 
taking the average of two average rates of change. What 
are its units? 

(c) Estimate the instantaneous rate of growth in 2006 by mea- 
suring the slope of a tangent. 

(d) Estimate the intantaneous rate of growth in 2007 and com- 
pare it with the growth rate in 2006. What do you conclude? 


The cost (in dollars) of producing x units of a certain com- 
modity is C(x) = 5000 + 10x + 0.05x’. 
(a) Find the average rate of change of C with respect to x when 
the production level is changed 
(i) from x = 100 to x = 105 
(ii) from x = 100 to x = 101 


47. 


49. 


50. 


51. 


(b) Find the instantaneous rate of change of C with respect to x 
when x = 100. (This is called the marginal cost. Its signifi- 
cance will be explained in Section 3.7.) 


. If a cylindrical tank holds 100,000 gallons of water, which can 


be drained from the bottom of the tank in an hour, then Torri- 
celli’s Law gives the volume V of water remaining in the tank 
after t minutes as 


V(t) = 100,000(1 — ar)” 


Find the rate at which the water is flowing out of the tank (the 
instantaneous rate of change of V with respect to r) as a func- 
tion of t. What are its units? For times t = 0, 10, 20, 30, 40, 50, 
and 60 min, find the flow rate and the amount of water remain- 
ing in the tank. Summarize your findings in a sentence or two. 
At what time is the flow rate the greatest? The least? 


The cost of producing x ounces of gold from a new gold mine 

is C = f(x) dollars. 

(a) What is the meaning of the derivative f’(x)? What are its 
units? 

(b) What does the statement f’(800) = 17 mean? 

(c) Do you think the values of f’(x) will increase or decrease 
in the short term? What about the long term? Explain. 


. The number of bacteria after t hours in a controlled laboratory 


experiment is n = f(t). 

(a) What is the meaning of the derivative f'(5)? What are its 
units? 

(b) Suppose there is an unlimited amount of space and 
nutrients for the bacteria. Which do you think is larger, 
f'(5) or f'(10)? If the supply of nutrients is limited, would 
that affect your conclusion? Explain. 


Let T(t) be the temperature (in °F) in Phoenix ¢ hours after 
midnight on September 10, 2008. The table shows values of 
this function recorded every two hours. What is the meaning of 
T'(8)? Estimate its value. 


Gols s4 | 90 


The quantity (in pounds) of a gourmet ground coffee that is 

sold by a coffee company at a price of p dollars per pound 

is Q = f(p). 

(a) What is the meaning of the derivative f'(8)? What are its 
units? 

(b) Is f'(8) positive or negative? Explain. 


The quantity of oxygen that can dissolve in water depends on 
the temperature of the water. (So thermal pollution influences 
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the oxygen content of water. ) The graph shows how oxygen (b) Estimate the values of $’(15) and S’(25) and interpret them. 
solubility S varies as a function of the water temperature 7. 
(a) What is the meaning of the derivative $'(7)? What are its SA 
units? (cm/s) 
(b) Estimate the value of S’(16) and interpret it. 
SA 2oe 
(mg/L) 
16 
— t 4 + S—————— 
12+ 0 10 20 T(°C) 
8 
4 ; : 
53-54 Determine whether f’(0) exists. 
0 ‘ 4 b +——+4 > 
Salone aue e240 me G) eet il 
eeiNn— ahi see2 0 
Adapted from Kupchella & Hyland, Environmental Science: Living 53. fae) i x 
Within the System of Nature, 2d ed.; © 1989. Printed and (0) me 26 == 0) 


electronically reproduced by permission of Pearson Education, Inc., 
Upper Saddle River, NJ 


52. The graph shows the influence of the temperature 7 on the x? sin ib int oe s= (0) 
maximum sustainable swimming speed S of Coho salmon. 54. f(x) = 
(a) What is the meaning of the derivative (7)? What are 0 Veo 
its units? a det 4 


Se ee Re a iw 
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s 
The first person to formulate explicitly the ideas of limits and derivatives was Sir Isaac Newton in 


the 1660s. But Newton acknowledged that “If I have seen further than other men, it is because I 
have stood on the shoulders of giants.” Two of those giants were Pierre Fermat (1601-1665) and 
Newton’s mentor at Cambridge, Isaac Barrow (1630-1677). Newton was familiar with the meth- 
ods that these men used to find tangent lines, and their methods played a role in Newton’s eventual 
formulation of calculus. 

The following references contain explanations of these methods. Read one or more of the 
references and write a report comparing the methods of either Fermat or Barrow to modern 
methods. In particular, use the method of Section 2.7 to find an equation of the tangent line to the 
| curve y = x* + 2x at the point (1, 3) and show how either Fermat or Barrow would have solved 
the same problem. Although you used derivatives and they did not, point out similarities between 
the methods. 


1. Carl Boyer and Uta Merzbach, A History of Mathematics (New York: Wiley, 1989), 

| pp. 389, 432. 

2. C. H. Edwards, The Historical Development of the Calculus (New York: Springer-Verlag, 
1979), pp. 124, 132. 

3. Howard Eves, An Introduction to the History of Mathematics, 6th ed. (New York: Saunders, 
1990); pps 3915 395: 

4. Morris Kline, Mathematical Thought from Ancient to Modern Times (New York: Oxford 
University Press, 1972), pp. 344, 346. 
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| 2.8 | The Derivative as a Function 


In the preceding section we considered the derivative of a function fat a fixed number a: 


i f(@ = tim Let OO 


Here we change our point of view and let the number a vary. If we replace a in Equation 1| 
by a variable x, we obtain 


[2] Faye lim F(a " ssf (3) 


Given any number x for which this limit exists, we assign to x the number f'(x). So we can 
regard f’ as a new function, called the derivative of f and defined by Equation 2. We know 
that the value of f’ at x, f’(x), can be interpreted geometrically as the slope of the tangent 
line to the graph of f at the point (x, f(x). 

The function f’ is called the derivative of f because it has been “derived” from f by the 
limiting operation in Equation 2. The domain of /” is the set {x | f'(x) exists} and may be 
smaller than the domain of f. 


(Y] (ELEN The graph of a function f is given in Figure 1. Use it to sketch the graph 
of the derivative 


YA 


FIGURE 1 


SOLUTION We can estimate the value of the derivative at any value of x by drawing the 
tangent at the point (x, f(x)) and estimating its slope. For instance, for x = 5 we draw 
the tangent at P in Figure 2(a) and estimate its slope to be about 3 so f'(5) = 1.5. This 
allows us to plot the point P’(5, 1.5) on the graph of f’ directly beneath P. Repeating 
this procedure at several points, we get the graph shown in Figure 2(b). Notice that the 
tangents at A, B, and C are horizontal, so the derivative is 0 there and the graph of f’ 
crosses the x-axis at the points A’, B’, and C’, directly beneath A, B, and C. Between A 
and B the tangents have positive slope, so f’(x) is positive there. But between B and C 
the tangents have negative slope, so f’(x) is negative there. 


Visual 2.8 shows an animation of 


Figure 2 for several functions. 


FIGURE 2 
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(b) ences 


WV 
(a) If f(x) = x° — x, find a formula for f’(x). 
(b) Illustrate by comparing the graphs of f and f’. 


SOLUTION 
(a) When using Equation 2 to compute a derivative, we must remember that the variable 
is h and that x is temporarily regarded as a constant during the calculation of the limit. 


f(x) = lim BACs SAE) op lim L@ + hy = & + #)) ~ Fe’ ~ x) 
h—0 h h-0 h 
io, ermine iy ha hte 
_ rey h 
8x*h + 3xh*> +h? —h 


= lim — —_— _ = lim (3x? + 3xh + A? — 1) = 3x7 - 1 
h-0 h h—0 


156 CHAPTER 2. LIMITS AND DERIVATIVES 


FIGURE 3 
Here we rationalize the numerator. 
YA 
| abe 
2 > 
0 1 x 
(a) fix) = Vx 
yA 
| ‘he 
= > 
(b) fy == 
‘ 2J/x 
FIGURE 4 


a (é 


b 7 d _ ad be | 


e bd e 


(b) We use a graphing device to graph f and f’ in Figure 3. Notice that f') = 0 when 
f has horizontal tangents and f '(x) is positive when the tangents have positive slope. So 
these graphs serve as a check on our work in part (a). 


+2 
=a 
SU geae If f(x) = Vx, find the derivative of f. State the domain of f". 
SOLUTION 
Vy tet a a Jae ea 
fo) = ae h h—0 h 
ij a onl X. ATi +E) 
= m ES 
n= h Vx th + Jx 
(x + h) — x 1 
=i SS SSS SS = = 0 ——<— 
0 h(Jxth +x) to Vx th + vx 
vad ] Ame 
ee eye 
We see that f'(x) exists if x > 0, so the domain of f’ is (0, ©). This is smaller than the 
domain of f, which is [0, ~). = 


Let’s check to see that the result of Example 3 is reasonable by looking at the graphs of 


fand f’ in Figure 4. When x is close to 0, ,/x is also close to 0, so f(x) = (2x) is 


very large and this corresponds to the steep tangent lines near (0, 0) in Figure 4(a) and the 
large values of f’(x) just to the right of 0 in Figure 4(b). When x is large, f'(x) is very small 
and this corresponds to the flatter tangent lines at the far right of the graph of f and the 
horizontal asymptote of the graph of f’. 


[SUR Find f’ if f(x) =< ——. 
2+ Xx 
SOLUTION 
a xh) a 1—x 
Fra Rea a Aaa Es A roc lease 
h—0 h h—0 h 
jie yee Cibscees sh) 58a) EC at 
h—0 A(2 +x + ny(2 +x) 


(2—x—-—2h— x? — xh) — (2 —x+h-— x? — xh) 
h—0 Wnt 2A h) Qa) 
= yy) =3 3 


im ——— = Lim —_ = — —— 
noo h(2+x+h\2+x) ro0(2+x+h\(24+x) (2+ xy 


Leibniz 


Gottfried Wilhelm Leibniz was born in Leipzig 
in 1646 and studied law, theology, philosophy, 
and mathematics at the university there, gradu- 
ating with a bachelor's degree at age 17. After 
earning his doctorate in law at age 20, Leibniz 
entered the diplomatic service and spent most 
of his life traveling to the capitals of Europe on 
political missions. In particular, he worked to 
avert a French military threat against Germany 
and attempted to reconcile the Catholic and 
Protestant churches. 

His serious study of mathematics did not 
begin until 1672 while he was on a diplomatic 
mission in Paris. There he built a calculating 
machine and met scientists, like Huygens, who 
directed his attention to the latest develop- 
ments in mathematics and science. Leibniz 
sought to develop a symbolic logic and system 
of notation that would simplify logical reason- 
ing. In particular, the version of calculus that he 
published in 1684 established the notation and 
the rules for finding derivatives that we use 
today. 

Unfortunately, a dreadful priority dispute 
arose In the 1690s between the followers of 
Newton and those of Leibniz as to who had 
invented calculus first. Leibniz was even 
accused of plagiarism by members of the Royal 
Society in England. The truth is that each man 
invented calculus independently. Newton 
arrived at his version of calculus first but, 
because of his fear of controversy, did not pub- 
lish it immediately. So Leibniz’s 1684 account 
of calculus was the first to be published. 
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MS Other Notations 


If we use the traditional notation y = f(x) to indicate that the independent variable is x and 
the dependent variable is y, then some common alternative notations for the derivative are 
as follows: 


dy df 
dx dx 


/ / d 
TR) ye = Fy LO) = DFO) = Dz f(x) 
The symbols D and d/dx are called differentiation operators because they indicate the 
operation of differentiation, which is the process of calculating a derivative. 

The symbol dy/dx, which was introduced by Leibniz, should not be regarded as a ratio 
(for the time being); it is simply a synonym for f‘(x). Nonetheless, it is a very useful and 
suggestive notation, especially when used in conjunction with increment notation. Referring 
to Equation 2.7.6, we can rewrite the definition of derivative in Leibniz notation in the form 

dy Pee AY. 


pT rey 
dx Axo Ax 
If we want to indicate the value of a derivative dy/dx in Leibniz notation at a specific num- 


ber a, we use the notation 
dy 
or == 
x=a dx x=a 


dy 
dx 


which is a synonym for f'(a). 


[3] Definition A function f is differentiable at a if f'(a) exists. It is differen- 
tiable on an open interval (a, b) [or (a, ©) or (—%, a) or (—~, ~)] if it is differ- 
entiable at every number in the interval. 


1 (AES Where is the function f(x) = |x| differentiable? 


SOLUTION If x > 0, then |x| = x and we can choose h small enough that x + h > 0 and 
hence | x ar | = x + h. Therefore, for x > 0, we have 


Re ees ES AP Ea Oe Gera aa: 
it ee ere ae 
ee 
=hn— = im) = 1 
h-0 h h—0 
and so f is differentiable for any x > 0. 
Similarly, for x < 0 we have |x| = —x and h can be chosen small enough that 
x th = Oandso |x + h| = —(x 4+ h). Therefore, for x < 0, 
Hey = tee a = +h) = (=x) 
NO pe h oo h 
= lim — = lim (-1) = -1 
h—0 1 h—0 


and so f is differentiable for any x < 0. 
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yA 
—_> 
@) x: 

(a) y=f(x)= |x| 

YA 
(__— 
— > 
0 x 

| 


(b) y= f(x) 
FIGURE 5 


An important aspect of problem solving is 
trying to find a connection between the given 
and the unknown. See Step 2 (Think of a Plan) 
in Principles of Problem Solving on page 75. 


For x = 0 we have to investigate 


_ fO+h) —f0) 
lim ——_——— 


AQie h—0 h 
— |( 
= lim NONE ocd est (if it exists) 
h—0 h 


Let’s compute the left and right limits separately: 


+ h| — |0 
fe ata LO lim 


h—0* h hoot h * h “ h h—>04 
sip = h —} : 
and tea Ose ermal Osh AS fl lim — = lim (-1) = - 
h—07- h h—>0 ho0- A h—>0 


Since these limits are different, f’(0) does not exist. Thus f is differentiable at all x 
except 0. 
A formula for f’ is given by 


| ie 0 


if x <0 


and its graph is shown in Figure 5(b). The fact that {’(0) does not exist is reflected geo- 
metrically in the fact that the curve y = |x| does not have a tangent line at (0, 0). [See 
Figure 5(a).] ficrosi] 


Both continuity and differentiability are desirable properties for a function to have. The 
following theorem shows how these properties are related. 


| Theorem If f is differentiable at a, then f is continuous at a. 


PROOF To prove that f is continuous at a, we have to show that lim, f(x) = f(a). We 
do this by showing that the difference f(x) — f(a) approaches 0. 
The given information is that f is differentiable at a, that is, 


P(a) = tim LOL 


xd ye Ga 


exists (see Equation 2.7.5). To connect the given and the unknown, we divide and multi- 
ply f(x) — f(a) by x — a (which we can do when x ¥ a): 


ba A ito he, 
(x 


A ed 


fla) =f (a) 


a) 


Thus, using the Product Law and (2.7.5), we can write 


lim [ f(x) — f(a)| = lim pacha ACO) (x — a) 
ra L—> a Barone & 
= lim She) = fla) lini 2) 
x—>a 09, te aad I r—> a 
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To use what we have just proved, we start with f(x) and add and subtract f(a): 
lim f(0) = lim f(a) + (f(x) — f(@)] 
= lim f(a) + lim [f(x) — f(a)] 
= f(a) + 0 = f(a) 
Therefore f is continuous at a. ee 


@ NOTE The converse of Theorem 4 is false; that is, there are functions that are contin- 
uous but not differentiable. For instance, the function f(x) = |x | is continuous at 0 because 


lim f(x) = lim |x| = 0 = f(0) 


(See Example 7 in Section 2.3.) But in Example 5 we showed that f is not differentiable 
at 0. 


M8 How Can a Function Fail to Be Differentiable? 


We saw that the function y = |x| in Example 5 is not differentiable at 0 and Figure S(a) 
shows that its graph changes direction abruptly when x = 0. In general, if the graph of a 


yA function f has a “corner” or “kink” in it, then the graph of f has no tangent at this point 
vertical tangent and f is not differentiable there. [In trying to compute f(a), we find that the left and right 

line limits are different. | 
=, Theorem 4 gives another way for a function not to have a derivative. It says that if f is 


not continuous at a, then f is not differentiable at a. So at any discontinuity (for instance, 
a jump discontinuity) f fails to be differentiable. 
A third possibility is that the curve has a vertical tangent line when x = a; that is, f 


_ is continuous at a and 
a 


lim | f'(x)| = 
FIGURE 6 : : ; ; ; 
This means that the tangent lines become steeper and steeper as x — a. Figure 6 shows one 


way that this can happen; Figure 7(c) shows another. Figure 7 illustrates the three possi- 
bilities that we have discussed. 


yA yA yA 
i > + > —- > 
0 a x 0 a % 0 a a 
FIGURE 7 
Three ways for f not to be 
differentiable at a (a) A corner (b) A discontinuity (c) A vertical tangent 


A graphing calculator or computer provides another way of looking at differentiabil- 
ity. If f is differentiable at a, then when we zoom in toward the point (a, f(a)) the graph 


mi 
wa) 
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straightens out and appears more and more like a line. (See Figure 8. We saw a specific 
example of this in Figure 2 in Section 27.) But no matter how much we zoom in toward a 
point like the ones in Figures 6 and 7(a), we can’t eliminate the sharp point or comer (see 
Figure 9). 


ya 


4 


FIGURE 8 
7 is differentiable at a. 


0) a x 


FIGURE 9 
f is not differentiable at a. 


WH Higher Derivatives 

If f is a differentiable function, then its derivative 7’ is also a function, so f’ may have a 
derivative of its own, denoted by (/’)’ =f”. This new function /” is called the second 
derivative of # because it is the derivative of the derivative of f- Using Leibniz notation, 
we write the second derivative of y = f(x) as 


cs ts) _#y 
ax \ dx ax* 
lf f(x) = x° — x, find and interpret f"(a). 


SOLUTION In Example 2 we found that the first derivative is f"(a) = 3x? — 1. So the 
second derivative is 


“ one i Txt eT ow 
T (x) = UV ) (x) —— lim A= 


h 
= — : 3a + hP-—1])-Ber-1 
= Yen i ea! ] 
? z—0 h 
45 Yn 327+ 6xk + 301 = 3 2) 
= i. SS 
k—0 h 
== = lim (6x + 3h) = 6x 
= : k—0 
FIGURE 10 The graphs of 7, 7’, and 7” are shown in Figure 10. 
We can interpret f"(x) as the slope of the curve y = f’(a) at the point (x, f"(a)). In 
other words, it is the rate of change of the slope of the original curve y = f(a). 
can see how changing Notice from Figure 10 that "(a) is negative when y = f’(x) has negative slope 
ynomial # affects the and positive when y = 7'(4) has positive slope. So the graphs serve as a check on our 


calculations. ee 


In general, we can interpret a second derivative as a rate of change of a rate of change. 
The most familiar example of this is acceleration, which we define as follows. 
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If s = s(t) is the position function of an object that moves in a straight line, we know that 
its first derivative represents the velocity v(t) of the object as a function of time: 


_ds 
dt 


v(t) = s(t) 


The instantaneous rate of change of velocity with respect to time is called the acceleration 
a(t) of the object. Thus the acceleration function is the derivative of the velocity function 
and is therefore the second derivative of the position function: 


a(t) = v'(t) = s"(t) 


or, in Leibniz notation, 


The third derivative f” is the derivative of the second derivative: f’” = (f”)’. So 
f(x) can be interpreted as the slope of the curve y = f”(x) or as the rate of change of 
f"(x). If y = f(x), then alternative notations for the third derivative are 


mum MLA d d’y d*y 
Vasa), w= 2( : |- r 


- dx \ dx 


The process can be continued. The fourth derivative f’” is usually denoted by f. In gen- 
eral, the nth derivative of f is denoted by f” and is obtained from f by differentiating n 


times. If y = f(x), we write 
d"y 
(72) eee (i) = Hee 
yr = fx) = 
o i ) dx" 


PSCERA If f(x) = x? — x, find f(x) and f(x). 


SOLUTION In Example 6 we found that f”(x) = 6x. The graph of the second derivative 
has equation y = 6x and so it is a straight line with slope 6. Since the derivative f’"(x) is 
the slope of f”(x), we have 


f"(x) = 6 


is a constant function and its graph is a horizontal line. There- 


mt 


for all values of x. So f 
fore, for all values of x, 


f'() = () aioe 


We can also interpret the third derivative physically in the case where the function is 
the position function s = s(t) of an object that moves along a straight line. Because 
s” = (s")' = a’, the third derivative of the position function is the derivative of the accel- 
eration function and is called the jerk: 

(oes aes 


Leto dt dt? 


Thus the jerk / is the rate of change of acceleration. It is aptly named because a large jerk 
means a sudden change in acceleration, which causes an abrupt movement in a vehicle. 

We have seen that one application of second and third derivatives occurs in analyzing 
the motion of objects using acceleration and jerk. We will investigate another applica- 
tion of second derivatives in Section 4.3, where we show how knowledge of f” gives us 
information about the shape of the graph of f. In Chapter 11 we will see how second and 
higher derivatives enable us to represent functions as sums of infinite series. 
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| 28 | Exercises 


1-2 Use the given graph to estimate the value of each derivative. 
Then sketch the graph of f’. 


1. 


CONG) 
(b) f'(—2) 
cry 
(d) f(0) 
(e) f’) 
(f) f'Q) 
(g) f'3) 


- (a) f'(0) 


(b) f‘() 
(c) f'(2) 
(d) f'(3) 
(e) f'(4) 
(f) f'G) 

g) f'(6) 
(h) f’(7) 


3. Match the graph of each function in (a)—(d) with the graph of 
its derivative in I-IV. Give reasons for your choices. 


Graphing calculator or computer required 


(a) yh 


(c) at 
0 
I yA 


Ii 


& 


(b) 


(d) 


U 


IV 


y 

0 x 

y 
ali 

yA 
AN 

yA 


ss 
[J 
x 


4-11 Trace or copy the graph of the given function f. (Assume that 
the axes have equal scales.) Then use the method of Example | to 
sketch the graph of f’ below it. 


fies nj y 
> 
0 ue 
5. y 6 yA 
> 
0 x 
7. y 8. 
an ‘ 
0 | x 
9. y 10. yA 
:: 0 x 
11. 


0) 
ya 
> 
ye Xx 


12. Shown is the graph of the population function P(r) for yeast 
cells in a laboratory culture. Use the method of Example 1 to 


hee cells) 


5004 


i 


a ee es 
0 5 10-15. t (hours) 


1. Homework Hints available at stewartcalculus.com 


SECTION 2.8 THE DERIVATIVE AS A FUNCTION 163 


graph the derivative P’(t). What does the graph of P’ tell us 18. f(x) = Inx 
about the yeast population? 


13. A rechargeable battery is plugged into a charger. The graph 19. Let f(x) = x? 
shows C(t), the percentage of full capacity that the battery (a) Ginwors fe values of f’(0), f’(2),f'(1), and f'(2) by using 
reaches as a function of time f elapsed (in hours). »J \2), te y using 


(a) What is the meaning of the derivative C'(t)? (b) i is Sais ns are ay fe) 
(b) Sketch the graph of C’(t). What does the graph tell you? ay 


and f’(—2). 
GA (c) Use the results from parts (a) and (b) to guess a formula 
for f’(x). 
(d) Use the definition of derivative to prove that your guess in 
part (c) is correct. 
percentage 
of full charge 20. Let f(x) = x°. 
(a) Estimate the values of f’(0), f’(4), f'), f’(2), and f'(3) by 
using a graphing device to zoom in on the graph of f. 
SU tay cae ae aie alee (b) Use symmetry to deduce the values of f'(—+), f'(—1), 
OD Ae Ge 8 10, 1296 (hours) f'(—2), and f'(—3). 
(c) Use the values from parts (a) and (b) to graph f’. 

14. The graph (from the US Department of Energy) shows how (d) Guess a formula for f ‘Q). é 
driving speed affects gas mileage. Fuel economy F is measured (e) Use the definition of derivative to prove that your guess in 
in miles per gallon and speed v is measured in miles per hour. part (d) is correct. 

(a) What is the meaning of the derivative F''(v)? 
(b) Sketch the graph of F’(v). 21-31 Find the derivative of the function using the definition of 
= Ne derivative. State the domain of the function and the domain of its 
(c) At what speed should you drive if you want to save on gas? fee 
FA (mi/gal) 21. f(x) =4x%=93 22. f(x) =mx + b 
20 23. f(t) = St — 99? 24. f(x) = 1.5x? —x + 3.7 
1 
20+ 25. f(x) =x? — 2x3 26. g(t) = —= 
| vt 
10 eee 
27. g(x) =//9 — x 28. f(x) =- 
Ge ak ae eo DIS 
iO 2 30 40 soy CO 7 evan = Dy 
29. G(t) = 30. f(x) =x?” 
352 
15. The graph shows how the average age of first marriage of 31. f(x) =x4 


Japanese men varied in the last half of the 20th century. 
Sketch the graph of the derivative function M'(r). During 
which years was the derivative negative? 


32. (a) Sketch the graph of f(x) = 6 — x by starting with the 

M f graph of y = ./x and using the transformations of Sec- 
tion 1.3. 

(b) Use the graph from part (a) to sketch the graph of f’. 

27 + (c) Use the definition of a derivative to find f(x). What are the 

domains of f and f'? 
an (d) Use a graphing device to graph f’ and compare with your 
2977, sketch in part (b). 


p+ —_+—+—_ + —+—_ + —_+—_ ++ 
1960 1970 1980 1990 2000 


> 
t 


33. (a) If f(x) = x* + 2x, find f'(x). 
MT (b) Check to see that your answer to part (a) is reasonable by 


. comparing the graphs of f and f’. 
16-18 Make a careful sketch of the graph of f and below it sketch 


the graph of f’ in the same manner as in Exercises 4-11. Can you 34. (a) If f(x) =x + 1/x, find f'(x). 


guess a formula for f'(x) from its graph? ne (b) Check to see that your answer to part (a) is reasonable by 


16. f(x) = sinx 17. f(x) = e* < comparing the graphs of f and f’. 
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35. The unemployment rate U(t) varies with time. The table 
(from the Bureau of Labor Statistics) gives the percentage of 
unemployed in the US labor force from 1999 to 2008. 


t U(t) t U(t) 


1999 4.2 2004 SS) 
2000 4.0 2005 Syl 
2001 4.7 2006 4.6 
2002 5.8 2007 4.6 
2003 6.0 2008 5.8 


(a) What is the meaning of U’(t)? What are its units? 
(b) Construct a table of estimated values for U'(t). 


36. Let P(t) be the percentage of Americans under the age of 18 
at time t. The table gives values of this function in census 
years from 1950 to 2000. 


t P(t) t P(t) 


1950 Silstl 1980 28.0 
1960 Sbyi/ 1990 Peet | 
1970 34.0 2000 ASI 


(a) What is the meaning of P’(t)? What are its units? 

(b) Construct a table of estimated values for P’(t). 

(c) Graph P and P’. 

(d) How would it be possible to get more accurate values 
for P'(t)? 


37-40 The graph of f is given. State, with reasons, the numbers 
at which f is not differentiable. 


37. 


39. 


= 41. Graph the function f(x) = x + |x|. Zoom in repeatedly, 


first toward the point (—1, 0) and then toward the origin. 
What is different about the behavior of f in the vicinity of 
these two points? What do you conclude about the differen- 
tiability of f? 


42. Zoom in toward the points (1, 0), (0, 1), and (—1, 0) on 
the graph of the function g(x) = (x* — 1)*/°. What do you 
notice? Account for what you see in terms of the differen- 
tiability of g. 


43. The figure shows the graphs of f, f’, and f "| Identify each 
curve, and explain your choices. 


it A 


44. The figure shows graphs of f, f’, f”, and f””. Identify each 
curve, and explain your choices. 


GamGaG, 


45. The figure shows the graphs of three functions. One is the 
position function of a car, one is the velocity of the car, and 
one is its acceleration. Identify each curve, and explain your 
choices. 


46. The figure shows the graphs of four functions. One is the 
position function of a car, one is the velocity of the car, one 
is its acceleration, and one is its jerk. Identify each curve, and 
explain your choices. 


yh 


47-48 Use the definition of a derivative to find f’(x) and f"(x). 
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55. (a) Sketch the graph of the function f(x) = x|x|. 
Then graph f, f’, and f” on a common screen and check to see if (b) For what values of x is f differentiable? 
your answers are reasonable. (c) Find a formula for f’. 
A) of Ol een 48. f(x) = x° — 3x 
2 : Fla) : a i ‘ 56. The left-hand and right-hand derivatives of f at a are 
defined by 
49. If f(x) = 2x? — x3, find f'(x), f"(a), f'"(2), and f(x). FQ = tim Lot Dat 
Graph f, f’, f”, and f”” on a common screen. Are the J h0- h 
graphs consistent with the geometric interpretations of these 
derivatives? and f'(a) = lim fla + h) ~ fla) 
hot h 
50. (a) The graph of a position function of a car is shown, where 
s is measured in feet and f in seconds. Use it to graph the if these limits exist. Then f'(a) exists if and only if these 
velocity and acceleration of the car. What is the accelera- one-sided derivatives exist and are equal. 
tion at t = 10 seconds? (a) Find f(4) andf‘,(4) for the function 
>i 0 if x<0 
5=7 wOKa<4 
T fC 
ap aad if x24 
100 + (b) Sketch the graph of /f. 
it — (c) Where is f discontinuous? 
0 10 20 ae (d) Where is f not differentiable? 
(b) Use the acceleration curve from part (a) to estimate the 57. Recall that a function f is called even if f(—x) = f(x) for 
jerk at t = 10 seconds. What are the units for jerk? all x in its domain and odd if f(--x) = —f(x) for all such x. 
See) = ae. Prove each of the following. es 
: ; (a) The derivative of an even function is an odd function. 
(COIN lO MUS EON NATE ily A ia) (b) The derivative of an odd function is an even function 
(b) Show that f’(0) does not exist. : 
(c) Show that y = vx has a vertical tangent line a (0, 0). 58. When you turn on a hot-water faucet, the temperature Tots 
(Recall the shape of the graph of f. See Figure 13 in Sec- the water depends on how long the water has been running. 
HN) (a) Sketch a possible graph of T as a function of the time f 
52. (a) If g(x) = x7/3, show that g'(0) does not exist. that has elapsed since the faucet was turned on. 
(b) If a ¥ 0, find g‘(a). (b) Describe how the rate of change of T with respect to t 
(c) Show that y = x7/* has a vertical tangent line at (0, 0). varies as f¢ increases. 
la (d) Illustrate part (c) by graphing y = eae (c) Sketch a graph of the derivative of T. 
53. Show at the function f eo) Sh 6 | is not differentiable 59. Let € be the tangent line to the parabola y = x” at the point 
at 6. Find a formula for f’ and sketch its graph. (1, 1). The angle of inclination of € is the angle ¢ that € 
54. Where is the greatest integer function f(x) = | x]] not differ- makes with the positive direction of the x-axis. Calculate 
entiable? Find a formula for f’ and sketch its graph. correct to the nearest degree. 
zig Review 
Concept Check 
1. Explain what each of the following means and illustrate with 2. Describe several ways in which a limit can fail to exist. Illus- 
a sketch. trate with sketches. 
(a) lim f(x) = L (b) lim f(x) = L 3. State the following Limit Laws. 
es i‘ 4 (a) Sum Law (b) Difference Law 
(c) im fQay=Lb (d) lim T= (c) Constant Multiple Law (d) Product Law 
; (e) Quotient Law (f) Power Law 


(e) lim f(x) = L 


(g) Root Law 
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4. What does the Squeeze Theorem say? 


5. (a) What does it mean to say that the line x = a is a vertical 
asymptote of the curve y = f(x)? Draw curves to illustrate 
the various possibilities. 

(b) What does it mean to say that the line y = L is a horizontal 
asymptote of the curve y = f(x)? Draw curves to illustrate 
the various possibilities. 


6. Which of the following curves have vertical asymptotes? 
Which have horizontal asymptotes? 


(a) y=x* (b) y = sinx 
(c) y = tanx (d) y = tan ‘x 
(e) y= e@* (f) y=Inx 
(g) y= I/x (h) y= Vx 


7. (a) What does it mean for f to be continuous at a? 
(b) What does it mean for f to be continuous on the interval 
(—20, 00)? What can you say about the graph of such a 
function? 


8. What does the Intermediate Value Theorem say? 


9. Write an expression for the slope of the tangent line to the 
curve y = f(x) at the point (a, f(a)). 


10. Suppose an object moves along a straight line with position 
f(t) at time t. Write an expression for the instantaneous veloc- 


True-False Quiz’ 


Determine whether the statement is true or false. If it is true, explain why. 
If it is false, explain why or give an example that disproves the statement. 


2x 8 a 
ti ( Sats ) = tin i ono pat ae 


x>4\x—4 Seo ut r4x—-4 x>4x-4 


5 Saeiexes7 lim (x? + 6x — 7) 

2 i : - 

>1 x7 + 5x — 6 lim (x* + 5x — 6) 
bie BM 


lim (x — 3) 


c cas x>1 
3. in SS SS 
states 2 4 lim (x* + 2x — 4) 
ee 


4. If lim,—s f(x) = 2 and lim,-.; g(x) = 0, then 
lim,—s [ f(x)/g(x)] does not exist. 


5. If lim,.s f(x) = 0 and lim,-.s g(x) = 0, then 
lim,—.s [ f(x)/g(x)] does not exist. 


6. If neither lim,—, f(x) nor lim,—. g(x) exists, then 
lim, [ f(x) + g(x)] does not exist. 


7. If lim,—. f(x) exists but lim,—. g(x) does not exist, then 
lim, [ f(x) + g(x)] does not exist. 


8. If lim,—¢ [ f(x) g(x)] exists, then the limit must be f(6) g(6). 
9. If p is a polynomial, then lim,—, p(x) = p(b). 


10. If lim,—o f(x) = © and lim,—o g(x) = ©, then 
lim,—o[ f(x) — g(x)] = 0. 


11. A function can have two different horizontal asymptotes. 


11. 


12. 


13. 


14. 


12. 


13. 


14. 


15. 


16. 


17. 


23. 
24. 


ity of the object at time t = a. How can you interpret this 
velocity in terms of the graph of f? 


If y = f(x) and x changes from x; to x2, write expressions for 

the following. 

(a) The average rate of change of y with respect to x over the 
interval [x,, x2 J. 

(b) The instantaneous rate of change of y with respect to x 
Ale 


Define the derivative f’(a). Discuss two ways of interpreting 
this number. 


Define the second derivative of f. If f(t) is the position 
function of a particle, how can you interpret the second 
derivative? 


(a) What does it mean for f to be differentiable at a? 

(b) What is the relation between the differentiability and 
continuity of a function? 

(c) Sketch the graph of a function that is continuous but not 
differentiable at a = 2. 


. Describe several ways in which a function can fail to be 


differentiable. Illustrate with sketches. 


If f has domain [0, ©) and has no horizontal asymptote, then 
lim, f(x) = © or lim,» f(x) = —%. 


If the line x = | is a vertical asymptote of y = f(x), then f is 
not defined at 1. 


If f(1) > O and f(3) < 0, then there exists a number c 
between | and 3 such that f(c) = 0. 


If fis continuous at 5 and f(5) = 2 and f(4) = 3, then 
lim,+2 f(4x? = 11) =.2. 


If f is continuous on [—1, 1] and f(—1) = 4 and f(1) = 3, 
then there exists a number r such that |r| < 1 and f(r) = z. 


Let f be a function such that lim,—o f(x) = 6. Then there 
exists a positive number 6 such that if 0 < |x| < 6, then 
l(a) 26 leeds 


. If f(x) > 1 for all x and lim,» f(x) exists, then 


livin yyy AlGe)) coal: 


. If f is continuous at a, then f is differentiable at a. 


. If f(r) exists, then lim,.., f(x) = f(r). 
dy _ (day) 
Ee dx 


. The equation x'° — 10x* + 5 = 0 has a root in the 


interval (0, 2). 
If f is continuous at a, so is | f |. 


If | f| is continuous at a, so is f, 
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Exercises 


1. The graph of f is given. 
(a) Find each limit, or explain why it does not exist. 
(i) lim f(a) (i) lim, f(x) 


(iii) him, f(x) (iv) lim f(x) 


(v) lim f(x) (vi) lim f(x) 
(vit) lim f(a) (viii) lim f(x) 


(b) State the equations of the horizontal asymptotes. 
(c) State the equations of the vertical asymptotes. 
(d) At what numbers is f discontinuous? Explain. 


[A | 


a) 


1 
| 
| 
| 


1 


2. Sketch the graph of an example of a function f that satisfies all 
of the following conditions: 


lim f(x) = -2, lim f(x) = 0, lim f(a) =%, 
lim f(x) = -%, lim, f(x) = 2, 


f is continuous from the right at 3 


3-20 Find the limit. 


3. li x 4. li pe ee 
. lime Cored ay 3 
Seti ae pha ae 
; eee, x? se LG == 3 d or bt a 2x - 3 
US gw Sita: ena 
] 
Lo ee aay, * EP 8 
iP A 
9. lim 10. lim 
lim Foy aad 
We = il 12. ‘i Na Or 
2 aii ee . lim 5 
Ulin a Sees 
amare) ‘ nee — Y) 
1 ee 14. | 
13. lim y= G a by = & 
“ei 1 — 2x? — x‘ 
15. jim In(sin x) os Ba 3x4 


Graphing calculator or computer required 


17. lim (yx? +4x+1-—x) 18. lime*™* 


x72 xo 


19. lim tan” '(1/x) 


1 
20. lim es ! 
aa \\ ae all je = Swe ap 2 


21-22 Use graphs to discover the asymptotes of the curve. Then 


prove what you have discovered. 


22.2) af KO ol Ay ek 


23.16 25 — 1 = f(a) = xa tor 0 = x 3, find lime f(x): 
24. Prove that lim, x? cos(1/x”) = 0. 
25-28 Prove the statement using the precise definition of a limit. 


25. lim (14 — 5x) = 4 26. lim ¥/x = 0 


21: lim (x? — 3x) = —2 28. 


29. Let 


a 5 ito 0 
iG) SN B= So ie OS ae Bs 
Gar acy Sie p= sl 


(a) Evaluate each limit, if it exists. 
(i) lim f(a) Gi) tim f() 
(iv) lim f(x) (vy) lim f (x) 


(b) Where is f discontinuous? 
(c) Sketch the graph of f. 


(iii) lim f(x) 


(vi) lim f(x) 


30. Let 


(a) For each of the numbers 2, 3, and 4, discover whether g is 
continuous from the left, continuous from the right, or con- 
tinuous at the number. 

(b) Sketch the graph of g. 
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31-32 Show that the function is continuous on its domain. State 
the domain. 


31. A(x) = xe™" 32. g(x) = 


33-34 Use the Intermediate Value Theorem to show that there is 
a root of the equation in the given interval. 


33. x —x°+3x-5=0, (1,2) 
34. cos/x =e*—2, (0,1) 


35. (a) Find the slope of the tangent line to the curve 
y = 9 — 2x” at the point (2, 1). 
(b) Find an equation of this tangent line. 


36. Find equations of the tangent lines to the curve 


.. 2 
ll = 3x 


at the points with x-coordinates 0 and —1. 


y 


37. The displacement (in meters) of an object moving in a 
straight line is given by s = 1 + 2f + it?, where t is mea- 
sured in seconds. 

(a) Find the average velocity over each time period. 
@) [1.3] (ii) [1, 2] 
Gi Liat5] (av)! [teal 


(b) Find the instantaneous velocity when t = 1. 


38. According to Boyle’s Law, if the temperature of a confined 
gas is held fixed, then the product of the pressure P and the 
volume V is a constant. Suppose that, for a certain gas, 

PV = 800, where P is measured in pounds per square inch 

and V is measured in cubic inches. 

(a) Find the average rate of change of P as V increases from 
200 in* to 250 in’. 

(b) Express V as a function of P and show that the instanta- 
neous rate of change of V with respect to P is inversely 
proportional to the square of P. 


39. (a) Use the definition of a derivative to find f’(2), where 
f(x) = x? — 2x. 
(b) Find an equation of the tangent line to the curve 
y = x° — 2x at the point (2, 4). 
(c) Illustrate part (b) by graphing the curve and the tangent 
line on the same screen. 


40. Find a function f and a number a such that 


(2 +h) — 64 _ 
h 


41. The total cost of repaying a student loan at an interest rate of 
r% per year is C = f(r). 
(a) What is the meaning of the derivative f’(r)? What are its 
units? 
(b) What does the statement f'(10) = 1200 mean? 
(c) Is f(r) always positive or does it change sign? 


42-44 Trace or copy the graph of the function. Then sketch a 
graph of its derivative directly beneath. 


42. i 43. yy 


j 


45. (a) If f(x) = /3 — 5x, use the definition of a derivative to 
find f'(x). 
(b) Find the domains of f and f’. 
(c) Graph f and f’ on a common screen. Compare the graphs 
to see whether your answer to part (a) is reasonable. 


= 55 
3 Se 3 


46. (a) Find the asymptotes of the graph of f(x) = and 
use them to sketch the graph. 

(b) Use your graph from part (a) to sketch the graph of f’. 

(c) Use the definition of a derivative to find f’(x). 

(d) Use a graphing device to graph f’ and compare with your 
sketch in part (b). 


47. The graph of f is shown. State, with reasons, the numbers at 
which f is not differentiable. 


YA 


48. The figure shows the graphs of f, f’, and f”. Identify each 
curve, and explain your choices. 


yA 


a 


49. 


50. 


Let C(t) be the total value of US currency (coins and bank- 
notes) in circulation at time t. The table gives values of this 
function from 1980 to 2000, as of September 30, in billions of 
dollars. Interpret and estimate the value of C’(1990). 


t 1980 | 1985 IES) O as ew oo) oe 0,00) 


C(t) 129.9 | 187.3 | 271.9 | 409.3 | 568.6 


The total fertility rate at time t, denoted by F(t), is an esti- 
mate of the average number of children born to each woman 
(assuming that current birth rates remain constant). The graph 
of the total fertility rate in the United States shows the fluctua- 
tions from 1940 to 1990. 

(a) Estimate the values of F'(1950), F’(1965), and F’(1987). 


(b) What are the meanings of these derivatives? 52) 


(c) Can you suggest reasons for the values of these 
derivatives? 


51. 
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baby 


baby 
boomlet 


1940 


SS + ji + +——}+——> 
1950 1960 1970 1980 1990! 


Suppose that | f(x) | < g(x) for all x, where lim,—. g(x) = 0. 
Find lim, —, f(x). 

Let f(x) = [x] + [-x]. 

(a) For what values of a does lim, —, f(x) exist? 

(b) At what numbers is f discontinuous? 


7 0 EE EEE 
oo POU PIUS a 


In our discussion of the principles of problem solving we considered the problem-solving 
strategy of introducing something extra (see page 75). In the following example we show 
how this principle is sometimes useful when we evaluate limits. The idea is to change the 
variable—to introduce a new variable that is related to the original variable—in such a 
way as to make the problem simpler. Later, in Section 5.5, we will make more extensive 
use of this general idea. 


Ji + emeatl 
SQWGEEW Evaluate lim —————— 


SOLUTION As it stands, this limit looks challenging. In Section 2.3 we evaluated several 
limits in which both numerator and denominator approached 0. There our strategy was to 
perform some sort of algebraic manipulation that led to a simplifying cancellation, but 
here it’s not clear what kind of algebra is necessary. 

So we introduce a new variable t by the equation 


, Where c is a constant. 
x 


t= V/l+cx 
We also need to express x in terms of f, so we solve this equation: 


baa! 


e=1+cx x= (if c = 0) 


$3 


Notice that x — 0 is equivalent to t — 1. This allows us to convert the given limit into 
one involving the variable r: 


eg ee ee at | 
0 x =1 (* — 1)/e 
i! 

bites eee ) 

mA ¢ —i 


The change of variable allowed us to replace a relatively complicated limit by a simpler 
one of a type that we have seen before. Factoring the denominator as a difference of 
cubes, we get 


J, is teen ; Ps fee 
a 
Sl Te || ei (i Ili bat) 
: Cc c 
SS 
Se ae a | 3 


In making the change of variable we had to rule out the case c = 0. But if c = 0, the 
function is 0 for all nonzero x and so its limit is 0. Therefore, in all cases, the limit is c/3. 
Ma 


The following problems are meant to test and challenge your problem-solving skills. 
Some of them require a considerable amount of time to think through, so don’t be dis- 
couraged if you can’t solve them right away. If you get stuck, you might find it helpful to 
refer to the discussion of the principles of problem solving on page 75. 


= 


fice iI 


Problems 1. Evaluate lim — 
rl Vx —1 
5 3 —?2 
2. Find numbers a and b such that lim -—————— 3 eS = 1. 
x—0 


x 
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FIGURE FOR PROBLEM 4 


FIGURE FOR PROBLEM 10 


11. 


12. 


13. 


14. 


. Evaluate lim 


[2 1 tl eet 1) 


x0 x 


. The figure shows a point P on the parabola y = x* and the point Q where the perpendicular 


bisector of OP intersects the y-axis. As P approaches the origin along the parabola, what 
happens to Q? Does it have a limiting position? If so, find it. 


. Evaluate the following limits, if they exist, where [x] denotes the greatest integer function. 


(a) tim 21 (b) lim x [1/x] 
o> ets x >0 


. Sketch the region in the plane defined by each of the following equations. 


@) hb? +bP=1 ®bP-br=3 ©bkt+yP=1 @bhI+bl=1 


. Find all values of a such that f is continuous on R: 


se 1a 


eye ifx<a 


. A fixed point of a function f is a number c in its domain such that f(c) = c. (The function 


doesn’t move c; it stays fixed.) 

(a) Sketch the graph of a continuous function with domain [0, 1] whose range also lies 
in [0, 1]. Locate a fixed point of f. 

(b) Try to draw the graph of a continuous function with domain [0, 1] and range in [0, 1] that 
does not have a fixed point. What is the obstacle? 

(c) Use the Intermediate Value Theorem to prove that any continuous function with domain 
[0, 1] and range in [0, 1] must have a fixed point. 


. If lim, a [ f(x) + g(x)] = 2 and lim... [ f(x) — g(x)] = 1, find lim,—.. [ f(x) g(a)]. 


. (a) The figure shows an isosceles triangle ABC with 2B = ZC. The bisector of angle B 


intersects the side AC at the point P. Suppose that the base BC remains fixed but the 
altitude | AM | of the triangle approaches 0, so A approaches the midpoint M of BC. 
What happens to P during this process? Does it have a limiting position? If so, find it. 

(b) Try to sketch the path traced out by P during this process. Then find an equation of this 
curve and use this equation to sketch the curve. 


(a) If we start from 0° latitude and proceed in a westerly direction, we can let T(x) denote 
the temperature at the point x at any given time. Assuming that T is a continuous function 
of x, show that at any fixed time there are at least two diametrically opposite points on 
the equator that have exactly the same temperature. 

(b) Does the result in part (a) hold for points lying on any circle on the earth’s surface? 

(c) Does the result in part (a) hold for barometric pressure and for altitude above sea level? 


If f is a differentiable function and g(x) = xf(x), use the definition of a derivative to show 
that g(x) = xf'(x) + f(x). 


Suppose f is a function that satisfies the equation 
Tree) eaoh atah WP) sate) 


for all real numbers x and y. Suppose also that 


eat 
x0 oka 
(a) Find f(0). (b) Find f"(0). (c) Find f(x). 


Suppose f is a function with the property that | f(x) | < x? for all x. Show that f(0) = 0. Then 
show that f'(0) = 0. 
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AP2-1 


2 AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places. 


For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator; 
however, show appropriate calculus notation in your work 


Multiple Choice 
1. The derivative of the function fis f’(x) = 7. The figure shows the graph of f, f’, and f”. Identify each curve. 
ee ee ee De int: 
© fet z = f(x) () tim fle + 2 + fQ) | 


2. The displacement (in feet) of an object moving in a straight 
line is given by s = 1 + 31 + 217, where tis measured in 
seconds. What is the average velocity over the time period 


(2.5, 3]? 
(a) 0.087 ft/s (b) 70.5 ft/s 
(c) 1.75 ft/s (d) 11.5 ft/s 
2— dy + 
radi ee 
ay PRS Bye = il 
(a) 05 (b) 21 
Crs (d) 9 


(a) fis curve a, f’is curve b, f” is curve c. 


eee | . (b) fis curve b, f’is curve a, f” is curve ¢. 


4. Calculate lim (c) fis curve ¢, f’is curve b, f” is curve a. 


t—0 t 
eye (b) 0 (d) fis curve b, f'is curve c, f” is curve a. 
(@)2 (d) 5 8. State the equations of the horizontal asymptote, then vertical 
4 asymptote, of the function shown. 
DG 

: lke: hay == 
ee aleil ome 7 

(a) 1 (Dace | | 

KC) ae? (d) 0 


6. P(t) is the profit of a company (in millions of dollars) t years 
after 2000. Which of the following is a correct interpretation of 
the meaning of P’(8) = 22? 

(a) In the year 2008, the profit of the company was increasing 
at a rate of $22 million per year. 

(b) In the year 2008, the profit of the company was $22 million. 

(c) Between 2000 and 2008, the company made a total of 
$22 million. 

(d) From 2000 to 2008, the profit of the company increased by Qa] 15 yy — 1 (b) y=1, x=- 
about $22. @)2=05, y= 1 (d) y=0.5, x= 0.5 


AP2-2 


Free Response 


9. (a) Sketch the graph of a function that satisfies all of the 
following conditions. 


lim f(x) = 4 
lim f(x) = 7 
rt AC 2 ia 


lim f(x) = % 


lim f(x) = -* 


x—6T 


(b) Evaluate lim (/x? + Sx — Vx? +x). 


10. Use the following graph to answer each question. 


y ij 
s| i 
i, 
4 
3 te 
2 
PPS 


7 ie a acre 


(a) Estimate lim f(x) and lim f(x). Then determine lim F(x), 
if it exists. we re 

(b) At what value(s) is f discontinuous? Explain. 

(c) Determine f(2). 


_ Differentiation Rules 


© Brett Mulcahy / Shutterstock 


We have seen how to interpret derivatives as slopes and rates of change. We have seen how to estimate 
derivatives of functions given by tables of values. We have learned how to graph derivatives of functions 
that are defined graphically. We have used the definition of a derivative to calculate the derivatives of 
functions defined by formulas. But it would be tedious if we always had to use the definition, so in this 
chapter we develop rules for finding derivatives without having to use the definition directly. These differ- 
entiation rules enable us to calculate with relative ease the derivatives of polynomials, rational functions, 
algebraic functions, exponential and logarithmic functions, and trigonometric and inverse trigonometric 
functions. We then use these rules to solve problems involving rates of change and the approximation of 


functions. 
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3.4 | Derivatives of Polynomials and Exponential Functions 


yA 
c y=c 
slope = 0 
0 x 
FIGURE 1 
The graph of f(x) = is the 
line y=c, so f'(x) = 0. 
= 
Xx 


FIGURE 2 
The graph of f(x) =x is the 
line y= x, so f(x) =1. 


In this section we learn how to differentiate constant functions, power functions, polyno- 
mials, and exponential functions. 

Let’s start with the simplest of all functions, the constant function f(x) = c. The graph 
of this function is the horizontal line y = c, which has slope 0, so we must have T(x) = 0. 
(See Figure 1.) A formal proof, from the definition of a derivative, is also easy: 


igs = 
Fiej aati CC BO Si 0 
h0 h j=0 oh h>0 


In Leibniz notation, we write this rule as follows. 


Derivative of a Constant Function 


M8 Power Functions 


We next look at the functions f(x) = x", where n is a positive integer. If n = 1, the graph 
of f(x) = x is the line y = x, which has slope 1. (See Figure 2.) So 


(You can also verify Equation 1 from the definition of a derivative.) We have already inves- 
tigated the cases n = 2 and n = 3. In fact, in Section 2.8 (Exercises 19 and 20) we found 
that 


[2] ee (x?) = 2x “ (x) = 3x7 


For n = 4 we find the derivative of f(x) = x* as follows: 


LS taal) ieee en tt) te 
Se = hin 


f'(x) = lim 

h—0 h ae h 

— x + 4x3 + 6x°h? + 4xh? + ht — x4 
= lim 

h—0 h 

_ Axth + 6x7h? + 4xh? + ht 
OO 

h—0 h 


= lim (4x3 + 6x*h + 4xh? + h?) = 4x3 


Thus 


The Binomial Theorem Is given on 
Reference Page 1. 
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Comparing the equations in [1], [2], and [3], we see a pattern emerging. It seems to be a rea- 
sonable guess that, when n is a positive integer, (d/dx)(x") = nx" '. This turns out to be 


true. 


The Power Rule If 7 is a positive integer, then 


FIRST PROOF The formula 


x" = q" = (x = axe au x" 2q J BG ot xan? de Hea) 


can be verified simply by multiplying out the right-hand side (or by summing the second 
factor as a geometric series). If f(x) = x", we can use Equation 2.7.5 for f(a) and the 


equation above to write 


f(a) = lim 


xa 


(eS) NO nop, BE eee 
= lim 
ea 


lim (x | + x" 7a + +++ + xa"? +a") 


Xa 


= q"! ae a" 2a 46 669 ab ie ae q™? 


n-1 


na 


SECOND PROOF 
ii) any (OG) CaaS 
Tales, Cui ot = bey ——— 


‘(x) = lim 
o (x) h—0 h—0 


In finding the derivative of x* we had to expand (x + h)*. Here we need to expand 


(x + h)” and we use the Binomial Theorem to do so: 


ae. = |l wee 7 
E + nx" 'h+ use) 5 ) en-2p? tee) tanxh™! + | = 37 
/ — hi 
f°) ah h 
aa = Il ‘ = 
nx” ht ee ) np? terse +tanxh™! +h" 
=sih 
ey h 
nin — 1 i a a 
= lim me a ( ) n-2p Ap OOO S ppd pee = aim (ie | 
h—>0 2 
— nx” ! 


because every term except the first has h as a factor and therefore approaches 0. 


We illustrate the Power Rule using various notations in Example 1. 


EXAMPLE 1 
(a) If f(x) = x°, then f’(x) = 6x°. (b) If y = x'™, then y’ = 1000x””. 


dy 5 pat . 
= — = rs —_ (r- = 3 po 
(c) If y =r’, then Ht Ate (d) Fi (r°) ] 


176 CHAPTER 3 DIFFERENTIATION RULES 


Figure 3 shows the function y in Example 2(b) 
and its derivative y’. Notice that y is not differ- 
entiable at 0 (y’ is not defined there). Observe 
that y’ is positive when y increases and is neg- 
ative when y decreases. 


FIGURE 3 


y= 4x? 


What about power functions with negative integer exponents? In Exercise 61 we ask 
you to verify from the definition of a derivative that 


We can rewrite this equation as 
d i 3 
— (x)= (F1)x7 
ppauae d (i) 


and so the Power Rule is true when n = —1. In fact, we will show in the next section 
[Exercise 62(c)] that it holds for all negative integers. 
What if the exponent is a fraction? In Example 3 in Section 2.8 we found that 


which can be written as 


. In fact, we will show in Sec- 


Nile 


This shows that the Power Rule is true even when n = 
tion 3.6 that it is true for all real numbers n. 


The Power Rule (General Version) If is any real number, then 


ae\lhava Differentiate: 
1 
@ fa=a (b) y = Vx? 


SOLUTION In each case we rewrite the function as a power of x. 


(a) Since f(x) = x *, we use the Power Rule with n = —2: 
' — d =) pee: wv 
HD ira ) = -2x re re 
dy d ayn sD) d 2 D 2 2 
(b) an ae x? ) =e (3) = 2 yQ/3)-1 = 2 1/3 — 


The Power Rule enables us to find tangent lines without having to resort to the defini- 
tion of a derivative. It also enables us to find normal lines. The normal line to a curve C at 
a point P is the line through P that is perpendicular to the tangent line at P. (In the study of 
optics, one needs to consider the angle between a light ray and the normal line to a lens.) 


{ TSG Find equations of the tangent line and normal line to the curve y= xJx 
at the point (1, 1). Illustrate by graphing the curve and these lines. 


tangent 


“ normal 


a 


= 


FIGURE 4 


y=xVx 


GEOMETRIC INTERPRETATION OF 
THE CONSTANT MULTIPLE RULE 


ia y= 27 (x) 
y=f(x) 


oi 


yy 


Multiplying by c = 2 stretches the graph verti- 
cally by a factor of 2, All the rises have been 
doubled but the runs stay the same. So the 
slopes are doubled too. 


Using prime notation, we can write the 
Sum Rule as 


Fp pafo ee 
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SOLUTION The derivative of f(x) = x.J/x = xx'/? = x7 is 


f(x) oa pie a = a = 3 Ix 


So the slope of the tangent line at (1, 1) is f'(1) = 3. Therefore an equation of the tan- 
gent line is 


Ni 


es ee) ee Oly me 


The normal line is perpendicular to the tangent line, so its slope is the negative recipro- 
cal of 3, that is, —+. Thus an equation of the normal line is 


In 


y-1=-}(x- 1) or = =oy=—3xt 
We graph the curve and its tangent line and normal line in Figure 4. ane) 


MS New Derivatives from Old 


When new functions are formed from old functions by addition, subtraction, or multiplica- 
tion by a constant, their derivatives can be calculated in terms of derivatives of the old func- 
tions. In particular, the following formula says that the derivative of a constant times a 
function is the constant times the derivative of the function. 


The Constant Multiple Rule If c is a constant and f is a differentiable function, then 


d d 
as LefiGs) ive, mi 


PROOF Let g(x) = cf(x). Then 


Gee) gx) oe i Giese 1B) des) 
il agean) g0T cg 


J (x) i a h=0 h 


| f(x +h) a8] 


ee, h 
+ — 
=c lim fe 4) fe) (by Law 3 of limits) 
h—0 h 
Sa (8) CEs 


| EXAMPLE 4 
d Ane <s As aye 3 
Gra) G3 a (x*) = 3(4x*) = 12x 


d d d wars as 
(b) ae (=*) = ae [1a fie Caer (ic) ae 101) | =n 


The next rule tells us that the derivative of a sum of functions is the sum of the 
derivatives. 


The Sum Rule If f and g are both differentiable, then 


d 


d d 
iE Ags) = ee en g(x) 
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PROOF Let F(x) = f(x) + g(x). Then 
F(x + h) — F(x) 


EN Dn h 
dei ftieh) eg oa h) i) gop | 
Ties h 
: | +h) — f(x) , gla +h) - “| 
= jim | = ¢ 
h=0 h h 
= lim As sO hs sit) + lim CaS S18. (by Law 1) 
h—>0 h h—>0 h 
= f(x) +. g'(x) seed 


The Sum Rule can be extended to the sum of any number of functions. For instance, 
using this theorem twice, we get 


(lecty Getic iheae Ul alan) omraulPl ate clea 9) © unl 1) de ta aes 


By writing f — g as f + (—1)g and applying the Sum Rule and the Constant Multiple 
Rule, we get the following formula. 


The Difference Rule If fand g are both differentiable, then 


d d d 
7 C9) (2169 0) oe mt” ae g(x) 


The Constant Multiple Rule, the Sum Rule, and the Difference Rule can be combined 
with the Power Rule to differentiate any polynomial, as the following examples demonstrate. 


EXAMPLE 5 


d 
os (x® + 12x° — 4x4 + 10x? — 6x + 5) 
x 


d d 
= — (x*) + 12 
dx 


d d 
St) mee eel OC Ne 
a? Ae) 10 


d d 
— (x3) — 6 — @ + — 
oF Gee) a (x) ee (5) 
= 8x’ + 12(5x*) — 4(4x?) + 10(3x”) — 6(1) + 0 
= 8x’ + 60x* — 16x? + 30x” — 6 ere] 
(© (SQ0RISF Find the points on the curve y = x* — 6x? + 4 where the tangent line is 


horizontal. 


SOLUTION Horizontal tangents occur where the derivative is zero. We have 
dy d 


3 | ae ee eee 
Fa Garp et oe gtd) 


= 4x? — 12x + 0 = 4x(x? — 3) 


(-/3,-5) 


FIGURE 5 


(\/3,-5) 


The curve y = x*— 6x?+ 4 and 
its horizontal tangents 


bad 


Ol yl 

‘ h h 
0.1 0.7177 1.1612 
0.01 0.6956 1.1047 
0.001 0.6934 1.0992 
0.0001 0.6932 1.0987 
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Thus dy/dx = 0 if x = 0 or x? — 3 = 0, that is, x = +,/3. So the given curve has 
horizontal tangents when x = 0, /3, and —/3. The corresponding points are (0, 4), 
(/3, —5), and (—./3, —5). (See Figure 5.) rea | 


(SQA The equation of motion of a particle is s = 2t? — 54? + 3¢ + 4, where s is 


measured in centimeters and ¢ in seconds. Find the acceleration as a function of time. 
What is the acceleration after 2 seconds? 


SOLUTION The velocity and acceleration are 


d. 
WO Sage = 10r + 3 
dt 


(t) a 10) 
a — = nar 
dt 
The acceleration after 2 s is a(2) = 14 cm/s’. eee: 


M8 Exponential Functions 


Let’s try to compute the derivative of the exponential function f(x) = a* using the defini- 
tion of a derivative: 


a 
a’ We de. a a‘(a" feline 1) 
= lim = lim 


The factor a* doesn’t depend on h, so we can take it in front of the limit: 


wo ae = || 
f') = a* lim 


Notice that the limit is the value of the derivative of f at 0, that is, 


a" —1 


a) 


lim 

h-0 
Therefore we have shown that if the exponential function f(x) = a* is differentiable at 0, 
then it is differentiable everywhere and 


ou fi) =f'a" 


This equation says that the rate of change of any exponential function ts proportional to the 
function itself. (The slope is proportional to the height.) 

Numerical evidence for the existence of f’(0) is given in the table at the left for the 
cases a = 2 anda = 3. (Values are stated correct to four decimal places.) It appears that the 
limits exist and 


~= 0.69 


fora=2, f'(0) = lim 


h—0 1 


i 
fora = 3, f'(0) = lim = 1.10 


h—0 4] 
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In Exercise 1 we will see that e lies between 
2.7 and 2.8. Later we will be able to show that, 
correct to five decimal places, 


e = 2.71828 


EF Visual 3.1 uses the slope-a-scope to 
illustrate this formula. 


In fact, it can be proved that these limits exist and, correct to six decimal places, the values 
are 


iio 
4 (97)| = 0.693147  (3*)| ~ 1.098612 
dx dx 


x=0 x=0 


Thus, from Equation 4, we have 
d d ' : 
[5| Se) 10:69) 2, =e Ge OR ey 
dx dx 


Of all possible choices for the base a in Equation 4, the simplest differentiation formula 
occurs when f'(0) = 1. In view of the estimates of f’(0) for a = 2 and a = 3, it seems rea- 
sonable that there is a number a between 2 and 3 for which f’(0) = 1. It is traditional to 
denote this value by the letter e. (In fact, that is how we introduced e in Section 1.5.) Thus 
we have the following definition. 


Definition of the Number e 


h 
i B= il 
eis the number such that lim hi =] 
h->0 


Geometrically, this means that of all the possible exponential functions y = a*, the func- 
tion f(x) = e* is the one whose tangent line at (0, 1) has a slope f’(O) that is exactly 1. (See 
Figures 6 and 7.) 


yA 
(x,e*)# slope = e* 
Ly slope =1 
a ee 
eee 
0 x 
FIGURE 6 FIGURE 7 


If we put a = e and, therefore, f’(0) = 1 in Equation 4, it becomes the following impor- 
tant differentiation formula. 


Derivative of the Natural Exponential Function 


d : 
HS ae 


Thus the exponential function f(x) = e* has the property that it is its own derivative. The 
geometrical significance of this fact is that the slope of a tangent line to the curve yeas 
equal to the y-coordinate of the point (see Figure 7). 


FIGURE 8 
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2 CR If f(x) = e* — x, find f’ and f”. Compare the graphs of f and f’. 
SOLUTION Using the Difference Rule, we have 


In Section 2.8 we defined the second derivative as the derivative of f’, so 


ey mueller oh ie Lt Male ae P 
Fil) —— Ae Lay gos aimee lane” 


The function f and its derivative f’ are graphed in Figure 8. Notice that f has a horizon- 
tal tangent when x = 0; this corresponds to the fact that f’(0) = 0. Notice also that, 

for x > 0, f(x) is positive and f is increasing. When x < 0, f(x) is negative and f is 
decreasing. aa 


S202) At what point on the curve y = e” is the tangent line parallel to the 
line y = 2x? 


SOLUTION Since y = e*, we have y’ = e*. Let the x-coordinate of the point in question 
be a. Then the slope of the tangent line at that point is e“. This tangent line will be paral- 
lel to the line y = 2x if it has the same slope, that is, 2. Equating slopes, we get 


Cae @—iin2 
FIGURE 9 Therefore the required point is (a, e“) = (In 2, 2). (See Figure 9.) ees 3 | 
31 Exercises 
1. (a) How is the number e defined? 9. g(x) = x7(1 — 2x) 10. h(x) = (x — 2)(2x + 3) 
(b) Use a calculator to estimate the values of the limits 
(og) 2h 12. BO) =o” 
ea al DR = 
bn and hi. —$<——$$= 2 
h—>0 h h>0 h 13. A(s) = — 14. y= poe yee 
s 
correct to two decimal places. What can you conclude 
about the value of e? 15. R(a) = (3a + 1) 16. A(t) = Vt — 4e' 
2. (a) Sketch, by hand, the graph of the function f(x) =e, pay- TT Siig) = i ae 1s a G2 
ing particular attention to how the graph crosses the y-axis. 
What fact allows you to do this? 4 ; 
LS ae 20. S(R) = 477R 
(b) What types of functions are f(x) = e* and g(x) = x°? Ise fe (R) Z, 
Compare the differentiation formulas for f and g. yeas 
(c) Which of the two functions in part (b) grows more rapidly 21. h(u) = Au? + Bu? + Cu 2. y=—~— a 
when x is large? ‘ 
x? + 4x+3 
: = eS SS 24. =/2ut+ /3 
3-32 Differentiate the function. 23. ) VR gu) = /2u Ww 
: = A ay x) ne* . 
3. i) i 25. j(x) = x* + e* 26. k(r) =e" + r° 
5. f(t) =2 —3t 6. F(x) = 4x* ie 
: ; 27 x) =o xe) 28. yy =geo4 
7. f(x) =x? — 4x + 6 8. f() = 1.40 — 2.5t° + 6.7 y y 


Graphing calculator or computer required _ 1. Homework Hints available at stewartcalculus.com 
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a (eh) 


32. y=er" de 1 


29. u= St + 4/5 


A 
2 


10 
y 


+ Be” 


33-34 Find an equation of the tangent line to the curve at the 
given point. 


33. y= 4, (1,1) OA ar) 


35-36 Find equations of the tangent line and normal line to the 
curve at the given point. 


35. y=x*+ 2e*, (0,2) 30. vies X wae ew LO) 


37-38 Find an equation of the tangent line to the curve at the 
given point. Illustrate by graphing the curve and the tangent line 
on the same screen. 


Spee mae (12) Baym = Vt, (150) 


39-40 Find f’(x). Compare the graphs of f and f’ and use them 
to explain why your answer is reasonable. 


39 (Ae =k 40. f(x) =x°- 2x3 +x-1 


41. (a) Use a graphing calculator or computer to graph the func- 
tion f(x) = x* — 3x3 — 6x? + 7x + 30 in the viewing 
rectangle [—3, 5] by [—10, 50]. 
(b) Using the graph in part (a) to estimate slopes, make 
a rough sketch, by hand, of the graph of f’. (See 
Example | in Section 2.8.) 
(c) Calculate f’(x) and use this expression, with a graphing 


device, to graph f’. Compare with your sketch in part (b). 


42. (a) Use a graphing calculator or computer to graph the func- 
tion g(x) = e* — 3x? in the viewing rectangle [—1, 4] 
by [—8, 8]. 
(b) Using the graph in part (a) to estimate slopes, make 
a rough sketch, by hand, of the graph of g’. (See 
Example | in Section 2.8.) 
(c) Calculate g’(x) and use this expression, with a graphing 


device, to graph g’. Compare with your sketch in part (b). 


43-44 Find the first and second derivatives of the function. 


44. G(r) = Vr + d/r 


43. f(x) = 10x" + 5x° — x 


45—46 Find the first and second derivatives of the function. 
Check to see that your answers are reasonable by comparing the 
graphs of f, f’, and f”. 


45. f(x) = 2x — 5x34 


46. f(x) =e* — x3 


47. 


48. 


aw 
48) 


49. 


50. 


51. 
52. 
53. 
54. 
55. 


56. 


57. 


The equation of motion of a particle is s = t? — 3t, where s 
is in meters and f¢ is in seconds. Find 

(a) the velocity and acceleration as functions (Olt fh, 

(b) the acceleration after 2 s, and 

(c) the acceleration when the velocity is 0. 


The equation of motion of a particle is 

s = t* — 20? +t? — t, where s is in meters and ¢ is in 

seconds. 

(a) Find the velocity and acceleration as functions of t. 

(b) Find the acceleration after | s. 

(c) Graph the position, velocity, and acceleration functions 
on the same screen. 


Boyle’s Law states that when a sample of gas is compressed 

at a constant temperature, the pressure P of the gas is 

inversely proportional to the volume V of the gas. 

(a) Suppose that the pressure of a sample of air that occupies 
0.106 m? at 25°C is 50 kPa. Write V as a function of P. 

(b) Calculate dV/dP when P = 50 kPa. What is the meaning 
of the derivative? What are its units? 


Car tires need to be inflated properly because overinflation or 
underinflation can cause premature treadware. The data in the 
table show tire life L (in thousands of miles) for a certain 
type of tire at various pressures P (in Ib/in*). 


Ip 26 28 31 35 


50 66. 78 81 


(a) Use a graphing calculator or computer to model tire life 
with a quadratic function of the pressure. 

(b) Use the model to estimate dL/dP when P = 30 and when 
P = 40. What is the meaning of the derivative? What are 
the units? What is the significance of the signs of the 
derivatives? 


Find the points on the curve y = 2x* + 3x? — 12x+ 1 
where the tangent is horizontal. 


For what value of x does the graph of f(x) = e* — 2x have a 
horizontal tangent? 


Show that the curve y = 2e* + 3x + 5x* has no tangent line 
with slope 2. 


Find an equation of the tangent line to the curve y = xJx 
that is parallel to the line y = 1 + 3x. 


Find equations of both lines that are tangent to the curve 
y = 1 + x? and parallel to the line 12x — y = 1. 


At what point on the curve y = 1 + 2e* — 3x is the tangent 
line parallel to the line 3x — y = 5? Illustrate by graphing 
the curve and both lines. 


Find an equation of the normal line to the parabola 
y = x’ — 5x + 4 that is parallel to the line x — 3y = 5. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


SECTION 3.1 


Where does the normal line to the parabola y = x — x? at the 


point (1, 0) intersect the parabola a second time? Illustrate with 
a sketch. 


Draw a diagram to show that there are two tangent lines to the 
parabola y = x° that pass through the point (0, —4). Find the 
coordinates of the points where these tangent lines intersect the 
parabola. 


(a) Find equations of both lines through the point (2, —3) that 
are tangent to the parabola y = x* + x. 

(b) Show that there is no line through the point (2, 7) that is 
tangent to the parabola. Then draw a diagram to see why. 


Use the definition of a derivative to show that if f(x) = 1/x, 
then f'(x) = —1/x*. (This proves the Power Rule for the 
case n = —1.) 


Find the nth derivative of each function by calculating the first 
few derivatives and observing the pattern that occurs. 


(a) f@) =x" (b) f(x) = 1/x 


Find a second-degree polynomial P such that P(2) = 5, 
P'(2) = 3, and P”(2) = 2. 


The equation y" + y’ — 2y = x’ is called a differential equa- 
tion because it involves an unknown function y and its deriv- 
atives y’ and y”. Find constants A, B, and C such that the 
function y = Ax* + Bx + C satisfies this equation. (Differen- 
tial equations will be studied in detail in Chapter 9.) 


Find a cubic function y = ax* + bx* + cx + d whose graph 
has horizontal tangents at the points (—2, 6) and (2, 0). 


Find a parabola with equation y = ax” + bx + c that has 
slope 4 at x = 1, slope —8 atx = —1, and passes through the 
point (2, 15). 


Wet 
i ae 


gear il li ge 2 I 


WG = ie ae Il 


Is f differentiable at 1? Sketch the graphs of f and f’. 


At what numbers is the following function g differentiable? 


Dx itt a6 S © 
Ga) \Oaesan mil Oro? 
D = 3% iit ag 2D 


Give a formula for g’ and sketch the graphs of g and g’. 


DERIVATIVES OF POLYNOMIALS AND EXPONENTIAL FUNCTIONS 


69. 


70. 
71. 


72. 


73. 
74. 


75. 


76. 


71. 


78. 


79. 


80. 
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(a) For what values of x is the function f(x) = |x? — 9| 
differentiable? Find a formula for f’. 
(b) Sketch the graphs of f and f’. 


Where is the function A(x) = |x — 1| + |x + 2| differenti- 
able? Give a formula for h’ and sketch the graphs of / and h’. 


Find the parabola with equation y = ax? + bx whose tangent 
line at (1, 1) has equation y = 3x — 2. 


Suppose the curve y = x* + ax? + bx? + cx + dhas a tan- 
gent line when x = 0 with equation y = 2x + | and a tangent 
line when x = 1 with equation y = 2 — 3x. Find the values 
of a, b, c, and d. 


For what values of a and b is the line 2x + y = b tangent to 
the parabola y = ax” when x = 2? 


Find the value of c such that the line y = x + 6 is tangent to 
the curve y = cyx. 
et 
fo) xe ihe oes 
38 = 
fas ar (a ih 3¢ 


Find the values of m and b that make f differentiable 
everywhere. 


A tangent line is drawn to the hyperbola xy = c at a point P. 

(a) Show that the midpoint of the line segment cut from this 
tangent line by the coordinate axes is P. 

(b) Show that the triangle formed by the tangent line and the 
coordinate axes always has the same area, no matter where 
P is located on the hyperbola. 


1000 __ | 
Evaluate lim 


ak 


= I 


Draw a diagram showing two perpendicular lines that intersect 
on the y-axis and are both tangent to the parabola y = al 
Where do these lines intersect? 


If c > 4, how many lines through the point (0, c) are normal 
lines to the parabola y = x?? What if ¢ < 3? 


Sketch the parabolas y = x? and y = x* — 2x + 2. Do you 
think there is a line that is tangent to both curves? If so, find its 
equation. If not, why not? 
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pete 


APPLIED PROJECT BUILDING A BETTER ROLLER COASTER 


Suppose you are asked to design the first ascent and drop for a new roller coaster. By studying 
photographs of your favorite coasters, you decide to make the slope of the ascent 0.8 and the slope 
of the drop —1.6. You decide to connect these two straight stretches y = L(x) and y = L(x) with 
part of a parabola y = f(x) = ax? + bx + c, where x and f(x) are measured in feet. For the track 
to be smooth there can’t be abrupt changes in direction, so you want the linear segments L; and L2 
to be tangent to the parabola at the transition points P and Q. (See the figure.) To simplify the 
equations, you decide to place the origin at P. 


1. (a) Suppose the horizontal distance between P and Q is 100 ft. Write equations in a, b, 
and c that will ensure that the track is smooth at the transition points. 
(b) Solve the equations in part (a) for a, b, and c to find a formula for f (x). 
4 (c) Plot Li, f, and L> to verify graphically that the transitions are smooth. 
(d) Find the difference in elevation between P and Q. 


2. The solution in Problem 1 might /ook smooth, but it might not fee/ smooth because the 
piecewise defined function [consisting of L,(x) for x < 0, f(x) for 0 < x < 100, and 
L(x) for x > 100] doesn’t have a continuous second derivative. So you decide to improve 
the design by using a quadratic function q(x) = ax* + bx + c only on the interval 
10 < x < 90 and connecting it to the linear functions by means of two cubic functions: 


g(x) = kx? + Ix? + mx +n 0<x<10 
h(x)' = px iigx? + rx 4s.) 5 90 =< 25100 


(a) Write a system of equations in 11 unknowns that ensure that the functions and their 
first two derivatives agree at the transition points. 
CAS| (b) Solve the equations in part (a) with a computer algebra system to find formulas for 
q(x), g(x), and h(x). 
(c) Plot Li, g, g, h, and L2, and compare with the plot in Problem 1(c). 


© Flashon Studio / Shutterstock 


WA 7 . 
Graphing calculator or computer required 


[cas| Computer algebra system required 


Ea The Product and Quotient Rules 


The formulas of this section enable us to differentiate new functions formed from old func- 
tions by multiplication or division. 


M8 The Product Rule 


@ By analogy with the Sum and Difference Rules, one might be tempted to guess, as Leibniz 
did three centuries ago, that the derivative of a product is the product of the derivatives. We 
can see, however, that this guess is wrong by looking at a particular example. Let f(x) =x 
and g(x) = x*. Then the Power Rule gives f'(x) = 1 and g'(x) = 2x. But ( fo)(x). = x3, so 
(fg)'(x) = 3x*. Thus ( fg)’ # f’g'. The correct formula was discovered by Leibniz (soon 
after his false start) and is called the Product Rule. 


FIGURE 1 
The geometry of the Product Rule 


Recall that in Leibniz notation the definition of 


a derivative can be written as 
ye, 


— = lim 
ax = 0 Ax 


In prime notation: 


COS ar 


SECTION 3.2. THE PRODUCT AND QUOTIENT RULES 185 


Before stating the Product Rule, let’s see how we might discover it. We start by assum- 
ing that uw = f(x) and v = g(x) are both positive differentiable functions. Then we can 
interpret the product wv as an area of a rectangle (see Figure 1). If x changes by an amount 
Ax, then the corresponding changes in u and v are 


Au = f(x + Ax) — f(x) Av = g(x + Ax) — g(x) 


and the new value of the product, (u + Au)(v + Av), can be interpreted as the area of the 
large rectangle in Figure | (provided that Au and Av happen to be positive). 
The change in the area of the rectangle is 


[1] A(uv) = (u + Au)(v + Av) — uv =u Av + v Au + Au Av 


= the sum of the three shaded areas 


If we divide by Ax, we get 


A(uv) _ Boo. AU ape ot 
Ax OTK ae oe 


If we now let Ax — 0, we get the derivative of wv: 


d A A 
— (uv) = lim (uy) = iim, (. <a a v ies aA *) 
ie XG 


I 


dx Ax>0 Ax 


Tee ieee sme) (tne 
| ao Ax er Ax fe ree Ax 


dv du dv 

a Wa ee a ag 

dx dx dx 
2] d an dv roe du 
aes ly ar oes 
dx dx dx 


(Notice that Au — 0 as Ax — 0 since f is differentiable and therefore continuous.) 

Although we started by assuming (for the geometric interpretation) that all the quanti- 
ties are positive, we notice that Equation | is always true. (The algebra is valid whether u, 
v, Au, and Av are positive or negative.) So we have proved Equation 2, known as the 
Product Rule, for all differentiable functions u and v. 


The Product Rule If f and g are both differentiable, then 


d d d 
aa [ f(x) g(x)] = Ff) Fy Lg) + g(x) Gy LE 


In words, the Product Rule says that the derivative of a product of two functions is the 
first function times the derivative of the second function plus the second function times the 
derivative of the first function, 
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EXAMPLE 1 
(a) If f(x) = xe’, find f’(x). 
(b) Find the nth derivative, f (x). 


SOLUTION 
Figure 2 shows the graphs of the function f (a) By the Product Rule, we have 
of Example 1 and its derivative f’. Notice that 
f(x) is positive when f is increasing and nega f'(x) = — (xe") 
tive when f is decreasing. dx 


d d 
5 x + x 
‘ dx a dx » 


xe + eel =x We 


(b) Using the Product Rule a second time, we get 


d 
5 fe) = [e+ Det] 
HOR =(x+ jee (Caylee pee. (x + 1) 
dx dx 
=e De Pel = ie 
Further applications of the Product Rule give 
FPUCIU (6252 Oye> FCs seh ye 
In fact, each successive differentiation adds another term e*, so 
‘ f (x) = & + ne* a0 

In Example 2, a and b are constants. It is [SEU Differentiate the function f(t) = \/t (a + br). 


customary in mathematics to use letters near { 
the beginning of the alphabet to represent con- | SOLUTION 1 Using the Product Rule, we have 


stants and letters near the end of the alphabet 
to represent variables. 


d d 
f'O = vt — (a + bt) + (a + bt) — (vr) 


= t+ b+ (a+ bt)-5t7”? 


+b + 
ay yg fis tubal Sbt 


Ol eee 


SOLUTION 2 If we first use the laws of exponents to rewrite f (1), then we can proceed 
directly without using the Product Rule. 


f(t) =avt + bt/t = at”? + op3/ 
f'() = gat? + Abr!” 
which is equivalent to the answer given in Solution 1. ans] 


Example 2 shows that it is sometimes easier to simplify a product of functions before dif- 
ferentiating than to use the Product Rule. In Example 1, however, the Product Rule is the 
only possible method. 


In prime notation: 


SECTION 3.2 THE PRODUCT AND QUOTIENT RULES 187 


Sats If f(x) = Vx g(x), where g(4) = 2 and g'(4) = 3, find f'(4). 
SOLUTION Applying the Product Rule, we get 


; d d d 
f(a) = = lve a] = Vx Lol] + 9) Ge lve] 
= Vx g(a) + gla)!” 


= [x gi(x) + 


g(x) 
2V/x 
So Hive) oe es vase 


na Da) 


M8 The Quotient Rule 


We find a rule for differentiating the quotient of two differentiable functions u = f (x) and 
v = g(x) in much the same way that we found the Product Rule. If x, u, and v change by 
amounts Ax, Au, and Av, then the corresponding change in the quotient u/v is 


(4) NU u (u + Au)v — u(v + Av) 


ov} ovt+dAv v v(v + Av) 
_ WN = uAv 
v(v + Av) 
Se) 
Au Av 
I— = 4 —— 
AD ee: Be A(u/v) fea Ax Ax 
Ree | eee | rer = Preeti a a. 
CGN Ax>o0 Ax et v(v + Av) 


As Ax—>0, Av—0 also, because v = g(x) is differentiable and therefore continuous. Thus, 
using the Limit Laws, we get 


kim Au lin Av du dv 
im ——— — La SS Si 
eas eee * eo Ax ies OPA ” dx dx 
dx \v v lim (v + Av) v 
Ax—0 
a 
The Quotient Rule If f and g are differentiable, then 
d d 
a fe J g(x) 7 [F(%)] — Ff) is [g(x)] 
dx | g(x) [g(x)]? 
si 


In words, the Quotient Rule says that the derivative of a quotient is the denominator 
times the derivative of the numerator minus the numerator times the derivative of the 
denominator, all divided by the square of the denominator. 

The Quotient Rule and the other differentiation formulas enable us to compute the 
derivative of any rational function, as the next example illustrates. 
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We can use a graphing device to check that 
the answer to Example 4 is plausible. Figure 3 
shows the graphs of the function of Example 4 
and its derivative. Notice that when y grows 
rapidly (near —2), y’ is large. And when y 
grows slowly, y’ is near 0. 


FIGURE 3 


FIGURE 4 


xt+x-2 


2 Bey Let y = —_.——. Then 


x3 + 6 


eee d 
(2040) G2) = (x? + x — 2) (x* + 6) 


ahs (8 + 6) 
a (x? + 6)(2x + 1) — (x? + x — 2)(3x7) 
~ (x? + 6)? 


(2x4 + x3 + 12x + 6) — (3x* + 3x? — 6x’) 
(x? + 6) 


—x+— 2x37 + 6x? + 12x 4+ 6 
i (x3 + 6) 


{7 ESQ FS9 Find an equation of the tangent line to the curve y = e*/(1 + x*) at the 
point (d, fe). 


SOLUTION According to the Quotient Rule, we have 


d d : 
i, (1 Pee — e* er + x7) 


dy 

dx (1 x7)? 
me Lee ete ren 20) 
& (lees) 
je (lex)? 
pee 


So the slope of the tangent line at (in Se) is 


Or 


="() 
dx 25 


This means that the tangent line at (le te) is horizontal and its equation is y = +e. [See 
Figure 4. Notice that the function is increasing and crosses its tangent line at (1, +e). 
[ase } 


NOTE Don’t use the Quotient Rule every time you see a quotient. Sometimes it’s easier 
to rewrite a quotient first to put it in a form that is simpler for the purpose of differentiation. 
For instance, although it is possible to differentiate the function 


ea 2Jx 
x 


F(x) 


using the Quotient Rule, it is much easier to perform the division first and write the func- 
tion as 


F(x) = 3x + 2? 


before differentiating. 
We summarize the differentiation formulas we have learned so far as follows. 
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, att d d 
Table of Differentiation Formulas i ol — (x") = nx"! ed (A ee Fe | 
me) pels) kes i 
(apy rae fad) apace ge Cd) = Lemay 
! ! , if SS 
(f9)' = fa! + of (2 -# 
g g 
a 
FEA) Exercises 
1. Find the derivati = Crm ee a 
ind the erivative of f(x) = (1 + 2x Yr ae) sin) two ways: 5, f= 26. f(x) = ax + b 
by using the Product Rule and by performing the multiplication Ge a? GO 
first. Do your answers agree? as x 


2. Find the derivative of the function 


x* — 5x3 + /x 
ae 


F(x) = 
in two ways: by using the Quotient Rule and by simplifying 
first. Show that your answers are equivalent. Which method do 


you prefer? 


3-26 Differentiate. 


Sof (c= (eet 2x)e7 4. g(x) = Jx e* 
5 y= (ep tee 
e° iL =e 
1 + 2x x? -—2 
7. = th G = 
saa ne Ue yaaa 
9. H(u) =(u— Ju )(u + vr) 
10. J(v) = (v? — 2v)(v* + 0”) 
1 3 
11. F(y) = (4 = =o + 5y’) 
ny iy 
12. f(z) = (1 — ez + e’) 
x3 Xt 1 
ig 14. y =————— 
Le i) Sor Fe ex oD 
jo 2 t 
—— 16. y=—— 
Pela ag 1 Gay 
1 
Me ee 18 =" 
17. y = e?(p + pvp) Dee aie 
ees 
19. y= ot = oy 20. z = w?(w + ce”) 
v 
Di pw vt 
= ———_! 22. = 
2) ase Te g(t) HB 
A Il = oa” 
ee 6G) = 
23. fl) = Be Ce? fo) ete 


Graphing calculator or computer required 


27-30 Find f’(x) and f"(x). 
27. f(x) = x*e* 28.) f(x) = x7 e* 
2 


XK, XxX 
ia: OS area 


29. f(x) = 


31-32 Find an equation of the tangent line to the given curve at the 
specified point. 

ea e 
(1, 0) 32. yaa. Gye) 


315i a 
eS SL x 


33-34 Find equations of the tangent line and normal line to the 
given curve at the specified point. 


33) = 2xe*"" (00) as) 


Veneer S 
gee ye aed? 


35. (a) The curve y = 1/(1 + x’) is called a witch of Maria 
Agnesi. Find an equation of the tangent line to this curve at 
the point (-1, 5). 
(b) Illustrate part (a) by graphing the curve and the tangent line 
on the same screen. 


36. (a) The curve y = x/(1 + x’) is called a serpentine. Find 
an equation of the tangent line to this curve at the point 
(3, 0.3). 
(b) Illustrate part (a) by graphing the curve and the tangent line 
on the same screen. 


37, (a) lef) =a — x)e*, find 7 (2): 
(b) Check to see that your answer to part (a) is reasonable by 
comparing the graphs of f and f 4 


38. (a) If f(x) = e7/(2x” + x + 1), find f’(). 
(b) Check to see that your answer to part (a) is reasonable by 
comparing the graphs of f and /". 


1. Homework Hints available at stewartcalculus.com 
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39. 


[] 
LI 


44. 


45. 
. If h(2) = 4 and h'(2) = —3, find 


47. 


50. 


CHAPTER 3 DIFFERENTIATION RULES 


(a) If f(x) = @? — 1)/G? + 1), find f(a) and f"(). 
(b) Check to see that your answers to part (a) are reasonable 
by comparing the graphs of f, f’, and f”. 


. (a) If f(x) = (x? — 1)e’, find f'(x) and f"(x). 


(b) Check to see that your answers to part (a) are reasonable 
by comparing the graphs of f, f’, and f”. 


. If f(x) = x?/(1 + x), find f"(1). 
. If g(x) = x/e*, find g(x). 
. Suppose that f(5) = 1, f'(5) = 6, g(5) = —3, and g‘(5) = 2. 


Find the following values. 

(a) (f9)'(S) (b) (f/9)"(S) (c) (g/f)'S) 
Suppose that f(2) = —3, g(2) = 4, f’(2) = —2, and 
g'(2) = 7. Find h'(2). 


(a) h(x) = Sf(x) — 4g() (b) A(x) = f(x) g(a) 


Aue) ena) 
(©) hx) = @ he) = 


If f(x) = e*g(x), where g(0) = 2 and g'(0) = 5, find f'(0). 


x=2 


If g(x) = xf(x), where f(3) = 4 and f'(3) = —2, find an 
equation of the tangent line to the graph of g at the point 
where x = 3. 


. If f(2) = 10 and f(x) = x? f(x) for all x, find f”(2). 
49. 


If f and g are the functions whose graphs are shown, let 
u(x) = f(x)g(x) and v(x) = f(x)/g(x). 
(a) Find u'(1). (b) Find v(5). 


yA 


a 


Let P(x) = F(x)G(x) and Q(x) = F(x)/G(x), where F and G 
are the functions whose graphs are shown. 
(a) Find P’(2). (b) Find Q’(7). 


ieceene 


cael 
X} 


0) 1 
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52. 


53. 


54. 


55. 


56. 


57. 


58. 


If g is a differentiable function, find an expression for the 
derivative of each of the following functions. 


(b) y= —— 
** 9) 


If f is a differentiable function, find an expression for the 
derivative of each of the following functions. 


ao) 
x? 


gx) 
XxX 


(a) y = xg(x) Ces 


(a) y = x7f(x) (b) y 


x (a) 1 + xf(x) 
y= Ss 
f(x) Vx 
How many tangent lines to the curve y = x/(x + 1) pass 


through the point (1, 2)? At which points do these tangent 
lines touch the curve? 


(c) y= 


Find equations of the tangent lines to the curve 


that are parallel to the line x — 2y = 2. 
Find R’(0), where 


R(x) = x — 3x3 + 5x? 
ee Ceo en or 

Hint: Instead of finding R'(x) first, let f(x) be the numerator 
and g(x) the denominator of R(x) and compute R’(0) from 
f (0), f'(0), g(O), and g'(0). 


Use the method of Exercise 55 to compute Q'(0), where 


1+x+x7+4+ xe* 


5 = 
Il = geSe go> = ago" 


Q(x) = 


In this exercise we estimate the rate at which the total 
personal income is rising in the Richmond-Petersburg, 
Virginia, metropolitan area. In 1999, the population of this 
area was 961,400, and the population was increasing at 
roughly 9200 people per year. The average annual income 
was $30,593 per capita, and this average was increasing at 
about $1400 per year (a little above the national average of 
about $1225 yearly). Use the Product Rule and these figures 
to estimate the rate at which total personal income was rising 
in the Richmond-Petersburg area in 1999. Explain the mean- 
ing of each term in the Product Rule. 


A manufacturer produces bolts of a fabric with a fixed width. 
The quantity q of this fabric (measured in yards) that is sold 
is a function of the selling price p (in dollars per yard), so we 
can write q = f(p). Then the total revenue earned with sell- 
ing price p is R(p) = pf(p). 
(a) What does it mean to say that f(20) = 10,000 and 
f'(20) = —350? 
(b) Assuming the values in part (a), find R’(20) and interpret 
your answer. 


59. (a) Use the Product Rule twice to prove that if f, g, and h are 
differentiable, then ( fgh)’ = fgh + fg'h + fgh'. 
(b) Taking f = g = h in part (a), show that 


d 
oa ()P = 3LFOPF') 


(c) Use part (b) to differentiate y = e*. 


60. (a) If F(x) = f(x) g(x), where f and g have derivatives of all 
orders, show that F” = f"g + 2f'q' + fg’. 
(b) Find similar formulas for F’” and F. 
(c) Guess a formula for F”’. 


61. Find expressions for the first five derivatives of f(x) = x7e*. 
Do you see a pattern in these expressions? Guess a formula for 
f(x) and prove it using mathematical induction. 


| 3.3 | Derivatives of Trigonometric Functions 
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62. (a) If g is differentiable, the Reciprocal Rule says that 


d 1 g(x) 
dx | g(x) [g(x]? 
Use the Quotient Rule to prove the Reciprocal Rule. 
(b) Use the Reciprocal Rule to differentiate the function in 
Exercise 18. 


(c) Use the Reciprocal Rule to verify that the Power Rule is 
valid for negative integers, that is, 


for all positive integers n. 


A review of the trigonometric functions is given 
in Appendix D. 


real numbers x by 


Before starting this section, you might need to review the trigonometric functions. In par- 
ticular, it is important to remember that when we talk about the function f defined for all 


f(x) = sinx 


it is understood that sin x means the sine of the angle whose radian measure is x. A simi- 
lar convention holds for the other trigonometric functions cos, tan, csc, sec, and cot. Recall 
from Section 2.5 that all of the trigonometric functions are continuous at every number in 


their domains. 


If we sketch the graph of the function f(x) = sin x and use the interpretation hig 169) 
as the slope of the tangent to the sine curve in order to sketch the graph of f’ (see Exer- 
cise 16 in Section 2.8), then it looks as if the graph of f’ may be the same as the cosine curve 


(see Figure 1). 


BE visual 3.3 shows an animation 
of Figure 1. 


y= f(x) 


FIGURE 1 
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Let’s try to confirm our guess that if f(x) = sin x, then f(x) = cos x. From the defini- 
tion of a derivative, we have 


CS NO) = 4h) _ sin(x + h) — sinx 
(ca) = thin = im ——_— 
f (x) ioe h h=0 h 
We have used the addition formula for sine. a Gin 3° COS /P 3 COS He SiN /p = Gi 3 
x = lim 
See Appendix D. h—>0 h 


jes GOS /) = Silim 3% bd cos x oe] 


en h h 
i : COS I = | Ee sin h 
= SS xX 
lim sin x h h 
: : . CO0Sin = | i esi 
[1] = him Si 36 2 then = > Ihina @OS Ze © Ilan 
h>0 h—0 h h>0 h>o0 A 


Two of these four limits are easy to evaluate. Since we regard x as a constant when com- 
puting a limit as h — 0, we have 


lim sin x = sin x and lim cos x = cos x 
h—0 


h—0 


The limit of (sin h)/h is not so obvious. In Example 3 in Section 2.2 we made the guess, 
on the basis of numerical and graphical evidence, that 


We now use a geometric argument to prove Equation 2. Assume first that @ lies between 

B 0 and 7/2. Figure 2(a) shows a sector of a circle with center O, central angle 6, and 
radius 1. BC is drawn perpendicular to OA. By the definition of radian measure, we have 
arc AB = @. Also | BC| = | OB| sin @ = sin 6. From the diagram we see that 


E 
|BC| < |AB| < arc AB 
nae Therefore sin 0 2°ONnr So pam ea 
Cops 0 


Let the tangent lines at A and B intersect at E. You can see from Figure 2(b) that the 


a circumference of a circle is smaller than the length of a circumscribed polygon, and so 
B arc AB < | AE|.+ | EB|. Thus 


E 
/ Vax 6 = arc AB < |AE| + |EB| 


\ } < |AE| + |ED| 
LL = |AD| = |OA| tan @ 
(b) = tan 6 


FIGURE 2 (In Appendix F the inequality @ < tan 6 is proved directly from the definition of the length 
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of an arc without resorting to geometric intuition as we did here.) Therefore we have 


sin 0 


cos 0 


sin 0 
6) awe eek 


We know that lim »—9 1 = 1 and lim»— cos 6 = 1, so by the Squeeze Theorem, we have 


Eat ea 
6>0*  @ 


But the function (sin 6)/@ is an even function, so its right and left limits must be equal. 
Hence, we have 


so we have proved Equation 2. 
We can deduce the value of the remaining limit in as follows: 


We multiply numerator and denominator by 
cos @ + 1 in order to put the function in a form lim cos 6 — | =m cos 6 — | se Oxia Sha cos’ 0 — | 
in which we can use the limits we know. 60 00 6 GOS @ =P 6-0 O(cos 6+ 1) 


: —sin’@ sin 6 sin 6 
Sail ie ep ae nn cae anee 
6-0 O(cos 6 + 1) 60 \ 0 cos @+ | 


_ Smad .. sin 0 
—lim 0 hit. $$$ $= 
6-0 @ 6-0 cos 0+ | 


0 
=-—|- = 0 (by Equation 2) 
tee 


3 eb hGiet 


If we now put the limits [2] and [3] in [1], we get 


; ‘ . C8 = | E Sin a 
Gf) St CT pe sen CUS lim 7 


h—0 h—0 h—0 


= (sin x) - 0 + (cosx)- 1 =cosx 


So we have proved the formula for the derivative of the sine function: 


[4] < (sin x) = cos x 
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Figure 3 shows the graphs of the function of 
Example 1 and its derivative. Notice that 
y’ = 0 whenever y has a horizontal tangent. 


FIGURE 3 


When you memorize this table, it is helpful 

to notice that the minus signs go with the der- 
ivatives of the “cofunctions,” that is, cosine, 
cosecant, and cotangent 


{7 ESCWUWiERN Differentiate y = x7 sin x. 
SOLUTION Using the Product Rule and Formula 4, we have 


d Rae 
= = aoe (sin x) + sin 2 (x2) 


= x’cos x + 2xsin x oar 


Using the same methods as in the proof of Formula 4, one can prove (see Exercise 20) 
that 


d 
[5 | 7 (cos x) = —sin x 


x 


The tangent function can also be differentiated by using the definition of a derivative, 
but it is easier to use the Quotient Rule together with Formulas 4 and 5: 


eS g eb sin x 
dx es dx \ cos x 


l ( ) | ( ) 


5 
CcOsS'x 


COS COS es asinee Sine) 


x 
COS x 


cos’x + sin?x 


yD 
COS Xx 


The derivatives of the remaining trigonometric functions, csc, sec, and cot, can also be 
found easily using the Quotient Rule (see Exercises 17-19). We collect all the differentia- 
tion formulas for trigonometric functions in the following table. Remember that they are 
valid only when x is measured in radians. 


Derivatives of Trigonometric Functions 
(sin x) a 
— (sin x) = cos x ——\Cscy) ; 
fy ie Cun) CSG x COL x 
— (cos x) = —sin x pas (sec x) = sec x tan x 
dx dx 
d d 
= (tan x)= sec x — (cot x) = —csc2x 


dx dx 


FIGURE 4 
The horizontal tangents in Example 2 


“NE 


ia 


FIGURE 5 


FIGURE 6 
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sec x 
ll SP Wai ge 


2 CMilghara Differentiate f(x) = 


have a horizontal tangent? 


. For what values of x does the graph of f 


SOLUTION The Quotient Rule gives 


d d 
(1 + tan x) — (sec x) — sec x — (1 + tan x) 
fl) = dx dx 
(1 + tan x)? 
(1 + tan x) sec x tan x — sec x ¢ sec’x 
(1 + tan x)? 


Wesec (tanixe tan sec) 
(1 + tan x)? 


sec x (tan x — 1) 
(1 + tan x) 


In simplifying the answer we have used the identity tan’x + 1 = sec*x. 
Since sec x is never 0, we see that f’(x) = 0 when tan x = 1, and this occurs when 
x =n + 77/4, where n is an integer (see Figure 4). ae 


Trigonometric functions are often used in modeling real-world phenomena. In particu- 
lar, vibrations, waves, elastic motions, and other quantities that vary in a periodic manner 
can be described using trigonometric functions. In the following example we discuss an 
instance of simple harmonic motion. 


[7 (SEST2) An object at the end of a vertical spring is stretched 4 cm beyond its rest 
position and released at time t = 0. (See Figure 5 and note that the downward direction is 
positive.) Its position at time f is 


s =f(t)=4cost 


Find the velocity and acceleration at time f and use them to analyze the motion of the 
object. 


SOLUTION The velocity and acceleration are 


d. d d ; 
Ge os = - (4 cos t) = Ae, (cos t) = —4 sint 
d d ain 
a=— =, (Asin) = —4— (sin) = —4 cos t 


The object oscillates from the lowest point (s = 4 cm) to the highest point 
(s = —4cm). The period of the oscillation is 27, the period of cos ¢. 
The speed is |v| = 4| sin t|, which is greatest when | sin | = 1, that is, when 
cos t = 0. So the object moves fastest as it passes through its equilibrium position 
(s = 0). Its speed is 0 when sin t = 0, that is, at the high and low points. 
The acceleration a = —4 cos t = 0 when s = 0. It has greatest magnitude at the high 
and low points. See the graphs in Figure 6. ES 
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EES) Look for a pattern. 


Note that sin 7x # 7 sin x. 


S208 Find the 27th derivative of cos x. 


SOLUTION The first few derivatives of f(x) = cos x are as follows: 


f (x) = —sinx 
f"(x) = —cos x 
fe (x) se 
f(x) = cosx 
F(x) = —sinx 


We see that the successive derivatives occur in a cycle of length 4 and, in particular, 
f(x) = cos x whenever n is a multiple of 4. Therefore 


f(x) = cos x 
and, differentiating three more times, we have 
f(x) = sin x er 
Our main use for the limit in Equation 2 has been to prove the differentiation formula 


for the sine function. But this limit is also useful in finding certain other trigonometric lim- 
its, as the following two examples show. 


sin 7x 


EXAMPLE 5 Bativel lim 


- . 


SOLUTION In order to apply Equation 2, we first rewrite the function by multiplying and 


dividing by 7: 
sin 7x a. ah sin 7x 
4x 4 AX 


If we let 0 = 7x, then 0 — 0 as x — 0, so by Equation 2 we have 


= — lm = 


4e>0 @ ie 4 


WA ESE Calculate lim x cot x. 
= 


SOLUTION Here we divide numerator and denominator by x: 


3 : X COS X 
lim x cot x = lim — 
x0 x0 Sin xX 
ESO lim COs x 
= lim — = 
x>0 sinx A Sina? 
im. 
Xx o> OM EX, 
cos 0 
= 1 (by the continuity of cosine and Equation 2) 


| 33 | Exercises 


Graphing calculator or computer required 
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1-16 Differentiate. 


1. f(x) = 3x? — 2cosx 2. f(x) = Vx sinx 
3. f(x) = sin x + 5 cot x 4. Sy = "2 SCC X. = CSC x, 
5. y = sec 6 tand 6. g(@) = e*(tan 6 — 6) 
7. y=ccost+t’sint 8. fo=-— 
e 
x 
y= 10. y = sin 6 cos 0 
De atalley) 
U1. f() = sec 6 OP one cos x 
; 1 + secé Se eae, 
t sin t | = S56 x 
13. y= 1 = 
a ee 4 tan x 
15. f(x) = xe* csc x 16. y = x° sin x tan x 
d 
17. Prove that Be (CRO 33) = = GSO 52 WOE se 
bs 


d , 
18. Prove that in (sec x) = sec x tan x. 
be 


d ‘ 
19. Prove that — (cot x) = —csc“x. 
dx 


20 Prove, using the definition of derivative, that if f(x) = cos x, 
then f’(x) = —sin x. 


21-24 Find an equation of the tangent line to the curve at the 
given point. 

(17/3, 2) 

(7, —1) 


21. y — sec x, 22. y= e*cosx, (0, 1) 


23. y = cos x — sin x, 24. y=x+tanx, (7, 7) 


29. If H(0) = @ sin @, find H'(@) and H(6). 
30. If f(t) = csc t, find f"(7/6). 


31. (a) Use the Quotient Rule to differentiate the function 


F(x) = 


(b) Simplify the expression for f(x) by writing it in terms 
of sin x and cos x, and then find f’(x). 

(c) Show that your answers to parts (a) and (b) are 
equivalent. 


32. Suppose f(7/3) = 4 and f’(7/3) = —2, and let 
g(x) = f(x) sin x and h(x) = (cos x)/f (x). Find 
(a) g'(a7/3) (b) h'(a/3) 


(lise = II 


Sec Xx 


33-34 For what values of x does the graph of f have a horizontal 
tangent? 


33. f(x) =x + 2sinx 34. f(x) = e*cosx 


25. (a) Find an equation of the tangent line to the curve 
y = 2x sin x at the point (7/2, 7). 
(b) Illustrate part (a) by graphing the curve and the tangent 
line on the same screen. 


26. (a) Find an equation of the tangent line to the curve 
y = 3x + 6 cos x at the point (7/3, 7 + 3). 
(b) Illustrate part (a) by graphing the curve and the tangent 
line on the same screen. 


27. (a) If f(x) = sec x — x, find f’(x). 
(b) Check to see that your answer to part (a) is reasonable by 
graphing both f and f’ for |x| < 7/2. 
28. (a) If f(x) = e* cos x, find f’(x) and f”(x). 
(b) Check to see that your answers to part (a) are reasonable 
by graphing f, f’ and f”. 


35. A mass on a spring vibrates horizontally on a smooth 
level surface (see the figure). Its equation of motion is 
x(t) = 8 sin t, where f is in seconds and x in centimeters. 
(a) Find the velocity and acceleration at time f. 
(b) Find the position, velocity, and acceleration of the mass 
at time t = 27/3. In what direction is it moving at that 


time? 
12 


equilibrium 
position 


EEE 
SSSA SSS 


LAAN 
Y n ay Pa 
0 me 


36. An elastic band is hung on a hook and a mass is hung on the 


lower end of the band. When the mass is pulled downward 

and then released, it vibrates vertically. The equation of 

motion is s = 2 cost + 3 sint, t = 0, where s is measured 

in centimeters and ft in seconds. (Take the positive direction 

to be downward.) 

(a) Find the velocity and acceleration at time f. 

(b) Graph the velocity and acceleration functions. 

(c) When does the mass pass through the equilibrium 
position for the first time? 

(d) How far from its equilibrium position does the mass 
travel? 

(e) When is the speed the greatest? 


37. A ladder 10 ft long rests against a vertical wall. Let 6 be the 
angle between the top of the ladder and the wall and let x be 
the distance from the bottom of the ladder to the wall. If the 
bottom of the ladder slides away from the wall, how fast does 
x change with respect to @ when 0 = 77/3? 


1. Homework Hints available at stewartcalculus.com 
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an 


38. An object with weight W is dragged along a horizontal plane 
by a force acting along a rope attached to the object. If the 
rope makes an angle @ with the plane, then the magnitude of 
the force is 

pW 
pe sin 6 + cos 0 


where yu is a constant called the coefficient of friction. 

(a) Find the rate of change of F with respect to 0. 

(b) When is this rate of change equal to 0? 

(c) If W = 50 lb and yp = 0.6, draw the graph of F as a func- 
tion of 6 and use it to locate the value of @ for which 
dF/d@ = 0. Is the value consistent with your answer to 
part (b)? 


39-48 Find the limit. 


, Bilin See sin 4x 
ah) ian $$$ 40. lim — 
x>0 Xx x0 sin 6x 
tan 6f¢ = il 
41, lim — Oi, 
1>0 sin 2t a0 «sind 
43. ii a B55 AA. lim sin 3x an 5x 
x>0 5x 4x x>0 Ea 
es 6 c 2 
ling Prsscpeeaalee) 
60 § + tané@ x20 =X 
=i - 
LVN baty eae se) 


x>7/4 SIN xX — COSX 


49-50 Find the given derivative by finding the first few deriva- 
tives and observing the pattern that occurs. 


99 d 35 


49. === (Sin Xx) 50. ae 


7 (x sin x) 


51. Find constants A and B such that the function 
y =Asinx + B cos x satisfies the differential equation 
y" + y’ — 2y = sinx. 


1 
52. (a) Evaluate lim x sin —. 
XK iG 


1 
(b) Evaluate lim x sin —. 
5) X. 


(c) Illustrate parts (a) and (b) by graphing y = x sin(1/x). 


(EQ) The Chain Rule 


/M 56. Let f(x) = 


53. Differentiate each trigonometric identity to obtain a new 
(or familiar) identity. 
in x 


(D) $86.25. = 
COS x cos x 


ie COs 
CSCRG 


(a) tan x = 
@) Sin ze a GOS 26 = 


54. A semicircle with diameter PQ sits on an isosceles triangle 
POR to form a region shaped like a two-dimensional ice- 
cream cone, as shown in the figure. If A(@) is the area of the 
semicircle and B(@) is the area of the triangle, find 


R 


55. The figure shows a circular arc of length s and a chord of 
length d, both subtended by a central angle 6. Find 


ee AS; 
lim) == 
@>o0r d 


Ss 


pares 
BNO 


Xx 


of Lacs ead 
(a) Graph f. What type of discontinuity does it appear to 
have at 0? 


(b) Calculate the left and right limits of f at 0. Do these 
values confirm your answer to part (a)? 


Suppose you are asked to differentiate the function 


F(x) = Vx? +1 


The differentiation formulas you learned in the previous sections of this chapter do not 


enable you to calculate F'(x). 


See Section 1.3 for a review of 
composite functions. 


James Gregory 


The first person to formulate the Chain Rule 
was the Scottish mathematician James Gregory 
(1638-1675), who also designed the first practi- 
cal reflecting telescope. Gregory discovered the 
basic ideas of calculus at about the same time 
as Newton. He became the first Professor of 
Mathematics at the University of St. Andrews 
and later held the same position at the Univer- 
sity of Edinburgh. But one year after accepting 
that position he died at the age of 36. 
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Observe that F is a composite function. In fact, if we let y = f(u) = Ju and let 
u = g(x) = x* + 1, then we can write y = F(x) = f(g(x)), that is, F =f g. We know 
how to differentiate both f and g, so it would be useful to have a rule that tells us how to 
find the derivative of F = f° g in terms of the derivatives of f and g. 

It turns out that the derivative of the composite function f° g is the product of the 
derivatives of f and g. This fact is one of the most important of the differentiation rules and 
is called the Chain Rule. It seems plausible if we interpret derivatives as rates of change. 
Regard du/dx as the rate of change of u with respect to x, dy/du as the rate of change of y 
with respect to u, and dy/dx as the rate of change of y with respect to x. If u changes twice 
as fast as x and y changes three times as fast as u, then it seems reasonable that y changes 
six times as fast as x, and so we expect that 


RB HeBd feu 
dx du dx 


The Chain Rule If g is differentiable at x and f is differentiable at g(x), then the 
composite function F = f° g defined by F(x) = f(g(x)) is differentiable at x and 
F’ is given by the product 


1163) ay CLES) 2 CHE3) 
In Leibniz notation, if y = f(u) and u = g(x) are both differentiable functions, then 


dy _ dy du 
dx du dx 


COMMENTS ON THE PROOF OF THE CHAIN RULE Let Aw be the change in u corresponding to 
a change of Ax in x, that is, 


Au = g(x + Ax) — g(x) 


Then the corresponding change in y is 


Ay = f(u + Au) — f(u) 


It is tempting to write 


dy peed 
— = im —— 
dx Axo Ax 
[1] r Ay Au 
= in > 
Ax>0 Au Ax 
r Ay i Au 
Ax>0 Au Ax>o Ax 
iF Ay li Au (Note that Au — 0 as Ax — 0 
= lim - lim — Pet meaner 
Au>o Au Ax >0 Ax since g 18 continuous. ) 
dy du 


du dx 
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The only flaw in this reasoning is that in [1 | it might happen that Au = 0 (even when 

Ax # 0) and, of course, we can’t divide by 0. Nonetheless, this reasoning does at least 
suggest that the Chain Rule is true. A full proof of the Chain Rule is given at the end of 
this section. eam 


The Chain Rule can be written either in the prime notation 


[2] (fe g)'(x) = f(g) + 9’) 
or, if y = f(u) and uw = g(x), in Leibniz notation: 
dy _ dy du 
[3] dx du dx 


Equation 3 is easy to remember because if dy/du and du/dx were quotients, then we could 
cancel du. Remember, however, that du has not been defined and du/dx should not be 
thought of as an actual quotient. 


Find F’(x) if F(x) = /x? + 1. 


SOLUTION 1 (using Equation 2): At the beginning of this section we expressed F as 
F(x) = (fe g)(x) = f(g(x)) where f(u) = Vu and g(x) = x? + 1. Since 


fw = yw? = a7 and g(x) = 2x 
we have F'(x) = f'(g(x)) - g(x) 


1 


x 
SS) 
DIA ee ell Nee cel 
SOLUTION 2 (using Equation 3): If we let uw =x? + 1 andy = Vu, then 


dy d 1 
F(x) = Reese F 


1 a 
0) = 
du de. Oa OL ee a ae 


When using Formula 3 we should bear in mind that dy/dx refers to the derivative of 
y when y is considered as a function of x (called the derivative of y with respect to x), 
whereas dy/du refers to the derivative of y when considered as a function of u (the deriva- 
tive of y with respect to uw). For instance, in Example 1, y can be considered as a function 
of x (y = f/x? + 1) and also as a function of u(y = Vu ). Note that 


dy Bi dy 1 
—- = F' x) = —_—_— h ‘ ¥ = ' = 
dx ©) Vx? + 1 gear du Fw) 2J/u 


NOTE In using the Chain Rule we work from the outside to the inside. Formula 2 says 


that we differentiate the outer function f [at the inner function g(x)| and then we multiply 
by the derivative of the inner function. 


d 
eel (9) a eee (g(x)) + g(x) 


Se Wa Ue 

_outer evaluated derivative evaluated derivative 

function at inner of outer at inner of inner 
function function function function 


See Reference Page 2 or Appendix D. 
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( ESe4 Differentiate (a) y = sin(x?) and (b) y = sin2x. 


SOLUTION 


(a) If y = sin(x’), then the outer function is the sine function and the inner function is 
the squaring function, so the Chain Rule gives 


Cae ee 7 2 
Flas sin (ca) = cos Een Ge OK 
x x ———— Wty! a ba Wa 
outer evaluated derivative evaluated derivative 
function at inner of outer at inner of inner 
function function function function 
2 
= 2x cos(x") 


(b) Note that sin’x = (sin x)*. Here the outer function is the squaring function and the 
inner function is the sine function. So 


dy ae was ; 
Saas (Sinex san 0 Ge ae a GIN) eee COS 
x x ae ee ———— 
inner derivative evaluated derivative 
function of outer at inner of inner 


function function function 


The answer can be left as 2 sin x cos x or written as sin 2x (by a trigonometric identity 
known as the double-angle formula). ee) 


In Example 2(a) we combined the Chain Rule with the rule for differentiating the sine 
function. In general, if y = sin u, where u is a differentiable function of x, then, by the Chain 
Rule, 


dy dy du du 

ee COS 

dx du dx ; dx 
n a See 
us a sin u COS Uu a 


In a similar fashion, all of the formulas for differentiating trigonometric functions can be 
combined with the Chain Rule. 

Let’s make explicit the special case of the Chain Rule where the outer function f is a 
power function. If y = [g(x)]", then we can write y = f(u) = u" where u = g(x). By using 
the Chain Rule and then the Power Rule, we get 


dy == dy du ober, 1 Ae) 
dx dudx dx nl gla)" gt) 
Fen 
[4] The Power Rule Combined with the Chain Rule If is any real number and 
u = g(x) is differentiable, then 
d 1), eas n= du 
dx ah a dx 
y d n n=l ’ 
Alternatively, 75 [g(x)]” = nf g(x)]"' + g'() 
Notice that the derivative in Example 1 could be calculated by taking n = * in Rule 4. 
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ESQQwlse Differentiate y = (x? — 1). 


SOLUTION Taking w = g(x) = x°* — 1 andn = 100 in[4], we have 


dy ha ee 100 3 Be 2 
— = — — 1)! = 100(x? — 1)? — (x’* - 1) 
ie i ( as, 

= 100(x? — 1)”: 3x2 = 300x2(x? — 1)” =i 

wees a 1 

| Find f'(x) if f(x) = Seal 
SOLUTION First rewrite f: f(a 1)? 

! i 2 —4/3 d 2 
Thus i oa ek a” +x+ 1) 

= —i(x? +x + 1) *9(2x + 1) rae 


(SCIS4) Find the derivative of the function 


=% 9 
a = (4) 


SOLUTION Combining the Power Rule, Chain Rule, and Quotient Rule, we get 


Lt) \o daa 
= 9( 4) 4(=*) 


off aye _ 45(t — 2)° 


2t+1 (2t + 1) 7 Oly 
Seated Differentiate y = (2x + 1)°(x? — x + 1%. 
The graphs of the functions y and y’ in SOLUTION In this example we must use the Product Rule before using the Chain Rule: 
Example 6 are shown in Figure 1. Notice that 
y’ is large when y increases rapidly and dy d d 
y’ = Owhen y has a horizontal tangent. So ae atv em CPR ad is (Cg tees Ware Orly 
our answer appears to be reasonable. q “ 
‘i = (2x + 1) + 4002 —x + 12 — (x? — x +1) 
ra dx 
3 4 4 4 
Sale wee astern (cesta) a ert 1) 
i 
=) 1 = A(2x + 1)°(x3 — x + 1)99(3x? — 1) + 5(x? — x + 1)(2x + 14-2 
Noticing that each term has the common factor 2(2x + 1)*(x* — x + 1)*, we could 
7 factor it out and write the answer as 
FIGURE 1 dy _ (43 ved 2 
= 22x + 1) (er Pre 6x? — 9x 3) Pan | 


dx 


CEA Differentiate y = e"*, 


More generally, the Chain Rule gives 
d du 


u“ 


dx (e") dx 


in, lt! 


Don't confuse Formula 5 (where x is the 
exponent) with the Power Rule (where x is 
the base): 
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SOLUTION Here the inner function is g(x) = sin x and the outer function is the exponen- 
tial function f(x) = e*. So, by the Chain Rule, 


dy ae hay sn) — sinx 4 ; ) a Simin =a 
Ay Ae e é ee Sila o6)) = 2 COS X 


We can use the Chain Rule to differentiate an exponential function with any base a > 0. 
Recall from Section 1.6 that a = e'"*. So 


a= (eus)2 = e (na)x 
and the Chain Rule gives 
d d d 
ane oN ee (Cie ee tne ie a i 
s (a*) re (e"") =e ae (In a)x 
(Ina)x 


=e ‘Ina=a‘lna 


because In a is a constant. So we have the formula 


In particular, if a = 2, we get 
[6 | ae (2*) = 27In2 
In Section 3.1 we gave the estimate 
& (2*) = (0.69)2* 


This is consistent with the exact formula [6] because In 2 ~ 0.693147. 

The reason for the name “Chain Rule” becomes clear when we make a longer chain by 
adding another link. Suppose that y = f(u), u = g(x), and x = h(t), where f, g, and h are 
differentiable functions. Then, to compute the derivative of y with respect to f, we use the 
Chain Rule twice: 


dy _ dy dx _ dy du de 
dt dx dt du dx dt 


iV If f(x) = sin(cos(tan x)), then 


f'(x) = cos(cos(tan x)) < cos(tan x) 


= cos(cos(tan x))[—sin(tan x) ] ae (tan x) 
dx 
= —cos(cos(tan x)) sin(tan x) sec’x 


Notice that we used the Chain Rule twice. Ee 
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(S20 Differentiate y = e””. 


SOLUTION The outer function is the exponential function, the middle function is the 
secant function, and the inner function is the tripling function. So we have 


d 
< = arn (sec 36) 


d 
= e*" sec 36 tan 30 — (30 
e3 sec 34 tan au ) 
= 3°39 sec 36 tan 30 = 


M8 How to Prove the Chain Rule 


Recall that if y = f(x) and x changes from a to a + Ax, we define the increment of y as 
Ay = f(a + Ax) —f@ 


According to the definition of a derivative, we have 


ye A 
iim, ie =) 


So if we denote by « the difference between the difference quotient and the derivative, 


we obtain 
FN Sie 0 aay eho 
ree =. rece Ax se eee 
Ay 
But em =) Ay = f'(a) Axes Ax 
x 


If we define ¢ to be 0 when Ax = O, then ¢ becomes a continuous function of Ax. Thus, for 
a differentiable function f, we can write 


Ay = f(a) Ax + & Ax where ¢—0 as Ax>0 


and ¢€ is a continuous function of Ax. This property of differentiable functions is what 
enables us to prove the Chain Rule. 


PROOF OF THE CHAIN RULE Suppose u = g(x) is differentiable at a and y = f(u) is differ- 


entiable at b = g(a). If Ax is an increment in x and Au and Ay are the corresponding 
increments in u and y, then we can use Equation 7 to write 


Au = g'(a) Ax + &; Ax = [g'(a) + | Ax 
where €; — 0 as Ax — 0. Similarly 
[9] Ay = f'(b) Au + e. Au =[f'(b) + | Au 


where &) — 0 as Au — 0. If we now substitute the expression for Au from Equation 8 
into Equation 9, we get 


Ay =[f(b) + e.J[g'(@ + e:] Ax 
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Ay _ 


so =: 
Ax 


[f'() + e2][g'(a) + e:] 


As Ax — 0, Equation 8 shows that Au — 0. So both e; > 0 and e, > 0 as Ax = 0. 
Therefore 


4y lim ad 
a ee 
dx Axo Ax 


= f'lb)g'@) = f'(gla)g'@) 


This proves the Chain Rule. aeaal 


Jim [f"(b) + er]lg'@) + e1] 


EQ] Exercises 


1-6 Write the composite function in the form f(g(x)). 
[Identify the inner function uw = g(x) and the outer function 
y = f(u).] Then find the derivative dy/dx. 


1. y= V1 4+ 4x 2. y= Ox? + 5)" 


3. y = tan 7x 4. y = sin(cot x) 


5. y=e% 6 y= V2-e* 


7-46 Find the derivative of the function. 


7. F(x) = (x* + 3x? — 2)° SGV = ae) 
1 


MS (1 + sec x)? 


2. th= : t alle sin t 
mee 12. f(t) = sin(e’) + e 


13. y = cos(a* + x?) 14. y =a? + cos*x 
15. y= xe” 16. y=e “cos 4t 
Tee 3) x a 1? 

18. g(x) = G1)? (a? + 2) 

19. A(t) = (¢ + 1)?9(2t? — 1) 


20. F(t) = (3t — 1)*(2r + 1)° 


eA . amr 
age 22. f(s) = 
21. y [i .) f(s) so +4 
23. y = /1 + 2e* 24 y= 10107 
(Wier 1). 
ge HR 26. G(y) =— 
27. A 28. y =—_— 


30. F(v) = (44) 


32. y = sec”(m@) 


29. F(t) = ef sin2t 
31. y = sin(tan 2x) 


Graphing calculator or computer required 


[DI 
LI 


] 
LI 


S] 
LIC 


‘CAS| Computer algebra system required 


33. y= Qsin 7x 


eames 
3. y= cos) 
37. y = cot*(sin 6) 
39. f(t) = tan(e’) + e"’ 
41. f(t) = sin?(e™") 


43. g(x) = (2ra™ + n)? 


45. y = cos ,/sin(tan 77x) 


Moyaare y 


36. y= /1 + xe->* 


38. y = ek tan Vx 

40. y = sin(sin(sin x)) 
42. y=yx+ Jet fx 
4. y= 2" 


46. y = [x + (x + sin’x)?]* 


47-50 Find y’ and y”. 
47. y = cos(x’) 


49. y = e* sin Bx 


48. y = cos*x 


50. y= Cf 


51-54 Find an equation of the tangent line to the curve at the given 


point. 


51. y= (1 + 2x), (0,1) 


53. y = sin(sin x), (a, 0) 


52. y= /1+x°, (2,3) 


54. y = sinx + sin’x, (0,0) 


55. (a) Find an equation of the tangent line to the curve 
y = 2/(1 + e~”) at the point (0, 1). 
(b) Illustrate part (a) by graphing the curve and the tangent line 


on the same screen. 


56. (a) The curve y = | x|//2 — x? is called a bullet-nose curve. 
Find an equation of the tangent line to this curve at the 


point (1, 1). 


(b) Illustrate part (a) by graphing the curve and the tangent line 


on the same screen. 


57. (a) If f(x) = x2 — x?, find f'(x). 
(b) Check to see that your answer to part (a) is reasonable by 
comparing the graphs of f and f’ 


1. Homework Hints available at stewartcalculus.com 
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59) 


60. 


61. 


62. 


63. 


64. 


65. 


66. 
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. The function f(x) = sin(x + sin 2x), 0 < x S 7, arises in 
applications to frequency modulation (FM) synthesis. 
(a) Use a graph of f produced by a graphing device to make 
a rough sketch of the graph of f” 
(b) Calculate f’(x) and use this expression, with a graphing 


device, to graph f’. Compare with your sketch in part (a). 


Find all points on the graph of the function 


f(x) = 2sin x + sin’x at which the tangent line is horizontal. 


Find the x-coordinates of all points on the curve 
y = sin 2x — 2 sin x at which the tangent line is horizontal. 


g(5) = —2, and g’(5) = 6, find F'(5). 


If h(x) = /4 + 3f(x), where f(1) = 7 and f’(1) = 4, 
find h'(1). 


A table of values for f, g, f’, and g’ is given. 
x f(x) g(x) fio) g'(x) 
1 3 2 4 6 
2 1 8 5 a 
3 y 2 I 9 


(a) If h(x) = f(g(x)), find h’(1). 
(b) If A(x) = g( f(x), find H’(1). 


Let f and g be the functions in Exercise 63. 
(a) If F(x) = f( f(x), find F'(2). 
(b) If G(x) = g(g(x)), find G'(3). 


If f and g are the functions whose graphs are shown, let 
u(x) = f(g(x)), v(x) = g( f(x), and w(x) = g(g(x)). Find 
each derivative, if it exists. If it does not exist, explain why. 


(c) w'(1) 


(a) u’(1) (b) v'(1) 


<3 
x 


sea 


If f is the function whose graph is shown, let h(x) = f(f(x)) 
and g(x) = f(x). Use the graph of f to estimate the value © 
of each derivative. 

(a) h'(2) (b) g'(2) 


yA 


If F(x) = f(g(x)), where f(—2) = 8, f"(—2) = 4, f’G) = 3, 


67. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


71. 
78. 
79. 


80. 


81. 


If g(x) = Vf(x), where the graph of f is shown, evaluate g'(3). 


yA 


in i * 


Suppose f is differentiable on R and a is a real number. 
Let F(x) = f(x“) and G(x) = [f(x)]*. Find expressions 
for (a) F'(x) and (b) G’(x). 


Suppose f is differentiable on R. Let F(x) = f(e*) and 
G(x) = e/™. Find expressions for (a) F’(x) and (b) G'(x). 


Let g(x) = e* + f(x) and A(x) = e“f(x), where f(0) = 3, 

f'(0) =5, and f"(0) = —2. 

(a) Find g'(0) and g"(0) in terms of c. 

(b) In terms of k, find an equation of the tangent line to the 
graph of h at the point where x = 0. 


Let r(x) = f(g(A(x))), where A(1) = 2, g(2) = 3, A’(1) = 4, 
g'(2) = 5, and f'(3) = 6. Find r’(1). 


If g is a twice differentiable function and f(x) = xg(x°), find 
f" in terms of g, g’, and g”. 


If F(x) = f(3f(4f(x))), where f(0) = 0 and f’(0) = 2, 
find F'’(0). 


Lf F(x) = f ef ap @)), where f() = 2.72) —= 3,7 (ha 
f'(2) = 5, and f'(3) = 6, find F’(1). 


Show that the function y = e**(A cos 3x + B sin 3x) satisfies 
the differential equation y” — 4y’ + 13y = 0. 


For what values of r does the function y = e”™ satisfy the 
differential equation y” — 4y’ + y = 0? 


Find the 50th derivative of y = cos 2x. 
Find the 1000th derivative of f(x) = xe™. 


The displacement of a particle on a vibrating string is given by 
the equation s(t) = 10 + j sin(107t) where s is measured in 
centimeters and f in seconds. Find the velocity of the particle 
after t seconds. 


If the equation of motion of a particle is given by 

s = Acos(wt + 6), the particle is said to undergo simple 
harmonic motion. 

(a) Find the velocity of the particle at time t. 

(b) When is the velocity 0? 


A Cepheid variable star is a star whose brightness alternately 
increases and decreases. The most easily visible such star is 
Delta Cephei, for which the interval between times of maxi- 
mum brightness is 5.4 days. The average brightness of this star 
is 4.0 and its brightness changes by +0.35. In view of these 
data, the brightness of Delta Cephei at time t, where t is mea- 


83. 


82. 


84. 


Yaw, 
aa 


[5] 


85. 


86. 


M 87. 


sured in days, has been modeled by the function 


BG) Sao as ante 
a 


(a) Find the rate of change of the brightness after r days. 
(b) Find, correct to two decimal places, the rate of increase 
after one day. 


In Example 4 in Section 1.3 we arrived at a model for the 
length of daylight (in hours) in Philadelphia on the rth day of 
the year: 


2a 
IU@) = WA ae 3 Siin|| SF 
(t) 8 so} 365 (t 0) | 


Use this model to compare how the number of hours of day- 
light is increasing in Philadelphia on March 21 and May 21. 


The motion of a spring that is subject to a frictional force or 
a damping force (such as a shock absorber in a car) is often 
modeled by the product of an exponential function and a sine 
or cosine function. Suppose the equation of motion of a point 
on such a spring is 


s(t) = 2e7'*' sin 2a 


where s is measured in centimeters and tf in seconds. Find 
the velocity after t seconds and graph both the position and 
velocity functions for 0 S ¢ S 2. 


Under certain circumstances a rumor spreads according to 


the equation 
1 


t) = ——————_— 
pit) (| 25 Ge 


where p(t) is the proportion of the population that knows 

the rumor at time ¢ and a and k are positive constants. [In 

Section 9.4 we will see that this is a reasonable equation 

for p(t).] 

(a) Find lim,—.. p(t). 

(b) Find the rate of spread of the rumor. 

(c) Graph p for the case a = 10, k = 0.5 with t measured in 
hours. Use the graph to estimate how long it will take for 
80% of the population to hear the rumor. 


A particle moves along a straight line with displacement s(7), 
velocity v(t), and acceleration a(t). Show that 


a(t) = v(t) “ 


Explain the difference between the meanings of the deriv- 
atives dv/dt and dv/ds. 


Air is being pumped into a spherical weather balloon. At any 
time f, the volume of the balloon is V(t) and its radius is r(t). 
(a) What do the derivatives dV/dr and dV/dt represent? 

(b) Express dV/dt in terms of dr/dt. 


The flash unit on a camera operates by storing charge on a 
capacitor and releasing it suddenly when the flash is set off. 
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The following data describe the charge Q remaining on the 
capacitor (measured in microcoulombs, 1C) at time f (mea- 
sured in seconds). 


+ | 0.00 | 002 | 0.04 | 0.06 | 008 | 0.10 


Q 100.00 | 81.87 | 67.03 | 54.88 


44.93 | 36.76 | 


(a) Use a graphing calculator or computer to find an expo- 
nential model for the charge. 

(b) The derivative Q'(t) represents the electric current (mea- 
sured in microamperes, A) flowing from the capacitor to 
the flash bulb. Use part (a) to estimate the current when 
t = 0.04 s. Compare with the result of Example 2 in 
Section 2.1. 


. The table gives the US population from 1790 to 1860. 


Year Population Year Population 
1790 3,929,000 1830 12,861,000 
1800 5,308,000 1840 17,063,000 
1810 7,240,000 1850 23,192,000 
1820 9,639,000 1860 31,443,000 


(a) Use a graphing calculator or computer to fit an exponen- 
tial function to the data. Graph the data points and the 
exponential model. How good is the fit? 

(b) Estimate the rates of population growth in 1800 and 1850 
by averaging slopes of secant lines. 

(c) Use the exponential model in part (a) to estimate the rates 
of growth in 1800 and 1850. Compare these estimates 
with the ones in part (b). 

(d) Use the exponential model to predict the population in 
1870. Compare with the actual population of 38,558,000. 
Can you explain the discrepancy? 


Computer algebra systems have commands that differentiate 
functions, but the form of the answer may not be convenient 
and so further commands may be necessary to simplify the 
answer. 

(a) Use a CAS to find the derivative in Example 5 and com- 
pare with the answer in that example. Then use the sim- 
plify command and compare again. 

(b) Use a CAS to find the derivative in Example 6. What 
happens if you use the simplify command? What happens 
if you use the factor command? Which form of the 
answer would be best for locating horizontal tangents? 


(a) Use a CAS to differentiate the function 


and to simplify the result. 
(b) Where does the graph of f have horizontal tangents? 
(c) Graph f and f’ on the same screen. Are the graphs con- 
sistent with your answer to part (b)? 
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91. Use the Chain Rule to prove the following. (This gives one reason for the convention that radian measure 
(a) The derivative of an even function is an odd function. is always used when dealing with trigonometric functions in 
(b) The derivative of an odd function is an even function. calculus: The differentiation formulas would not be as simple if 


' we used degree measure.) 
92. Use the Chain Rule and the Product Rule to give an 


alternative proof of the Quotient Rule. 96. (a) Write |x| = /x2 and use the Chain Rule to show that 
[Hint: Write f(x)/g(x) = FL g(0))"'.] 


93. (a) If n is a positive integer, prove that 


eae avi — Oe Tell 
(sin’x cos nx) = n sin” 'x cos(n + 1)x (b) If f(x) = Vand seetchithe peepnensat 


and f’. Where is f not differentiable? 
(c) If g(x) = sin '(x) and sketch the graphs of g 
and g’. Where is g not differentiable? 


(b) Find a formula for the derivative of y = cos"x cos nx 
that is similar to the one in part (a). 


94. Suppose y = f(x) is a curve that always lies above the x-axis " ; . 
and never has a horizontal tangent, where f is differentiable 97. If y = f(u) and u = g(x), where f and g are twice differen- 


everywhere. For what value of y is the rate of change of y° tiable functions, show that 

with respect to x eighty times the rate of change of y with APs Apr MEA: Os 

respect to x? — =—=|— } + ——— 
dx du dx” 


95. Use the Chain Rule to show that if 6 is measured in degrees, 
then 98. If y = f(u) and u = g(x), where f and g possess third deriva- 
d 7 tives, find a formula for d*y/dx°* similar to the one given in 
— (sin 0) = ——cos 0 : 
dé 180 Exerciser 7: 


Se eae ae 
A p PLIED PROJECT WHERE SHOULD A PILOT START DESCENT? 


An approach path for an aircraft landing is shown in the figure and satisfies the following 
conditions: 


(i) The cruising altitude is h when descent starts at a horizontal distance € from touch- 
down at the origin. 


fh (ii) The pilot must maintain a constant horizontal speed v throughout descent. 


(iii) The absolute value of the vertical acceleration should not exceed a constant k (which 
is much less than the acceleration due to gravity). 


Wc tae ccammnpean't Mie one ar aad oat 1. Find a cubic polynomial P(x) = ax* + bx* + cx + d that satisfies condition (i) by 
imposing suitable conditions on P(x) and P’(x) at the start of descent and at touchdown. 


2. Use conditions (ii) and (iii) to show that 


6hv* 
Pee 
3. Suppose that an airline decides not to allow vertical acceleration of a plane to exceed 
k = 860 mi/h’. If the cruising altitude of a plane is 35,000 ft and the speed is 300 mi/h, 
how far away from the airport should the pilot start descent? 


FS 4. Graph the approach path if the conditions stated in Problem 3 are satisfied. 


Ss) j : 
Graphing calculator or computer required 
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[EG] implicit Differentiation 


The functions that we have met so far can be described by expressing one variable explic- 
itly in terms of another variable—for example, 


y=V/x+ 1 or y=xsinx 


or, in general, y = f(x). Some functions, however, are defined implicitly by a relation 
between x and y such as 


[1] ty 25 
or 
[2] x + y? = Oxy 


In some cases it is possible to solve such an equation for y as an explicit function (or sev- 
eral functions) of x. For instance, if we solve Equation | for y, we get y = +25 — x’, 
so two of the functions determined by the implicit Equation | are f(x) = /25 — x? and 
g(x) = —/25 — x?. The graphs of f and g are the upper and lower semicircles of the 
circle x? + y* = 25. (See Figure 1.) 


YA yA 


m 


FIGURE 1 (a) x? + y?=25 (b) f(x) = 25 — x? (c) g(x) =—-\25 =x 


It’s not easy to solve Equation 2 for y explicitly as a function of x by hand. (A com- 
puter algebra system has no trouble, but the expressions it obtains are very complicated.) 
Nonetheless, is the equation of a curve called the folium of Descartes shown in 
Figure 2 and it implicitly defines y as several functions of x. The graphs of three such func- 
tions are shown in Figure 3. When we say that f is a function defined implicitly by Equa- 
tion 2, we mean that the equation 


x + [fl = 6xf@) 


is true for all values of x in the domain of f. 


yA YA yA 
i > —> 
0) ag 0 x 0 x 
XS 


FIGURE 2 The folium of Descartes FIGURE 3 Graphs of three functions defined by the folium of Descartes 
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Fortunately, we don’t need to solve an equation for y in terms of x in order to find the 
derivative of y. Instead we can use the method of implicit differentiation. This consists 
of differentiating both sides of the equation with respect to x and then solving the result- 
ing equation for y’. In the examples and exercises of this section it is always assumed that 
the given equation determines y implicitly as a differentiable function of x so that the 
method of implicit differentiation can be applied. 


TV EXAMPLE 1 | 


; : d 
(anh ay = 25, ind — 


dx- 
(b) Find an equation of the tangent to the circle x* + y* = 25 at the point (3, 4). 


SOLUTION 1 
(a) Differentiate both sides of the equation x* + y* = 25: 


ih ys f d 
—— 4 +t. y*) = ——(2 
aa y) ache. 
dione d f 
— (x*-) + — Fem) — 
mote spe) 0 


Remembering that y is a function of x and using the Chain Rule, we have 


d - OW. ox GBS dy 
— 2) ——— ( — = Dy — 
1 (y*) a (y ee Re 
Thus AiR oe les 
~ abs 


Now we solve this equation for dy/dx: 


dy x 
dx y 


(b) At the point (3, 4) we have x = 3 and y = 4, so 


ay ens 


dn aa 
An equation of the tangent to the circle at (3, 4) is therefore 


y-4=-3(x-3) or 3x4+4y=25 


SOLUTION 2 
(b) Solving the equation x° + y* = 25, we get y = +/25 — x?. The point (3, 4) lies on 


the upper semicircle y = 25 — x? and so we consider the function f(x) = /25 — x?. 
Differentiating f using the Chain Rule, we have 


f'@) = 405 — ey £ (as — 2) 
dx 


= 3(25 — x?) /(—-2x) = -— 
PPS on ie 
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Example 1 illustrates that even when it is So f'B)= Ph EO Mics = sl 

possible to solve an equation explicitly for y in DS 3e 4 

terms of x, it may be easier to use implicit 

differentiation. and, as in Solution 1, an equation of the tangent is 3x + 4y = 25. Fe 55 
NOTE 1 The expression dy/dx = —x/y in Solution 1 gives the derivative in terms of 


both x and y. It is correct no matter which function y is determined by the given equation. 
For instance, for y = f(x) = 25 — x? we have 


dy oY x 


whereas for y = g(x) = —./25 — x? we have 


dy a 


ag AK 
de dient EROS a = 2 


Va EXAMPLE 2 

(a) Find y’ if x* + y? = 6xy. 

(b) Find the tangent to the folium of Descartes x* + y* = 6xy at the point (3, 3). 
(c) At what point in the first quadrant is the tangent line horizontal? 


SOLUTION 
(a) Differentiating both sides of x* + y* = 6xy with respect to x, regarding y as a func- 
tion of x, and using the Chain Rule on the term y* and the Product Rule on the term 6xy, 


we get 
3x? + 3y*y' = 6xy’ + by 
or x + y?y’ = Qxy + 2y 
We now solve for y’: y?y! — 2xy’ = 2y — x? 
yA ; ; 
(y* = 2x)y! = 2y — x" 
(3x3) 
in PV 
XS eae 
0 x 
(b) When x = y = 3, 
We ies abs een uy, 
oes 8 
FIGURE 4 and a glance at Figure 4 confirms that this is a reasonable value for the slope at (Se 3)E50 
an equation of the tangent to the folium at (3, 3) is 
: Z ASS Seay “or ee 


(c) The tangent line is horizontal if y’ = 0. Using the expression for y’ from part (a), 
we see that y’ = 0 when 2y — x’ = 0 (provided that y* — 2x # 0). Substituting y = 3x 
in the equation of the curve, we get 


+ (Le) = 6rl}x°) 


| which simplifies to x° = 16x*. Since x # 0 in the first quadrant, we have alone 
wy x = 163 = 24/3, then y = 4(2*/*) = 2°”. Thus the tangent is horizontal at (298 272): 


a | which is approximately (2.5198, 3.1748). Looking at Figure 5, we see that our answer 
FIGURE 5 is reasonable. Teent 


2 
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NOTE 2 There is a formula for the three roots of a cubic equation that is like the quad- 
ratic formula but much more complicated. If we use this formula (or a computer algebra 
system) to solve the equation x’ + y* = 6xy for y in terms of x, we get three functions 
determined by the equation: 


y= f=) ah? tae ak? Ft a = ae 8x 
and 
feolendaoe RET GS-3 oLeheyrenaER 1 Sasa erat 


The Norwegian mathematician Niels Abel ; ae 
proved in 1824 that no general formula can be (These are the three functions whose graphs are shown in Figure 3.) You can see that the 
given for the roots of a fifth-degree equation in method of implicit differentiation saves an enormous amount of work in cases such as this. 


terms of radicals. Later the French mathematician Moreover, implicit differentiation works just as easily for equations such as 
Evariste Galois proved that it is impossible to find 

a general formula for the roots of an nth-degree y? si 3x7y? site og og) 

equation (in terms of algebraic operations on the 4 


coefficients) if m is any integer larger than 4. > gerne : sper : ; 
et ae for which it is impossible to find a similar expression for y in terms of x. 


Seeeses Find y’ if sin(x + y) = y’cos x. 


SOLUTION Differentiating implicitly with respect to x and remembering that y is a func- 
tion of x, we get 


cos(x + y) (1 y') = y (sin x) (cos xi 2yy) 


(Note that we have used the Chain Rule on the left side and the Product Rule and Chain 


2 Rule on the right side.) If we collect the terms that involve y’, we get 
\ 
Ey | cos(x + y) + y*sin x = (2ycos x)y’ — cos(x + y) - y’ 
ey Sine Cosi cea y) 
aA > So SS 
Dy COS.Xi— COS(Xe y) 
Figure 6, drawn with the implicit-plotting command of a computer algebra system, 
| shows part of the curve sin(x + y) = y?cos x. As acheck on our calculation, notice that 
ai ‘ y' = —1 when x = y = 0 and it appears from the graph that the slope is approximately 
—1 at the origin. Le) 
FIGURE 6 


Figures 7, 8, and 9 show three more curves produced by a computer algebra system with 
an implicit-plotting command. In Exercises 41—42 you will have an opportunity to create 
and examine unusual curves of this nature. 


wy) iw 


| 


waa 


RY Li Vp Re 


FIGURE 7 FIGURE 8 FIGURE 9 
(y* — 1)(y? — 4) = x*(x? — 4) (y? — 1) sin(xy) =x?—4 y sin 3x = xcos 3y 


Figure 10 shows the graph of the curve 

x* + y* = 16 of Example 4. Notice that it’s 

a stretched and flattened version of the circle 
x? + y? = 4. For this reason it’s sometimes 
called a fat circle. \t starts out very steep on the 
left but quickly becomes very flat. This can be 
seen from the expression 


FIGURE 10 
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The following example shows how to find the second derivative of a function that is 
defined implicitly. 


VEE Find y” if x* + y* = 16. 

SOLUTION Differentiating the equation implicitly with respect to x, we get 
4x? + 4y*y’ = 0 

Solving for y’ gives 


[3] y=-5 


To find y” we differentiate this expression for y’ using the Quotient Rule and remember- 
ing that y is a function of x: 


are (- 2 _ _ y3 @/dx)(x?) — x3 (d/dx)(y*) 


Ga oe yeys 


yh 


If we now substitute Equation 3 into this expression, we get 


x? 
3x? y° = xy(-5 
i y 
oa aaa 


But the values of x and y must satisfy the original equation x* + y* = 16. So the answer 
simplifies to 


3x7(16) ba 
= oe = Ale ; 


"” 


M88 Derivatives of Inverse Trigonometric Functions 


The inverse trigonometric functions were reviewed in Section 1.6. We discussed their con- 
tinuity in Section 2.5 and their asymptotes in Section 2.6. Here we use implicit differentia- 
tion to find the derivatives of the inverse trigonometric functions, assuming that these 
functions are differentiable. [In fact, if f is any one-to-one differentiable function, it can 
be proved that its inverse function f ~! is also differentiable, except where its tangents are 
vertical. This is plausible because the graph of a differentiable function has no corner or 
kink and so if we reflect it about y = x, the graph of its inverse function also has no corner 
or kink. 
Recall the definition of the arcsine function: 


Us Us 
y=sin x means | siny=x.,and aS: 


Differentiating sin y = x implicitly with respect to x, we obtain 


dy i! 


2 1 r san 
Cosy = ) 
“Sitehe dx cos y 


214 


The same method can be used to find a formula 
for the derivative of any inverse function. See 
Exercise 77. 


Figure 11 shows the ee of f(x) = tan 'x 
and its derivative f'(x) = 1/(1 + x°). 
Notice that f is aah and f'(x) is always 
positive. The fact that tan-'x — +7/2 as 

x —> +00 js reflected in the fact that 

7 (x) — Vas x > oe, 


FIGURE 11 


Recall that arctan x is an alternative 
notation for tan” !x, 


The formulas for the derivatives of csc~'x and 
sec 'x depend on the definitions that are used 


for these functions. See Exercise 64. 
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Now cos y = 0, since —7/2 < y = 77/2, so 


cosy = J/1 — sin?y = 


Therefore 


The formula for the derivative of the arctangent function is derived in a similar way. If 
y = tan ‘x, then tan y = x. Differentiating this latter equation implicitly with respect to 
x, we have 


2. ay 
Oa] 
seh 
dy ee 1 x 1 
dx seccy 1+tan’y 1 41x? 


M2 GSA Differentiate (a) y = > and (b) f(x) = x arctan ,/x. 


SOLUTION 
dy, id 72 Aen 8s eee ea, 

(a) mitre (Site x) (sin 'x) aE (sin 'x)- 

1 

cee (sin7'x)?./1 — x? 

\ 
b a a 
(b) TAGS) ara = ) + arctan /x 


ney Revi 


iii dan) 


+ arctan«/x 


The inverse trigonometric functions that occur most frequently are the ones that we have 
just discussed. The derivatives of the remaining four are given in the following table. The 
proofs of the formulas are left as exercises. 


Derivatives of Inverse Trigonometric Functions 


AD rk; 1 

aE (sin x) = ieee 
— (cos ‘x) = — 

d. i x2 
Satan atin : 


1-4 


terms of x. 
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35 | Exercises 
31. 2(x? + y?)? = 25(x? — y’) 32. y*(y? — 4) = x(x? — 5) 
(a) Find y’ by implicit differentiation. G1) 0 ae 
(b) Solve the equation explicitly for y and differentiate to get y’ in (lemniscate) (devil’s curve) 
y YA 


(c) Check that your solutions to parts (a) and (b) are consistent by 
substituting the expression for y into your solution for part (a). 


1) 9x7 — yy? = 1 22k x oy = | 
1 I 

bp ates ee q oe: 
a 4. cosx + Jy =5 


5-20 Find dy/dx by implicit differentiation. 


Bx ty=1 Bs y= 3 
Lx txy—y=4 8. 2x7 + x*y — xy? =2 
9, x*(x + y) = y?Bx — y) 10. xe’ =x-—y 

11. ycosx =x’? + y’ 12. cos(xy) = 1 + siny 
13. 4cosx siny = 1 14. e’sinx = x + xy 

15. et =x-y 16. J/x+y =14 xy? 
17..tan (x?y) =x + xy? 18. xsiny + ysinx = | 
19. e?cosx = 1 + sin(xy) 20. tan(x — y) = i as 


21. If f(x) + x°[f(~)]}* = 10 and f(1) = 2, find f’(1). 

22. If g(x) + x sin g(x) = x’, find g’(0). 

23-24 Regard y as the independent variable and x as the dependent 
variable and use implicit differentiation to find dx/dy. 


23. x*y? — x7y + 2xy? =0 24. ysecx = xtany 


25-32 Use implicit differentiation to find an equation of the tangent 
line to the curve at the given point, 


25. ysin2x =xcos2y, (2/2, 7/4) 

26. sin(x + y) = 2x —2y, (a, 7) 

277.7 +xyt+y=3, (1,1) (ellipse) 

28. x7 + 2xy —y?> +x=2, (1,2) (hyperbola) 

29 Ox ty — 2) Oe 4 
(0, 3) (eay3, 1) 
(cardioid) (astroid) 

y y 


Graphing calculator or computer required 


[cas] Computer algebra system required 


ay 


33. (a) The curve with equation y* = 5x* — x’ is called a 
kampyle of Eudoxus. Find an equation of the tangent line 
to this curve at the point (1, 2). 

(b) Illustrate part (a) by graphing the curve and the tangent line 
on a common screen. (If your graphing device will graph 
implicitly defined curves, then use that capability. If not, 
you can still graph this curve by graphing its upper and 
lower halves separately.) 


34. (a) The curve with equation y? = x* + 3x” is called the 
Tschirnhausen cubic. Find an equation of the tangent line 
to this curve at the point (1, —2). 
(b) At what points does this curve have horizontal tangents? 
(c) Illustrate parts (a) and (b) by graphing the curve and the 
tangent lines on a common screen. 


AY 


35-38 Find y” by implicit differentiation. 
36. J/x + Jy =1 


38. x*+ y* =a‘ 


35. 9x° + y= 


7. x +y=1 


39. If xy + e* =e, find the value of y” at the point where x = 0. 


40. If x? + xy + y? = 1, find the value of y” 
x= 1. 


at the point where 


CAS) 41. Fanciful shapes can be created by using the implicit plotting 
capabilities of computer algebra systems. 
(a) Graph the curve with equation 


y¥Q? = Dy = 2) = xe — IG 2) 


At how many points does this curve have horizontal 
tangents? Estimate the x-coordinates of these points. 
(b) Find equations of the tangent lines at the points (0, 1) 
and (0, 2). 
(c) Find the exact x-coordinates of the points in part (a). 
(d) Create even more fanciful curves by modifying the 
equation in part (a). 


1. Homework Hints available at stewartcalculus.com 
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AS 42. (a) The curve with equation 
Dye hy? = ye = xh = xP Xe 


has been likened to a bouncing wagon. Use a computer 

algebra system to graph this curve and discover why. 
(b) At how many points does this curve have horizontal 

tangent lines? Find the x-coordinates of these points. 


43. Find the points on the lemniscate in Exercise 31 where the 
tangent is horizontal. 


44. Show by implicit differentiation that the tangent to the 
ellipse 

Mineo 

a b? 


at the point (Xo, yo) is 


45. Find an equation of the tangent line to the hyperbola 


at the point (Xo, yo). 


46. Show that the sum of the x- and y-intercepts of any tangent 
line to the curve /x + Jy = Vc is equal to c. 


47. Show, using implicit differentiation, that any tangent line at 
a point P to a circle with center O is perpendicular to the 
radius OP. 


48. The Power Rule can be proved using implicit differentiation 
for the case where n is a rational number, n = p/q, and 
y = f(x) = x” is assumed beforehand to be a differentiable 
function. If y = x?/4, then y’ = x”. Use implicit differentia- 
tion to show that 


y= P v(v/a=1 


q 


49-60 Find the derivative of the function. Simplify where 
possible. 

49. y = (tan “'!x)? 50. y = tan '(x?) 
51. y = sin ‘(2x + 1) 52. g(x) = Jx?2 — 1 sec™!x 
53. G(x) = fl — x2 arccos x 
54. y = tan '(x — ./1 + x?) 
55. h(t) = cot '(t) + cot '(1/t) 56. F(0) = arcsin \/sin 0 


57. y=xsin ‘x + /1 — x? 58. y = cos \(sin '?t) 


Dein Gicos: 
hh 3) = aheges|| =>]. O=2= a @>bh>@ 
Gaim DicOses 


i has 
i ae 3% 


60. y = arctan 


61-62 Find f(x). Check that your answer is reasonable by com- 


paring the graphs of f and f’. 


61. f(x) = V1 — x? arcsin x 62. f(x) = arctan(x? — x) 


63. Prove the formula for (d/dx)(cos 'x) by the same method as 
for (d/dx)(sin”'x). 


64. (a) One way of defining sec ‘x is to say that y = sec 'x <> 
secy =xand0<y< a7/20ra7<y < 3277/2. Show 
that, with this definition, 


1 


d —] ~ 
ge a 


(b) Another way of defining sec ‘x that is sometimes used is 
to say that y = sec 'x <> secy=xand0<y<7, 
y # 7/2. Show that, with this definition, 


x 1 


d 
Ty See x) = Ave 


65-68 Two curves are orthogonal if their tangent lines are 
perpendicular at each point of intersection. Show that the given 
families of curves are orthogonal trajectories of each other; that 
is, every curve in one family is orthogonal to every curve in the 
other family. Sketch both families of curves on the same axes. 


65. x7 +y?=r’?, ax+by=0 
66. x7 + y?’=ax, x?+ y?=by 
67. y=cx’, «7° +2 =k 


68. y=ax*, x?+3y?= 


69. Show that the ellipse x*/a* + y?/b* = 1 and the hyperbola 
x°/A* — y*/B* = 1 are orthogonal trajectories if A? < a? and 
a’ — b* = A’ + B? (so the ellipse and hyperbola have the 
same foci). 


70. Find the value of the number a such that the families of 
curves y = (x + c)"' and y = a(x + k)"” are orthogonal 
trajectories. 


71. (a) The van der Waals equation for n moles of a gas is 


(n 
Wh 


where P is the pressure, V is the volume, and T is the tem- 
perature of the gas. The constant R is the universal gas 
constant and a and b are positive constants that are char- 
acteristic of a particular gas. If T remains constant, use 
implicit differentiation to find dV/dP. 

(b) Find the rate of change of volume with respect to pressure 
of 1 mole of carbon dioxide at a volume of V = 10 L and 


Juv — nb) = nRT 


72. 
[cAs| 

73. 

74. 


75. 


76. 


77. 


a pressure of P = 2.5 atm. Use a = 3.592 L?-atm/mole?” 


and b = 0.04267 L/mole. 


(a) Use implicit differentiation to find y’ if 
x? + xy +/y? +1 = 0. 

(b) Plot the curve in part (a). What do you see? Prove that 
what you see is correct. 

(c) In view of part (b), what can you say about the 
expression for y’ that you found in part (a)? 


The equation x* — xy + y* = 3 represents a “rotated 
ellipse,” that is, an ellipse whose axes are not parallel to the 
coordinate axes. Find the points at which this ellipse crosses 
the x-axis and show that the tangent lines at these points are 
parallel. 


(a) Where does the normal line to the ellipse 
x* — xy + y* = 3 at the point (—1, 1) intersect the 
ellipse a second time? 

(b) Illustrate part (a) by graphing the ellipse and the normal 
line. 


Find all points on the curve x°y* + xy = 2 where the slope 
of the tangent line is —1. 


Find equations of both the tangent lines to the ellipse 
x? + 4y? = 36 that pass through the point (12, 3). 


(a) Suppose f is a one-to-one differentiable function and its 
inverse function f ' is also differentiable. Use implicit 


ee USSU ES cs eS 
LABORATORY PROJECT 


78. 


79. 


80. 
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differentiation to show that 


Co 


ff 09) 
provided that the denominator is not 0. 
(b) If f(4) = 5 and f'(4) = 3, find (f~')'). 


(a) Show that f(x) = x + e* is one-to-one. 
(b) What is the value of f~'(1)? 
(c) Use the formula from Exercise 77(a) to find (f ')’(1). 


The Bessel function of order 0, y = J(.), satisfies the differ- 
ential equation xy" + y’ + xy = 0 for all values of x and its 
value at 0 is J(0) = 1. 

(a) Find J’(0). 

(b) Use implicit differentiation to find J"(0). 


The figure shows a lamp located three units to the right of 
the y-axis and a shadow created by the elliptical region 

x? + 4y? <5. If the point (—S, 0) is on the edge of the 
shadow, how far above the x-axis is the lamp located? 


on) FAMILIES OF IMPLICIT CURVES 


In this project you will explore the changing shapes of implicitly defined curves as you vary the 
constants in a family, and determine which features are common to all members of the family. 


1. Consider the family of curves 
y? — 2x?(x + 8) =c[(y + 1° + 9) — x7] 


(a) By graphing the curves with c = 0 and c = 2, determine how many points of inter- 
section there are. (You might have to zoom in to find all of them.) 

(b) Now add the curves with c = 5 and c = 10 to your graphs in part (a). What do you 
notice? What about other values of c? 


2. (a) Graph several members of the family of curves 
x? + y? + cxr’y? =1 


Describe how the graph changes as you change the value of c. 


(b) What happens to the curve when c = —1? Describe what appears on the screen. 
Can you prove it algebraically? 
(c) Find y’ by implicit differentiation. For the case c = —1, is your expression for y’ 


consistent with what you discovered in part (b)? 


[cas] Computer algebra system required 
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| 3.6 | Derivatives of Logarithmic Functions 


Formula 3.4.5 says that 


d 
—(a*)=a*lna 


dx 


In this section we use implicit differentiation to find the derivatives of the logarithmic func- 
tions y = log, x and, in particular, the natural logarithmic function y = In x. [It can be 
proved that logarithmic functions are differentiable; this is certainly plausible from their 
graphs (see Figure 12 in Section 1.6).] 


PROOF Let y = log. x. Then 


Differentiating this equation implicitly with respect to x, using Formula 3.4.5, we get 


dy 
(J = = || 
AND, dx 


ge = Ea 
dx a ina x Ina 


and so 


If we put a = e in Formula 1, then the factor In a on the right side becomes In e = | and 
we get the formula for the derivative of the natural logarithmic function log. x = In x: 


By comparing Formulas | and 2, we see one of the main reasons that natural logarithms 
(logarithms with base e) are used in calculus: The differentiation formula is simplest when 
de because Ine — 1 


Wd ERR Differentiate y = In(x? + 1). 
SOLUTION To use the Chain Rule, we let u = x* + 1. Then y = Inu, so 


dy in dy du 1 du 
ax du dx u dx 


d 1d 
7 Wn) = if a 
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: d 
Besa Find Bs In(sin x). 
x 


SOLUTION Using [3], we have 


cos x = cot x [ae 


d ie gal 
3 n(sin x) arc (sin x) = 


(CUT Differentiate f(x) = V/In x. 


SOLUTION This time the logarithm is the inner function, so the Chain Rule gives 


d 1 1 1 
f'(x) = 5 (In x)? — (In x) = ——— - — = ——— a 
dx PERV? 28 2x/In x 
Fetes Differentiate f(x) = logio(2 + sin x). 
SOLUTION Using Formula 1 with a = 10, we have 
d 
f'(x) = — logio(2 + sin x) 
dx 
(2+sinx)n10 dx“ 
= cos x 
(2 + sin x) In 10 
d all 
Bsa Find — In ————. 
Cigna 
SOLUTION 1 
d pees al i aM nage a 


CO ok Se 
a/x — 2 
Jx—2 Jx—2-1-(x+ DG)x- 2)” 


mia | 58 SD) 
Mt ei!) 
Figure 1 shows the graph of the function f =e (x + 1)(x — 2) 
of Example 5 together with the graph of its 
5 ule) 


derivative. It gives a visual check on our cal- 
culation. Notice that f’(x) is large negative 2(x + 1)(x — 2) 
when f is rapidly decreasing. 


SOLUTION 2. If we first simplify the given function using the laws of logarithms, then the 
differentiation becomes easier: 


d ge ae Sh 


— |In ——— 
dx sc aD 


= ARE + 1) —4In(x — 2)] 
dx 


(This answer can be left as written, but if we used a common denominator we would see 
FIGURE 1 that it gives the same answer as in Solution 1.) J 
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Figure 2 shows the graph of the function Wd EQ Find f'(x) if f(x) = In | x |. 


f(x) = In|.x| in Example 6 and its derivative , 
f'(x) = 1/x. Notice that when x is small, the SOLUTION Since 


graph of y = In| x| is steep and so f’(x) is tts phair y 
ii 


sil as) Daal es eas) 


large (positive or negative). 


it follows that 


Thus f’(x) = 1/x for all x # 0. wae 


FIGURE 2 
The result of Example 6 is worth remembering: 


MH Logarithmic Differentiation 


The calculation of derivatives of complicated functions involving products, quotients, or 
powers can often be simplified by taking logarithms. The method used in the following 
example is called logarithmic differentiation. 


x34 [e241 


FSCWEes Differentiate y = (3x + 2)5 


SOLUTION We take logarithms of both sides of the equation and use the Laws of Loga- 
rithms to simplify: 


In y =7Inx + $In(x? + 1) — 5 In(Bx + 2) 


Differentiating implicitly with respect to x gives 


Solving for dy/dx, we get 


dy 3} x 15 
ae ns y a + = = 
(abe ~ \\ ales x’ +1 3x + 2 


If we hadn't used logarithmic differentiation in Because we have an explicit expression for y, we can substitute and write 
Example 7, we would have had to use both the 


Quotient Rule and the Product Rule. The result- 


ing calculation would have been horrendous. dy. Rieti ay ( 3 x 15 


= —+ 
dx (3x + 2)5 4x x?+1 3x +2 
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Steps in Logarithmic Differentiation 


1. Take natural logarithms of both sides of an equation y = f(x) and use the Laws 
of Logarithms to simplify. 


2. Differentiate implicitly with respect to x. 


3. Solve the resulting equation for y’. 


If f(x) <0 for some values of x, then In f(x) is not defined, but we can write 
| y| = | f(x) | and use Equation 4. We illustrate this procedure by proving the general version 
of the Power Rule, as promised in Section 3.1. 


The Power Rule If 7 is any real number and f(x) = x”, then 


bea aes 


PROOF Let y = x” and use logarithmic differentiation: 


If x = O, we can show that f’(0) = 0 for In| y| = In|x|" = nIn|x| xx+0 
n > 1 directly from the definition of a i 
derivative. f n 
Therefore cae a 
uy 
y x" 7 
Hence y =n—=n— =nx"! Fo 
x x 


@ You should distinguish carefully between the Power Rule [(x”)! = nx""'], where the 
base is variable and the exponent is constant, and the rule for differentiating exponential 
functions [(a*)'’ = a* In a], where the base is constant and the exponent is variable. 

In general there are four cases for exponents and bases: 


d 
Constant base, constant exponent 1. os (G2 i= 0 (a and b are constants) 
Xx 
d b baler 
Variable base, constant exponent 2. Bis [f(x]? = bE FQ)? “f'() 
X 
d (x) (x) ! 
Constant base, variable exponent 3: Ae [a9] = a® (In a)g’(x) 
X 
Variable base, variable exponent 4. To find (d/dx)|_f(x)]*”, logarithmic differentiation can be used, as in the next 
example. 


] ESCGEEN Differentiate y = xv". 


SOLUTION 1 Since both the base and the exponent are variable, we use logarithmic 


differentiation: 
Iny = Inx™® = ./x Inx 


pottan aee S 
=x af ene ers 


y 


’ I He In x (te) 
= 5 ee 
Ne 2x 
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Figure 3 illustrates Example 8 by showing the 
graphs of f(x) = x** and its derivative. 


YA 
if 
qe 
i 
> 
0 x 
FIGURE 3 
yA 
| 0 ie 
FIGURE 4 
x (1 + x)* 
0.1 2.59374246 
0.01 2.70481383 
0.001 2.71692393 
0.0001 2.71814593 
0.00001 2.71826824 
0.000001 2.71828047 
0.0000001 2.71828169 
0.00000001 


2.71828181 


SOLUTION 2 Another method is to write x= (e™*)*, 
f [x d vx Inx Vx Inx d 
—_ vx ee big Shaves = evt nx __ x Inx 
qleh lreageile ) 7 vs In) 
am yi 24h) (as in Solution 1) az 
Dx 


M8) The Number e as a Limit 


We have shown that if f(x) = In x, then f’(x) = 1/x. Thus f’(1) = 1. We now use this fact 
to express the number e as a limit. 
From the definition of a derivative as a limit, we have 


fell eee ree ate a = pape MO ar) 
h—>0 h a ‘ 
en pe Inlet) oe Le Bean 
x= 0 x x0. Xx. 


= lim In(1 + x)!” 


i= 0) 


Because f’(1) = 1, we have 


lim In(1 + x)” = 1 


x0 


Then, by Theorem 2.5.8 and the continuity of the exponential function, we have 


‘ -)1/x é Vx ; : 
e= e! = elmo In(1 +2) 25 lim enl+x) = lim ( aE x) 
x—>0 


x—>0 


[5 | = lim (1+ x)" 


Formula 5 is illustrated by the graph of the function y = (1 + x)'” in Figure 4 and a 
table of values for small values of x. This illustrates the fact that, correct to seven decimal 
places, 


e ~ 2.7182818 


If we put n = 1/x in Formula 5, then n — ~ as x —> 0° and so an alternative expression 
for e is 


[6] 


EG) Exercises 
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1. Explain why the natural logarithmic function y = In x is used 


much more frequently in calculus than the other logarithmic 
functions y = log, x. 


2-22 Differentiate the function. 
2. f(x) =x Inx — x 


3. f(x) = sin(In x) 4. f(x) = In(sin°x) 
5. Pine 6. es 

a In x 
7. f(x) = logio(x* + 1) 8. f(x) = logs(xe*) 
9. f(x) = sin x In(5x) 10. f(u) = TRE 
11. g(x) = In(x Vx? — 1) 12. h(x) = In(x + /x? — 1) 
13. G(y) = cease 14. g(r) = 7? In(2r + 1) 

ye vl 

15. F(s) =InIns 169 — ina eer 
17. y = tan[In(ax + b)] 18. y = In | cos(In x) | 


19. y = In(e* + xe *) 


21. y = 2x logiVvx 


33-34 Find an equation of the tangent line to the curve at the given 
point. 


33. y = In(x” — 3x + 1), @G,0) 34. y=x7lnx, (1,0) 


23-26 Find y’ and y”. 


In x 
23. y = x? In(2x) 24. y= 2 
25. y = In(x + J/1 + x?) 26. y = In(sec x + tan x) 


27-30 Differentiate f and find the domain of /f. 


e 28. f(x) = V2 + Inx 


1 — In(x - 1) 
29. f(x) = In@? — 2x) 


27. f(x) = 


30. f(x) = InInIn x 


31. If f(x) = a" find f'(1). 


32. If f(x) = In(1 + e%), find f'(0). 


FS Graphing calculator or computer required 


| 35. If f(x) = sin x + In x, find f(x). Check that your answer is 


reasonable by comparing the graphs of f and f’. 


“| 36. Find equations of the tangent lines to the curve y = (In x)/x at 


the points (1, 0) and (e, 1/e). Illustrate by graphing the curve 
and its tangent lines. 


37. Let f(x) = cx + In(cos x). For what value of c is f'(7/4) = 6? 


38. Let f(x) = log.(3x* — 2). For what value of a is f’(1) = 3? 


39-50 Use logarithmic differentiation to find the derivative of the 
function. 


@* COS-X 

y= (x? + 2x" + 4) ———— 

Be i wy . ge> 4p 38 oP Al 
gol Fay y 

As 65 yeh 1 42. y = Jxe**(x + 17°" 
43. D5 ‘ 44. y= x 05% 
45. y = xine 46. y ee Ae 
47. y = (cos x)* 48. y = (sin x)™* 


49. y = (tan x)'” 50. y = (In x)" 


51. Find y’ if y = In(x? + y’). 
52. Find y’ if x? = y*. a 


53. Find a formula for f(x) if f(x) = In(x — 1). 


9 


d 
54. Find ae) (coainey)s 


55. Use the definition of derivative to prove that 


In + x 
mn Et) = 
x0 ae 


aa\e 
56. Show that lim (: te 4) = e* for any x > 0. 


n 


no 


1. Homework Hints available at stewartcalculus.com 
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Rates of Change in the Natural and Social Sciences 


yA 


Mpg = average rate of change 
m= f'(x,) = instantaneous rate 


FIGURE 1 


of change 


We know that if y = f(x), then the derivative dy/dx can be interpreted as the rate of change 
of y with respect to x. In this section we examine some of the applications of this idea to 
physics, chemistry, biology, economics, and other sciences. 

Let’s recall from Section 2.7 the basic idea behind rates of change. If x changes from x, 
to X2, then the change in x is 


Ax SND) aoe 
and the corresponding change in y is 


Ay = f (x2) — f(x) 
The difference quotient 


Ay f (x2) aA) 


Ax iy = 3) 


is the average rate of change of y with respect to x over the interval [x,, x2] and can be 
interpreted as the slope of the secant line PQ in Figure 1. Its limit as Ax — 0 is the deriva- 
tive f'(x,), which can therefore be interpreted as the instantaneous rate of change of y 
with respect to x or the slope of the tangent line at P(x), f(x:)). Using Leibniz notation, we 
write the process in the form 


dy ayy 
== = Ihiin = 
dx Ax>0 Ax 


Whenever the function y = f(x) has a specific interpretation in one of the sciences, its 
derivative will have a specific interpretation as a rate of change. (As we discussed in Sec- 
tion 2.7, the units for dy/dx are the units for y divided by the units for x.) We now look at 
some of these interpretations in the natural and social sciences. 


MS Physics 


If s = f(t) is the position function of a particle that is moving in a straight line, then As/At 
represents the average velocity over a time period At, and v = ds/dt represents the instan- 
taneous velocity (the rate of change of displacement with respect to time). The instanta- 
neous rate of change of velocity with respect to time is acceleration: a(t) = v'(t) = s"(t). 
This was discussed in Sections 2.7 and 2.8, but now that we know the differentiation for- 
mulas, we are able to solve problems involving the motion of objects more easily. 


(2 (SEQ2E8 The position of a particle is given by the equation 
s=f(t) =f — 6t? + 9t 


where f is measured in seconds and s in meters. 

(a) Find the velocity at time f. 

(b) What is the velocity after 2 s? After 4 s? 

(c) When is the particle at rest? 

(d) When is the particle moving forward (that is, in the positive direction)? 
(e) Draw a diagram to represent the motion of the particle. 

(f) Find the total distance traveled by the particle during the first five seconds. 
(g) Find the acceleration at time ¢ and after 4 s. 
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(h) Graph the position, velocity, and acceleration functions for 0 < t < 5. 
(1) When is the particle speeding up? When is it slowing down? 


SCLUTION 
(a) The velocity function is the derivative of the position function. 


s=f() =r — 6t? + 9t 


(b) The velocity after 2 s means the instantaneous velocity when t = 2, that is, 

ds ; 

v2) =—}| = 3(2)* — 122) + 9 = —3 m/s 

dt |1=2 

The velocity after 4 s is 
v(4) = 3(4)? — 12(4) +9 =9m/s 
(c) The particle is at rest when v(t) = 0, that is, 
322 — 121 + 9 = 3(t? — 4¢ + 3) = 3(t — 1)(t — 3) = 0 
and this is true when t = | or t = 3. Thus the particle is at rest after 1 s and after 3 s. 
(d) The particle moves in the positive direction when v(t) > 0, that is, 
327 — 12 + 9 = 3(¢ — 1)(¢ — 3) > O 


This inequality is true when both factors are positive (t > 3) or when both factors are 
negative (t < 1). Thus the particle moves in the positive direction in the time intervals 
t < 1 and t > 3. It moves backward (in the negative direction) when 1 < t < 3. 
3 (e) Using the information from part (d) we make a schematic sketch in Figure 2 of the 
s=0 (a oo ee motion of the particle back and forth along a line (the s-axis). 
Ce => (f) Because of what we learned in parts (d) and (e), we need to calculate the distances 
pe = = a: traveled during the time intervals [0, 1], [1, 3], and [3, 5] separately. 
ea The distance traveled in the first second is 


“ay 


0 il 
. i |f(1) — f0)| =|4-0| =4m 


Il 


t 
S 


FIGURE 2 


From t = 1 to t = 3 the distance traveled is 
Cy (1) 104 freer 
From t = 3 to t = 5 the distance traveled is 


|#(5) — fG)| = |20 - 0| = 20m 


The total distance is 4 + 4 + 20 = 28 m. 


(g) The acceleration is the derivative of the velocity function: 


d*s dv 
ft) = — = — = 6 - 12 
20) dt” dt 


a(4) = 6(4) — 12 = 12 m/s” 


FIGURE 3 (h) Figure 3 shows the graphs of s, v, and a. 
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In Module 3.7 you can see an animation 
of Figure 4 with an expression for s that you can 


choose yourself. 


FIGURE 4 


FIGURE 5 


(i) The particle speeds up when the velocity is positive and increasing (v and a are 
both positive) and also when the velocity is negative and decreasing (v and a are both 
negative). In other words, the particle speeds up when the velocity and acceleration 
have the same sign. (The particle is pushed in the same direction it is moving.) From 
Figure 3 we see that this happens when | < rt < 2 and when t > 3. The particle slows 
down when v and a have opposite signs, that is, when 0 S t < | and when 2 < t < 3. 
Figure 4 summarizes the motion of the particle. 


= | ee ea 


a 
forward backward forward 
— +— | 
on mentpeeds 7 slows speeds 
down up down up emer 


(SE072) If a rod or piece of wire is homogeneous, then its linear density is uniform 
and is defined as the mass per unit length (p = m//) and measured in kilograms per 
meter. Suppose, however, that the rod is not homogeneous but that its mass measured 
from its left end to a point x is m = f(x), as shown in Figure 5. 


This part of the rod has mass f(x). 


The mass of the part of the rod that lies between x = x; and x = x» is given by 
Am = f(x2) — f(x), so the average density of that part of the rod is 


Am f (x2) = Fan) 


average density = —— = 
xX AD ame 


If we now let Ax — 0 (that is, x. — x,), we are computing the average density over 
smaller and smaller intervals. The linear density p at x, is the limit of these average 
densities as Ax — 0; that is, the linear density is the rate of change of mass with respect 
to length. Symbolically, 


= lim pie = oo 
f Ax>0 Ax dx 


Thus the linear density of the rod is the derivative of mass with respect to length. 


FIGURE 6 
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For instance, if m = f(x) = J/x, where x is measured in meters and m in kilograms, 
then the average density of the part of the rod given by 1 S x S 1.2 is 


Am f(12)-fQ) J12-1 


Cnr eae 
while the density right at x = | is 
an 0.50 kg/ [ort 
ae = nt) m 
(oe iin nears, : 


Vi A current exists whenever electric charges move. Figure 6 shows part of 
a wire and electrons moving through a plane surface, shaded red. If AQ is the net charge 
that passes through this surface during a time period Af, then the average current during 

this time interval is defined as 


_AQ_@-@ 
ENACT (CWUA RENE 


At bo hy 


If we take the limit of this average current over smaller and smaller time intervals, we 
get what is called the current / at a given time 1): 


ar AQ dQ 
= hia SS 
Ar—o At dt 


Thus the current is the rate at which charge flows through a surface. It is measured in 
units of charge per unit time (often coulombs per second, called amperes). oa 


Velocity, density, and current are not the only rates of change that are important in 
physics. Others include power (the rate at which work is done), the rate of heat flow, tem- 
perature gradient (the rate of change of temperature with respect to position), and the rate 
of decay of a radioactive substance in nuclear physics. 


ME Chemistry 


STI A chemical reaction results in the formation of one or more substances 
(called products) from one or more starting materials (called reactants). For instance, the 
“equation” 


2H, + 02> 2H20 
indicates that two molecules of hydrogen and one molecule of oxygen form two mole- 
cules of water. Let’s consider the reaction 
Ao b> © 
where A and B are the reactants and C is the product. The concentration of a reactant A 


is the number of moles (1 mole = 6.022 X 10” molecules) per liter and is denoted by 
[A]. The concentration varies during a reaction, so [A], [B], and [C] are all functions of 


228 
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time (1). The average rate of reaction of the product C over a time interval t; < t S his 


ATE V(Eleay— tela) 


At eH 


But chemists are more interested in the instantaneous rate of reaction, which is 
obtained by taking the limit of the average rate of reaction as the time interval At 
approaches 0: 


A Clea ey 
rate of reaction = lim == 
Ai>o 6At dt 


Since the concentration of the product increases as the reaction proceeds, the derivative 

d[C]/dt will be positive, and so the rate of reaction of C is positive. The concentrations 

of the reactants, however, decrease during the reaction, so, to make the rates of reaction 

of A and B positive numbers, we put minus signs in front of the derivatives d [A]/dt and 
d{B]/dt. Since [A] and [B] each decrease at the same rate that [C] increases, we have 


alCl ee lol IB 


rate of reaction = 
dt dt dt 


More generally, it turns out that for a reaction of the form 


aA + bB—cC+ dD 


we have 


_1 4A] _ _ 1 4@[B] _ 1 a[c)] _ 1 ap) 
a at Ohi Gat ae aki 


The rate of reaction can be determined from data and graphical methods. In some cases 
there are explicit formulas for the concentrations as functions of time, which enable us to 
compute the rate of reaction (see Exercise 24). [ues 


{2ETR] One of the quantities of interest in thermodynamics is compressibility. If a 
given substance is kept at a constant temperature, then its volume V depends on its pres- 
sure P. We can consider the rate of change of volume with respect to pressure—namely, 
the derivative dV/dP. As P increases, V decreases, so dV/dP < 0. The compressibility is 
defined by introducing a minus sign and dividing this derivative by the volume V: 


ae 1 dV 
isothermal compressibility = B = oe 


Thus 6 measures how fast, per unit volume, the volume of a substance decreases as the 
pressure on it increases at constant temperature. 

For instance, the volume V (in cubic meters) of a sample of air at 25°C was found to 
be related to the pressure P (in kilopascals) by the equation 


ae 
Virdee s 
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The rate of change of V with respect to P when P = 50 kPa is 


dv be a 
dP P=S0 P? P=50 
whe #esily » 0.00212 m*/kP 
i 
The compressibility at that pressure is 
1 dV 0.00212 
ae at as ae = —_—— _ = 0,02 (m’7/k : ferns 
B V AP |p 58 02 (m*/kPa)/m 


50 


ME Biology 


(S924 Let n = f(t) be the number of individuals in an animal or plant popula- 
tion at time ¢. The change in the population size between the times f = f and t = h is 
An = f(t) — f(t), and so the average rate of growth during the time period t; S t < h 
is 

An flr) — f(t) 


average rate of growth = —— = 
e e At fie) > Th 


The instantaneous rate of growth is obtained from this average rate of growth by let- 
ting the time period At approach 0: 


et oe) eae 
rowtn rate = hm = 
& At>0 At dt 


Strictly speaking, this is not quite accurate because the actual graph of a population 
function n = f(t) would be a step function that is discontinuous whenever a birth or 
death occurs and therefore not differentiable. However, for a large animal or plant 
population, we can replace the graph by a smooth approximating curve as in Figure 7. 


nA 


FIGURE 7 


A smooth curve approximating 0 
a growth function 


ov 
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To be more specific, consider a population of bacteria in a homogeneous nutrient 
medium. Suppose that by sampling the population at certain intervals it is determined 
that the population doubles every hour. If the initial population is no and the time f is 
measured in hours, then 


f(1) = 2f(0) = 21 
f (2) = 2f(1) = 271 
f(3) = 2f (2) = 2?no 


© Eve of Science / Photo Researchers, Inc 


E. coli bacteria are about 2 micrometers (jzm) 
long and 0.75 jzm wide. The image was pro- 
duced with a scanning electron microscope. 


and, in general, 


f@ = 21 


The population function is n = no2'. 
In Section 3.4 we showed that 


ap (a*) =a*Ina 


So the rate of growth of the bacteria population at time f is 


dn d ‘ : 
Te dp We) m2 In 2 


For example, suppose that we start with an initial population of np = 100 bacteria. Then 
the rate of growth after 4 hours is 


dn 


="100= 2*In2 — 1600 In 2 = TT09 
ENED 


This means that, after 4 hours, the bacteria population is growing at a rate of about 
1109 bacteria per hour. Esa 


3 Ole "27 When we consider the flow of blood through a blood vessel, such as a vein 
or artery, we can model the shape of the blood vessel by a cylindrical tube with radius R 
and length / as illustrated in Figure 8. 


FIGURE 8 
Blood flow in an artery 


Because of friction at the walls of the tube, the velocity v of the blood is greatest along 
the central axis of the tube and decreases as the distance r from the axis increases until v 
becomes 0 at the wall. The relationship between v and r is given by the law of laminar 


flow discovered by the French physician Jean-Louis-Marie Poiseuille in 1840. This law 
states that 


P 
o Cig (Renta) 
For more detailed information, see W. Nichols 4nl 
and M. O'Rourke (eds.), McDonald's Blood Flow : 
in Arteries: Theoretical, Experimental, and Clini. |. Where 1 is the viscosity of the blood and P is the pressure difference between the ends 


cal Principles, 5th ed. (New York, 2005). of the tube. If P and / are constant, then v is a function of r with domain [0, R]. 


SECTION 3.7. RATES OF CHANGE IN THE NATURAL AND SOCIAL SCIENCES 231 


The average rate of change of the velocity as we move from r = r; outward to r = r2 
is given by 
Av _ om) = (71) 


Ar iy > All 


and if we let Ar — 0, we obtain the velocity gradient, that is, the instantaneous rate of 
change of velocity with respect to r: 


velocity gradient = li meal 
gradient = lim —— = — 
z yay? fale 
Using Equation 1, we obtain 
d P 1 
eee 
dr 4m 2H! 


For one of the smaller human arteries we can take 7 = 0.027, R = 0.008 cm, | = 2 cm, 
and P = 4000 dynes/cm’, which gives 


EE COE ear) 
4(0.027)2 - ‘ 


SSP a10nGat< 1007) 


ut 


At r = 0.002 cm the blood is flowing at a speed of 


v(0.002) ~ 1.85 X 10*(64 X oe = 4 Sa) 
= Lhe 


and the velocity gradient at that point is 


dv — _ 4000(0.002) _ 


uae = ip 
iellece 2(0.027)2 Coles 


To get a feeling for what this statement means, let’s change our units from centi- 
meters to micrometers (1 cm = 10,000 um). Then the radius of the artery is 80 wm. The 
velocity at the central axis is 11,850 wm /s, which decreases to 11,110 yum /s at a distance 
of r = 20 pm. The fact that dv/dr = —74 (ym/s)/j2m means that, when r = 20 pm, the 
velocity is decreasing at a rate of about 74 wm /s for each micrometer that we proceed 
away from the center. 5) 


M8 Economics 


iV Suppose C(x) is the total cost that a company incurs in producing «x units 
of a certain commodity. The function C is called a cost function. If the number of items 
produced is increased from x) to x2, then the additional cost is AC = C(x.) — C(x), and 
the average rate of change of the cost is 


AC _ Cm) — Can) <oGein so lte — telCsy, 
Ax em = 38; Ax 


The limit of this quantity as Ax — 0, that is, the instantaneous rate of change of cost 
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with respect to the number of items produced, is called the marginal cost by economists: 


vm Haat Gin 
margina COSsh— Tasers Ne ay 


[Since x often takes on only integer values, it may not make literal sense to let Ax 
approach 0, but we can always replace C(x) by a smooth approximating function as in 
Example 6.] 

Taking Ax = 1 and n large (so that Ax is small compared to n), we have 


Cn) = Ca 1) — Gu) 


Thus the marginal cost of producing n units is approximately equal to the cost of pro- 
ducing one more unit [the (n + 1)st unit]. 
It is often appropriate to represent 4 total cost function by a polynomial 


C(x) =a + bx + cx? + dx? 


where a represents the overhead cost (rent, heat, maintenance) and the other terms 
represent the cost of raw materials, labor, and so on. (The cost of raw materials may be 
proportional to x, but labor costs might depend partly on higher powers of x because of 
overtime costs and inefficiencies involved in large-scale operations.) 

For instance, suppose a company has estimated that the cost (in dollars) of producing 
x items is 


C(x) = 10,000 + 5x + 0.01x? 
Then the marginal cost function is 
C'(x) = 5 + 0.02x 
The marginal cost at the production level of 500 items is 
C'(500) = 5 + 0.02(500) = $15/item 


This gives the rate at which costs are increasing with respect to the production level 
when x = 500 and predicts the cost of the 501st item. 
The actual cost of producing the 501st item is 


C(501) — C(500) = [10,000 + 5(501) + 0.01(501)7] 
— [10,000 + 5(500) + 0.01(500)?] 
= $15.01 


Notice that C'(500) ~ C(501) — C(500). Esa 


Economists also study marginal demand, marginal revenue, and marginal profit, which 
are the derivatives of the demand, revenue, and profit functions. These will be considered 


in Chapter 4 after we have developed techniques for finding the maximum and minimum 
values of functions. 


MQ Other Sciences 


Rates of change occur in all the sciences. A geologist is interested in knowing the rate at 
which an intruded body of molten rock cools by conduction of heat into surrounding rocks. 
An engineer wants to know the rate at which water flows into or out of a reservoir. An 
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urban geographer is interested in the rate of change of the population density in a city as the 
distance from the city center increases. A meteorologist is concerned with the rate of change 
of atmospheric pressure with respect to height (see Exercise 17 in Section 3.8). 

In psychology, those interested in learning theory study the so-called learning curve, 
which graphs the performance P(t) of someone learning a skill as a function of the training 
time ¢. Of particular interest is the rate at which performance improves as time passes, that 
is, dP/dt. 

In sociology, differential calculus is used in analyzing the spread of rumors (or innova- 
tions or fads or fashions). If p(t) denotes the proportion of a population that knows a rumor 
by time f¢, then the derivative dp/dt represents the rate of spread of the rumor (see Exer- 
cise 84 in Section 3.4). 


M8 A Single Idea, Many Interpretations 


Velocity, density, current, power, and temperature gradient in physics; rate of reaction and 
compressibility in chemistry; rate of growth and blood velocity gradient in biology; marginal 
cost and marginal profit in economics; rate of heat flow in geology; rate of improvement of 
performance in psychology; rate of spread of a rumor in sociology—these are all special 
cases of a single mathematical concept, the derivative. 

This is an illustration of the fact that part of the power of mathematics lies in its 
abstractness. A single abstract mathematical concept (such as the derivative) can have dif- 
ferent interpretations in each of the sciences. When we develop the properties of the 
mathematical concept once and for all, we can then turn around and apply these results to 
all of the sciences. This is much more efficient than developing properties of special con- 
cepts in each separate science. The French mathematician Joseph Fourier (1768-1830) put 
it succinctly: “Mathematics compares the most diverse phenomena and discovers the secret 
analogies that unite them.” 


Exercises : stom 


1-4 A particle moves according to a law of motion 5 = he 5. Graphs of the velocity functions of two particles are shown, 
t > 0, where ¢ is measured in seconds and s in feet. where f is measured in seconds. When is each particle speed- 
(a) Find the velocity at time f. ing up? When is it slowing down? Explain. 

(b) What is the velocity after 3 s? (a) VA (b) vA 


(c) When is the particle at rest? 
(d) When is the particle moving in the positive direction? 


(e) Find the total distance traveled during the first 8 s. 0 4 > ; r + + % 
(f) Draw a diagram like Figure 2 to illustrate the motion of the 
particle. 
g) Find the acceleration at time f and after 3 s. 
(h) Graph the position, yelocity, and acceleration functions 6. Graphs of the position functions of two particles are shown, 
anes ’ Eee : where f is measured in seconds. When is each particle speed- 
(i) When is the particle speeding up? When is it slowing down? ing up? When is it slowing down? Explain, 
Ash Gis 0 el 200362 (a) SA (b) s 
2. f(t) = 0.010" - 0.04t° 
t > ic t + > 
3. f(t) = cos(mt/4), t< 10 0 ma : 7 ; 


Af (2) =te"? 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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The height (in meters) of a projectile shot vertically upward 
from a point 2 m above ground level with an initial velocity of 
24.5 m/s ish = 2 + 24.5t — 4.9¢7 after ¢ seconds. 

(a) Find the velocity after 2 s and after 4 s. 

(b) When does the projectile reach its maximum height? 

(c) What is the maximum height? 

(d) When does it hit the ground? 

(e) With what velocity does it hit the ground? 


. If a ball is thrown vertically upward with a velocity of 


80 ft/s, then its height after t seconds is s = 801 — 167’. 

(a) What is the maximum height reached by the ball? 

(b) What is the velocity of the ball when it is 96 ft above the 
ground on its way up? On its way down? 


. If a rock is thrown vertically upward from the surface of 


Mars with velocity 15 m/s, its height after t seconds is 

h = 15t — 1.8627. 

(a) What is the velocity of the rock after 2 s? 

(b) What is the velocity of the rock when its height is 25 m on 
its way up? On its way down? 


. A particle moves with position function 


s =t* — 4¢° — 20f? + 208 f=0 


(a) At what time does the particle have a velocity of 20 m/s? 
(b) At what time is the acceleration 0? What is the significance 
of this value of t? 


(a) Acompany makes computer chips from square wafers 
of silicon. It wants to keep the side length of a wafer very 
close to 15 mm and it wants to know how the area A(x) of 
a wafer changes when the side length x changes. Find 
A'(15) and explain its meaning in this situation. 

(b) Show that the rate of change of the area of a square with 
respect to its side length is half its perimeter. Try to explain 
geometrically why this is true by drawing a square whose 
side length x is increased by an amount Ax. How can you 
approximate the resulting change in area AA if Ax is small? 


(a) Sodium chlorate crystals are easy to grow in the shape of 
cubes by allowing a solution of water and sodium chlorate 
to evaporate slowly. If V is the volume of such a cube with 
side length x, calculate dV/dx when x = 3 mm and explain 
its meaning. 

(b) Show that the rate of change of the volume of a cube with 
respect to its edge length is equal to half the surface area of 
the cube. Explain geometrically why this result is true by 
arguing by analogy with Exercise 11(b). 


(a) Find the average rate of change of the area of a circle with 
respect to its radius r as r changes from 
(GM) AiG) (ii) 2 to 2.5 (Guu) 2 io) 27,1 

(b) Find the instantaneous rate of change when r = 2. 

(c) Show that the rate of change of the area of a circle with 
respect to its radius (at any r) is equal to the circumference 
of the circle. Try to explain geometrically why this is true 
by drawing a circle whose radius is increased by an 
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17. 
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amount Ar. How can you approximate the resulting change 
in area AA if Ar is small? 


A stone is dropped into a lake, creating a circular ripple that 
travels outward at a speed of 60 cm/s. Find the rate at which 
the area within the circle is increasing after (a) 1 s, (b) 3 s, 
and (c) 5 s. What can you conclude? 


A spherical balloon is being inflated. Find the rate of increase 
of the surface area (S = 47r’) with respect to the radius r 
when r is (a) | ft, (b) 2 ft, and (c) 3 ft. What conclusion can 
you make? 


(a) The volume of a growing spherical cell is V = + ar*, where 
the radius r is measured in micrometers (1 wm = 10°° m). 
Find the average rate of change of V with respect to r when 
r changes from 
@) 3 to. Sim (ii) 5 to6 pm (Cub) So) ail jean 

(b) Find the instantaneous rate of change of V with respect to r 
when r = 5 pm. 

(c) Show that the rate of change of the volume of a sphere with 
respect to its radius is equal to its surface area. Explain 
geometrically why this result is true. Argue by analogy with 
Exercise 13(c). 


The mass of the part of a metal rod that lies between its left 
end and a point x meters to the right is 3x” kg. Find the linear 
density (see Example 2) when x is (a) | m, (b) 2 m, and 

(c) 3 m. Where is the density the highest? The lowest? 


If a tank holds 5000 gallons of water, which drains from the 
bottom of the tank in 40 minutes, then Torricelli’s Law gives 
the volume V of water remaining in the tank after t minutes as 


V=500011-41) O<1t<40 


Find the rate at which water is draining from the tank after 

(a) 5 min, (b) 10 min, (c) 20 min, and (d) 40 min. At what time 
is the water flowing out’ the fastest? The slowest? Summarize 
your findings. 


The quantity of charge Q in coulombs (C) that has passed 
through a point in a wire up to time ¢ (measured in seconds) is 
given by O(t) = t? — 2t? + 6t + 2. Find the current when 
(a) t = 0.5 s and (b) t = 1 s. [See Example 3. The unit of cur- 
rent is an ampere (1 A = | C/s).] At what time is the current 
lowest? 


Newton’s Law of Gravitation says that the magnitude F of the 
force exerted by a body of mass m on a body of mass M is 


ee GmM 


5 


r- 


where G is the gravitational constant and r is the distance 
between the bodies. 
(a) Find dF/dr and explain its meaning. What does the minus 
sign indicate? 
(b) Suppose it is known that the earth attracts an object with 
a force that decreases at the rate of 2 N/km when 
r = 20,000 km. How fast does this force change when 
r = 10,000 km? 
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The force F acting on a body with mass m and velocity v is the 
rate of change of momentum: F = (d/dt)(mv). If m is constant, 
this becomes F = ma, where a = dv/dt is the acceleration. But 
in the theory of relativity the mass of a particle varies with v as 
follows: m = mo/V1 — v2/c?, where mp is the mass of the 
particle at rest and c is the speed of light. Show that 


Moa 


(Ke v2/e2)3? 


F 


. Some of the highest tides in the world occur in the Bay of 


Fundy on the Atlantic Coast of Canada. At Hopewell Cape the 
water depth at low tide is about 2.0 m and at high tide it is 
about 12.0 m. The natural period of oscillation is a little more 
than 12 hours and on June 30, 2009, high tide occurred at 
6:45 AM. This helps explain the following model for the water 
depth D (in meters) as a function of the time ¢ (in hours after 
midnight) on that day: 


D(t) =7 + 5 cos[0.503(t — 6.75)] 
How fast was the tide rising (or falling) at the following times? 


(a) 3:00 AM (b) 6:00 AM 
(c) 9:00 AM (d) Noon 


. Boyle’s Law states that when a sample of gas is compressed at 


a constant temperature, the product of the pressure and the vol- 

ume remains constant: PV = C. 

(a) Find the rate of change of volume with respect to pressure. 

(b) A sample of gas is in a container at low pressure and is 
steadily compressed at constant temperature for 10 min- 
utes. Is the volume decreasing more rapidly at the begin- 
ning or the end of the 10 minutes? Explain. 

(c) Prove that the isothermal compressibility (see 
Example 5) is given by B = 1/P. 


If, in Example 4, one molecule of the product C is formed 
from one molecule of the reactant A and one molecule of the 
reactant B, and the initial concentrations of A and B have a 
common value [A] = [B] = a moles/L, then 


[C] = a’kt/(akt + 1) 


where k is a constant. 
(a) Find the rate of reaction at time f. 
(b) Show that if x = [C], then 


(c) What happens to the concentration as t > 00? 

(d) What happens to the rate of reaction as t > ©? 

(e) What do the results of parts (c) and (d) mean in practical 
terms? 


In Example 6 we considered a bacteria population that 
doubles every hour. Suppose that another population of bac- 
teria triples every hour and starts with 400 bacteria. Find an 
expression for the number 7 of bacteria after tf hours and use it 
to estimate the rate of growth of the bacteria population after 
2.5 hours. 


26. 
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The number of yeast cells in a laboratory culture increases 
rapidly initially but levels off eventually. The population is 
modeled by the function 


a 


Cay ack Lats ena 


where f is measured in hours. At time t = 0 the population is 
20 cells and is increasing at a rate of 12 cells/hour. Find the 
values of a and b. According to this model, what happens to 
the yeast population in the long run? 


. The table gives the population of the world in the 20th 


century. 
Population Population 
Year (in millions) Year (in millions) 
if 
1900 1650 1960 3040 
1910 1750 1970 3710 
1920 1860 1980 4450 
1930 2070 1990 5280 
1940 2300 2000 6080 
1950 2560 
1 ah 


(a) Estimate the rate of population growth in 1920 and in 1980 
by averaging the slopes of two secant lines. 

(b) Use a graphing calculator or computer to find a cubic func- 
tion (a third-degree polynomial) that models the data. 

(c) Use your model in part (b) to find a model for the rate of 
population growth in the 20th century. 

(d) Use part (c) to estimate the rates of growth in 1920 and 
1980. Compare with your estimates in part (a). 

(e) Estimate the rate of growth in 1985. 


The table shows how the average age of first marriage of 
Japanese women varied in the last half of the 20th century. 


t A(t) t A(t) 
1950 23.0 1980 D2) 
1955 23.8 1985 DSS) 
1960 24.4 1990 25.9 
1965 24.5 1995 26.3 
1970 24.2 2000 27.0 
1975 24.7 


(a) Use a graphing calculator or computer to model these data 
with a fourth-degree polynomial. 

(b) Use part (a) to find a model for A‘(t). 

(c) Estimate the rate of change of marriage age for women 
in 1990. 

(d) Graph the data points and the models for A and A’. 


_ Refer to the law of laminar flow given in Example 7. Consider 


a blood vessel with radius 0.01 cm, length 3 cm, pressure dif- 

ference 3000 dynes/cm’, and viscosity 7 = 0.027. 

(a) Find the velocity of the blood along the centerline r = 0, at 
radius r = 0.005 cm, and at the wall r = R = 0.01 cm. 
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(b) Find the velocity gradient at r = 0, r = 0.005, and 
r= 0.01. 

(c) Where is the velocity the greatest? Where is the velocity 
changing most? 


The frequency of vibrations of a vibrating violin string is given 
by 


where L is the length of the string, T is its tension, and p is 

its linear density. [See Chapter 11 in D. E. Hall, Musical 

Acoustics, 3rd ed. (Pacific Grove, CA, 2002). ] 

(a) Find the rate of change of the frequency with respect to 

(i) the length (when 7 and p are constant), 
(ii) the tension (when L and p are constant), and 
(iii) the linear density (when L and 7 are constant). 

(b) The pitch of a note (how high or low the note sounds) is 
determined by the frequency f. (The higher the frequency, 
the higher the pitch.) Use the signs of the derivatives in 
part (a) to determine what happens to the pitch of a note 

(i) when the effective length of a string is decreased by 
placing a finger on the string so a shorter portion of 
the string vibrates, 

(ii) when the tension is increased by turning a tuning peg, 

(iii) when the linear density is increased by switching to 
another string. 


The cost, in dollars, of producing x yards of a certain fabric is 
C(x) = 1200 + 12x — 0.1x? + 0.0005x? 


(a) Find the marginal cost function. 

(b) Find C’(200) and explain its meaning. What does it 
predict? 

(c) Compare C’(200) with the cost of manufacturing the 201st 
yard of fabric. 


The cost function for production of a commodity is 
C(x) = 339 + 25x — 0.09x” + 0.0004x? 
(a) Find and interpret C’(100). 


(b) Compare C’(100) with the cost of producing the 101st item. 


If p(x) is the total value of the production when there are 
x workers in a plant, then the average productivity of the work- 
force at the plant is 


A(x) P(x) 


(a) Find A’(x). Why does the company want to hire more 
workers if A’(x) > 0? 

(b) Show that A(x) > 0 if p'(x) is greater than the average 
productivity. 


If R denotes the reaction of the body to some stimulus of 
strength x, the sensitivity S is defined to be the rate of change 


[S] 
LI 
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of the reaction with respect to x. A particular example is that 
when the brightness x of a light source is increased, the eye 
reacts by decreasing the area R of the pupil. The experimental 
formula 

_ 40 + 24x 


1+ 4x°4 


has been used to model the dependence of R on x when R is 
measured in square millimeters and x is measured in appropri- 
ate units of brightness. 
(a) Find the sensitivity. 
(b) Illustrate part (a) by graphing both R and S as functions 
of x. Comment on the values of R and S at low levels of 
brightness. Is this what you would expect? 


The gas law for an ideal gas at absolute temperature T (in 
kelvins), pressure P (in atmospheres), and volume V (in liters) 
is PV = nRT, where n is the number of moles of the gas and 
R = 0.0821 is the gas constant. Suppose that, at a certain 
instant, P = 8.0 atm and is increasing at a rate of 

0.10 atm/min and V = 10 L and is decreasing at a rate of 
0.15 L/min. Find the rate of change of T with respect to time 
at that instant if n = 10 mol. 


In a fish farm, a population of fish is introduced into a pond 
and harvested regularly. A model for the rate of change of the 
fish population is given by the equation 


where 7 is the birth rate of the fish, P: is the maximum popula- 

tion that the pond can sustain (called the carrying capacity), 

and is the percentage of the population that is harvested. 

(a) What value of dP/dt corresponds to a stable population? 

(b) If the pond can sustain 10,000 fish, the birth rate is 5%, and 
the harvesting rate is 4%, find the stable population level. 

(c) What happens if B is raised to 5%? 


In the study of ecosystems, predator-prey models are often 
used to study the interaction between species. Consider popu- 
lations of tundra wolves, given by W(t), and caribou, given by 
C(t), in northern Canada. The interaction has been modeled by 
the equations 


dC 
— = a6 — bCwWw ci 
dt 


—cW + dCw 


(a) What values of dC/dt and dW/dt correspond to stable 
populations? 

(b) How would the statement “The caribou go extinct” be 
represented mathematically? 

(c) Suppose that a = 0.05, b = 0.001, c = 0.05, and 
d = 0.0001. Find all population pairs (C, W) that lead to 
stable populations. According to this model, is it possible 
for the two species to live in balance or will one or both 
species become extinct? 
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EE) Exponential Growth and Decay 


In many natural phenomena, quantities grow or decay at a rate proportional to their size. For 
instance, if y = f(t) is the number of individuals in a population of animals or bacteria at 
time ¢, then it seems reasonable to expect that the rate of growth f'(t) is proportional to the 
population f(t); that is, f’(t) = kf(t) fer some constant k. Indeed, under ideal conditions 
(unlimited environment, adequate nutrition, immunity to disease) the mathematical model 
given by the equation f'(t) = kf(t) predicts what actually happens fairly accurately. Another 
example occurs in nuclear physics where the mass of a radioactive substance decays at a rate 
proportional to the mass. In chemistry, the rate of a unimolecular first-order reaction is pro- 
portional to the concentration of the substance. In finance, the value of a savings account 
with continuously compounded interest increases at a rate proportional to that value. 

In general, if y(t) is the value of a quantity y at time ¢ and if the rate of change of y with 
respect to ¢ is proportional to its size y(t) at any time, then 


where k is a constant. Equation | is sometimes called the law of natural growth (if k > 0) 
or the law of natural decay (if k < 0). It is called a differential equation because it 
involves an unknown function y and its derivative dy/dr. 

It’s not hard to think of a solution of Equation 1. This equation asks us to find a function 
whose derivative is a constant multiple of itself. We have met such functions in this chap- 
ter. Any exponential function of the form y(t) = Ce*', where C is a constant, satisfies 


y'(t) = C(ke™) = k(Ce™) = ky(2) 


We will see in Section 9.4 that any function that satisfies dy/dt = ky must be of the form 
y = Ce™. To see the significance of the constant C, we observe that 


y(0) = Ce’ =C 


Therefore C is the initial value of the function. 


[2] Theorem The only solutions of the differential equation dy/dt = ky are the 
exponential functions 


y(t) = y(O)e™ 


Mi Population Growth 


What is the significance of the proportionality constant k? In the context of population 
growth, where P(t) is the size of a population at time t, we can write 


dP LP ‘ il wale? k 
baa " eel eee 
EA dt le ai 
The quantity 
Ghee 
P dt 


is the growth rate divided by the population size; it is called the relative growth rate. 
According to [3], instead of saying “the growth rate is proportional to population size” 
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FIGURE 1 
A model for world population growth 
in the second half of the 20th century 


we could say “the relative growth rate is constant.” Then says that a population with 
constant relative growth rate must grow exponentially. Notice that the relative growth rate k 
appears as the coefficient of f in the exponential function Ce "For instance, if 

dP 

sie 0.022, 

dt 
and t is measured in years, then the relative growth rate is k = 0.02 and the population 
grows at a relative rate of 2% per year. If the population at time 0 is Po, then the expression 
for the population is 

P(t) = Peer 


1 [S0QRTS Use the fact that the world population was 2560 million in 1950 and 
3040 million in 1960 to model the population of the world in the second half of the 20th 
century. (Assume that the growth rate is proportional to the population size.) What is the 
relative growth rate? Use the model to estimate the world population in 1993 and to pre- 
dict the population in the year 2020. 


SOLUTION We measure the time fin years and let t = 0 in the year 1950. We measure the 
population P(t) in millions of people. Then P(0) = 2560 and P(10) = 3040. Since we are 
assuming that dP/dt = kP, Theorem 2 gives 


P(t) = P(e" = 25600" 
P(10) = 2560¢' = 3040 


1 3040 
k=—lIn 
10 2560 


=~ 0.017185 


The relative growth rate is about 1.7% per year and the model is 
P(t) = 25609017185" 
We estimate that the world population in 1993 was 
P(43) = 2560e° 749) — 5360 million 
The model predicts that the population in 2020 will be 
P(70) = 2560e%7180) ~ 8524 million 


The graph in Figure | shows that the model is fairly accurate to the end of the 20th cen- 
tury (the dots represent the actual population), so the estimate for 1993 is quite reliable. 
But the prediction for 2020 is riskier. 


PY 
6000+ 


Population P= 2560 e9.017185¢ 


(in millions) 


—+ 
0 20 40 t 
Years since 1950 
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ME Radioactive Decay 


Radioactive substances decay by spontaneously emitting radiation. If m(t) is the mass 
remaining from an initial mass mp of the substance after time f, then the relative decay rate 


has been found experimentally to be constant. (Since dm/dt is negative, the relative decay 
rate is positive.) It follows that 


where k is a negative constant. In other words, radioactive substances decay at a rate pro- 
portional to the remaining mass. This means that we can use to show that the mass 
decays exponentially: 


m(t) = moe“ 


Physicists express the rate of decay in terms of half-life, the time required for half of any 
given quantity to decay. 


9 GCE The half-life of radium-226 is 1590 years. 

(a) A sample of radium-226 has a mass of 100 mg. Find a formula for the mass of the 
sample that remains after ¢ years. 

(b) Find the mass after 1000 years correct to the nearest milligram. 

(c) When will the mass be reduced to 30 mg? 


SOLUTION 
(a) Let m(t) be the mass of radium-226 (in milligrams) that remains after ¢ years. Then 
dm/dt = km and y(0) = 100, so [2] gives 


m(t) = m(0)e“ = 100e™ 
In order to determine the value of k, we use the fact that y(1590) = (100). Thus 


590k 1 
100e 20 = 50 so @ 990k = 


and 1590k = Inj = —In2 
Le ln 
1590 

Therefore m(t) = 100e7 (22/159 


We could use the fact that e'"? = 2 to write the expression for m(t) in the alternative 
form 
Hi OUP e es 


(b) The mass after 1000 years is 
m(1000) = 100e7"" 2)1000/1590 65 mg 
(c) We want to find the value of t such that m(t) = 30, that is, 


100e7 {0 21/1590 = 30 or e7 (in 2)1/1590 = (03 
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150 _ 


~(In 2)4/1590 
m=100e "I" 2)" 


FIGURE 2 


4000 


We solve this equation for ¢ by taking the natural logarithm of both sides: 


In 2 
1590 


r=In03 


In 0.3 


n 


=1590 =~ 2762 years ree 


Thus 


I 


As a check on our work in Example 2, we use a graphing device to draw the graph of 
m(t) in Figure 2 together with the horizontal line m = 30. These curves intersect when 
t ~ 2800, and this agrees with the answer to part (c). 


MN Newton's Law of Cooling 


Newton’s Law of Cooling states that the rate of cooling of an object is proportional to 
the temperature difference between the object and its surroundings, provided that this dif- 
ference is not too large. (This law also applies to warming.) If we let T(t) be the temper- 
ature of the object at time ¢ and 7, be the temperature of the surroundings, then we can 
formulate Newton’s Law of Cooling as a differential equation: 


dT 
Felipe ays) 


where k is a constant. This equation is not quite the same as Equation 1, so we make the 
change of variable y(t) = T(t) — T,. Because T, is constant, we have y'(t) = T’(t) and so 
the equation becomes 


We can then use to find an expression for y, from which we can find T. 


A bottle of soda pop at room temperature (72°F) is placed in a refrigerator 
where the temperature is 44°F, After half an hour the soda pop has cooled to 61°F. 

(a) What is the temperature of the soda pop after another half hour? 

(b) How long does it take for the soda pop to cool to 50°F? 


SOLUTION 
(a) Let T(t) be the temperature of the soda after r minutes. The surrounding temperature 
is T, = 44°P, so Newton’s Law of Cooling states that 


dT 
SK Tee) 
dt 


If we let y = T — 44, then y(0) = T(0) — 44 = 72 — 44 = 28, so y satisfies 


dy 
—=ky y(0) = 28 
dt 


and by [2] we have 


We are given that 7(30) = 61, so y(30) = 61 — 44 = 17 and 


28 er0k = ila/ e 30k ae 17 


28 


TA 
44 
+ + 1 
0 30 60 90 
FIGURE 3 
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Taking logarithms, we have 


Palle: a 
= 30 = —(0.01663 


Thus 
y(t) = 28¢e 7091663! 


Tt) AA Sen Os! 


T(60) = 44 + 28¢ 001630) = 54.3 


So after another half hour the pop has cooled to about 54°F. 
(b) We have 7(t) = 50 when 


44 + 28¢~00166" — 50 


—0.01663r _ 6 
e t= 28 


Leslee Ad ce 
Laws jiecaun 


The pop cools to 50°F after about 1 hour 33 minutes. 


Notice that in Example 3, we have 


lim T(t) = lim (44 + 28e °°") = 44 + 28-0 = 44 


to 3 


which is to be expected. The graph of the temperature function is shown in Figure 3. 


MN Continuously Compounded Interest 


SVNELI If $1000 is invested at 6% interest, compounded annually, then after 
| year the investment is worth $1000(1.06) = $1060, after 2 years it’s worth 


$[1000(1.06)]1.06 = $1123.60, and after ¢ years it’s worth $1000(1.06)'. In general, 
if an amount Ap is invested at an interest rate r (r = 0.06 in this example), then after 
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t years it’s worth Ao(1 + r)‘. Usually, however, interest is compounded more frequently, 
say, n times a year. Then in each compounding period the interest rate is r/n and there are 


nt compounding periods in ¢ years, so the value of the investment is 


r nt 
u(r +) 
n 
For instance, after 3 years at 6% interest a $1000 investment will be worth 
$1000(1.06)° = $1191.02 with annual compounding 
$1000(1.03)° = $1194.05 with semiannual compounding 


$1000(1.015)'? = $1195.62 with quarterly compounding 


$1000(1.005)*° = $1196.68 with monthly compounding 


365 +3 
s1000(1 006) = $1197.20 with daily compounding 
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You can see that the interest paid increases as the number of compounding periods (n) 
increases. If we let n > &, then we will be compounding the interest continuously and 
the value of the investment will be 


r \"! 


no 


r n/r \rt 
= tim a (1 +4) 
no nh 
r n/r \rt 
= Ag in (: +4) 
no nh 
2 1 m rt 
= a in (: ar +) (where m = n/r) 
me m 


But the limit in this expression is equal to the number e (see Equation 3.6.6). So with 
continuous compounding of interest at interest rate r, the amount after f years is 


A(t) = Age” 
If we differentiate this equation, we get 


dA 
— = rAjge" = rA(t) 
dt 


which says that, with continuous compounding of interest, the rate of increase of an 
investment is proportional to its size. 

Returning to the example of $1000 invested for 3 years at 6% interest, we see that 
with continuous compounding of interest the value of the investment will be 


AGB). S000e 22? == $1197.22: 


Notice how close this is to the amount we calculated for daily compounding, $1197.20. 
But the amount is easier to compute if we use continuous compounding. az 


| 3.8 | Exercises 


1. A population of protozoa develops with a constant relative 
growth rate of 0.7944 per member per day. On day zero the 
population consists of two members. Find the population size 
after six days. 


2. A common inhabitant of human intestines is the bacterium 
Escherichia coli. A cell of this bacterium in a nutrient-broth 
medium divides into two cells every 20 minutes. The initial 
population of a culture is 60 cells. 

(a) Find the relative growth rate. 
(b) Find an expression for the number of cells after ¢ hours. 


(c) Find the number of cells after 8 hours. 
(d) Find the rate of growth after 8 hours. 
(e) When will the population reach 20,000 cells? 


. A bacteria culture initially contains 100 cells and grows at a 


rate proportional to its size. After an hour the population has 
increased to 420. 

(a) Find an expression for the number of bacteria after ¢ hours. 
(b) Find the number of bacteria after 3 hours. 

(c) Find the rate of growth after 3 hours. 

(d) When will the population reach 10,000? 


LA . . = 5 
Graphing calculator or computer.required 1. Homework Hints available at stewartcalculus.com 


4. A bacteria culture grows with constant relative growth rate. 

The bacteria count was 400 after 2 hours and 25,600 after 

6 hours. 

(a) What is the relative growth rate? Express your answer as 
a percentage. 

(b) What was the intitial size of the culture? 


(c) Find an expression for the number of bacteria after t hours. 


(d) Find the number of cells after 4.5 hours. 
(e) Find the rate of growth after 4.5 hours. 
(f) When will the population reach 50,000? 


. The table gives estimates of the world population, in millions, 

from 1750 to 2000. 

(a) Use the exponential model and the population figures for 
1750 and 1800 to predict the world population in 1900 
and 1950. Compare with the actual figures. 

(b) Use the exponential model and the population figures for 
1850 and 1900 to predict the world population in 1950. 
Compare with the actual population. 

(c) Use the exponential model and the population figures for 
1900 and 1950 to predict the world population in 2000. 
Compare with the actual population and try to explain the 


discrepancy. 
Year Population Year Population 
Fin} 
1750 790 1900 1650 
1800 980 1950 2560 
1850 1260 2000 6080 


6. The table gives the population of India, in millions, for the 


second half of the 20th century. 


Year Population 
1951 361 
1961 439 
1971 548 
1981] 683 
199] 846 
2001 1029 


(a) Use the exponential model and the census figures for 1951 
and 1961 to predict the population in 2001. Compare with 
the actual figure. 

(b) Use the exponential model and the census figures for 1961 
and 1981 to predict the population in 2001. Compare with 
the actual population. Then use this model to predict the 
population in the years 2010 and 2020. 

(c) Graph both of the exponential functions in parts (a) and 
(b) together with a plot of the actual population. Are these 
models reasonable ones? 


7. Experiments show that if the chemical reaction 


N2Os zr. 2NO>, fa 5Or 


takes place at 45°C, the rate of reaction of dinitrogen pent- 


10. 


13. 


14. 
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oxide is proportional to its concentration as follows: 


_ d{N,0s] 
t 


(See Example 4 in Section 3.7.) 

(a) Find an expression for the concentration [N2Os] after 
t seconds if the initial concentration is C. 

(b) How long will the reaction take to reduce the concentra- 
tion of N.Os; to 90% of its original value? 


. Strontium-90 has a half-life of 28 days. 


(a) A sample has a mass of 50 mg initially. Find a formula 
for the mass remaining after ft days. 

(b) Find the mass remaining after 40 days. 

(c) How long does it take the sample to decay to a mass 
of 2 mg? 

(d) Sketch the graph of the mass function. 


. The half-life of cesium-137 is 30 years. Suppose we have a 


100-mg sample. 

(a) Find the mass that remains after f years. 

(b) How much of the sample remains after 100 years? 
(c) After how long will only 1 mg remain? 


A sample of tritium-3 decayed to 94.5% of its original 

amount after a year. 

(a) What is the half-life of tritium-3? 

(b) How long would it take the sample to decay to 20% of its 
original amount? 


. Scientists can determine the age of ancient objects by the 


method of radiocarbon dating. The bombardment of the 
upper atmosphere by cosmic rays converts nitrogen to a 
radioactive isotope of carbon, '*C, with a half-life of about 
5730 years. Vegetation absorbs carbon dioxide through the 
atmosphere and animal life assimilates '*C through food 
chains. When a plant or animal dies, it stops replacing its 
carbon and the amount of '*C begins to decrease through 
radioactive decay. Therefore the level of radioactivity must 
also decay exponentially. 

A parchment fragment was discovered that had about 74% 
as much '4C radioactivity as does plant material on the earth 
today. Estimate the age of the parchment. 


. Acurve passes through the point (0, 5) and has the property 


that the slope of the curve at every point P is twice the 
y-coordinate of P. What is the equation of the curve? 


A roast turkey is taken from an oven when its temperature 

has reached 185°F and is placed on a table in a room where 

the temperature is 75°F. 

(a) If the temperature of the turkey is 150°F after half an 
hour, what is the temperature after 45 minutes? 

(b) When will the turkey have cooled to 100°F? 


In a murder investigation, the temperature of the corpse was 
32.5°C at 1:30 pM and 30.3°C an hour later. Normal body 
temperature is 37.0°C and the temperature of the surround- 
ings was 20.0°C. When did the murder take place? 
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16. 


18. 
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When a cold drink is taken from a refrigerator, its temperature (i) annually, (ii) quarterly, (iii) monthly, (iv) weekly, 

is 5°C. After 25 minutes in a 20°C room its temperature has (v) daily, (vi) hourly, and (vii) continuously. 

increased to 10°C. AM (b) Suppose $1000 is borrowed and the interest is compounded 
(a) What is the temperature of the drink after 50 minutes? continuously. If A(t) is the amount due after ¢ years, where 
(b) When will its temperature be 15°C? 0 <tr <3, graph A(¢) for each of the interest rates 6%, 8%, 


d 10% common screen. 
A freshly brewed cup of coffee has temperature 95°C in a ae BO 


20°C room. When its temperature is 70°C, it is cooling at a rate 


of 1°C per minute. When does this occur? 19. (a) If $3000 is invested at 5% interest, find the value of the 


investment at the end of 5 years if the interest is com- 


. The rate of change of atmospheric pressure P with respect to pounded (i) annually, (ii) semiannually, (iii) monthly, 
altitude h is proportional to P, provided that the temperature iS (iv) weekly, (v) daily, and (vi) continuously. 
constant. At 15°C the pressure is 101.3 kPa at sea level and (b) If A(t) is the amount of the investment at time ¢ for the case 
87.14 kPa at h = 1000 m. of continuous compounding, write a differential equation 


(a) What is the pressure at an altitude of 3000 m? 
(b) What is the pressure at the top of Mount McKinley, at an 
altitude of 6187 m? 


and an initial condition satisfied by A(t). 


20. (a) How long will it take an investment to double in value if 
(a) If $1000 is borrowed at 8% interest, find the amounts the interest rate is 6% compounded continuously? 
due at the end of 3 years if the interest is compounded (b) What is the equivalent annual interest rate? 


3.9 | Related Rates 


If we are pumping air into a balloon, both the volume and the radius of the balloon are 
increasing and their rates of increase are related to each other. But it is much easier to mea- 
sure directly the rate of increase of the volume than the rate of increase of the radius. 

In a related rates problem the idea is to compute the rate of change of one quantity in 
terms of the rate of change of another quantity (which may be more easily measured). The 
procedure is to find an equation that relates the two quantities and then use the Chain Rule 
to differentiate both sides with respect to time. 


{2 {SEVIQTF Air is being pumped into a spherical balloon so that its volume increases 
at a rate of 100 cm’/s. How fast is the radius of the balloon increasing when the diameter 


is 50 cm? 
According to the Principles of Problem SOLUTION We start by identifying two things: 
Solving discussed on page 75, the first step Is 
to understand the problem. This includes read- the given information: 


ing the problem carefully, identifying the given 
and the unknown, and introducing suitable 
notation. 


the rate of increase of the volume of air is 100 cm’*/s 


and the unknown: 


the rate of increase of the radius when the diameter is 50 cm 


In order to express these quantities mathematically, we introduce some suggestive 
notation: 


Let V be the volume of the balloon and let r be its radius. 


The key thing to remember is that rates of change are derivatives. In this problem, the 
volume and the radius are both functions of the time f. The rate of increase of the vol- 
ume with respect to time is the derivative dV/dt, and the rate of increase of the radius is 
dr/dt. We can therefore restate the given and the unknown as follows: 


dV 
Given: err = 100 cm’*/s 
d 
Unknown: peal when r = 25 cm 


dt 


The second stage of problem solving is to 
think of a plan for connecting the given and the 
unknown. 


Notice that, although dV/drt is constant, 
dr/dt is not constant. 


wall 


5 


ground 


FIGURE 1 


FIGURE 2 
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In order to connect dV/dt and dr/dt, we first relate V and r by the formula for the 


volume of a sphere: 


4 3 
V=370r 


In order to use the given information, we differentiate each side of this equation with 
respect to t. To differentiate the right side, we need to use the Chain Rule: 


av _ dW adr Sup 
iar ia a 


Now we solve for the unknown quantity: 


Ge il 
dt 4ar? dt 


If we put r = 25 and dV/dt = 100 in this equation, we obtain 


LOSE yee a 
dt A7q(25)* 257 \ 
The radius of the balloon is increasing at the rate of 1/(257) ~ 0.0127 cm/s. fest 


SENS A ladder 10 ft long rests against a vertical wall. If the bottom of the ladder 
slides away from the wall at a rate of 1 ft/s, how fast is the top of the ladder sliding down 
the wall when the bottom of the ladder is 6 ft from the wall? 


SOLUTION We first draw a diagram and label it as in Figure 1. Let x feet be the distance 
from the bottom of the ladder to the wall and y feet the distance from the top of the ladder 
to the ground. Note that x and y are both functions of f (time, measured in seconds). 

We are given that dx/dt = 1 ft/s and we are asked to find dy/dt when x = 6 ft (see 
Figure 2). In this problem, the relationship between x and y is given by the Pythagorean 
Theorem: 


x’? + y? = 100 
Differentiating each side with respect to f using the Chain Rule, we have 


dx dy 
Dip — op DY == =) 
caer YF 


and solving this equation for the desired rate, we obtain 


Bye de 


dt y dt 


When x = 6, the Pythagorean Theorem gives y = 8 and so, substituting these values 
and dx/dt = 1, we have 
ae 


6 3 
= ——(] = —— ft/s 
dt ue ue 


The fact that dy/dt is negative means that the distance from the top of the ladder to 
the ground is decreasing at a rate of + ft/s. In other words, the top of the ladder is sliding 
down the wall at a rate of ; ft/s. ES 


SPylaesea A water tank has the shape of an inverted circular cone with base radius 2 m 
and height 4 m. If water is being pumped into the tank at a rate of 2 m’/min, find the rate 
at which the water level is rising when the water is 3 m deep. 
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FIGURE 3 


Look back: What have we learned from 
Examples 1-3 that will help us solve future 
problems? 


@ WARNING A common error is to 
substitute the given numerical information 
(for quantities that vary with time) too early. 
This should be done only after the differenti- 
ation. (Step 7 follows Step 6.) For instance, in 
Example 3 we dealt with general values of h 
until we finally substituted A = 3 at the last 
stage. (If we had put h = 3 earlier, we would 
have gotten dV/dt = 0, which is clearly 
wrong.) 


SOLUTION We first sketch the cone and label it as in Figure 3. Let V, r, and h be the vol- 
ume of the water, the radius of the surface, and the height of the water at time f, where f 1S 


measured in minutes. 
We are given that dV/dt = 2 m*/min and we are asked to find dh/dt when h is 3 m. 


The quantities V and h are related by the equation 
V =4arh 


but it is very useful to express V as a function of h alone. In order to eliminate r, we use 
the similar triangles in Figure 3 to write 


| h\? 7 
= —7| — = —h> 
V (2) 12 


Now we can differentiate each side with respect to fr: 


dV Sm ah 
dpaaadeannd: 
dh_ 4 wv 
oa dt ah? dt 


Substituting A = 3 m and dV/dt = 2 m’*/min, we have 


dh 4 8 
—_— = = 2) = 
dt qr(3)° On 
The water level is rising at a rate of 8/(977) ~ 0.28 m/min. es 


DM nntstintbatetce lin It is useful to recall some of the problem-solving 
principles from page 75 and adapt them to related rates in light of our experience in 
Examples 1-3: 

Read the problem carefully. 
Draw a diagram if possible. 
Introduce notation. Assign symbols to all quantities that are functions of time. 


Express the given information and the required rate in terms of derivatives. 


Cu Gee ek ape 


Write an equation that relates the various quantities of the problem. If necessary, use 
the geometry of the situation to eliminate one of the variables by substitution (as in 
Example 3). 


6. Use the Chain Rule to differentiate both sides of the equation with respect to f. 


7. Substitute the given information into the resulting equation and solve for the 
unknown rate. 


The following examples are further illustrations of the strategy. 


FIGURE 4 


FIGURE 5 
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M2 GEG Car A is traveling west at SO mi/h and car B is traveling north at 
60 mi/h. Both are headed for the intersection of the two roads. At what rate are 
the cars approaching each other when car A is 0.3 mi and car B is 0.4 mi from the 
intersection? 


SOLUTION We draw Figure 4, where C is the intersection of the roads. At a given time f, let 
x be the distance from car A to C, let y be the distance from car B to C, and let z be the 
distance between the cars, where x, y, and z are measured in miles. 

We are given that dx/dt = —50 mi/h and dy/dt = —60 mi/h. (The derivatives are 
negative because x and y are decreasing.) We are asked to find dz/dt. The equation that 
relates x, y, and z is given by the Pythagorean Theorem: 


2 


Z =x? +y? 


Differentiating each side with respect to t, we have 


When x = 0.3 mi and y = 0.4 mi, the Pythagorean Theorem gives z = 0.5 mi, so 


dz 
= 0.3(—50) + 0.4(—60 
Tm 5 O3(-50) + 0.4(—60))] 
= —78 mi/h 
The cars are approaching each other at a rate of 78 mi/h. Lees 


(9) §SETSS) A man walks along a straight path at a speed of 4 ft/s. A searchlight is 
located on the ground 20 ft from the path and is kept focused on the man. At what rate is 
the searchlight rotating when the man is 15 ft from the point on the path closest to the 
searchlight? 


SOLUTION We draw Figure 5 and let x be the distance from the man to the point on the 
path closest to the searchlight. We let @ be the angle between the beam of the searchlight 
and the perpendicular to the path. 

We are given that dx/dt = 4 ft/s and are asked to find d0/dt when x = 15. The equa- 
tion that relates x and 6 can be written from Figure 5: 


FS eet x = 20 tan 6 
20 


Differentiating each side with respect to t, we get 


dx _. Ge 
— = 20 sec-0 — 
dt dt 
dé 29 dx 
He 2 hv) 
a AMD Vine OE 
(4) 6 
—I———1C OSs == — COS 
50 cos 5 
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When x = 15, the length of the beam is 25, so cos 


nity) hat tas Lt 
Paes es 125 


The searchlight is rotating at a rate of 0.128 rad/s. 


rein Exercises 


. If V is the volume of a cube with edge length x and the cube 


10. 


ees 
=; and 


= 0.128 


cana as time passes, find dV/dt in terms of dx/dt. 


. (a) If A is the area of a circle with radius r and the circle 


expands as time passes, find dA/dt in terms of dr/dt. 

(b) Suppose oil spills from a ruptured tanker and spreads in a 
circular pattern. If the radius of the oil spill increases at a 
constant rate of 1 m/s, how fast is the area of the spill 
increasing when the radius is 30 m? 


. Each side of a square is increasing at a rate of 6 cm/s. At what 


rate is the area of the square increasing when the area of the 
square is 16 cm*? 


. The length of a rectangle is increasing at a rate of 8 cm/s and 


its width is increasing at a rate of 3 cm/s. When the length is 
20 cm and the width is 10 cm, how fast is the area of the rect- 
angle increasing? 


. Acylindrical tank with radius 5 m is being filled with water 


at a rate of 3 m*/min. How fast is the height of the water 
increasing? 


. The radius of a sphere is increasing at a rate of 4 mm/s. How 


fast is the volume increasing when the diameter is 80 mm? 


. Suppose y = ./2x + 1, where x and y are functions of ¢. 


(a) If dx/dt = 3, find dy/dt when x = 4. 
(b) If dy/dt = 5, find dx/dt when x = 12. 


. Suppose 4x* + 9y* = 36, where x and y are functions of t. 


(a) If dy/dt = 4, find dx/dt when x = 2 and y = 3/5. 
(b) If dx/dt = 3, find dy /dt when x = —2 and y = 31/5. 


. Ifx? + y? + 2? = 9, dx/dt = 5, and dy/dt = 4, find dz/dt 


when (x, y, z) = (2, 2, 1). 


A particle is moving along a hyperbola xy = 8. As it reaches 
the point (4, 2), the y-coordinate is decreasing at a rate of 

3 cm/s. How fast is the x-coordinate of the point changing at 
that instant? 


11-14 


(a) 
(b) 
(c) 
(d) 
(e) 


Sie 


Graphing calculator or computer required 


What quantities are given in the problem? 
What is the unknown? 

Draw a picture of the situation for any time f. 
Write an equation that relates the quantities. 
Finish solving the problem. 


A plane flying horizontally at an altitude of 1 mi and a speed of 


500 mi/h passes directly over a radar station. Find the rate at 


= 


3. 


which the distance from the plane to the station is increasing 
when it is 2 mi away from the station. 


If a snowball melts so that its surface area decreases at a rate of 
1 cm?/min, find the rate at which the diameter decreases when 
the diameter is 10 cm. 


A street light is mounted at the top of a 15-ft-tall pole. A man 
6 ft tall walks away from the pole with a speed of 5 ft/s along 
a straight path. How fast is the tip of his shadow moving when 
he is 40 ft from the pole? 


. At noon, ship A is 150 km west of ship B. Ship A is sailing east 


at 35 km/h and ship B is sailing north at 25 km/h. How fast is 
the distance between the ships changing at 4:00 PM? 


19. 


. Two cars start moving from the same point. One travels south 


at 60 mi/h and the other travels west at 25 mi/h. At what rate 
is the distance between the cars increasing two hours later? 


. Aspotlight on the ground shines on a wall 12 m away. If a man 


2 m tall walks from the spotlight toward the building at a speed 
of 1.6 m/s, how fast is the length of his shadow on the build- 
ing decreasing when he is 4 m from the building? 


. Aman starts walking north at 4 ft/s from a point P. Five min- 


utes later a woman starts walking south at 5 ft/s from a point 
500 ft due east of P. At what rate are the people moving apart 
15 min after the woman starts walking? 


. A baseball diamond is a square with side 90 ft. A batter hits the 


ball and runs toward first base with a speed of 24 ft/s. 

(a) At what rate is his distance from second base decreasing 
when he is halfway to first base? 

(b) At what rate is his distance from third base increasing at 
the same moment? 


The altitude of a triangle is increasing at a rate of | cm/min 
while the area of the triangle is increasing at a rate of 


1. Homework Hints available at stewartcalculus.com ) 


20. 


21. 


23. 


24. 


25. 


26. 


27. 


2 cm’/min. At what rate is the base of the triangle changing 
when the altitude is 10 cm and the area is 100 cm?? 


A boat is pulled into a dock by a rope attached to the bow of 
the boat and passing through a pulley on the dock that is 1 m 
higher than the bow of the boat. If the rope is pulled in at a rate 
of 1 m/s, how fast is the boat approaching the dock when it is 
8 m from the dock? 


At noon, ship A is 100 km west of ship B. Ship A is sailing 
south at 35 km/h and ship B is sailing north at 25 km/h. How 
fast is the distance between the ships changing at 4:00 pm? 

29 


. A particle moves along the curve y = 2 sin(ax/2). As the par- 


ticle passes through the point G, 1), its x-coordinate increases 
at a rate of 10 cm/s. How fast is the distance from the par- 


ticle to the origin changing at this instant? 
30 


Water is leaking out of an inverted conical tank at a rate of 
10,000 cm?/min at the same time that water is being pumped 
into the tank at a constant rate. The tank has height 6 m and the 
diameter at the top is 4 m. If the water level is rising at a rate 
of 20 cm/min when the height of the water is 2 m, find the rate 
at which water is being pumped into the tank. 


A trough is 10 ft long and its ends have the shape of isosceles 
triangles that are 3 ft across at the top and have a height of 1 ft. 
If the trough is being filled with water at a rate of 12 ft/min, 
how fast is the water level rising when the water is 6 inches 
deep? 


A water trough is 10 m long and a cross-section has the shape 
of an isosceles trapezoid that is 30 cm wide at the bottom, 

80 cm wide at the top, and has height 50 cm. If the trough is 
being filled with water at the rate of 0.2 m*/min, how fast is the 
water level rising when the water is 30 cm deep? 


A swimming pool is 20 ft wide, 40 ft long, 3 ft deep at the 
shallow end, and 9 ft deep at its deepest point. A cross-section 
is shown in the figure. If the pool is being filled at a rate of 

0.8 ft*/min, how fast is the water level rising when the depth at 
the deepest point is 5 ft? 


34 


35 


Gravel is being dumped from a conveyor belt at a rate of 
30 ft?/min, and its coarseness is such that it forms a pile in the 
shape of a cone whose base diameter and height are always 
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equal. How fast is the height of the pile increasing when the 
pile is 10 ft high? 


. Akite 100 ft above the ground moves horizontally at a speed 
of 8 ft/s. At what rate is the angle between the string and the 
horizontal decreasing when 200 ft of string has been let out? 


. Two sides of a triangle are 4 m and 5 m in length and the angle 
between them is increasing at a rate of 0.06 rad/s. Find the rate 
at which the area of the triangle is increasing when the angle 
between the sides of fixed length is 77/3. 


. How fast is the angle between the ladder and the ground 
changing in Example 2 when the bottom of the ladder is 6 ft 
from the wall? 


. The top of a ladder slides down a vertical wall at a rate of 
0.15 m/s. At the moment when the bottom of the ladder is 3 m 
from the wall, it slides away from the wall at a rate of 0.2 m/s. 
How long is the ladder? 


. A faucet is filling a hemispherical basin of diameter 60 cm 
with water at a rate of 2 L/min. Find the rate at which the 
water is rising in the basin when it is half full. [Use the follow- 
ing facts: 1 L is 1000 cm’. The volume of the portion of a 
sphere with radius r from the bottom to a height h is 
V = a(rh? — jh’), as we will show in Chapter 6.] 


. Boyle’s Law states that when a sample of gas is compressed at 
a constant temperature, the pressure P and volume V satisfy the 
equation PV = C, where C is a constant. Suppose that at a cer- 
tain instant the volume is 600 cm’, the pressure is 150 kPa, and 
the pressure is increasing at a rate of 20 kPa/min. At what rate 
is the volume decreasing at this instant? 


. When air expands adiabatically (without gaining or losing 
heat), its pressure P and volume V are related by the equation 
PV'* = C, where C is a constant. Suppose that at a certain 
instant the volume is 400 cm?’ and the pressure is 80 kPa and is 
decreasing at a rate of 10 kPa/min. At what rate is the volume 
increasing at this instant? 

. If two resistors with resistances R; and R2 are connected in 
parallel, as in the figure, then the total resistance R, measured 
in ohms (Q), is given by 

| | | 


ie Rs 


If R, and R> are increasing at rates of 0.3 (2/s and 0.2 /s, 
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respectively, how fast is R changing when Ri = 80 © and to change at the correct rate in order to keep the rocket in sight. 
R, = 100? Also, the mechanism for focusing the camera has to take into 
: account the increasing distance from the camera to the rising 
| rocket, Let’s assume the rocket rises vertically and its speed is 


600 ft/s when it has risen 3000 ft. 

(a) How fast is the distance from the television camera to the 
rocket changing at that moment? 

(b) If the television camera is always kept aimed at the rocket, 
how fast is the camera’s angle of elevation changing at that 
same moment? 


R, R, 


36. Brain weight B as a function of body weight W in fish has 
been modeled by the power function B = 0.007W*?, where 


B and W are measured in grams. A model for body weight 40. A lighthouse is located on a small island 3 km away from the 

as a function of body length L (measured in centimeters) is nearest point P on a straight shoreline and its light makes four 
W = 0.12L?™. If, over 10 million years, the average length of revolutions per minute. How fast is the beam of light moving 

a certain species of fish evolved from 15 cm to 20 cm at a con- along the shoreline when it is 1 km from P? 


stant rate, how fast was this species’ brain growing when the 


average length was 18 cm? 41. A plane flies horizontally at an altitude of 5 km and passes 
g ? 


directly over a tracking telescope on the ground. When the 


37. Two sides of a triangle have lengths 12 m and 15 m. The angle angle of elevation is 77/3, this angle is decreasing at a rate of 
between them is increasing at a rate of 2°/min. How fast is the z/6 rad/min. How fast is the plane traveling at that time? 
length of the third side increasing when the angle between the ; 
sides of fixed length is 60°? 42. A Ferris wheel with a radius of 10 m is rotating at a rate of one 


revolution every 2 minutes. How fast is a rider rising when his 


38. Two carts, A and B, are connected by a rope 39 ft long that seat is 16 m above ground level? 


passes over a pulley P (see the figure). The point Q is on the 


floor 12 ft directly beneath P and between the carts. Cart A 43. A plane flying with a constant speed of 300 km/h passes over 
is being pulled away from @Q at a speed of 2 ft /s. How fast is a ground radar station at an altitude of 1 km and climbs at an 
cart B moving toward Q at the instant when cart A is 5 ft angle of 30°. At what rate is the distance from the plane to the 
from Q? radar station increasing a minute later? 


44. Two people start from the same point. One walks east at 
3 mi/h and the other walks northeast at 2 mi/h. How fast is 
the distance between the people changing after 15 minutes? 


45. Arunner sprints around a circular track of radius 100 m at 
a constant speed of 7 m/s. The runner’s friend is standing 
at a distance 200 m from the center of the track. How fast is 
the distance between the friends changing when the distance 
between them is 200 m? 


46. The minute hand on a watch is 8 mm long and the hour hand 
39. A television camera is positioned 4000 ft from the base of a is 4 mm long. How fast is the distance between the tips of the 
rocket launching pad. The angle of elevation of the camera has hands changing at one o’clock? 


3.10 Linear Approximations and Differentials 


yA 


We have seen that a curve lies very close to its tangent line near the point of tangency. In 
fact, by zooming in toward a point on the graph of a differentiable function, we noticed that 
the graph looks more and more like its tangent line. (See Figure 2 in Section 2.7.) This 
observation is the basis for a method of finding approximate values of functions. 

The idea is that it might be easy to calculate a value f(a) of a function, but difficult (or 
even impossible) to compute nearby values of f. So we settle for the easily computed val- 
ues of the linear function L whose graph is the tangent line of f at (a, f(a)). (See Figure 1.) 

In other words, we use the tangent line at (a, f(a)) as an approximation to the curve 
0 4 y = f(x) when x is near a. An equation of this tangent line is 


(a, f(a)) 


FIGURE 1 V =f (diy, (a) ena) 


y=Vat3 


FIGURE 2 


x 
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and the approximation 


[1] fio ~ f(a) + fax - a) 


is called the linear approximation or tangent line approximation of f at a. The linear 
function whose graph is this tangent line, that is, 


[2 | Lxi= iG (a)(e—a) 
is called the linearization of f at a. 
(%) (SVS Find the linearization of the function f(x) = Vx + 3 ata = | and use it 


to approximate the numbers ./3.98 and 4.05. Are these approximations overestimates 
or underestimates? 


SOLUTION The derivative of f(x) = (x + 3)'” is 
1 


2/x+3 


and so we have f(1) = 2 and f'(1) = }. Putting these values into Equation 2, we see 
that the linearization is 


FQ) =H +3 = 


L(x) =f) + fe -)=241@-N=L45 


The corresponding linear approximation [1] is 


VEt3~i+2 


A (when x is near 1) 


In particular, we have 


J/4.05 ~i + +? = 2.0125 


The linear approximation is illustrated in Figure 2. We see that, indeed, the tangent 
line approximation is a good approximation to the given function when x is near I. We 
also see that our approximations are overestimates because the tangent line lies above the 
curve. 

Of course, a calculator could give us approximations for 3.98 and 4.05 , but the 
linear approximation gives an approximation over an entire interval. Sata 


J/3.98 ~i+°%=1.995 and 


In the following table we compare the estimates from the linear approximation in 
Example | with the true values. Notice from this table, and also from Figure 2, that the tan- 
gent line approximation gives good estimates when x is close to | but the accuracy of the 
approximation deteriorates when x is farther away from 1. 


X From L(x) Actual value 

V3.9 0.9 1.975 1.97484176... 

3.98 0.98 1.995 1.99499373 ... 

V4 | 2 2.00000000 . . . 

/ J4.05 1.05 2.0125 2.01246117... 
4 a igi 2.025 2.02484567 ... 

ASS D 2.25 2.23606797 ... 

J6 3 15 2.44948974 ... 


252 CHAPTER 3 DIFFERENTIATION RULES 


FIGURE 3 


y=Vx+3+0.1 


FIGURE 4 


How good is the approximation that we obtained in Example 1? The next example shows 
that by using a graphing calculator or computer we can determine an interval throughout 
which a linear approximation provides a specified accuracy. 


ST glsea For what values of x is the linear approximation 


feta ~245 


4 
accurate to within 0.5? What about accuracy to within 0.1? 


SOLUTION Accuracy to within 0.5 means that the functions should differ by less 
than 0.5: 


pars -(744) < 0.5 


4 4 


Equivalently, we could write 


Jet3 -05<2+2< Vrr3 + 0.5 


This says that the linear approximation should lie between the curves obtained by shift- 
ing the curve y = x + 3 upward and downward by an amount 0.5. Figure 3 shows 
the tangent line y = (7 + x)/4 intersecting the upper curve y = Vx + 3 + 0.5 at P 
and Q. Zooming in and using the cursor, we estimate that the x-coordinate of P is about 
—2.66 and the x-coordinate of Q is about 8.66. Thus we see from the graph that the 
approximation 


Jxt3~ 


#&|_A 


x 
4 
is accurate to within 0.5 when —2.6 < x < 8.6. (We have rounded to be safe.) 


Similarly, from Figure 4 we see that the approximation is accurate to within 0.1 when 
lal xe 73,9 | sa 


ME Applications to Physics 


Linear approximations are often used in physics. In analyzing the consequences of an equa- 
tion, a physicist sometimes needs to simplify a function by replacing it with its linear 
approximation. For instance, in deriving a formula for the period of a pendulum, physics 
textbooks obtain the expression ary = ~—g sin 6 for tangential acceleration and then replace 
sin @ by @ with the remark that sin @ is very close to 6 if @ is not too large. [See, for exam- 
ple, Physics: Calculus, 2d ed., by Eugene Hecht (Pacific Grove, CA, 2000), p. 431.] You can 
verify that the linearization of the function f(x) = sin x ata = 0 is L(x) = x and so the lin- 
ear approximation at 0 is 


sin x =~ x 


(see Exercise 42). So, in effect, the derivation of the formula for the period of a pendulum 
uses the tangent line approximation for the sine function. 

Another example occurs in the theory of optics, where light rays that arrive at shallow 
angles relative to the optical axis are called paraxial rays. In paraxial (or Gaussian) optics, 


both sin@ and cos @ are replaced by their linearizations. In other words, the linear 
approximations 


sin 0 = @ and cos 6 = | 


lf dx ~ 0, we can divide both sides of 
Equation 3 by dx to obtain 

yn 

dx — Fe) 
We have seen similar equations before, but 


now the left side can genuinely be interpreted 
as a ratio of differentials. 


y 
f QO R 


FIGURE 5 


Figure 6 shows the function in Example 3 and 
a comparison of dy and Ay when a = 2. The 
viewing rectangle is [1.8, 2.5] by [6, 18]. 


paste = Danae 


FIGURE 6 
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are used because @ is close to 0. The results of calculations made with these approximations 
became the basic theoretical tool used to design lenses. [See Optics, 4th ed., by Eugene 
Hecht (San Francisco, 2002), p. 154.] 

In Section 11.11 we will present several other applications of the idea of linear approxi- 
mations to physics and engineering. 


MQ Differentials 


The ideas behind linear approximations are sometimes formulated in the terminology and 
notation of differentials. If y = f(x), where f is a differentiable function, then the differ- 
ential dx is an independent variable; that is, dx can be given the value of any real number. 
The differential dy is then defined in terms of dx by the equation 


[3] | dy = f'(x) dx 


So dy is a dependent variable; it depends on the values of x and dx. If dx is given a specific 
value and x is taken to be some specific number in the domain of f, then the numerical 
value of dy is determined. 

The geometric meaning of differentials is shown in Figure 5. Let P(x, f(x)) and 
O(x + Ax, f(x + Ax)) be points on the graph of f and let dx = Ax. The corresponding 
change in y 1s 


Ay = f(x + Ax) — f() 


The slope of the tangent line PR is the derivative f'(x). Thus the directed distance from S$ 
to R is f(x) dx = dy. Therefore dy represents the amount that the tangent line rises or falls 
(the change in the linearization), whereas Ay represents the amount that the curve y = f(x) 
rises or falls when x changes by an amount dx. 


FSC Compare the values of Ay and dy if y = f(x) =x? + x* — 2x + land 
x changes (a) from 2 to 2.05 and (b) from 2 to 2.01. 


SOLUTION 
(a) We have 
FO 20) 0 
fF (21058 =4( 2405) et 02.05) = 22.05) al = 9717625 
Ay = f(2.05) — f(2) = 0.717625 
In general, dy f(x) di 04 aa xd) 2% 


When x = 2 and dx = Ax = 0.05, this becomes 
dy —= (30) 22) 20.05 077 
(b) f(2.01),= (2.01)? (2.01)* — 2(2.01) + 1-= 9.140701 
| Ay = f(2.01) — f(2) = 0.140701 


When dx = Ax = 0.01, 
dy = [3@)? + 2(2) — 2]0.01 = 0.14 Eo 
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Notice that the approximation Ay ~ dy becomes better as Ax becomes smaller in 
Example 3. Notice also that dy was easier to compute than Ay. For more complicated func- 
tions it may be impossible to compute Ay exactly. In such cases the approximation by dif- 
ferentials is especially useful. 

In the notation of differentials, the linear approximation [1] can be written as 


f(a + dx) ~ f(a) + dy 
For instance, for the function f(x) = /x + 3 in Example 1, we have 


dx 
dy = f'() dk = ——==_— 
Tae Del 9s ar 3 


If a = 1 and dx = Ax = 0.05, then 


0.05 
Fi ae a YE 
nage 3 
and J4.05 = (1.05) ~ f(l) + dy = 2.0125 


just as we found in Example 1. 
Our final example illustrates the use of differentials in estimating the errors that occur 
because of approximate measurements. 


(% (SEG The radius of a sphere was measured and found to be 21 cm with a pos- 
sible error in measurement of at most 0.05 cm. What is the maximum error in using this 
value of the radius to compute the volume of the sphere? 


SOLUTION If the radius of the sphere is r, then its volume is V = + arr®. If the error in the 
measured value of r is denoted by dr = Ar, then the corresponding error in the calcu- 
lated value of V is AV, which can be approximated by the differential 


dV = 4ar’ dr 
When r = 21 and dr = 0.05, this becomes 
dV = 4721/7005 = 277 


The maximum error in the calculated volume is about 277 cm’. [ce Tw] 


NOTE Although the possible error in Example 4 may appear to be rather large, a 


better picture of the error is given by the relative error, which is computed by dividing the 
error by the total volume: 


; - 
V V ie r 


AV aN Aor? dr 4 dr 


Thus the relative error in the volume is about three times the relative error in the radius. 
In Example 4 the relative error in the radius is approximately dr/r = 0.05/21 ~ 0.0024 
and it produces a relative error of about 0.007 in the volume. The errors could also be 
expressed as percentage errors of ().24% in the radius and 0.7% in the volume. 
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EXD) Exercises 
1-4 Find the linearization L(x) of the function at a. 25. 3/1001 26. 1/4.002 
1. f(x) = x*4+ 3x7, a=-1 2. f(x) =sinx, a= 7/6 27. tan 44° 28. ./99.8 
i) V/x ea = 4 Aeey (rl xe sana 116 = ‘ 


4 5. Find the linear approximation of the function f(x) = 1 — x 
at a = 0 and use it to approximate the numbers ./0.9 and 
V0.99. Illustrate by graphing f and the tangent line. 


6. Find the linear approximation of the function g(x) = V1 + x 
at a = 0 and use it to approximate the numbers </0.95 and 
1.1. Illustrate by graphing g and the tangent line. 


7-10 Verify the given linear approximation at a = 0. Then deter- 
mine the values of x for which the linear approximation is accu- 
rate to within 0.1. 


7. Ind + x) =x 


9. /1 + 2x ~ 1+ 5x 


8 OU +x = 1 — 3x 


10. e*cosx = 1+x 


11-14 Find the differential of each function. 


(b) y=Inv1 + ¢? 


(b) y=e “cosu 


11, (a) y = x? sin 2x 


12. (a) y=s/(1 + 2s) 


> 


jee eek 
y 1+? 


(b) y= v1 + Inz 


13. (a) y = tant 


14. (a) y= et” 


15-18 (a) Find the differential dy and (b) evaluate dy for the 
given values of x and dx. 


15.0 67", Osx 01 

16. y = cos 7x, r=3, dx =-—0.02 

Wav ew ira, et 1. au sol 
gop ll 

18%. y=— eT 


19-22 Compute Ay and dy for the given values of x and dx = Ax. 
Then sketch a diagram like Figure 5 showing the line segments 
with lengths dx, dy, and Ay. 


199 Sie wit =e Axe B04 


20. y = /x, x= 1) Ax =i 
A. y=2/x, x= 4, Ax=1 
2Qay=e, «=0, Ax=—05 


23-28 Use a linear approximation (or differentials) to estimate the 
given number. 


23. (1.999)* 


—0.015 


24. e 


Graphing calculator or computer required 


29-31 Explain, in terms of linear approximations or differentials, 
why the approximation is reasonable. 


29. 
31. 


sec 0.08 ~ | 
In 1.05 ~ 0.05 


30. (1.01)° ~ 1.06 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


2% 


Let Gees — ie g(x) =e 


and ACs) — ee an Cl 73) 


(a) Find the linearizations of f, g, and h at a = 0. What do 
you notice? How do you explain what happened? 

(b) Graph f, g, and h and their linear approximations. For 
which function is the linear approximation best? For 
which is it worst? Explain. 


The edge of a cube was found to be 30 cm with a possible 
error in measurement of 0.1 cm. Use differentials to estimate 
the maximum possible error, relative error, and percentage 
error in computing (a) the volume of the cube and (b) the sur- 
face area of the cube. 


The radius of a circular disk is given as 24 cm with a maxi- 

mum error in measurement of 0.2 cm. 

(a) Use differentials to estimate the maximum error in the 
calculated area of the disk. 

(b) What is the relative error? What is the percentage error? 


The circumference of a sphere was measured to be 84 cm 

with a possible error of 0.5 cm. 

(a) Use differentials to estimate the maximum error in the 
calculated surface area. What is the relative error? 

(b) Use differentials to estimate the maximum error in the 
calculated volume. What is the relative error? 


Use differentials to estimate the amount of paint needed to 
apply a coat of paint 0.05 cm thick to a hemispherical dome 
with diameter 50 m. 


(a) Use differentials to find a formula for the approximate 
volume of a thin cylindrical shell with height h, inner 
radius r, and thickness Ar. 

(b) What is the error involved in using the formula from 
part (a)? 


One side of a right triangle is known to be 20 cm long and 

the opposite angle is measured as 30°, with a possible error 

Of 1. 

(a) Use differentials to estimate the error in computing the 
length of the hypotenuse. 

(b) What is the percentage error? 


1. Homework Hints available at stewartcalculus.com 
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If a current / passes through a resistor with resistance R, Ohm’s 
Law states that the voltage drop is V = RI. If V is constant and 
R is measured with a certain error, use differentials to show 
that the relative error in calculating / is approximately the same 
(in magnitude) as the relative error in R. 


When blood flows along a blood vessel, the flux F (the volume 


of blood per unit time that flows past a given point) is propor- 
tional to the fourth power of the radius R of the blood vessel: 


F = kR* 


(This is known as Poiseuille’s Law; we will show why it 
is true in Section 8.4.) A partially clogged artery can be 
expanded by an operation called angioplasty, in which a 
balloon-tipped catheter is inflated inside the artery in order 
to widen it and restore the normal blood flow. 

Show that the relative change in F is about four times the 
relative change in R. How will a 5% increase in the radius 
affect the flow of blood? 


Establish the following rules for working with differentials 
(where c denotes a constant and u and v are functions of x). 


(a) dc =0 (b) d(cu) = c du 

(c) du + v) = du + dv (d) d(uwv) = udv + v du 
u vdu — udv 

(e) (4) = ; (f) d(x 


v 


n") = nx”"\ dx 


On page 431 of Physics: Calculus, 2d ed., by Eugene Hecht 
(Pacific Grove, CA, 2000), in the course of deriving the 
formula T = 2nVJ/L/g for the period of a pendulum of length 
L, the author obtains the equation ay = —gsin @ for the tangen- 


ERS NN et 


43. 


44. 


J TAYLOR POLYNOMIALS 


tial acceleration of the bob of the pendulum. He then says, “for 
small angles, the value of @ in radians is very nearly the value 
of sin 0; they differ by less than 2% out to about 20°.” 

(a) Verify the linear approximation at 0 for the sine function: 


sin x ~ x 


(b) Use a graphing device to determine the values of x for 
which sin x and x differ by less than 2%. Then verify 
Hecht’s statement by converting from radians to degrees. 


Suppose that the only information we have about a function f 

is that f(1) = 5 and the graph of its derivative is as shown. 

(a) Use a linear approximation to estimate f(0.9) and f(1.1). 

(b) Are your estimates in part (a) too large or too small? 
Explain. 


yA 


Suppose that we don’t Bee a formula for g(x) but we know 
that g(2) = —4 and g'(x) = /x? + 5 for all x. 
(a) Use a linear A are to estimate g(1.95) 
and g(2.05). 
(b) Are your estimates in part (a) too large or too small? 
Explain. 


G) Ra) == 1a) 
(ii) P'(a) = f'(a) 
(iii) P’(a) = f(a) 


L(x) = 


accurate to within 0.1. 
common screen. | 


1. Find the quadratic approximation P(x) 
satisfies conditions (1), (ii), and (iii) with a = 0. Graph P, f, and the linear approximation 
1 on a common screen. Comment on how well the functions P and L approximate f. 


2. Determine the values of x for which the quadratic approximation f(x) ~ 
[|Hint: Graph y = 


The tangent line approximation L(x) is the best first-degree (linear) approximation to f(x) near 

x = a because f(x) and L(x) have the same rate of change (derivative) at a. For a better approxi- 
mation than a linear one, let’s try a second-degree (quadratic) approximation P(x). In other words, 
we approximate a curve by a parabola instead of by a straight line. To make sure that the approxi- 
mation is a good one, we stipulate the following: 


(P and f should have the same value at a.) 
(P and f should have the same rate of change at a.) 


(The slopes of P and f should change at the same rate at a.) 


= A + Bx + Cx’ to the function f(x) = cos x that 


P(x) in Problem 1 is 
P(x), y = cos x — 0.1, andy =cosx+0.l ona 


(11 Graphing calculator or computer required 
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. To approximate a function f by a quadratic function P near a number 4, it is best to write P 


in the form 
P(x) =A + Bix — a) + C(x -— a)?’ 


Show that the quadratic function that satisfies conditions (1), (11), and (iii) is 


PG) = fla) Sa) + af Gor a). 


. Find the quadratic approximation to f(x) = x + 3 near a = 1. Graph f, the quadratic 


approximation, and the linear approximation from Example 2 in Section 3.10 on a common 
screen. What do you conclude? 


. Instead of being satisfied with a linear or quadratic approximation to f(x) near x = a, let’s 


try to find better approximations with higher-degree polynomials. We look for an nth-degree 
polynomial 
T(x) = co + c1(x — a) + (x= a)? + o3(x — a + +> + c,(% — al" 


such that 7, and its first n derivatives have the same values at x = a as f and its first n 
derivatives. By differentiating repeatedly and setting x = a, show that these conditions are 
satisfied if co = f(a), c: = f(a), co = 5 f(a), and in general 


f(a) 
(a 
k! 
where k! = 1-2+3:+4- +--+: +k. The resulting polynomial 
'@) (a) 
Tx) = fla) + flax — a) + Fe = af + + Ee a 


is called the nth-degree Taylor polynomial of f centered at a. 


. Find the 8th-degree Taylor polynomial centered at a = 0 for the function f(x) = cos x. 


Graph f together with the Taylor polynomials 72, T;, Ts, Ts in the viewing rectangle [—5, 5] 
by [—1.4, 1.4] and comment on how well they approximate f- 


3.11 fl Hyperbolic Functions 


Certain even and odd combinations of the exponential functions e* and e ~ arise so fre- 
quently in mathematics and its applications that they deserve to be given special names. 
In many ways they are analogous to the trigonometric functions, and they have the same 
relationship to the hyperbola that the trigonometric functions have to the circle. For this 
reason they are collectively called hyperbolic functions and individually called hyperbolic 
sine, hyperbolic cosine, and so on. 


Definition of the Hyperbolic Functions 
ah B= Qe h 1 
Tie = ———— CSch =i 
9} sinh x 
h Gar @* h 1 
Chis = =————— sech x = 
2) cosh x 
sinh x cosh x 
tanh x = coth x = — 
cosh x sinh x 
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The graphs of hyperbolic sine and cosine can be sketched using graphical addition as in 
Figures | and 2. 


FIGURE 1 FIGURE 2 FIGURE 3 


y=sinhx= ae = - ae y=cosh x = “ e+ 5 e* y = tanh x 


Note that sinh has domain R and range R, while cosh has domain R and range [1, ©). 
The graph of tanh is shown in Figure 3. It has the horizontal asymptotes y = +1. (See 


au Exercise 23.) 
eS een. Some of the mathematical uses of hyperbolic functions will be seen in Chapter 7. 
| i Applications to science and engineering occur whenever an entity such as light, velocity, 
| iH electricity, or radioactivity is gradually absorbed or extinguished, for the decay can be 
a i\, represented by hyperbolic functions. The most famous application is the use of hyperbolic 
0 x cosine to describe the shape of a hanging wire. It can be proved that if a heavy flexible cable 


(such as a telephone or power line) is suspended between two points at the same height, then 

FIGURE 4 it takes the shape of a curve with equation y = c + acosh(x/a) called a catenary (see Fig- 
A catenary y =c + acosh(x/a) ure 4). (The Latin word catena means “chain.” ) 

Another application of hyperbolic functions occurs in the description of ocean waves: 

The velocity of a water wave with length L moving across a body of water with depth d is 


modeled by the function 
e 27d 
27 db 


FIGURE 5 where g is the acceleration due to gravity. (See Figure 5 and Exercise 49.) 
Wdealized ocean wave The hyperbolic functions satisfy a number of identities that are similar to well-known 


trigonometric identities. We list some of them here and leave most of the proofs to the 
€Xe©cises. 


Hyperbolic Identities 
sinh(—x) = —sinh x cosh(—x) = cosh x 
cosh’x — sinh’x = 1 1 = tanh?x = séchx 
sinh(x + y) = sinh x cosh y + cosh x sinh y 


cosh(x + y) = cosh x cosh y + sinh x sinh y 


© 2006 Getty Images 


The Gateway Arch in St. Louis was 
designed using a hyperbolic cosine function 
(Exercise 48). 


P(cos t,sin ft) 


FIGURE 6 


FIGURE 7 
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Wd ZAGER Prove (a) cosh?x — sinh’x = 1 and (b) 1 — tanh?x = sech’x. 
SOLUTION 


a >. ae x 9} Gp =x 2 
(a) cosh2x — sinh?x = (<5) 2s (so) 
2 2 


Cu et eo e*-2+e* 4 


== ee = = i] 
4 4 4 

(b) We start with the identity proved in part (a): 

cosh?x — sinh*x = 1 
If we divide both sides by cosh*x, we get 

— see 
cosh*x — cosh*x 

or 1 — tanh’x = sech*x Bais] 


The identity proved in Example 1(a) gives a clue to the reason for the name “hyperbolic” 
functions: 

If t is any real number, then the point P(cos t, sin t) lies on the unit circle x* + y*> = 1 
because cos2t + sin’t = 1. In fact, ¢ can be interpreted as the radian measure of 7POQ 
in Figure 6. For this reason the trigonometric functions are sometimes called circular 
functions. 

Likewise, if f is any real number, then the point P(cosh t, sinh f) lies on the right branch 
of the hyperbola x? — y*? = 1 because cosh’t — sinh’t = 1 and cosht = 1. This time, t 
does not represent the measure of an angle. However, it turns out that represents twice the 
area of the shaded hyperbolic sector in Figure 7, just as in the trigonometric case f repre- 
sents twice the area of the shaded circular sector in Figure 6. 

The derivatives of the hyperbolic functions are easily computed. For example, 


d Gate 75 Nid bea es seek eee ne 
eee pant | pennants CIN | Se ee eee " 
ee & 2 2 


We list the differentiation formulas for the hyperbolic functions as Table 1. The remaining 
proofs are left as exercises. Note the analogy with the differentiation formulas for trigono- 
metric functions, but beware that the signs are different in some cases. 


=: 
[1] Derivatives of Hyperbolic Functions a 
apes, d 
— (sinh x) = cosh x — (csch x) = —csch x coth x 
dx dx 
d . d 
— (cosh x) = sinh x — (sech x) = —sech x tanh x 
dx dx 
d 
ae (tanh x) = sech*x — (coth x) = —csch’*x 
| dx dx 
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ay, 


FIGURE 8 y=sinh ' x 
domain=R range=R 


Formula 3 is proved in Example 3. The 
proofs of Formulas 4 and 5 are requested in 
Exercises 26 and 27. 


(SEEA Any of these differentiation rules can be combined with the Chain Rule. For 


instance, 
sinh ./x 


(cosh Vi) = sinh Vx» = {= S oe aaa 


M8 Inverse Hyperbolic Functions 


You can see from Figures | and 3 that sinh and tanh are one-to-one functions and so they 
have inverse functions denoted by sinh”! and tanh” '. Figure 2 shows that cosh is not one- 
to-one, but when restricted to the domain [0, ~) it becomes one-to-one. The inverse hyper- 
bolic cosine function is defined as the inverse of this restricted function. 


[2 | y= sinh x “"“S> sinh y = x 


y=cosh ‘x <> coshy=x and y20 


y=tanh'x <> tanhy=x 


The remaining inverse hyperbolic functions are defined similarly (see Exercise 28). 
We can sketch the graphs of sinh~', cosh”', and tanh “' in Figures 8, 9, and 10 by using 
Figures 1, 2, and 3. 


ae a 
yt | | 
| | 
| | 
It | 
+ n > 
=i 1 x 
1 > | | 
0 1 at | | 
| | 
| | 
| | 
FIGURE 9 y=cosh 'x FIGURE 10 y=tanh ' x 
domain = [1, ©) range = [0, ~) domain = (—1, 1) range=R 


Since the hyperbolic functions are defined in terms of exponential functions, it’s not 
surprising to learn that the inverse hyperbolic functions can be expressed in terms of loga- 
rithms. In particular, we have: 


sinh !x = In(x + /x? + 1) 


[4] cosh''xy =In(x + Vx?-1) x21 
sae 
[5 anh x = 41n(4 ‘) Shes ce il 


SCAMGNEN Show that sinh"'x = In(x + /x? + 1). 
SOLUTION Let y = sinh ‘x. Then 


: e 
x = sinhy = 


Notice that the formulas for the derivatives of 
tanh 'x and coth |x appear to be identical. But 
the domains of these functions have no numbers 
in common: tanh” |x is defined for |x| < 1, 
whereas coth 'x is defined for |x| > 1. 
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Ne) Cre OxS civ=— 0 
or, multiplying by e’, 
6 gate a 0) 
This is really a quadratic equation in e”: 
(e’)? — 2x(e?) -1=0 


Solving by the quadratic formula, we get 


e@ 


2x + /4x? + 4 
Bee 


Note thatiezec U, but x — x7 1 0 (because Kale Se iL) Thus the minus sign is 
inadmissible and we have 


=a Hyer I 


Therefore y = In(e”) = In(x + x? + 1) 
(See Exercise 25 for another method.) Bes 
[6 | Derivatives of Inverse Hyperbolic Functions 
d 1 d 1 
— (sinh ‘x) = ———=— ——(csch_ x) = ——— — ———— 
sie a) a2 ay x) [2 eee ll 
d 1 d 1 
a cosh ‘x = — (sech- x) = — ————= 
7e ) cowl dx | w DIN) Ile = ee 
d d 1 
= (ela 5 — (coth"!x) = : 
dx ee) {| = se dx son) [Pe gee 


The inverse hyperbolic functions are all differentiable because the hyperbolic functions 
are differentiable. The formulas in Table 6 can be proved either by the method for inverse 
functions or by differentiating Formulas 3, 4, and 5. 


] 


d 
ST Deas Prove that — (sinh 'x) = ————. 
Vv] | EXAMPLE 4 | OV es ( x) ae 


SOLUTION 1 Let y = sinh’ ‘x. Then sinh y = x. If we differentiate this equation implicitly 
with respect to x, we get 
dy 


osh y — = 1 
ae dx 


Since cosh?y — sinh?y = 1 and cosh y = 0, we have cosh y = y1 + sinh’y, so 


dy 


1 I 
dx  coshy ~ /1 + sinh?y 1+ x? 
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SOLUTION 2 From Equation 3 (proved in Example 3), we have 


d 
7 (sinh 'x) = ae In(x + Jx? + 1) 


| d 


Pept de 


(x + Vx? +1) 


] x 
= —_——— _ | 1 + SS 
—ol sa] 


ns KP A shee 
z (x + Sx? + 1) Vx? + 1 
2 lai — 
whee ar il 
. d —| . 
1 Gay Find Es [tanh ‘(sin x)]. 
x 
SOLUTION Using Table 6 and the Chain Rule, we have 
d -1(c3 za I dee 
7 [tanh ‘(sin x)] = eee (sin x) 
= ts 1 = aan = Joe 5 Eas 
|) ‘gatas cos*x 


EXE) Exercises 


1—6 Find the numerical value of each expression. 13. coth?x — 1 = cschx 
ib. inh O b) cosh 0 tanh x + tanh 
ioe ee ayant) ee 
2. (a) tanh 0 (b) tanh 1 1 + tanh x tanh y 
3. (a) sinh(In 2) (b) sinh 2 15. sinh 2x = 2 sinh x cosh x 
4. (a) cosh 3 (b) cosh(In 3) 16. cosh 2x = cosh*x + sinh?x 
5. (a) sech 0 (b) cosh '1 tea 
17. tanh(In x) = _ 
6. (a) sinh 1 (b) sinh !1 x + 1 
— > “ 1+ tanh % sm, 
7-19 Prove the identity. ie aanh oe 
7. sinh(—x) = —sinh x 19. (cosh x + sinh x)" = cosh nx + sinh nx 
(This shows that sinh is an odd function.) (n any real number) 
8. cosh(—x) = cosh x —*, 
(This shows that cosh is an even function.) 20. If tanh x = j3, find the values of the other hyperbolic functions 
§. cosh x + sinh x = e* at x. 
10. cosh x — sinh x = e7* AI ihe cosh x = and x > 0, find the values of the other hyperbolic 
functions at x. 
11. sinh(x + y) = sinh x cosh y + cosh x sinh y 99 


12. cosh(x + y) = cosh x cosh y + sinh x sinh y 


- (a) Use the graphs of sinh, cosh, and tanh in Figures 1-3 to 


draw the graphs of csch, sech, and coth. 


iJ ° . . . 
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


[5] 
Le 


23. 


24. 


25 


29 


30- 
30. 
32. 
34. 


38. 


42. 
43. 
44. 
45. 


46. 


4]. 


(b) Check the graphs that you sketched in part (a) by using a 
graphing device to produce them. 


Use the definitions of the hyperbolic functions to find each of 
the following limits. 


(a) lim tanh x (b) lim tanh x 


(c) lim sinh x (d) lim sinh x 
(e) lim sech x (f) lim coth x 
(g) lim, coth x (h) lim coth x 


(i) lim esch x 
Prove the formulas given in Table | for the derivatives of the 
functions (a) cosh, (b) tanh, (c) csch, (d) sech, and (e) coth. 


Give an alternative solution to Example 3 by letting 
y = sinh ‘x and then using Exercise 9 and Example 1(a) 
with x replaced by y. 


Prove Equation 4. 


Prove Equation 5 using (a) the method of Example 3 and 
(b) Exercise 18 with x replaced by y. 


For each of the following functions (1) give a definition like 
those in [2], (ii) sketch the graph, and (iii) find a formula 
similar to Equation 3. 


(a) csch”! (b) sech ! (c) coth’! 

Prove the formulas given in Table 6 for the derivatives of the 
following functions. 

(a) cosh"! (b) tanh ' (c) csch ! 

(d) sech ! (e) coth | 


45 Find the derivative. Simplify where possible. 


FG) = tanh(1 +'e*) 31. f(x) =x sinh x — cosh x 


g(x) = cosh(In x) 33. h(x) = In(cosh x) 

y = x coth(1 +x) a ye 

fa) = cescht( —Inescht) 37. f(@) = sech7(e’) 
COS DEX: 

y = sinh(cosh x) 39. G(x) = pee 


y = sinh '(tan x) M1. y = cosh !/x 
ye= x tanh x4 Mia) l= x? 
Nex sinh (4/3) — Vo ax 


y = sech ‘(e *) 


y = coth (sec x) 


reat d ,/1+ tanhx — 1px? 
ae dx 1 — tanh x g 


d 
Show that Fe arctan(tanh x) = sech 2x. 
x 


48. 


49. 


fF 50. 


51. 


52. 
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The Gateway Arch in St. Louis was designed by Eero 


Saarinen and was constructed using the equation 
y = 211.49 — 20.96 cosh 0.03291765x 


for the central curve of the arch, where x and y are measured 
in meters and |x| < 91.20. 

(a) Graph the central curve. 

(b) What is the height of the arch at its center? 

(c) At what points is the height 100 m? 

(d) What is the slope of the arch at the points in part (c)? 


If a water wave with length L moves with velocity v ina 
body of water with depth d, then 


gL 27d 
v= == (iAain|| ——= 
277 IE, 


where g is the acceleration due to gravity. (See Figure 5.) 
Explain why the approximation 


gL 
v= A 
2 


is appropriate in deep water. 


A flexible cable always hangs in the shape of a catenary 

y = c + acosh(x/a), where c and a are constants and a > 0 
(see Figure 4 and Exercise 52). Graph several members of 
the family of functions y = a cosh(x/a). How does the graph 
change as a varies? 


A telephone line hangs between two poles 14 m apart in the 

shape of the catenary y = 20 cosh(x/20) — 15, where x and 
y are measured in meters. 

(a) Find the slope of this curve where it meets the right pole. 
(b) Find the angle 6 between the line and the pole. 


yA 
AR ees A See 
5 
| 
aS 
=F] 0 We se 


Using principles from physics it can be shown that when a 
cable is hung between two poles, it takes the shape of a curve 
y = f(x) that satisfies the differential equation 


where p is the linear density of the cable, g is the acceleration 
due to gravity, T is the tension in the cable at its lowest point, 
and the coordinate system is chosen appropriately. Verify that 


the function 
ii b - 
=== cosh eae 
pg E 


is a solution of this differential equation. 


y =f) 
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53. A cable with linear density p = 2 kg/m is strung from the tops 
of two poles that are 200 m apart. 
(a) Use Exercise 52 to find the tension T so that the cable is 
60 m above the ground at its lowest point. How tall are 
the poles? 
(b) If the tension is doubled, what is the new low point of the 
cable? How tall are the poles now? 


sinh x 


x 


54. Evaluate lim 


55. (a) Show that any function of the form 


y =A sinh mx + B cosh mx 


satisfies the differential equation y” = m’y. 
(b) Find y = y(x) such that y” = 9y, y(0) = —4, 
and y'(0) = 6. 


a Review 


56. If x = In(sec 6 + tan 4), show that sec @ = cosh x. 


57. At what point of the curve y = cosh x does the tangent have 
slope 1? 


58. Investigate the family of functions 


fx(x) = tanh(n sin x) 


where nis a positive integer. Describe what happens to the 
graph of f, when n becomes large. 


59. Show that if a ~ 0 and b # 0, then there exist numbers a 
and B such that ae* + be * equals either a sinh(x + B) or 
a cosh(x + 8). In other words, almost every function of the 
form f(x) = ae* + be™ is a shifted and stretched hyperbolic 
sine or cosine function. 


Concept Check 
1. State each differentiation rule both in symbols and in words. 
(a) The Power Rule (b) The Constant Multiple Rule 
(c) The Sum Rule (d) The Difference Rule 
(e) The Product Rule (f) The Quotient Rule 
(g) The Chain Rule 


2. State the derivative of each function. 


a) y= x" Oty =e (yy =a" 

(d) y=Inx (ec) y = log. x (f) y = sinx 
(g) y = cos x (h) y = tanx (i) y =cscex 
(j) y = secx (k) y = cotx (1) y= sin'x 
(m) y = cos ‘x (n) y = tan 'x (0) y = sinh x 
(p) y = cosh x (q) y = tanh x (rt) y = sinh ‘x 


(s) y=cosh x (t) y = tanh “x 


3. (a) How is the number e defined? 
(b) Express e as a limit. 
(c) Why is the natural exponential function y = e* used more 
often in calculus than the other exponential functions y = a*? 


True-False Quiz 


Determine whether the statement is true or false. If it is true, explain why. 
If it is false, explain why or give an example that disproves the statement. 


1. If f and g are differentiable, then 
d : ; 
srl ii ga) b= tx) ae (x) 
dx 
2. If f and g are differentiable, then 


d 
Ty fog] = f'(x)g'(x) 


(d) Why is the natural logarithmic function y = In x used more 
often in calculus than the other logarithmic functions 
y = log, x? 


4. (a) Explain how implicit differentiation works. 
(b) Explain how logarithmic differentiation works. 


5. Give several examples of how the derivative can be interpreted 
as a rate of change in physics, chemistry, biology, economics, 
or other sciences. 


6. (a) Write a differential equation that expresses the law of natural 
growth. 
(b) Under what circumstances is this an appropriate model for 
population growth? 
(c) What are the solutions of this equation? 


7. (a) Write an expression for the linearization of f at a. 
(b) If y = f(x), write an expression for the differential dy. 
(c) If dx = Ax, draw a picture showing the geometric mean- 
ings of Ay and dy. 


3. If f and g are differentiable, then 


d 
Gy LF (9@)] = F'(9))9'@) 


de 2 J) 
FE Vf (x) 5 ea RG 


5. If f is differentiable, then c i (Vx ) fa) 
x 


4. If f is differentiable, then 


6. If y = e?, then y’ = 2e. 
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7. a (10*) = x107"! 8. a (In 10) = = TZPAD tae x)? then f(x) Bal0: 
cs 13. The derivative of a rational function is a rational function. 


14. An equation of the tangent line to the parabola y = x? 


d 2 = d 2 d 2 
9. 7, (tam'x) = — (sec*x) 10. ul dntlngl ea at (—2, 4) is y — 4 = 2x(x + 2). 


9. y = In(x In x) 


11. y = Jx cos /x 


15. y + xcosy = x’y 


17. y = Varctan x 


t 
19. y=t —— 
y an( ae =) 


21. y=37™ 

B. y=(1 —x)7 
25. sin(xy) = x? — y 
27. y = logs(1 + 2x) 


29. y = Insin x — 3 sin’x 


31. y = x tan (4x) 

33. y = In|sec 5x + tan 5x| 
y. = cot(3x* + 5) 

37. y= sin(tan JI + x3 ) 


39. y = tan*(sin 6) 


POH oO Ne ai 


a.y= ame 3)! 


43. y = x sinh(x’) 


10. y =e” cos nx 


12. y = (arcsin 2x)? 


14. y = Insecx 


i= Al . 
YES) SS 
» [tt] 


18. y = cot(csc x) 
20. y = (ee sec x 


22. y = sec(1 + x?) 
24. y = Wile + Je 
26. y = Vsin x 
28. y = (cos x)* 


ee 
30. nat) 


32. y = e*** + cos(e*) 
34. y= 107° 
36. y = vt In(t*) 


ahh oy = arctan(arcsin fx ) 


40. xe’ =y-1 
(x + A)* 
AQ = 
y xt + At 

sin mx 

ee 


Graphing calculator or computer required 


e (2x + 1)°(x — 1)° 


Fa 


ete mn J I) _ 
11. The derivative cf a polynomial is a polynomial. 1 EO aig ee oe ONS eal a 
Exercises 
1-50 Calculate y’. 2 
xed 
| l 45. y = In(cosh 3x) 46. y = In 
toy (x7 4 x). 2 2x +5 
ale 2x3 
; 47. y = cosh ‘(sinh x) 48. y = xtanh Vx 
Nicaea Cesk oe tan x 
3: we Busrairenus 4. vi bi itegecn 
pnt 49. y = cos(ev™"**) 50. y = sin’(cos,/sin zrx ) 
5. y = x* sin 1x 6. y=xcos ‘x 
bran l 
y= O44 8. xe” = ysinx CYB Mba) Vie find f"(2). 


52. If g(@) = @sin @, find g"(7/6). 

53. Find y” if x° + y°= 1. 

54. Find f(x) if f(x) = 1/(2 — x). 

55. Use mathematical induction (page 76) to show that if 
f(x) = xe, then f(x) = (x + nje*. 


3 


eS 
56. Evaluate lim ——_-. 
tess =p tan*(21) 


57-59 Find an equation of the tangent to the curve at the given 
point. 
il 


ee ike 


BT. y=4sin'x, (7/6, 1) 58. y = (0, -1) 


59. y= J/1+4sinx, (0,1) 


60-61 Find equations of the tangent line and normal line to the 
curve at the given point. 


60. x? + 4xy + y? = 13, (2,1) 
61. y=(2+x)e*, (0,2) 


62. If f(x) = xe""*, find f’(x). Graph f and f’ on the same 
screen and comment. 


63. (a) If f(x) = x5 — x, find f'(x). 
(b) Find equations of the tangent lines to the curve 
y = x/5 — x at the points (1, 2) and (4, 4). 
(c) Illustrate part (b) by graphing the curve and tangent lines 
on the same screen. 
(d) Check to see that your answer to part (a) is reasonable by 
comparing the graphs of f and f”. 
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64 


aa 


a 


6 


. 


. At what points on the curve y = sinx + cosx,0 SxS 
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. (a) If f(x) = 4x — tan x, —2/2< x < 7/2, find f’ and f”. 
(b) Check to see that your answers to part (a) are reasonable 
by comparing the graphs of f, f’, and f” 


is the tangent line horizontal? 


. Find the points on the ellipse x° + 2y* = 1 where the 
tangent line has slope 1. 


. If f(x) = (x — a)(x — b)(x — oc), show that 
Fey 1 - | x I 
f(x) Gd © ies xy = OC 


. (a) By differentiating the double-angle formula 
cos 2x = cosx — sin®x 
obtain the double-angle formula for the sine function. 
(b) By differentiating the addition formula 
sin(x + a) = sin x cosa + cos x sina 
obtain the addition formula for the cosine function. 
. Suppose that h(x) = f(x) g(x) and F(x) = f(g(x)), where 


f(2) = 3, g(2) = 5, 92) = 4, f'(2) = —2, and f(5) = 11. 
Find (a) h'(2) and (b) F’(2). 


. If f and g are the functions whose graphs are shown, let 
P(x) = f(x) g(x), Q(x) = f(a)/g(x), and C(x) = f (g(x). 
Find (a) P’(2), (b) Q’(2), and (c) C'(2). 


y 7 ms = 7 | 


71-78 Find f’ in terms of g’. 


71. 
73. 
75. 


77. 


79 


79. 


81. 


f(x) = x°q(x) 
f(x) = Lao? 
F(x) = gle*) 


72. f(x) = g(x?) 
74. f(x) = g(g(x)) 
76. f(x) = e 


f(x) = In | g(x) | 78. f(x) = g(In x) 


—81 Find h’ in terms of f’ and g’. 
F(x) g(x) f (x) 
() = SS 80. h(x) = : 
WO F(x) + gla) ta) g(x) 
h(x) = f(g(sin 4x)) 
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FH 82. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


(a) Graph the function f(x) = x — 2 sin x in the viewing 
rectangle [0, 8] by [—2, 8]. 

(b) On which interval is the average rate of change larger: 
PP? | onl 2.317 

(c) At which value of x is the instantaneous rate of change 
larger: x = 2 ot x = 3? 

(d) Check your visual estimates in part (c) by computing 
f'(x) and comparing the numerical values of f'(2) 
enival 9/5). 


. At what point on the curve y = [In(x + 4)]’ is the tangent 


horizontal? 


(a) Find an equation of the tangent to the curve y = e* that is 
parallel to the line x — 4y = 1. 

(b) Find an equation of the tangent to the curve y = e* that 
passes through the origin. 


Find a parabola y = ax* + bx + c that passes through the 
point (1, 4) and whose tangent lines at x = —1 and x = 5 
have slopes 6 and —2, respectively. 


The function C(t) = K(e“’ — e °"), where a, b, and K are 

positive constants and b > a, is used to model the concentra- 

tion at time ft of a drug injected into the bloodstream. 

(a) Show that lim,—...C(t) = 0. 

(b) Find C’(t), the rate at which the drug is cleared from 
circulation. 

(c) When is this rate equal to 0? 


An equation of motion of the form s = Ae “‘cos(wt + 6) 
represents damped oscillation of an object. Find the velocity 
and acceleration of the object. 


A particle moves along a horizontal line so that its coor- 

dinate at time t is x = /b? + c?t?, t =} 0, where b and c 

are positive constants. 

(a) Find the velocity and acceleration functions. 

(b) Show that the particle always moves in the positive 
direction. 


A particle moves on a vertical line so that its coordinate at 

time tisy = #2 — 12+ 3,t=0. 

(a) Find the velocity and acceleration functions. 

(b) When is the particle moving upward and when is it 
moving downward? 

(c) Find the distance that the particle travels in the time 
interval 0 S ¢t S 3. 

(d) Graph the position, velocity, and acceleration functions 
for0 St S3. 

(e) When is the particle speeding up? When is it slowing 
down? 


The volume of a right circular cone is V = }7r7h, where 

ris the radius of the base and h is the height. 

(a) Find the rate of change of the volume with respect to the 
height if the radius is constant. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


(b) Find the rate of change of the volume with respect to the 
radius if the height is constant. 


The mass of part of a wire is x(1 + Vx ) kilograms, where 
x is measured in meters from one end of the wire. Find the lin- 
ear density of the wire when x = 4 m. 


The cost, in dollars, of producing x units of a certain com- 
modity is 


C(x) = 920 + 2x — 0.02x* + 0.00007x? 


(a) Find the marginal cost function. 

(b) Find C’(100) and explain its meaning. 

(c) Compare C'(100) with the cost of producing the 
101st item. 


A bacteria culture contains 200 cells initially and grows at a 
rate proportional to its size. After half an hour the population 
has increased to 360 cells. 

(a) Find the number of bacteria after t hours. 

(b) Find the number of bacteria after 4 hours. 

(c) Find the rate of growth after 4 hours. 

(d) When will the population reach 10,000? 


Cobalt-60 has a half-life of 5.24 years. 

(a) Find the mass that remains from a 100-mg sample atter 
20 years. 

(b) How long would it take for the mass to decay to 1 mg? 


Let C(t) be the concentration of a drug in the bloodstream. As 

the body eliminates the drug, C(t) decreases at a rate that is 

proportional to the amount of the drug that is present at the 

time. Thus C’(t) = —kC(t), where k is a positive number called 

the elimination constant of the drug. 

(a) If Co is the concentration at time t = 0, find the concentra- 
tion at time f. 

(b) If the body eliminates half the drug in 30 hours, how long 
does it take to eliminate 90% of the drug? 


A cup of hot chocolate has temperature 80°C in a room kept 

at 20°C. After half an hour the hot chocolate cools to 60°C. 

(a) What is the temperature of the chocolate after another half 
hour? 

(b) When will the chocolate have cooled to 40°C? 


The volume of a cube is increasing at a rate of 10 cm*/min. 
How fast is the surface area increasing when the length of an 
edge is 30 cm? 


A paper cup has the shape of a cone with height 10 cm and 
radius 3 cm (at the top). If water is poured into the cup at a rate 
of 2 cm?/s, how fast is the water level rising when the water is 
5 cm deep? 


A balloon is rising at a constant speed of 5 ft/s. A boy is 
cycling along a straight road at a speed of 15 ft/s. When he 
passes under the balloon, it is 45 ft above him. How fast is the 
distance between the boy and the balloon increasing 3 s later? 


100. 


101. 


103. 
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A waterskier skis over the ramp shown in the figure at a speed 
of 30 ft/s. How fast is she rising as she leaves the ramp? 


The angle of elevation of the sun is decreasing at a rate of 
0.25 rad/h. How fast is the shadow cast by a 400-ft-tall 
building increasing when the angle of elevation of the sun 
is 77/6? 


(a) Find the linear approximation to f(x) = /25 — x? 
near 3. 

(b) Illustrate part (a) by graphing f and the linear 
approximation. 

(c) For what values of x is the linear approximation accurate 
to within 0.1? 


(a) Find the linearization of f(x) = \/1 + 3x at a = 0. State 
the corresponding linear approximation and use it to give 
an approximate value for \/1.03. 

(b) Determine the values of x for which the linear approxima- 
tion given in part (a) is accurate to within 0.1. 


. Evaluate dy if y = x° — 2x? + 1, x = 2, and dx = 0.2. 


. A window has the shape of a square surmounted by a semi- 


circle. The base of the window is measured as having width 
60 cm with a possible error in measurement of 0.1 cm. Use 
differentials to estimate the maximum error possible in com- 
puting the area of the window. 


106-108 Express the limit as a derivative and evaluate. 


al Wil ae ip = 2 


3; hit?) $$$ = 107. lim 
x>l x — 1 h—>0 h 
108 COStO n= Os 
Sky = 
67/3 0 — a/3 
' 1+tanx — /1 + sin x 
109. Evaluate lim ; ; 
x> be 


110. 


111. 


112. 


Suppose f is a differentiable function such that f(g(x)) = x 
and f'(x) = 1 + [f(x)]’. Show that g’(x) = 1/(1 + x’). 


Find f'(x) if it is known that 
d ; 
—[f(2x)] = x? 
dx 
Show that the length of the portion of any tangent line to the 


astroid x27 + y7/? = a? cut off by the coordinate axes is 
constant. 


oH Problems Plus 


ay 


FIGURE 1 


FIGURE 2 


YA 


FIGURE 3 
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Before you look at the examples, cover up the solutions and try them yourself first. 


STE How many lines are tangent to both of the parabolas y = —1 — x’ and 
y = 1 + x°? Find the coordinates of the points at which these tangents touch the 


parabolas. 


SOLUTION To gain insight into this problem, it is essential to draw a diagram. So we 
sketch the parabolas y = | + x” (which is the standard parabola y = x° shifted 1 unit 
upward) and y = —1 — x? (which is obtained by reflecting the first parabola about the 
x-axis). If we try to draw a line tangent to both parabolas, we soon discover that there are 
only two possibilities, as illustrated in Figure 1. 

Let P be a point at which one of these tangents touches the upper parabola and let a be 
its x-coordinate. (The choice of notation for the unknown is important. Of course we 
could have used b or c or Xo or x; instead of a. However, it’s not advisable to use x in 
place of a because that x could be confused with the variable x in the equation of the 
parabola.) Then, since P lies on the parabola y = 1 + x°, its y-coordinate must be 
1 + a’. Because of the symmetry shown in Figure 1, the coordinates of the point Q 
where the tangent touches the lower parabola must be (—a, —(1 +a’)). 

To use the given information that the line is a tangent, we equate the slope of the line 
PQ to the slope of the tangent line at P. We have 


l+a?’—(-1l-a’) l1+a@ 
m = -_“*“——_: _. nn”... =— 
is idl =15)) a 


If f(x) = 1 + x’, then the slope of the tangent line at P is f(a) = 2a. Thus the condi- 
tion that we need to use is that 


Solving this equation, we get 1 + a* = 2a’, soa” = 1 anda = +1. Therefore the 
points are (1, 2) and (—1, —2). By symmetry, the two remaining points are (— 1, 2) and 
Ge )e GRE 


SEI For what values of c does the equation In x = cx* have exactly one solution? 


SOLUTION One of the most important principles of problem solving is to draw a dia- 
gram, even if the problem as stated doesn’t explicitly mention a geometric situation. 
Our present problem can be reformulated geometrically as follows: For what values of c 
does the curve y = In x intersect the curve y = cx’ in exactly one point? 

Let’s start by graphing y = In x and y = cx’ for various values of c. We know that, 
for c # 0, y = cx’ is a parabola that opens upward if c > 0 and downward if c < 0. 
Figure 2 shows the parabolas y = cx? for several positive values of c. Most of them 
don’t intersect y = In x at all and one intersects twice. We have the feeling that there 
must be a value of c (somewhere between 0.1 and 0.3) for which the curves intersect 
exactly once, as in Figure 3. 

To find that particular value of c, we let a be the x-coordinate of the single point of 
intersection. In other words, In a = ca’, so a is the unique solution of the given equa- 
tion. We see from Figure 3 that the curves just touch, so they have a common tangent 
line when x = a. That means the curves y = In x and y = cx” have the same slope 
when x = a. Therefore 


— = 2ca 
a 


Ree Ey PGE Eee eee eee ee 


Solving the equations In a = ca’ and 1/a = 2ca, we get 


1 
YA Tet ee de ths 
ae D 
Thus a = e!”? and 
Ing Ine” 1 
C= 2 = = 
a e 2e 


For negative values of c we have the situation illustrated in Figure 4: All parabolas 
y = cx° with negative values of c intersect y = In x exactly once. And let’s not forget 


once. 


about c = 0: The curve y = 0x? = 0 is just the x-axis, which intersects y = In x exactly 


FIGURE 4 To summarize, the required values of c are c = 1/(2e) and c < 0. | 


Problems i 1. Find points P and Q on the parabola y = 1 — x’ so that the triangle ABC formed by the 
x-axis and the tangent lines at P and Q is an equilateral triangle. (See the figure.) 


a 


P Q 
C 


> 
x 


Bb) 
mre 
RDS 


. Find the point where the curves y = x? — 3x + 4 and y = 3(x” — x) are tangent to each 
other, that is, have a common tangent line. Illustrate by sketching both curves and the 
common tangent. 


3. Show that the tangent lines to the parabola y = ax* + bx + c at any two points with 
x-coordinates p and q must intersect at a point whose x-coordinate is halfway between p 
and q. 


4. Show that 


d sin? x cos’x 
— | —————. + ————_ ] = ~—cos 2x 
abe \ il se COU 3 1 + tan x 


t — 
5. If f(x) = lim sie , Bee Re find the value of f'(7/4). 
29 <i xX 


6. Find the values of the constants a and b such that 


alae se lp = 2 5 
lim = 


x0 a 12 


7. Show that sin” '(tanh x) = tan ‘(sinh x). 


Graphing calculator or computer required 


Computer algebra system required 
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; eA ff 4 : os a i ag i eS a 
8. Acar is traveling at night along a highway shaped like a parabola with its vertex at the origin 
(see the figure). The car starts at a point 100 m west and 100 m north of the origin and travels 
in an easterly direction. There is a statue located 100 m east and 50 m north of the origin. At 
what point on the highway will the car’s headlights illuminate the statue? 
9. Prove that Hee. (sintx + cos*x) = 4""! cos(4x + na/2). 
be 

10. Find the nth derivative of the function f(x) = x"/(1 — x). 

FIGURE FOR PROBLEM 8 11. The figure shows a circle with radius | inscribed in the parabola y = x’. Find the center of 
the circle. 

12. If f is differentiable at a, where a > 0, evaluate the following limit in terms of f(a): 

2 f= 7@ 
in === 
ae in la 

13. The figure shows a rotating wheel with radius 40 cm and a connecting rod AP with length 
1.2 m. The pin P slides back and forth along the x-axis as the wheel rotates counterclockwise 
at a rate of 360 revolutions per minute. 

(a) Find the angular velocity of the connecting rod, da/dt, in radians per second, 
when 6 = 77/3. 

(b) Express the distance x = | OP| in terms of 0. 

(c) Find an expression for the velocity of the pin P in terms of 0. 

14. Tangent lines 7; and T> are drawn at two points P; and P2 on the parabola y = x* and they 
intersect at a point P. Another tangent line 7 is drawn at a point between P, and P»; it inter- 
sects T; at Q, and 7> at Q2. Show that 

FIGURE FOR PROBLEM 13 
Po, |POs| _ 
|PP:| | PP2| 
15. Show that 
— (e* sin bx) = r"e™ sin(bx + n6) 
dx 
where a and b are positive numbers, r* = a* + b’, and @ = tan !(b/a). 
} Sine == 1 
16. Evaluate lim 


Bl | OS ie? 


17. 


18. 


20. 


Let T and N be the tangent and normal lines to the ellipse x’/9 + y’/4 = | at any point P on 
the ellipse in the first quadrant. Let x; and yr be the x- and y-intercepts of T and x, and yy be 
the intercepts of N. As P moves along the ellipse in the first quadrant (but not on the axes), 
what values can x7, yr, xy, and yy take on? First try to guess the answers just by looking at 
the figure. Then use calculus to solve the problem and see how good your intuition is. 


YA 


_ sin(3 + x)? — sin 9 
Evaluate lim ssi eet eg 
x= 9, 


. (a) Use the identity for tan(x — y) (see Equation 14b in Appendix D) to show that if two 


lines L, and L> intersect at an angle a, then 


ld) =e dtl 
ian C= =——$—$—— 
1 + mm 


where m, and m are the slopes of L; and L2, respectively. 

(b) The angle between the curves C, and C, at a point of intersection P is defined to be 
the angle between the tangent lines to C, and C at P (if these tangent lines exist). Use 
part (a) to find, correct to the nearest degree, the angle between each pair of curves at 
each point of intersection. 

G@) y=x? and y=G a2) 
Git = yy =38 and a> — 4x + y 3 =—0 


Let P(x;, yi) be a point on the parabola y* = 4px with focus F(p, 0). Let a be the angle 
between the parabola and the line segment FP, and let f be the angle between the horizontal 
line y = y, and the parabola as in the figure. Prove that a = B. (Thus, by a principle of geo- 
metrical optics, light from a source placed at F will be reflected along a line parallel to the 
x-axis. This explains why paraboloids, the surfaces obtained by rotating parabolas about their 
axes, are used as the shape of some automobile headlights and mirrors for telescopes.) 


2 


FIGURE FOR PROBLEM 21 
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21. 


23. 


[cas] 24. 


25. 
26. 
27. 


28. 


29. 
30. 


31. 


32. 


33; 


Suppose that we replace the parabolic mirror of Problem 20 by a spherical mirror. Although 
the mirror has no focus, we can show the existence of an approximate focus. In the figure, 

C is a semicircle with center O. A ray of light coming in toward the mirror parallel to the axis 
along the line PQ will be reflected to the point R on the axis so that ZPQO = ZOQR (the 
angle of incidence is equal to the angle of reflection). What happens to the point R as P is 
taken closer and closer to the axis? 


. If f and g are differentiable functions with f(0) = g(0) = 0 and g'(0) # 0, show that 


eee LO 
0 g(x) g'(0) 


_ sin(a + 2x) — 2 sin(a + x) + sina 
(AE ON ea ay 
x0 I 
(a) The cubic function f(x) = x(x — 2)(x — 6) has three distinct zeros: 0, 2, and 6. Graph 
f and its tangent lines at the average of each pair of zeros. What do you notice? 
(b) Suppose the cubic function f(x) = (x — a)(x — b)(x — c) has three distinct zeros: 
a, b, and c. Prove, with the help of a computer algebra system, that a tangent line drawn 
at the average of the zeros a anu b intersects the graph of f at the third zero. 


For what value of k does the equation e** = kx/x have exactly one solution? 


For which positive numbers a is it true that a* > 1 + x for all x? 


If 
x 2 ’ sin x 
a SS SSS FC 
ware = il va = 1 etn A> le COSEY 
, 1 - 
Show, that) \—Sseaaanee 
@ +> COSLX 


Given an ellipse x?/a* + y?/b* = 1, where a ¥ b, find the equation of the set of all points 
from which there are two tangents to the curve whose slopes are (a) reciprocals and (b) nega- 
tive reciprocals. 


Find the two points on the curve y = x* — 2x* — x that have a common tangent line. 


Suppose that three points on the parabola y = x* have the property that their normal lines 
intersect at a common point. Show that the sum of their x-coordinates is 0. 


A lattice point in the plane is a point with integer coordinates. Suppose that circles with 

radius r are drawn using all lattice points as centers. Find the smallest value of r such that 
. + 2. . 

any line with slope ; intersects some of these circles. 


A cone of radius r centimeters and height / centimeters is lowered point first at a rate of 
| cm/s into a tall cylinder of radius R centimeters that is partially filled with water. How fast 
is the water level rising at the instant the cone is completely submerged? 


A container in the shape of an inverted cone has height 16 cm and radius 5 cm at the top. It 
is partially filled with a liquid that oozes through the sides at a rate proportional to the area 
of the container that is in contact with the liquid. (The surface area of a cone is wrl, where r 
is the radius and / is the slant height.) If we pour the liquid into the container at a rate of 

2 cm’/min, then the height of the liquid decreases at a rate of 0.3 cm/min when the height 


is 10 cm. If our goal is to keep the liquid at a constant height of 10 cm, at what rate should 
we pour the liquid into the container? 


AP3-1 


dag AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places 


For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator; 
however, show appropriate calculus notation in your work. 


Multiple Choice 
1. Given g(x) = sin /1 + x?, find g”(1). 
(Qe 22 Si (b) —0.852 
(c) —1.645 (d) —0.439 
2. State the equation of the tangent line to the curve 
FO xo 3x4 5x — 2 atx = —1. 
(a) y= —-4x- 1 (b) y= 14x + 9 


Oi 2a—3 (d) y= -x +4 


. Determine the x-coordinate of the point on the curve 


y = V1 + 2x where the tangent line is perpendicular to the 
line'ox- 2y — 1 
(a) 0 
(c) 4 


(b) 2 
(d) 6 


. Find f’ in terms of g’ when f(x) = [g(x)]’[tan”'g(x)]. 


(a) f'(x) = 29’(x) tan 'g'(x) 
(b) f(x) = 29(x)Lg'(x)P tan” 'g(x) + [g@) Pg’) 


() F(x) = gor + 
ayes epee Lg(x)]*g'(x) 
(d) f'(x) = 2g(x)g'(x) tan g(a) + Tr aor 


Free Response 


3 


A cone-shaped coffee filter has a radius of 5 cm and depth of 
6 cm. The filter is filled with water that is dripping through a 
hole at the bottom of the filter at a constant rate of 1.4 cm’ per 
second. 
(a) How long does it take to drain the water from the filter? 
(b) Find an equation for the volume of water in the filter when 
the depth of the water is h cm. 
(c) How fast is the water depth changing when the depth is 
4 cm? 


10. 


. Calculate y’ if y = sin( 


NN 
(a) y! = ev? cos(ev?* )./sec 2x tan 2x 
gem cos(ev*?* )tan 2x 

/sec 2x 
(c) y’ = —ev¥*?* cos(ev**?* ) ese(2x) tan(2x) 
(d) y' = —e¥* tan(ev?*) /sec 2x tan./2x 


(b) y' = 


. Acurve has equation x? — 3x°y — 2y* = 18. Determine the 


equation of the tangent line passing through the point (2, —1). 
(a) y=x+1 (b) y= —x #2 
@) v= de = 7 (d) y= 0.5x — 2 


. A bacteria culture initially contains 120 cells. If it doubles its 


size after 90 minutes, at what rate is the number of bacteria 
increasing after S hours? 
(a) 1208 bacteria per hour 
(c) 559 bacteria per hour 


(b) 995 bacteria per minute 
(d) 761 bacteria per hour 


. At which value of x is the slope of the curve y = (1 + x’)! 


the steepest? 
(a) 0 
(c) -1 


(b) -1//3 
(d) 3 


The cost for a manufacturing company to produce f shirts is 
given by the function 


C(t) = 400 + 8t + 0.0177 — 0.00004 r° 


where C(f) is the cost in dollars. 

(a) Find the marginal cost function. 

(b) Find C’(250) and explain its meaning. 

(c) Solve the equation C(t) = 2 and explain what the equation 
means. 
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Applications of 
Differentiation 


1a 
4 


© Pichugin Dmitry / Shutterstock 


We have already investigated some of the applications of derivatives, but now that we know the differen- 
tiation rules we are in a better position to pursue the applications of differentiation in greater depth. Here 
we learn how derivatives affect the shape of a graph of a function and, in particular, how they help us 
locate maximum and minimum values of functions. Many practical problems require us to minimize a 
cost or maximize an area or somehow find the best possible outcome of a situation. In particular, we will 
be able to investigate the optimal shape of a can and to explain the location of rainbows in the sky. 
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274 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


4.4 | Maximum and Minimum Values 


Some of the most important applications of differential calculus are optimization problems, 
in which we are required to find the optimal (best) way of doing something. Here are 
examples of such problems that we will solve in this chapter: 


« What is the shape of a can that minimizes manufacturing costs? 


= What is the maximum acceleration of a space shuttle? (This is an important 
question to the astronauts who have to withstand the effects of acceleration.) 


= What is the radius of a contracted windpipe that expels air most rapidly during 
a cough? 


= At what angle should blood vessels branch so as to minimize the energy expended 
by the heart in pumping blood? 


These problems can be reduced to finding the maximum or minimum values of a function. 
VR Let’s first explain exactly what we mean by maximum and minimum values. 
= We see that the highest point on the graph of the function f shown in Figure | is the 
point (3, 5). In other words, the largest value of f is f(3) = 5. Likewise, the smallest value 
is {(6) = 2. We say that f(3) = 5 is the absolute maximum of f and f(6) = 2 is the abso- 
lute minimum. In general, we use the following definition. 


i) 


[1] Definition Let c be a number in the domain D of a function f. Then f(c) is the 


FIGURE 1 = absolute maximum value of fon D if f(c) = f(x) for all x in D. 


= absolute minimum value of f on D if f(c) < f(x) for all x in D. 


VA 
An absolute maximum or minimum is sometimes called a global maximum or mini- 
mum. The maximum and minimum values of f are called extreme values of f. 
Figure 2 shows the graph of a function f with absolute maximum at d and absolute 
minimum at a. Note that (d, f(d)) is the highest point on the graph and (a, f(a)) is the low- 
fd) est point. In Figure 2, if we consider only values of x near b [for instance, if we restrict our 
attention to the interval (a, c)], then f(b) is the largest of those values of f(x) and is called 
f(a) a local maximum value of f. Likewise, f(c) is called a local minimum value of f because 
| > f(c) < f(x) for x near c [in the interval (b, d), for instance]. The function f also has a local 
“ minimum at e. In general, we have the following definition. 


FIGURE 2 
Abs min f(a), abs max f(d), [2] Definition The number f(c) is a 


loc min f(c), f(e), loc max f(b), f(d) 


= local maximum value of f if f(c) (x) when x is near c. 


ah 
= local minimum value of f if f(c) < f(x) when x is near c. 


ya 
ii loc 
A eae and ae 
| ae abs In Definition 2 (and elsewhere), if we say that something is true near c, we mean that 
4 loc ae It 1s true On some open interval containing c. For instance, in Figure 3 we see that f(4) = 5 
of min is a local minimum because it’s the smallest value of f on the interval J. It’s not the 
} I J K absolute minimum because f(x) takes smaller values when x is near 12 (in the interval K 
+t Ht tH HH 4 oan ate ~ Ap | — ‘ ini 1 i 
0 4 B 12 x  forinstance). In fact f(12) = 3 is both a local minimum and the absolute minimum. Simi- 


larly, f(8) = 7 is a local maximum, but not the absolute maximum because f takes larger 
FIGURE 3 values near 1. 


FIGURE 4 


Minimum value 0, no maximum 


oz) 
(Se sp) 


FIGURE 5 


No minimum, no maximum 


y = 3x*— 16x? + 18x? 


FIGURE 6 


FIGURE 7 
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SQTS8 The function f(x) = cos x takes on its (local and absolute) maximum value 
of 1 infinitely many times, since cos 2n7 = | for any integer n and —1 < cos x < | for 
all x. Likewise, cos(2n + 1)a7 = —1 is its minimum value, where nis any integer. Mi 


If f(x) = x’, then f(x) = f(0) because x* = 0 for all x. Therefore f(0) = 0 
is the absolute (and local) minimum value of f. This corresponds to the fact that the origin 
is the lowest point on the parabola y = x’. (See Figure 4.) However, there is no highest 
point on the parabola and so this function has no maximum value. fom | 


SEI From the graph of the function f(x) = x’, shown in Figure 5, we see that 
this function has neither an absolute maximum value nor an absolute minimum value. In 
fact, it has no local extreme values either. 


2 ECF The graph of the function 
Feo 6x ot Syed 


is shown in Figure 6. You can see that f(1) = 5 is a local maximum, whereas the 
absolute maximum is f(—1) = 37. (This absolute maximum is not a local maximum 
because it occurs at an endpoint.) Also, f(0) = 0 is a local minimum and {\3) = 274s 
both a local and an absolute minimum. Note that f has neither a local nor an absolute 


maximum at x = 4. ame 


We have seen that some functions have extreme values, whereas others do not. The 
following theorem gives conditions under which a function is guaranteed to possess 
extreme values. 


[3] The Extreme Value Theorem If f is continuous on a closed interval [a, b], then 
f attains an absolute maximum value f(c) and an absolute minimum value f(d) at 
some numbers c and d in [a, b]. 


The Extreme Value Theorem is illustrated in Figure 7. Note that an extreme value can be 
taken on more than once. Although the Extreme Value Theorem is intuitively very plau- 
sible, it is difficult to prove and so we omit the proof. 
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ya 
(c, F(c)) 
(d, f(d)) 
0 c d % 
FIGURE 10 


Fermat 


Fermat's Theorem is named after Pierre Fermat 
(1601-1665), a French lawyer who took up 
mathematics as a hobby. Despite his amateur 
status, Fermat was one of the two inventors of 
analytic geometry (Descartes was the other). 
His methods for finding tangents to curves and 
maximum and minimum values (before the 
invention of limits and derivatives) made him a 
forerunner of Newton in the creation of differ- 
ential calculus. 


Figures 8 and 9 show that a function need not possess extreme values if either hypothe- 
sis (continuity or closed interval) is omitted from the Extreme Value Theorem. 
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FIGURE 8 
This function has minimum value 
f(2) = 0, but no maximum value. 


FIGURE 9 
This continuous function g has 
no maximum or minimum. 


The function f whose graph is shown in Figure 8 is defined on the closed interval [0, 2] 
but has no maximum value. (Notice that the range of fis [0, 3). The function takes on val- 
ues arbitrarily close to 3, but never actually attains the value 3.) This does not contradict the 
Extreme Value Theorem because fis not continuous. [Nonetheless, a discontinuous function 
could have maximum and minimum values. See Exercise 13(b).| 

The function g shown in Figure 9 is continuous on the open interval (0, 2) but has nei- 
ther a maximum nor a minimum value. [The range of g is (1, ©). The function takes on 
arbitrarily large values.] This does not contradict the Extreme Value Theorem because the 
interval (0, 2) is not closed. 

The Extreme Value Theorem says that a continuous function on a closed interval has a 
maximum value and a minimum value, but it does not tell us how to find these extreme val- 
ues. We start by looking for local extreme values. 

Figure 10 shows the graph of a function f with a local maximum at c and a local 
minimum at d. It appears that at the maximum and minimum points the tangent lines are hor- 
izontal and therefore each has slope 0. We know that the derivative is the slope of the tan- 
gent line, so it appears that f'(c) = 0 and f'(d) = 0. The following theorem says that this 
is always true for differentiable functions. 


va 


[4 | Fermat's Theorem If f has a local maximum or minimum at c, and if f’(c) 
exists, then f'(c) = 0. 


PROOF Suppose, for the sake of definiteness, that f has a local maximum at c. Then, 
according to Definition 2, f(c) = f(x) if x is sufficiently close to c. This implies that if 
his sufficiently close to 0, with h being positive or negative, then 


HONEA AOR a0) 


and therefore 


[5] JlGrr hme aC) =) 


We can divide both sides of an inequality by a positive number. Thus, if h > 0 and h is 
sufficiently small, we have 
(CS ond eseGA) = 


h 0 


FIGURE 11 
If f(x) =x°, then f'(0) =0 but f ~ 
has no maximum or minimum. @ 


FIGURE 12 


If f(x) =| x |, then f(0) =Oisa 
minimum value, but f/(0) does not exist. 
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Taking the right-hand limit of both sides of this inequality (using Theorem 2.3.2), we get 


lim dies Bhi... lim 0 = 0 


hot h hot 
But since f’(c) exists, we have 


: Cate) alt) ae 
f'() = lim CEA S IO) © (pa, Conia) ale) 
h0 h hot h 
and so we have shown that f'(c) < 0. 
If h < 0, then the direction of the inequality [5] is reversed when we divide by h: 


fle + h) ~fO 


> 0 I< 
1 0 


So, taking the left-hand limit, we have 
at) = = 
igy oie POSE OSS IGT i iG id) SO). 
h=0 h h—>0- h 
We have shown that f’(c) = 0 and also that f'(c) < 0. Since both of these inequalities 
must be true, the only possibility is that f'(c) = 0. 
We have proved Fermat’s Theorem for the case of a local maximum. The case ofa 


local minimum can be proved in a similar manner, or we could use Exercise 76 to deduce 
it from the case we have just proved (see Exercise 77). RReA 


The following examples caution us against reading too much into Fermat’s Theorem: 
We can’t expect to locate extreme values simply by setting f ‘(x) = 0 and solving for x. 


If f(x) = x3, then f'(x) = 3x’, so f'(0) = 0. But f has no maximum or min- 
imum at 0, as you can see from its graph in Figure 11. (Or observe that Ku Otome 0) 
but x? < 0 for x < 0.) The fact that f(0) = 0 simply means that the curve y = x* has a 
horizontal tangent at (0, 0). Instead of having a maximum or minimum at (0, 0), the curve 
crosses its horizontal tangent there. wee 


(SUatA The function f(x) = |x| has its (local and absolute) minimum value at 0, but 
that value can’t be found by setting f’(x) = 0 because, as was shown in Example 5 in 
Section 2.8, f'(0) does not exist. (See Figure 12.) foe 


WARNING Examples 5 and 6 show that we must be careful when using Fermat’s 
Theorem. Example 5 demonstrates that even when f'(c) = 0 there need not be a maximum 
or minimum at c. (In other words, the converse of Fermat’s Theorem is false in general.) Fur- 
thermore, there may be an extreme value even when f'(c) does not exist (as in 
Example 6). 

Fermat’s Theorem does suggest that we should at least start looking for extreme values 
of f at the numbers c where f'(c) = 0 or where f'(c) does not exist. Such numbers are 
given a special name. 


Definition A critical number of a function f is a number c in the domain of f 
such that either f’(c) = 0 or f(c) does not exist. 
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Figure 13 shows a graph of the function f iV} Find the critical numbers of f(x) = x7(4 — x). 
in Example 7. It supports our answer because 
there is a horizontal tangent when x = 1.5 
and a vertical tangent when x = 0. 


SOLUTION The Product Rule gives 
3(4 — 
Gots), 


f@=x"-)+ 4 — Nepeeea =—7 By ts 


Sere ae UL 73) 12 = 28% 


5x2/5 5x2/5 


[The same result could be obtained by first writing f(x) = 4x°/° — x*/°.] Therefore 
f'(x) = Oif 12 — 8x = 0, that is, x = >, and f(x) does not exist when x = 0. Thus the 
critical numbers are > and 0. ie 


In terms of critical numbers, Fermat’s Theorem can be rephrased as follows (compare 
Definition 6 with Theorem 4): 


FIGURE 13 


If f has a local maximum or minimum at c, then c is a critical number of f. 


To find an absolute maximum or minimum of a continuous function on a closed interval, 
we note that either it is local [in which case it occurs at a critical number by [7]] or it occurs 
at an endpoint of the interval. Thus the following three-step procedure always works. 


The Closed Interval Method To find the absolute maximum and minimum values of 
a continuous function f on a closed interval [a, b]: 


1. Find the values of f at the critical numbers of f in (a, b). 
2. Find the values of f at the endpoints of the interval. 


3. The largest of the values from Steps 1 and 2 is the absolute maximum value; 
the smallest of these values is the absolute minimum value. 


© (EQS Find the absolute maximum and minimum values of the function 


POSS eB MESS ee 


SOLUTION Since f is continuous on [-3, 4], we can use the Closed Interval Method: 
f(x) =x? — 3x? +1 
f(x) = 3x* — 6x = 3x(x — 2) 


2 


Since f"(x) exists for all x, the only critical numbers of f occur when f'(x) = 0, that is 
x = 0 or x = 2, Notice that each of these critical numbers lies in the interval (—4, 4). 
The values of f at these critical numbers are 


AW Se J (2) =e 
The values of f at the endpoints of the interval are 
fl-aJ=3  f@)=17 


Comparing these four numbers, we see that the absolute maximum value is f(4) = 17 
and the absolute minimum value is f(2) = —3. 


NASA 


FIGURE 14 


FIGURE 15 
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Note that in this example the absolute maximum occurs at an endpoint, whereas the 
absolute minimum occurs at a critical number. The graph of f is sketched in Figure 14. 
sca 


If you have a graphing calculator or a computer with graphing software, it is possible 
to estimate maximum and minimum values very easily. But, as the next example shows, 
calculus is needed to find the exact values. 


(a) Use a graphing device to estimate the absolute minimum and maximum values of 
the function f(x) = x — 2sinx,0 <x S27. 
(b) Use calculus to find the exact minimum and maximum values. 


SOLUTION 
(a) Figure 15 shows a graph of f in the viewing rectangle [0, 277] by [—1, 8]. By mov- 
ing the cursor close to the maximum point, we see that the y-coordinates don’t change 
very much in the vicinity of the maximum. The absolute maximum value is about OT 
and it occurs when x ~ 5.2. Similarly, by moving the cursor close to the minimum point, 
we see that the absolute minimum value is about —0.68 and it occurs when x ~ 1.0. It is 
possible to get more accurate estimates by zooming in toward the maximum and mini- 
mum points, but instead let’s use calculus. 
(b) The function f(x) = x — 2 sin x is continuous on [0, 277]. Since f(x) = 1 = 2 cos x, 
we have f'(x) = 0 when cos x = 5 and this occurs when x = 77/3 or 5727/3. The values 
of f at these critical numbers are 

Ti aa 


qT 
3) = — — 2sin— = — — V3 = —0.684853 
f (7/3) 3 o 3 


5 Sa 5 
and f(Sm/3) == — 2sin—" ==" + V3 ~ 6.968039 


The values of f at the endpoints are 
f(0) =0 and f(2m) = 277 = 6.28 


Comparing these four numbers and using the Closed Interval Method, we see that the 
absolute minimum value is f(7/3) = 7/3 — Aer and the absolute maximum value is 
f (50/3) = S5a/3 + vor The values from part (a) serve as a check on our work. 


SVValle The Hubble Space Telescope was deployed on April 24, 1990, by the space 
shuttle Discovery. A model for the velocity of the shuttle during this mission, from liftoff 
at t = 0 until the solid rocket boosters were jettisoned at tf = 126s, is given by 


v(t) = 0.001302t7 — 0.09029? + 23.61r — 3.083 


(in feet per second). Using this model, estimate the absolute maximum and minimum 
values of the acceleration of the shuttle between liftoff and the jettisoning of the boosters. 


SOLUTION We are asked for the extreme values not of the given velocity function, but 
rather of the acceleration function. So we first need to differentiate to find the acceleration: 


I 


a(t) = v(t) = - (0.001302t3 — 0.090291? + 23.61t — 3.083) 


= 0.003906r7 — 0.18058¢ + 23.61 
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We now apply the Closed Interval Method to the continuous function a on the interval 
0 <r < 126. Its derivative is 


a'(t) = 0.007812t — 0.18058 


The only critical number occurs when a’(t) = 0: 


pe 0.18058 ~ 7312 
0.007812 


Evaluating a(t) at the critical number and at the endpoints, we have 


a(O) = 23.61 a(t,) ~ 21.52 a(126) ~ 62.87 
So the maximum acceleration is about 62.87 ft/s* and the minimum acceleration is 
about 21.52 ft/s. = 
pad Exercises 
1. Explain the difference between an absolute minimum and a 7-10 Sketch the graph of a function f that is continuous on [1, 5] 
local minimum. and has the given properties. 
2. Suppose 7 is a continuous function defined on a closed 7. Absolute minimum at 2, absolute maximum at 3, 
interval [a, b]. local minimum at 4 


(a) What theorem guarantees the existence of an absolute max- 
imum value and an absolute minimum value for f? 

(b) What steps would you take to find those maximum and 
minimum values? 9. Absolute maximum at 5, absolute minimum at 2, 

local maximum at 3, local minima at 2 and 4 


8. Absolute minimum at 1, absolute maximum at 5, 
local maximum at 2, local minimum at 4 


‘ 


3—4 For each of the numbers a, b, c, d, r, and s, state whether the 
function whose graph is shown has an absolute maximum or min- 10. f has no local maximum or minimum, but 2 and 4 are critical 
imum, a local maximum or minimum, or neither a maximum numbers 

nor a minimum. 


3. y4 4. ys 11. (a) Sketch the graph of a function that has a local maximum 
at 2 and is differentiable at 2. 
(b) Sketch the graph of a function that has a local maximum 
at 2 and is continuous but not differentiable at 2. 

(c) Sketch the graph of a function that has a local maximum 

see a a OD Ee ee de = at 2 and is not continuous at 2. 


12. (a) Sketch the graph of a function on [—1, 2] that has an 
absolute maximum but no local maximum. 
(b) Sketch the graph of a function on [—1, 2] that has a local 
maximum but no absolute maximum. 


5-6 Use the graph to state the absolute and local maximum and 
minimum values of the function. 
13. (a) Sketch the graph of a function on [—1, 2] that has an 
absolute maximum but no absolute minimum. 
(b) Sketch the graph of a function on [—1, 2] that is discontin- 
uous but has both an absolute maximum and an absolute 
minimum. 


3. [yA 
i 
| 
| 


14. (a) Sketch the graph of a function that has two local maxima, 
one local minimum, and no absolute minimum. 

(b) Sketch the graph of a function that has three local minima, 
two local maxima, and seven critical numbers. 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


15-28 Sketch the graph of f by hand and use your sketch to 
find the absolute and local maximum and minimum values of /f. 
(Use the graphs and transformations of Sections 1.2 and 1.3.) 


15. f(x) =3(3x — 1), x <3 

16. f(x) =2—4x, x=-2 

Ue) =e x = 

18.97 (<) =" en Lee 

19. f(x) = sinx, O<x< 7/2 

20. f(x) = sinx, O<x< 7/2 

21. f(x) = sinx, —a7/2 5x5 0/2 
22. f(t) =cost, —37/2 =t = 3a/2 
7a Gace Inve, (0) <sess 2 


2A Fx) 9 
25. f(x) =1— vx 
26. f(x) = e* 
ee MO a 2 
oY fof, io == 


4—*%* if —2=% <0 
eo Neh Ore SS 


29-44 Find the critical numbers of the function. 


29, f(x) = 4 5xi— gx? B0.0f (x)? 6x7 015% 
Slafiay i Ox? — 36K Vang AC) i= WA caw eee ys 
apengheed +e rd. 1 | 34. g(t) = |3t— 4| 

35. g(y) Seam 36. h(p) = ae 

a7. Atp= 4 — 21" Bgl x xt 

39. F(x) = x*°(x — 4)’ 40. g(0) = 46 — tan 6 

41. f(0) =2cos6 + sin’é 42, h(t) = 3t — arcsint 

43. f(x) =x’e * 44. f(x) =x 7 Inx 
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50. f(x) = x? = 6x? > 5, [=3, 5] 
BL f(a) = ax = 4a — 12x74 1, [—2,3] 
52, f(x) = (x? = 1)?, (=1,2] 


53. f(x) Hot o ~ [0.2, 4] 


tic 
Fe) Lg eee aealh 


55. f(t) =t/4 — 7, [-1,2] 

56. f(t) = /t(8— 2), [0,8] 

57. f(t) = 2cost + sin2t, [0, 7/2] 
58. f(t) = t+ cot(t/2), [m/4, 77/4] 
59. f(x) =xe*®, [-1,4] 

60. f(x) =x — Inx, [pee 

Gly (xine ee aol 1 
62, /@) =x 2tan x, [0/4] 


[0, 3] 


63. If a and b are positive numbers, find the maximum value 
of f(x) = 2° =x) Osx a 


64. Use a graph to estimate the critical numbers of 


f(x) = |x? — 3x7 + 2| correct to one decimal place. 


65-68 


(a) Use a graph to estimate the absolute maximum and minimum 
values of the function to two decimal places. 
(b) Use calculus to find the exact maximum and minimum values. 


65. ((4) =a a 2, Set 
605 f (tes ree Oar al 
G2. f(xy ey x ee 


68. f(x) =x — 2cosx, —2 S77 = 0 


45-46 A formula for the derivative of a function f is given. How 


many critical numbers does f have? 


_ 100 cos?x 


46. f'(x) = - 1 


! = -0.1|x| 93 et 
45. f'(x) = 5e sie = Eee 


47-62 Find the absolute maximum and absolute minimum values 
of f on the given interval. 


A]. f(x) = 12 + 4x — io Ons 
48. f(x) =5 + 54x — 2x7, [0,4] 
AG (ae) 2x 3 — 12x 1, [-2, 3] 


69. Between 0°C and 30°C, the volume V (in cubic centimeters) 
of 1 kg of water at a temperature T is given approximately by 
the formula 


V = 999.87 — 0.06426T + 0.0085043T* — 0.0000679T * 


Find the temperature at which water has its maximum 
density. 


70. An object with weight W is dragged along a horizontal plane 
by a force acting along a rope attached to the object. If the 
rope makes an angle 6 with the plane, then the magnitude of 
the force is 

= pW 
we sin @ + cos @ 


where 1 is a positive constant called the coefficient of friction 
and where 0 < @ < 77/2. Show that F is minimized when 
tan 0 = p. 
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71. A model for the US average price of a pound of white sugar 
from 1993 to 2003 is given by the function 


S(t) = —0.000032371° + 0.000903714* — 0.008956r° 
+ 0.036291? — 0.04458r + 0.4074 


where f is measured in years since August of 1993. Estimate 
the times when sugar was cheapest and most expensive dur- 
ing the period 1993-2003. 


/4 72. On May 7, 1992, the space shuttle Endeavour was launched 
on mission STS-49, the purpose of which was to install a 
new perigee kick motor in an Intelsat communications satel- 
lite. The table gives the velocity data for the shuttle between 
liftoff and the jettisoning of the solid rocket boosters. 


air to escape in a fixed time, it must move faster through the 
narrower channel than the wider one. The greater the velocity 
of the airstream, the greater the force on the foreign object. 
X rays show that the radius of the circular tracheal tube con- 
tracts to about two-thirds of its normal radius during a cough. 
According to a mathematical model of coughing, the velocity 
v of the airstream is related to the radius r of the trachea by 
the equation 
Wn=kKnm—-nr? in<rsm 
where k is a constant and ro is the normal radius of the 
trachea. The restriction on r is due to the fact that the tracheal 
wall stiffens under pressure and a contraction greater than +70 
is prevented (otherwise the person would suffocate). 
(a) Determine the value of r in the interval [370, ro| at which 
v has an absolute maximum. How does this compare with 
experimental evidence? 


Event Time (s) Velocity (ft/s) (b) What is the absolute maximum value of v on the interval? 
pee 0 0 (c) Sketch the graph of v on the interval [0, ro]. 
Begin roll maneuver 10 185 74. Show that 5 is a critical number of the function 
End roll maneuver 15 Se) , 
Throttle to 89% 20 447 Der 2) 
Throttle to 67% 32 742 but g does not have a local extreme value at 5. 
Throttle to 104% 39 1325 ; 
Maximum dynamic pressure 62 1445 TS RESO ots asa 
Solid rocket booster separation 125 4151 fe ee heel 
has neither a local maximum nor a local minimum. 
(a) Use a graphing calculator or computer to find the cubic 76. If f has a local minimum value at c, show that the function 
polynomial that best models the velocity of the shuttle for g(x) = —f(x) has a local maximum value at c. ; 
the time interval ¢ € [0, 125]. Then graph this polynomial. 7 ; : : 
(b) Find a model for the acceleration of the shuttle and use it : Bete Fermat's Theorem for the case in which f has a local 
to estimate the maximum and minimum values of the mE ALS 
acceleration during the first 125 seconds. 78. A cubic function is a polynomial of degree 3; that is, it has 
the form f(x) = ax? + bx? + cx + d, where a ¥ 0. 

73. When a foreign object lodged in the trachea (windpipe) (a) Show that a cubic function can have two, one, or no criti- 
forces a person to cough, the diaphragm thrusts upward caus- cal number(s). Give examples and sketches to illustrate 
ing an increase in pressure in the lungs. This is accompanied the three possibilities. 
by a contraction of the trachea, making a narrower channel (b) How many local extreme values can a cubic function 
for the expelled air to flow through. For a given amount of have? 

OF RAINBOWS 


of rainbows. 


observer 


Formation of the primary rainbow 


Rainbows are created when raindrops scatter sunlight. They have fascinated mankind since 
ancient times and have inspired attempts at scientific explanation since the time of Aristotle. In 
this project we use the ideas of Descartes and Newton to explain the shape, location, and colors 


1. The figure shows a ray of sunlight entering a spherical raindrop at A. Some of the light is 
reflected, but the line AB shows the path of the part that enters the drop. Notice that the light 
is refracted toward the normal line AO and in fact Snell’s Law says that sin a = k sin B, 
where a is the angle of incidence, B is the angle of refraction, and k ~ } is the index of 
refraction for water. At B some of the light passes through the drop and is refracted into the 
air, but the line BC shows the part that is reflected. (The angle of incidence equals the angle. 
of reflection.) When the ray reaches C, part of it is reflected, but for the time being we are 
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rays from sun 


rays from sun 
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Formation of the secondary rainbow 


more interested in the part that leaves the raindrop at C. (Notice that it is refracted away 
from the normal line.) The angle of deviation D(a) is the amount of clockwise rotation that 
the ray has undergone during this three-stage process. Thus 


D(a) = (a — B) + (r— 2B) + (a — B) = 7+ 2a — 468 


Show that the minimum value of the deviation is D(a) ~ 138° and occurs when a ~ 59.4". 
The significance of the minimum deviation is that when a ~ 59.4° we have D'(a) ~ 0, so 

AD/Aa ~ 0. This means that many rays with a ~ 59.4° become deviated by approximately 

the same amount. It is the concentration of rays coming from near the direction of minimum 

deviation that creates the brightness of the primary rainbow. The figure at the left shows 

that the angle of elevation from the observer up to the highest point on the rainbow is 

180° — 138° = 42°. (This angle is called the rainbow angle.) 


. Problem 1 explains the location of the primary rainbow, but how do we explain the colors? 


Sunlight comprises a range of wavelengths, from the red range through orange, yellow, 
green, blue, indigo, and violet. As Newton discovered in his prism experiments of 1666, the 
index of refraction is different for each color. (The effect is called dispersion.) For red light 
the refractive index is k ~ 1.3318 whereas for violet light it is k ~ 1.3435. By repeating the 
calculation of Problem 1 for these values of k, show that the rainbow angle is about 42.3° for 
the red bow and 40.6° for the violet bow. So the rainbow really consists of seven individual 
bows corresponding to the seven colors. 


. Perhaps you have seen a fainter secondary rainbow above the primary bow. That results from 


the part of a ray that enters a raindrop and is refracted at A, reflected twice (at B and C), and 
refracted as it leaves the drop at D (see the figure at the left). This time the deviation angle 
D(a) is the total amount of counterclockwise rotation that the ray undergoes in this four-stage 
process. Show that 


D(a) = 2a — 68 + 27 


and D(a) has a minimum value when 


ee adel, 
8 


COSI 


Taking k = *. show that the minimum deviation is about 129° and so the rainbow angle for 
the secondary rainbow is about 51°, as shown in the figure at the left. 


- Show that the colors in the secondary rainbow appear in the opposite order from those in the 


primary rainbow. 


© Pichugin Dmitry / Shutterstock 
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4.2 | The Mean Value Theorem 


Rolle 


Rolle’s Theorem was first published in 1691 
by the French mathematician Michel Rolle 
(1652-1719) in a book entitled Méthode pour 
resoudre les Egalitez. He was a vocal critic of 
the methods of his day and attacked calculus 
as being a “collection of ingenious fallacies.” 
Later, however, he became convinced of the 
essential correctness of the methods of 
calculus. 
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FIGURE 1 


Take cases 


We will see that many of the results of this chapter depend on one central fact, which is 
called the Mean Value Theorem. But to arrive at the Mean Value Theorem we first need 


the following result. 


Rolle’s Theorem Let f be a function that satisfies the following three hypotheses: 


1. f is continuous on the closed interval [a, b]. 


2. f is differentiable on the open interval (a, b). 


3. f(a) = f(b) 


Then there is a number c in (a, b) such that f’(c) = 0. 


Before giving the proof let’s take a look at the graphs of some typical functions that 
satisfy the three hypotheses. Figure | shows the graphs of four such functions. In each case 
it appears that there is at least one point (c, f(c)) on the graph where the tangent is hori- 
zontal and therefore f’(c) = 0. Thus Rolle’s Theorem is plausible. 


(b) 


PROOF There are three cases: 


CASE | f(x) =k, a constant 


YA 


y 


S 


(d) 


Then f(x) = 0, so the number c can be taken to be any number in (a, b). 


CASE Il f(x) > f(a) for some x in (a, b) [as in Figure 1(b) or (c)] 

By the Extreme Value Theorem (which we can apply by hypothesis 1), f has a maximum 
value somewhere in [a, b]. Since f(a) = f(b), it must attain this maximum value at a num- 
ber c in the open interval (a, b). Then f has a /ocal maximum at c and, by hypothesis 2, 

f is differentiable at c. Therefore f'(c) = 0 by Fermat’s Theorem. 


CASE III f(x) < f(a) for some x in (a, b) [as in Figure 1(c) or (d)] 
By the Extreme Value Theorem, f has a minimum value in [a, b] and, since f(a) = f(b), it 
attains this minimum value at a number c in (a, b). Again f'(c) = 0 by Fermat’s Theorem. 


Let's apply Rolle’s Theorem to the position function s = f(t) of a moving 
object. If the object is in the same place at two different instants t = a and t = b, then 
f(a) = f(b). Rolle’s Theorem says that there is some instant of time t = c between a and 
b when f'(c) = 0; that is, the velocity is 0. (In particular, you can see that this is true 
when a ball is thrown directly upward.) 


(SQA Prove that the equation x? + x — 1 = Ohas exactly one real root. 


SOLUTION First we use the Intermediate Value Theorem (2.5. 10) to show that a root 
exists. Let f(x) = x° + x — 1. Then f(0) = —1 < Oand f(1) = 1> 0. Since f isa 


Figure 2 shows a graph of the function 

f(x) =x? + x — 1 discussed in Example 2. 
Rolle’s Theorem shows that, no matter how 
much we enlarge the viewing rectangle, we can 
never find a second x-intercept. 


FIGURE 2 


The Mean Value Theorem is an example of 
what is called an existence theorem. Like the 
Intermediate Value Theorem, the Extreme Value 
Theorem, and Rolle’s Theorem, it guarantees 
that there exists a number with a certain 
property, but it doesn’t tell us how to find the 
number. 
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polynomial, it is continuous, so the Intermediate Value Theorem states that there is a 
number c between 0 and | such that f(c) = 0. Thus the given equation has a root. 

To show that the equation has no other real root, we use Rolle’s Theorem and argue 
by contradiction. Suppose that it had two roots a and b. Then f(a) = 0 = f(b) and, since 
f is a polynomial, it is differentiable on (a, b) and continuous on [a, b]. Thus, by Rolle’s 
Theorem, there is a number c between a and b such that f'(c) = 0. But 


if (x) = 30 al for all x 


(since x* = 0) so f'(x) can never be 0. This gives a contradiction. Therefore the equation 
can’t have two real roots. a 


Our main use of Rolle’s Theorem is in proving the following important theorem, which 
was first stated by another French mathematician, Joseph-Louis Lagrange. 


The Mean Value Theorem Let f be a function that satisfies the following 
hypotheses: 


1. f is continuous on the closed interval [a, 5]. 


2. f is differentiable on the open interval (a, b). 


Then there is a number c in (a, b) such that 


f(b) = fla) 
ol OKs ln = @ 


or, equivalently, 


[2] VD) a Ga (baa) 


Before proving this theorem, we can see that it is reasonable by interpreting it geomet- 
rically. Figures 3 and 4 show the points A(a, f(a)) and B(b, f (b)) on the graphs of two dif- 
ferentiable functions. The slope of the secant line AB is 


a __ fb) = f@) 


MAB 
D= @ 


which is the same expression as on the right side of Equation |. Since f'(c) is the slope of 
the tangent line at the point (c, f(c)), the Mean Value Theorem, in the form given by Equa- 
tion 1, says that there is at least one point P(c, f(c)) on the graph where the slope of the 
tangent line is the same as the slope of the secant line AB. In other words, there is a 
point P where the tangent line is parallel to the secant line AB. (Imagine a line parallel to 
AB, starting far away and moving parallel to itself until it touches the graph for the first 
time.) 


YA YA 


FIGURE 3 FIGURE 4 
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FIGURE 5 


Lagrange and the 
Mean Value Theorem 


The Mean Value Theorem was first formulated 
by Joseph-Louis Lagrange (1736-1813), born in 
Italy of a French father and an Italian mother. 


He was a child prodigy and became a professor 
in Turin at the tender age of 19. Lagrange made 


great contributions to number theory, theory of 
functions, theory of equations, and analytical 
and celestial mechanics. In particular, he 
applied calculus to the analysis of the stability 
of the solar system. At the invitation of Freder- 
ick the Great, he succeeded Euler at the Berlin 
Academy and, when Frederick died, Lagrange 
accepted King Louis XVI's invitation to Paris, 
where he was given apartments in the Louvre 
and became a professor at the Ecole Polytech- 
nique. Despite all the trappings of luxury and 
fame, he was a kind and quiet man, living only 
for science. 


APPLICATIONS OF DIFFERENTIATION 


PROOF We apply Rolle’s Theorem to a new function h defined as the difference between He 
and the function whose graph is the secant line AB. Using Equation 3, we see that the 
equation of the line AB can be written as 


apd t Uy e 


y—fl@) eee 
or as soca ley) = oe ~ a ead, 
So, as shown in Figure 5, 
[4] h(x) = f(x) — f(a) - fete (x — a) 


First we must verify that h satisfies the three hypotheses of Rolle’s Theorem. 
1. The function h/ is continuous on [a, b] because it is the sum of f and a first-degree 
polynomial, both of which are continuous. 


2. The function h is differentiable on (a, b) because both f and the first-degree poly- 
nomial are differentiable. In fact, we can compute h’ directly from Equation 4: 


ee AC) 
I = i 


h'(x) = f'(x) 


(Note that f(a) and [ f(b) — f(a)]/(b — a) are constants.) 


3 hla) = la) ~ fla) - SL (q — 4) =0 
n(o) = f(b) ~ pla) - LOL Gy — 4) 
nib 
= f(b) ~ fla) ~ LF() ~ fla] = 0 


Therefore h(a) = h(b). 


Since h satisfies the hypotheses of Rolle’s Theorem, that theorem says there is a num- 
ber c in (a, b) such that h'(c) = 0. Therefore 


ly = ai 
and so filo) = LO) Flay ERee 
yO 


iV To illustrate the Mean Value Theorem with a specific function, let’s 
consider f(x) = x? — x,a = 0, b™* 2. Since f is a polynomial, it is continuous and 
differentiable for all x, so it is certainly continuous on [0, 2] and differentiable on (0, 2). 
Therefore, by the Mean Value Theorem, there is a number c in (0, 2) such that 


J (2) =f O)= f(a — 0) 
Now f(2) = 6, f(0) = 0, and f'(x) = 3x? — 1, so this equation becomes 


6 = (c? — 1)2 = 6c? —2 


FIGURE 6 
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which gives c> = 5, that is, c = +2/./3. But c must lie in (0, 2), so c = OV. 
Figure 6 illustrates this calculation: The tangent line at this value of c is parallel to the 
secant line OB. ee 


(7 (SEZTB If an object moves in a straight line with position function s = f(t), then 
the average velocity between t = a andt = bis 


FO) Sapa) 
Dp = @ 


and the velocity at t = c is f'(c). Thus the Mean Value Theorem (in the form of Equa- 
tion 1) tells us that at some time t = c between a and b the instantaneous velocity f’(c) 
is equal to that average velocity. For instance, if a car traveled 180 km in 2 hours, then 
the speedometer must have read 90 km/h at least once. 

In general, the Mean Value Theorem can be interpreted as saying that there is a num- 
ber at which the instantaneous rate of change is equal to the average rate of change over 
an interval. eae 


The main significance of the Mean Value Theorem is that it enables us to obtain infor- 
mation about a function from information about its derivative. The next example provides 
an instance of this principle. 


2 GSES Suppose that f(0) = —3 and f'(x) = 5 for all values of x. How large can 
p 
f(2) possibly be? 


SOLUTION We are given that f is differentiable (and therefore continuous) everywhere. 
In particular, we can apply the Mean Value Theorem on the interval [0, 2]. There exists a 
number c such that 


f(2) — FO) = f'O) — 0) 
so x f(2) =f(0) + 2f'(o) = -3 + 2f'c) 


We are given that f’(x) <5 for all x, so in particular we know that f'(c) = 5. Multiply- 
ing both sides of this inequality by 2, we have 2f'(c) = 10, so 


(Oey (ea ee Oe 
The largest possible value for f(2) is 7. ED 
The Mean Value Theorem can be used to establish some of the basic facts of differen- 


tial calculus. One of these basic facts is the following theorem. Others will be found in the 
following sections. 


[5] Theorem If f'(x) = 0 for all x in an interval (a, b), then f is constant on (a, b). 


PROOF Let x, and x2 be any two numbers in (a, b) with x; < x2. Since f is differen- 
tiable on (a, b), it must be differentiable on (x), x2) and continuous on [x1, X2 |. By apply- 
ing the Mean Value Theorem to f on the interval [x1, x2], we get a number c such that 

ity K OK Tip BiG! 


[6 | Fa) ~ f(x) = f'(c)(x2 — X1) 
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Since f(x) = 0 for all x, we have f ‘(c) = 0, and so Equation 6 becomes 
Ff (x2) — fm) =90 or f (x2) = f (x1) 


Therefore f has the same value at any two numbers x, and x in (a, b). This means that f 
is constant on (a, b). reese 


[7] Corollary If f(x) = g'(x) for all x in an interval (a, b), then f — g is constant 
on (a, b): that is, f(x) = g(x) + c where c is a constant. 


PROOF Let F(x) = f(x) — g(x). Then 


F'(x) = f(x) — g(x) = 0 
for all x in (a, b). Thus, by Theorem 5, F is constant; that is, f — g is constant. i 28 


NOTE Care must be taken in applying Theorem 5. Let 


payee awl 1 ties 20) 
I aarlzbelic ete 0 


The domain of f is D = {x | x + O} and f(x) = 0 for all x in D. But f is obviously not a 
constant function. This does not contradict Theorem 5 because D is not an interval. Notice 
that f is constant on the interval (0, 2°) and also on the interval (—~*, 0). 


SEE Prove the identity tan"'x + cot''x = 7/2. 


SOLUTION Although calculus isn’t needed to prove this identity, the proof using calculus 
is quite simple. If f(x) = tan7'x + cot”'x, then 


] l 
f@= a >==0 


for all values of x. Therefore f(x) = C, a constant. To determine the value of C, we put 
x = | [because we can evaluate f(1) exactly]. Then 


C= f(1) = tan'1+4 cot !1= + —— 
4 2, 


Thus tan"'x + cot™'x = w/2. TERE, 


| 42 | Exercises 


1-4 Verify that the function satisfies the three hypotheses of 4. f(x) =cos2x, [72/8, 77/8] 
Rolle’s Theorem on the given interval. Then find all numbers c that 
satisfy the conclusion of Rolle’s Theorem. 


5. Let f(x) = 1 — x’. Show that f(—1) = f(1) but there is no 
number c in (—1, 1) such that f'(c) = 0. Why does this not 
contradict Rolle’s Theorem? 


1. f() =5 — 12x 4 3x*, [1,3] 


6. Let f(x) = tan x. Show that f(0) = f(z) but there is no 


ae oe number c in (0, 7) such that f'(c) = 0. Why does this not con- 
3. f(x) = yx —ix, [0,9] tradict Rolle’s Theorem? . 


ae Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


7. Use the graph of f to estimate the values of c that satisfy the 
conclusion of the Mean Value Theorem for the interval [0, 8]. 


yh De 7 


ol 1 4 


1 | 


8. Use the graph of f given in Exercise 7 to estimate the values 
of c that satisfy the conclusion of the Mean Value Theorem 
for the interval [1, 7]. 


9-12 Verify that the function satisfies the hypotheses of the Mean 
Value Theorem on the given interval. Then find all numbers c 
that satisfy the conclusion of the Mean Value Theorem. 


9, f(x) =2x? — 3x +1, [0,2] 
100) = Sic ie nel 
1. f(x) =Inx, [1,4] 

127) =, 


[1, 3] i 


13-14 Find the number c that satisfies the conclusion of the 


Mean Value Theorem on the given interval. Graph the function, ~ 
the secant line through the endpoints, and the tangent line at 
(c, f(c)). Are the secant line and the tangent line parallel? 


2 fQ=vx, [0,4] 14, faye, [0/2] 


15. Let f(x) = (x — 3) *. Show that there is no value of c in 
(1, 4) such that f(4) — f(1) = f'(c)(4 — 1). Why does this 
not contradict the Mean Value Theorem? 

16. Let f(x) = 2 — |2x — 1]. Show that there is no value of c 
such that f(3) — f(0) =f'(c)(3 — 0). Why does this not con- 
tradict the Mean Value Theorem? 


17-18 Show that the equation has exactly one real root. 


18. x° + e* =0 


17. 2x + cosx =0 


19. Show that the equation x* — 15x + c = 0 has at most one 
root in the interval [—2, 2]. 


20. Show that the equation x* + 4x + c = 0 has at most two 
real roots. 


21. (a) Show that a polynomial of degree 3 has at most three 


real roots. 
(b) Show that a polynomial of degree n has at most n real 


roots. 


22. (a) Suppose that f is differentiable on R and has two roots. 
Show that f’ has at least one root. 


23. 


24. 


25. 


26. 


27. 
28. 


7K) 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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(b) Suppose f is twice differentiable on R and has three 
roots. Show that f” has at least one real root. 
(c) Can you generalize parts (a) and (b)? 


If f(1) = 10 and f(x) = 2 for | < x < 4, how small can 
(4) possibly be? 

Suppose that 3S f'(x) < 5 for all values of x. Show that 
18 = f(8) — f(2) = 30. 


Does there exist a function f such that f(0) = —1, f(2) = 4, 
and f(x) S 2 for all x? 


Suppose that f and g are continuous on [a, b] and differ- 
entiable on (a, b). Suppose also that f(a) = g(a) and 

f'(x) < g(x) for a < x < b. Prove that f(b) < g(b). (Hint: 
Apply the Mean Value Theorem to the function h = f — g.] 
Show that./1 +x <1+3xifx>0. 


Suppose f is an odd function and is differentiable every- 

where. Prove that for every positive number b, there exists 

a number c in (—b, b) such that f'(c) = f(b)/b. 

Use the Mean Value Theorem to prove the inequality 
|sina — sinb| <|a— b| for all a and b 


If f(x) = c (ca constant) for all x, use Corollary 7 to show 
that f(x) = cx + d for some constant d. 


Let f(x) = 1/x and 


] 
= int ge > 
Di 

g(x) = 


| 
hoe —= i 2 KO 
is 


Show that f’(x) = g(x) for all x in their domains. Can we 
conclude from Corollary 7 that f — g is constant? 
Use the method of Example 6 to prove the identity 

2 sin-'x = cos '(1 — 2x?) x=0 


Prove the identity 


T= 7 

arcsin = Deiiinwes = = 
sear Ul ve 2 

At 2:00 pM a car’s speedometer reads 30 mi/h. At 2:10 PM it 

reads 50 mi/h. Show that at some time between 2:00 and 

2:10 the acceleration is exactly 120 mi/h’. 


Two runners start a race at the same time and finish in a tie. 
Prove that at some time during the race they have the same 
speed. [Hint: Consider f(t) = g(t) — h(t), where g and h are 
the position functions of the two runners. ] 


A number a is called a fixed point of a function f if 
f(a) = a. Prove that if f(x) # 1 for all real numbers x, then 
f has at most one fixed point. 
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43 | How Derivatives Affect the Shape of a Graph 


FIGURE 1 


Let's abbreviate the name of this test to 
the |/D Test. 


a 


Many of the applications of calculus depend on our ability to deduce facts about a function 
f from information concerning its derivatives. Because f (x) represents the slope of the 
curve y = f(x) at the point (x, f(x)), it tells us the direction in which the curve proceeds at 
each point. So it is reasonable to expect that information about f ‘(x) will provide us with 
information about f(x). 


M8 What Does f’ Say About f? 


To see how the derivative of f can tell us where a function is increasing or decreasing, 
look at Figure 1. (Increasing functions and decreasing functions were defined in Section 
1.1.) Between A and B and between C and D, the tangent lines have positive slope and so 
f'(x) > 0. Between B and C, the tangent lines have negative slope and so f’(x) < 0. Thus 
it appears that f increases when f'(x) is positive and decreases when f'(x) is negative. To 
prove that this is always the case, we use the Mean Value Theorem. 


Increasing/Decreasing Test 


(a) If f’(x) > 0 on an interval, then f is increasing on that interval. 


(b) If f(x) < 0 on an interval, then f is decreasing on that interval. 


PROOF 
(a) Let x; and x2 be any two numbers in the interval with x; < x2. According to the defi- 
nition of an increasing function (page 19), we have to show that f(x) < f(x). 

Because we are given that f’(x) > 0, we know that f is differentiable on [x;, x2 ]. So, 
by the Mean Value Theorem, there is a number c between x; and x2 such that 


[1] SO) Cieay (Gao) 


Now f'(c) > 0 by assumption and x. — x; > 0 because x; < x, Thus the right side of 
Equation | is positive, and so 


(Xo) ay xy 0 or tx) =a ae 


This shows that f is increasing. 
Part (b) is proved similarly. [Soon | 


4 SCOTS Find where the function f(x) = 3x* — 4x3 — 12x? + 5 is increasing and 
where it is decreasing. 


SOLUTION P(x) = 1207 = 12" a Ore ee) 


To use the I/D Test we have to know where f'(x) > 0 and where f’(x) < 0. This 
depends on the signs of the three factors of f’(x), namely, 12x, x — 2, and x + 1. We 
divide the real line into intervals whose endpoints are the critical numbers —1, 0, and 2 
and arrange our work in a chart. A plus sign indicates that the given expression is posi- 
tive, and a minus sign indicates that it is negative. The last column of the chart gives 
the conclusion based on the I/D Test. For instance, f'(x) < 0 for 0 < x < 2, so was 


decreasing on (0, 2). (It would also be true to say that f is decreasing on the closed inter- 
valO,.2 |) 


FIGURE 2 


YA 
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Interval Wis eet) seat il Gd) if 


p< =I = = 
=< ae <0 = = 
OR) ap = 
ee oF ais 


| 


i decreasing on (—%, —1) 
a increasing on (—1, 0) 

— decreasing on (0, 2) 

oF increasing on (2, %) 


+++ 


The graph of f shown in Figure 2 confirms the information in the chart. aes 


Recall from Section 4.1 that if f has a local maximum or minimum at c, then c must be 
a critical number of f (by Fermat’s Theorem), but not every critical number gives rise to a 
maximum or a minimum. We therefore need a test that will tell us whether or not f has a 
local maximum or minimum at a critical number. 

You can see from Figure 2 that f(0) = 5 is a local maximum value of f because f 
increases on (—1, 0) and decreases on (0, 2). Or, in terms of derivatives, f'(x) > 0 for 
—1 <x < Oand f(x) < 0 for 0 < x < 2. In other words, the sign of f’(x) changes from 
positive to negative at 0. This observation is the basis of the following test. 


The First Derivative Test Suppose that c is a critical number of a continuous 
function f. 


(a) If f’ changes from positive to negative at c, then f has a local maximum at c. 
(b) If f’ changes from negative to positive at c, then f has a local minimum at c. 


(c) If f’ does not change sign at c (for example, if f’ is positive on both sides of c 
or negative on both sides), then f has no local maximum or minimum at c. 


The First Derivative Test is a consequence of the I/D Test. In part (a), for instance, since 
the sign of f'(x) changes from positive to negative at c, f is increasing to the left of c and 
decreasing to the right of c. It follows that f has a local maximum at c. 

It is easy to remember the First Derivative Test by visualizing diagrams such as those in 
Figure 3. 


wh yA 


(a) Local maximum 


FIGURE 3 


(b) Local minimum (c) No maximum or minimum (d) No maximum or minimum 


9 (SEV! Find the local minimum and maximum values of the function f in 
Example 1. 


SOLUTION From the chart in the solution to Example | we see that f’(x) changes from 
negative to positive at —1, so f(—1) = 01s a local minimum value by the First Deriva- 
tive Test. Similarly, f’ changes from negative to positive at 2, so f(2) = —27 is also a 
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The + signs in the table come from the fact that 
g(x) > O when cos x > —3. From the graph of 
y = cos x, this is true in the indicated intervals. 


FIGURE 4 
g(x) =x+2 sin x 


local minimum value. As previously noted, f(0) = 5 is a local maximum value because 
f'(x) changes from positive to negative at 0. EsEes 


S7TValael Find the local maximum and minimum values of the function 


g(x) =x + 2sinx 08x527 


SOLUTION To find the critical numbers of g, we differentiate: 
g(x) = 1+ 2cosx 


So g(x) = 0 when cos x = —}. The solutions of this equation are 27/3 and 47/3. 
Because q is differentiable everywhere, the only critical numbers are 277/3 and 47/3 
and so we analyze g in the following table. 


Interval g(x) =1+2cosx g 
0<x< 27/3 + increasing on (0, 277/3) 
2m/3 <x < 47/3 = decreasing on (27/3, 477/3) 
4n/3<x<27 + increasing on (4277/3, 277) 


Because g'(x) changes from positive to negative at 27/3, the First Derivative Test tells us 
that there is a local maximum at 277/3 and the local maximum value is 


2 It 2 2 
s2n/3) = 27 + 2sin 2% = 22 4 2 8) ent 3 ~ 3.83 


Likewise, g'(x) changes from negative to positive at 477/3 and so 


4 4a 4 
g(471/3) sas Sal re o( --3) -= — /3 ~ 2.46 


is a local minimum value. The graph of g in Figure 4 supports our conclusion. 


MN What Does f” Say About f? 


Figure 5 shows the graphs of two increasing functions on (a, b). Both graphs join point A 
to point B but they look different because they bend in different directions. How can we dis- 
tinguish between these two types of behavior? In Figure 6 tangents to these curves have 
been drawn at several points. In (a) the curve lies above the tangents and f is called con- 


cave upward on (a, b). In (b) the curve lies below the tangents and g is called concave 
downward on (a, b). 


FIGURE 5 


FIGURE 6 


FIGURE 7 
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YA B YA B 
f : 
| 
A | A 
| | a L 
0 a b xX 0 a b x 
(a) (b) 
YA B YA B 
ii g 
A A 
0 _ 0 x 
(a) Concave upward (b) Concave downward 


Definition If the graph of f lies above all of its tangents on an interval /, then it is 
called concave upward on /. If the graph of f lies below all of its tangents on /, it 


is called concave downward on /. 


Figure 7 shows the graph of a function that is concave upward (abbreviated CU) on the 
intervals (b, c), (d, e), and (e, p) and concave downward (CD) on the intervals (a, b), (c, d), 


and (p, q). 
YA 


| 

| 

| 

| | | 

| | | 
(é 


| : 
Ola b d e Pp qd x 
\« ED) “ls cu —* cD > CU —- CU > CD >| 


Let’s see how the second derivative helps determine the intervals of concavity. Look- 
ing at Figure 6(a), you can see that, going from left to right, the slope of the tangent increas- 
es. This means that the derivative f’ is an increasing function and therefore its derivative 
f' is positive. Likewise, in Figure 6(b) the slope of the tangent decreases from left to right, 
so f’ decreases and therefore f” is negative. This reasoning can be reversed and suggests 
that the following theorem is true. A proof is given in Appendix F with the help of the 
Mean Value Theorem. 


Concavity Test 
(a) If f"(x) > 0 for all x in J, then the graph of f is concave upward on /. 
(b) If f"(x) < 0 for all x in /, then the graph of f is concave downward on /. 


294 CHAPTER 4 APPLICATIONS OF DIFFERENTIATION 


FIGURE 8 


FIGURE 9 


SGI Figure 8 shows a population graph for Cyprian honeybees raised in an 
apiary. How does the rate of population increase change over time? When is this rate 
highest? Over what intervals is P concave upward or concave downward? 


Pa 


80 + 


Number of bees 
(in thousands) 


ey, 


Oe oOo ee See 


Time (in weeks) 


SOLUTION By looking at the slope of the curve as f increases, we see that the rate of 
increase of the population is initially very small, then gets larger until it reaches a maxi- 
mum at about t = 12 weeks, and decreases as the population begins to level off. As the 
population approaches its maximum value of about 75,000 (called the carrying capac- 
ity), the rate of increase, P’(t), approaches 0. The curve appears to be concave upward on 
(0, 12) and concave downward on (12, 18). = 


In Example 4, the population curve changed from concave upward to concave down- 
ward at approximately the point (12, 38,000). This point is called an inflection point of the 
curve. The significance of this point is that the rate of population increase has its maximum 
value there. In general, an inflection point is a point where a curve changes its direction of 
concavity. 


Definition A point P on a curve y = f(x) is called an inflection point if f is con- 


tinuous there and the curve changes from concave upward to concave downward 
or from concave downward to concave upward at P. 


For instance, in Figure 7, B, C, D, and P are the points of inflection. Notice that if a 
curve has a tangent at a point of inflection, then the curve crosses its tangent there. 

In view of the Concavity Test, there is a point of inflection at any point where the sec- 
ond derivative changes sign. 


(7 ESQ Sketch a possible graph of a function f that satisfies the following 
conditions: 


GF ys 0 on (eo 1) BY Fc) = 0 on (1) 
(ii) f"(x) > 0 on (—%, —2) and (2, ~), f"(x) < 0 on (—2, 2) 
(ii) tim f(x) = -2, lim fx) = 0 


SOLUTION Condition (i) tells us that f is increasing on (—%, 1) and decreasing on (1, ©). 
Condition (ii) says that f is concave upward on (—, —2) and (2, ©), and concave 
downward on (—2, 2). From condition (iii) we know that the graph of f has two hori- 
zontal asymptotes: y = —2 and y = 0. 

We first draw the horizontal asymptote y = —2 as a dashed line (see Figure 9). We 
then draw the graph of f approaching this asymptote at the far left, increasing to its 
maximum point at x = | and decreasing toward the x-axis as at the far right. We also 


FIGURE 10 


f'"(c) > 0, f is concave upward 


YA 


A 


inflection a 
points 


FIGURE 11 


(0), 
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make sure that the graph has inflection points when x = —2 and 2. Notice that we made 
the curve bend upward for x < —2 and x > 2, and bend downward when x is between 
—2 and 2. ses 


Another application of the second derivative is the following test for maximum and 
minimum values. It is a consequence of the Concavity Test. 


The Second Derivative Test Suppose f” is continuous near c. 
(a) If f'(c) = 0 and f"(c) > 0, then f has a local minimum at c. 


(b) If f’(c) = 0 and f"(c) < Q, then f has a local maximum at c. 


For instance, part (a) is true because f"(x) > 0 near c and so f is concave upward 
near c. This means that the graph of f lies above its horizontal tangent at c and so f has 
a local minimum at c. (See Figure 10.) 


2 ESQQTSR Discuss the curve y = x* — 4x? with respect to concavity, points of 
inflection, and local maxima and minima. Use this information to sketch the curve. 


SOLUTION If f(x) = x* — 4x?, then 


f(x) = 4x? — 12x? = 4x7(x — 3) 
ip ea Oh ie OL ah ses =) 


To find the critical numbers we set f’(x) = O and obtain x = 0 and x = 3. To use the 
Second Derivative Test we evaluate f” at these critical numbers: 


f"(0) =0 f"3) = 36 > 0 


Since f'(3) = 0 and f"(3) > 0, f(3) = —27 is a local minimum. Since f”(0) = 0, the 
Second Derivative Test gives no information about the critical number 0. But since 
f'(x) < 0 for x < 0 and also for 0 < x < 3, the First Derivative Test tells us that f does 
not have a local maximum or minimum at 0. [In fact, the expression for f’(x) shows 
that f decreases to the left of 3 and increases to the right of 3.] 

Since f(x) = 0 when x = 0 or 2, we divide the real line into intervals with these 
numbers as endpoints and complete the following chart. 


Interval hk isd ae G2) Concavity 
T 

(—%, 0) a upward 

(O, 2) = downward 

(2, ©) i upward 


The point (0, 0) is an inflection point since the curve changes from concave upward to 
concave downward there. Also (2, —16) is an inflection point since the curve changes 
from concave downward to concave upward there. 

Using the local minimum, the intervals of concavity, and the inflection points, we 
sketch the curve in Figure 11. em) 


NOTE The Second Derivative Test is inconclusive when f”(c) = 0. In other words, at 
such a point there might be a maximum, there might be a minimum, or there might be nei- 
ther (as in Example 6). This test also fails when f"(c) does not exist. In such cases the First 
Derivative Test must be used. In fact, even when both tests apply, the First Derivative Test 
is often the easier one to use. 
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Use the differentiation rules to check 
these calculations. 


Try reproducing the graph in Figure 12 with 

a graphing calculator or computer. Some 
machines produce the complete graph, some 
produce only the portion to the right of the 
y-axis, and some produce only the portion 
between x = 0 and x = 6. For an explanation 
and cure, see Example 7 in Section 1.4. An 
equivalent expression that gives the correct 
graph is 


pip |6 — x|" 
x 


FIGURE 12 


In Module 4.3 you can practice using 
information about f’, f”, and asymptotes to 
determine the shape of the graph of f. 


APPLICATIONS OF DIFFERENTIATION 


Sketch the graph of the function f(x) = x7°(6 — x) Vee 


SOLUTION Calculation of the first two derivatives gives 


Aa x Pee. 2) 
x'3(6 — xj? fa”) = x43(6 — x)? 


Jaca 


Since f'(x) = 0 when x = 4 and f(x) does not exist when x = 0 or x = 6, the critical 
numbers are 0, 4, and 6. 


Interval 4-—x cee (6 — x) f(x) a 
re <0) Ae = ar = decreasing on (—%, 0) 
Ne seal “f+ =: ae = increasing on (0, 4) 
We once (6) = ae ae = decreasing on (4, 6) 
ye 6 = aE + = decreasing on (6, ©) 


To find the local extreme values we use the First Derivative Test. Since f’ changes 
from negative to positive at 0, f(0) = 0 is a local minimum. Since f’ changes from 
positive to negative at 4, f(4) = 2°” is a local maximum. The sign of f’ does not change 
at 6, so there is no minimum or maximum there. (The Second Derivative Test could be 
used at 4 but not at 0 or 6 since f” does not exist at either of these numbers.) 

Looking at the expression for f”(x) and noting that x*/3 > 0 for all x, we have 
fx) < 0 for x < 0 and for 0 < x < 6 and f"(x) > 0 for x > 6. So f is concave down- 
ward on (—%, 0) and (0, 6) and concave upward on (6, %), and the only inflection point 
is (6, 0). The graph is sketched in Figure 12. Note that the curve has vertical tangents at 
(0, 0) and (6, 0) because | f’(x) | > % as x > O and as x — 6. ee 


DELTA Use the first and second derivatives of f(x) = e'”, together with asymp- 
totes, to sketch its graph. 


SOLUTION Notice that the domain of f is {x | x + O}, so we check for vertical asymp- 
totes by computing the left and right limits as x + 0. As x — 0°, we know that 
t = 1/x > &, so 
line" = time = 
x—>0F te 
and this shows that x = 0 is a vertical asymptote. As x — 0°, we have 
t = 1/x — —©, so 
lim ¢4* = lim e'=( 


x=>0- t= 
As x — +, we have 1/x — 0 and so 


lime) =e 1 


x— to 


This shows that y = | is a horizontal asymptote. 
Now let’s compute the derivative. The Chain Rule gives 


1/x 


os —— 
Xx 


Since e'’* > 0 and x? > 0 for all x # 0, we have f'(x) < 0 for all x ¥ 0. Thus f is 
decreasing on (—%, 0) and on (0, °°). There is no critical number, so the function has no 
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local maximum or minimum. The second derivative is 


f"@) = - 


Bee (ale ye (2x) men Oneal) 
oe “SV Hees oat 


Since e/* > 0 and x* > 0, we have f(x) > 0 when x > —3 (x ¥ 0) and f"(x) < 0 
when x < —3. So the curve is concave downward on (—o0, —;) and concave upward 
on (—4, 0) and on (0, ©). The inflection point is (—4, e~’). 

To sketch the graph of f we first draw the horizontal asymptote y = | (as a dashed 
line), together with the parts of the curve near the asymptotes in a preliminary sketch 
[Figure 13(a)]. These parts reflect the information concerning limits and the fact that f is 
decreasing on both (—~, 0) and (0, %). Notice that we have indicated that f(x) — 0 as 
x— 0 even though f(0) does not exist. In Figure 13(b) we finish the sketch by incorpo- 
rating the information concerning concavity and the inflection point. In Figure 13(c) we 
check our work with a graphing device. 


inflection 


(a) Preliminary sketch 


FIGURE 13 


43 | Exercises 


(b) Finished sketch 


(c) Computer confirmation 


1-2 Use the given graph of f to find the following. 

(a) The open intervals on which f is increasing. 

(b) The open intervals on which f is decreasing. 

(c) The open intervals on which f is concave upward. 
(d) The open intervals on which f is concave downward. 
(e) The coordinates of the points of inflection. 


45 yA 72. yA 


3. Suppose you are given a formula for a function /f. 
(a) How do you determine where f is increasing or 
decreasing? 


Graphing calculator or computer required 


CAS) Computer algebra system required 
was) P g 


(b) How do you determine where the graph of f is concave 
upward or concave downward? 
(c) How do you locate inflection points? 


4. (a) State the First Derivative Test. 
(b) State the Second Derivative Test. Under what circum- 
stances is it inconclusive? What do you do if it fails? 


5-6 The graph of the derivative f' of a function f is shown. 
(a) On what intervals is f increasing or decreasing? 
(b) At what values of x does f have a local maximum or 


minimum? 
Day 6. 
y= (3) 
——— — > 
0 2 4 x 


1. Homework Hints available at stewartcalculus.com 
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7. In each part state the x-coordinates of the inflection points 
of f. Give reasons for your answers. 
(a) The curve is the graph of f. 
(b) The curve is the graph of /f”. 
(c) The curve is the graph of f”. 


8. The graph of the first derivative f’ of a function f is shown. 

(a) On what intervals is f increasing? Explain. 

(b) At what values of x does f have a local maximum or 
minimum? Explain. 

(c) On what intervals is f concave upward or concave down- 
ward? Explain. 

(d) What are the x-coordinates of the inflection points of f? 
Why? 


9-18 

(a) Find the intervals on which f is increasing or decreasing. 
(b) Find the local maximum and minimum values of f. 

(c) Find the intervals of concavity and the inflection points. 


Oy (ee Ox? 830% 
10. fe) = 4x + 3x7 — 6x + 1 


W. f(x) =x — 2x? + 3 = 


12. f(x) = Sal 


13. f(x) =sinx + cosx, 0Sx=27 
14. f(x) = cos’x — 2sinx, 0<x<27 
15. f(x) = e* + e* 16. f(x) = x? Inx 


122 Fis) Ss eas x 18. f(x) = x*e™* 


23. Suppose f” is continuous on (—%, 00), 
(a) If f’(2) = O and f"(2) = —5, what can you say about f? 
(b) If f’(6) = 0 and f”(6) = 0, what can you say about f? 


24-29 Sketch the graph of a function that satisfies all of the given 
conditions. 
24. Vertical asymptotex = 0, f'(x) > Oifx < —2, 

of Ge) =A 1h es 0); 

fio =bate0, f(x) > Oux > 0 


25. f'(0) = f'(2) =f"(4) = 0, 
fi (t=O ston 2 — x4, 
fie nO iT 242 or = 4, 
Gy 01 a3, f"(x) =< Oi x — Bore 2 


6. f(1)=f'(—1) =0, f'@ <Oif |x) <1, 
f'G) > Onl 12) <2, f'@) = ae, 
f"(x) < Oif —2 <x <0, inflection point (0, 1) 


21) FG) = 0 af lack 2 Ge Olt ee 
f'(—2) =0, lim | f'(x)| =, fx) > Oifx #2 
2855 f (x) 0st ay (eS One ee 
f'(2) = 0, lim f= fa 
fo) O10 <3 ey GO) aa 


29. f’(x) < O and f"(x) < 0 for all x 


19-21 Find the local maximum and minimum values of f using 
both the First and Second Derivative Tests. Which method do you 
prefer? 


19. f(x) =1 + 3x? — 2x? a 


21. f(x) = Vx — Ye 


rah 3169) 


3a = Ml 


22. (a) Find the critical numbers of f(x) = x*(x — 1)°. 
(b) What does the Second Derivative Test tell you about the 
behavior of f at these critical numbers? 
(c) What does the First Derivative Test tell you? 


30. Suppose f(3) = 2, f'(3) = 5, and f’(x) > 0 and f"(x) < 0 for 
all x. 
(a) Sketch a possible graph for f. 
(b) How many solutions does the equation f(x) = 0 have? 
Why? 
(c) Is it possible that f’(2) = $2 Why? 


31-32 The graph of the derivative f’ of a continuous function f 
is shown. 
(a) On what intervals is f increasing? Decreasing? 
(b) At what values of x does f have a local maximum? 
Local minimum? 
(c) On what intervals is f concave upward? Concave downward? 
(d) State the x-coordinate(s) of the point(s) of inflection. 
(e) Assuming that f(0) = 0, sketch a graph of f. 


31. a 


32. yA 
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33-44 

(a) Find the intervals of increase or decrease. 

(b) Find the local maximum and minimum values. 

(c) Find the intervals of concavity and the inflection points. 

(d) Use the information from parts (a)—(c) to sketch the graph. 
Check your work with a graphing device if you have one. 

33. f(x) =x? = 12x +2 SA (i136 a or 

35. F(x) = 2.1 2x? = x* 36. g(x) = 200 + 8x? + x* 

37. h(x) = (x + 1° —5x-2 

39. F(x) = x/6 —-x 


M1. C(x) = x'7(x + 4) 


38 why) Si 
40. G(x) = 5x77 — 2x9 
42. f(x) = In(x* + 27) 
43. f(0) = 2 cos 6+ cos*6, 0S 0527 


44. S(x) =x — sin x, 


Osxs4r 


45-52 

(a) Find the vertical and horizontal asymptotes. 

(b) Find the intervals of increase or decrease. 

(c) Find the local maximum and minimum values. 

(d) Find the intervals of concavity and the inflection points. 
(e) Use the information from parts (a)—(d) to sketch the graph 


Ol jf 
1 i x4 


= 46. f(x) =— 
ESC NM ral sdikDitmkenoren 
AT, fo) = x2 — x 48. f(x) = i —. 


49. f(x) =e 50. f(x) =x — ix? —Flnx 


51. f(x) = In(1 — In x) 52. f(x) = eweam® 


53. Suppose the derivative of a function f is 
f'(x) = (x + 1)°(x — 3)°(x — 6)*. On what interval is f 
increasing? 


54. Use the methods of this section to sketch the curve 
y = x° — 3a*x + 2a’, where a is a positive constant. What do 
the members of this family of curves have in common? How 
do they differ from each other? 
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55-56 
(a) Use a graph of f to estimate the maximum and minimum 
values. Then find the exact values. 
(b) Estimate the value of x at which f increases most rapidly. Then 
find the exact value. 


etl 


raed 


55. f(x) = 56, f(x)! =x'e* 


57-58 
(a) Use a graph of f to give a rough estimate of the intervals of 
concavity and the coordinates of the points of inflection. 
(b) Use a graph of f” to give better estimates. 


57. f(x) = cosx + ; cos2x, O0Sx S27 


58. f(x) = x*(x — 2)4 


CAs) 59-60 Estimate the intervals of concavity to one decimal place by 
using a computer algebra system to compute and graph f”. 


xtt+x7 +1 bo tans 
SSN SB cea paeepiin & oO IA operas 


61. A graph of a population of yeast cells in a new laboratory cul- 
ture as a function of time is shown. 
(a) Describe how the rate of population increase varies. 
(b) When is this rate highest? 
(c) On what intervals is the population function concave 
upward or downward? 
(d) Estimate the coordinates of the inflection point. 


A 


700 + 
600 + 


Number 00h 


yeast cells 300 
200 | 


100 


$+} +} + —+- + + ++ > 
©  § i) Wy Wel ie ils 


Time (in hours) 


0 


i) 
a 


62. Let f(t) be the temperature at time ¢ where you live and sup- 
pose that at time t = 3 you feel uncomfortably hot. How do 
you feel about the given data in each case? 

(a) f'(3) =2, f"3) =4 

(D) iy (S)iee on fe (= 4 
(Cy B= =2, 3) =4 
GiGi 2, 773) = —=4 


63. Let K(t) be a measure of the knowledge you gain by studying 
for a test for t hours. Which do you think is larger, K(8) — K(7) 
or K(3) — K(2)? Is the graph of K concave upward or concave 
downward? Why? 
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64. 


65. 


66. 


67. 


68. 
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Coffee is being poured into the mug shown in the figure at a 
constant rate (measured in volume per unit time). Sketch a 
rough graph of the depth of the coffee in the mug as a func- 
tion of time. Account for the shape of the graph in terms of 
concavity. What is the significance of the inflection point? 


A drug response curve describes the level of medication in 
the bloodstream after a drug is administered. A surge func- 
tion S(t) = At’e “ is often used to model the response 
curve, reflecting an initial surge in the drug level and then a 
more gradual decline. If, for a particular drug, A = 0.01, 

p = 4, k = 0.07, and r is measured in minutes, estimate the 
times corresponding to the inflection points and explain their 
significance. If you have a graphing device, use it to graph 
the drug response curve. 


The family of bell-shaped curves 


1 


eo 2-#)/20°) 
oV27 


occurs in probability and statistics, where it is called the nor- 
mal density function. The constant yw is called the mean and 
the positive constant o is called the standard deviation. For 
simplicity, let’s scale the function so as to remove the factor 
1/ (o 27 ) and let’s analyze the special case where pp = 0. 
So we study the function 


fla) = r/o 


(a) Find the asymptote, maximum value, and inflection 
points of f. 

(b) What role does o play in the shape of the curve? 

(c) Illustrate by graphing four members of this family on the 
same screen. 


Find a cubic function f(x) = ax* + bx* + cx + d that has a 
local maximum value of 3 at x = —2 and a local minimum 
value of 0 atx = 1. 


For what values of the numbers a and b does the function 


fa)= axe” 


have the maximum value f(2) = 1? 


69. 


70. 


71. 


72. 


73. 


(a) If the function f(x) = x> + ax? + bx has the local mini- 
mum valu — 2/3 Ale tS: what are the values of a 
and b? 

(b) Which of the tangent lines to the curve in part (a) has the 
smallest slope? 


For what values of a and b is (2, 2.5) an inflection point of 
the curve x2y + ax + by = 0? What additional inflection 
points does the curve have? 


Show that the curve y = (1 + x)/(1 + x’) has three points 
of inflection and they all lie on one straight line. 


Show that the curves y = e “and y = —e “ touch the curve 
y =e “sin x at its inflection points. 


Show that the inflection points of the curve y = x sin x lie on 
the curve y*(x? + 4) = 4x’. 


74-76 Assume that all of the functions are twice differentiable 
and the second derivatives are never 0. 


74. 


Tha}. 


76. 


(a) If f and g are concave upward on J, show that f + g is 
concave upward on J. 

(b) If f is positive and concave upward on /, show that the 
function g(x) = [ f(x)]* is concave upward on J. 


(a) If f and g are positive, increasing, concave upward funce- 
tions on J, show that the product function fg is concave 
upward on /. 

(b) Show that part (a) remains true if f and g are both 
decreasing. 

(c) Suppose f is increasing and g is decreasing. Show, by 
giving three examples, that fg may be concave upward, 
concave downward, or linear. Why doesn’t the argument 
in parts (a) and (b) work in this case? 


Suppose f and g are both concave upward on (—%, %). 
Under what condition on f will the composite function 
h(x) = f(g(x)) be concave upward? 


71. 


78. 


79. 


Show that tan x > x forO0 < x < 7/2. [Hint: Show that 
f(x) = tan x — x is increasing on (0, 7/2).] 


(a) Show that e* = 1+ x forx = 0. 

(b) Deduce that e* > 1 + x + 3x? forx > 0. 

(c) Use mathematical induction to prove that for x > 0 and 
any positive integer n, 


+ 


x x” 
( SHS Ot Grae tae 


n 


x 


n! 


Show that a cubic function (a third-degree polynomial) 
always has exactly one point of inflection. If its graph has 
three x-intercepts x), x2, and x3, show that the x-coordinate of 
the inflection point is (x; + x2. + x3)/3. 


= 80. 


81. 


83. 


84. 


85. 


For what values of c does the polynomial 

P(x) = x* + cx* + x* have two inflection points? One 
inflection point? None? Illustrate by graphing P for several 
values of c. How does the graph change as c decreases? 


Prove that if (c, f(c)) is a point of inflection of the graph 
of f and f” exists in an open interval that contains c, then 
f"(c) = 0. [Hint: Apply the First Derivative Test and 
Fermat’s Theorem to the function g = f'.] 


. Show that if f(x) = x*, then f”(0) = 0, but (0, 0) is not an 


inflection point of the graph of f. 


Show that the function g(x) = x |x| has an inflection point at 
(0, 0) but g”(O) does not exist. 


m 


Suppose that f” is continuous and f'(c) = f"(c) = 0, but 
f'"(c) > 0. Does f have a local maximum or minimum at c? 
Does f have a point of inflection at c? 


Suppose f is differentiable on an interval J and f’(x) > 0 for 
all numbers x in J except for a single number c. Prove that f 
is increasing on the entire interval /. 
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86. 


87. 
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For what values of c is the function 


f(x) = cx + ieee 


increasing on (—%, %)? 


The three cases in the First Derivative Test cover the 
situations one commonly encounters but do not exhaust all 
possibilities. Consider the functions f, g, and h whose values 


at O are all O and, for x ¥ 0, 
4 pal 
G3) = 36| 2 ar Sin = 
% 


( i +) 
| = 2 se Sia = 
i 


(a) Show that O is a critical number of all three functions but 
their derivatives change sign infinitely often on both sides 
of 0. 

(b) Show that fhas neither a local maximum nor a local min- 
imum at 0, g has a local minimum, and h has a local 
maximum. 


f(x) = x*sin ao 
x 


h(x) = 


Suppose we are trying to analyze the behavior of the function 


] 
Fe nx 
= | 


Although F is not defined when x = 1, we need to know how F behaves near 1. In partic- 
ular, we would like to know the value of the limit 


[1] 


In computing this limit we can’t apply Law 5 of limits (the limit of a quotient is the quo- 
tient of the limits, see Section 2.3) because the limit of the denominator is 0. In fact, 
although the limit in exists, its value is not obvious because both numerator and 
denominator approach 0 and > is not defined. 

In general, if we have a limit of the form 


im fe) 
xia g(x) 


where both f(x) — 0 and g(x) — 0 as x — a, then this limit may or may not exist and is 
called an indeterminate form of type * We met some limits of this type in Chapter 2. For 
rational functions, we can cancel common factors: 


5 


m= 
im-7 | 


GN re 


ag eae MD a 


x(x = 1) 


1 
1m = 
x>l x t+ | 2 


We used a geometric argument to show that 


sin x 
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FIGURE 1 


Figure 1 suggests visually why I’Hospital’s 
Rule might be true. The first graph shows two 
differentiable functions f and g, each of 
which approaches 0 as x — a. If we were to 
zoom in toward the point (a, 0), the graphs 
would start to look almost linear. But if the 
functions actually were linear, as in the sec- 


ond graph, then their ratio would be 
ine @) my 


mx — a) mo 


which is the ratio of their derivatives. This 
suggests that 


But these methods do not work for limits such as [1], so in this section we introduce a sys- 
tematic method, known as !’Hospital’s Rule, for the evaluation of indeterminate forms. 

Another situation in which a limit is not obvious occurs when we look for a horizontal 
asymptote of F and need to evaluate the limit 


[2] peut ac 


It isn’t obvious how to evaluate this limit because both numerator and denominator become 
large as x —> ©. There is a struggle between numerator and denominator. If the numerator 
wins, the limit will be ©; if the denominator wins, the answer will be 0. Or there may be 
some compromise, in which case the answer will be some finite positive number. 

In general, if we have a limit of the form 


lim fe) 
xa g(x) 


where both f(x) > % (or —%) and g(x) — ~ (or —%), then the limit may or may not exist 
and is called an indeterminate form of type ~/2. We saw in Section 2.6 that this type 
of limit can be evaluated for certain functions, including rational functions, by dividing 
numerator and denominator by the highest power of x that occurs in the denominator. For 
instance, 


This method does not work for limits such as [2], but 1’ Hospital’s Rule also applies to this 
type of indeterminate form. 


Hospital's Rule Suppose f and g are differentiable and g'(x) # 0 on an open 
interval / that contains a (except possibly at a). Suppose that 


lim g(x) = 0 


or that 


lim g(x) = +99 


(In other words, we have an indeterminate form of type * or 00/00.) Then 


alia kb) pies 
1 = 
ae g(x) ay g(x) 


if the limit on the right side exists (or is © or —°%), 


NOTE 1 L’Hospital’s Rule says that the limit of a quotient of functions is equal to the 
limit of the quotient of their derivatives, provided that the given conditions are satisfied. It 


is especially important to verify the conditions regarding the limits of f and g before using 
 Hospital’s Rule. 


L’Hospital 


L'Hospital’s Rule is named after a French 
nobleman, the Marquis de I’Hospital (1661— 
1704), but was discovered by a Swiss mathe- 
matician, John Bernoulli (1667-1748). You 
might sometimes see |'Hospital spelled as 
'Hépital, but he spelled his own name |'Hospi- 
tal, as was common in the 17th century. See 
Exercise 81 for the example that the Marquis 
used to illustrate his rule. See the project on 
page 310 for further historical details. 


@ Notice that when using |'Hospital’s Rule 
we differentiate the numerator and denominator 
separately. We do not use the Quotient Rule. 


The graph of the function of Example 2 is shown 
in Figure 2. We have noticed previously that 
exponential functions grow far more rapidly than 
power functions, so the result of Example 2 is 
not unexpected. See also Exercise 71. 


20 


0 


FIGURE 2 
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NOTE 2 L’Hospital’s Rule is also valid for one-sided limits and for limits at infinity or 


negative infinity; that is, “x — a” can be replaced by any of the symbols x > a", x >a , 
XO, Or 1 > 00: 


NOTE 3 For the special case in which f(a) = g(a) = 0, f’ and g’ are continuous, and 
g(a) # 0, it is easy to see why |’ Hospital’s Rule is true. In fact, using the alternative form 
of the definition of a derivative, we have 


Pea get fl) = f@ 

; ; im 

AR) STG S Sia aA, 5 Oe OUTS aa 

xa g'(x) g(a) i; g(x) — g(a) x>a g(x) — g(a) 
im ——————— ne 
x—a 36 = 6) ea CL 


at im 20) tS ==) lim f(x) 
xa g(x) = g(a) hope g(x) 


It is more difficult to prove the general version of |’ Hospital’s Rule. See Appendix F. 


In 
[7 SEEESE Find lim aan 
Se AD tee 
SOLUTION Since 
lim In x = Inl = 0 and lim (x — 1) =0 
xc x 


we can apply I’ Hospital’s Rule: 


d 
= (I 
In x dx ay) Wise 
im = lim = lim —— 
ee) We x— 1 d ( 1) el 1 
ee 8 
dx 
1 
= lim—= 1 Ea 
jell 9% 


ee 
7 GEA Calculate lim a 


SOLUTION We have lim,-.< e* = © and lim,... x” = ©, so l’Hospital’s Rule gives 


d ‘ 
=) 
e Obs = e 
Heleey ao ain 2 
dx e 


Since e* > © and 2x — ” as x — %®, the limit on the right side is also indeterminate, 
but a second application of |’ Hospital’s Rule gives 


; e* } e 
lim — = lim — = lim — = iets 
xn XT x0 Dee xo 2 
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Pee lney 
The graph of the function of Example 3 is Vv Se\aeaen Calculate lim SE: 
shown in Figure 3. We have discussed previ- gaa Are 
ously the slow growth of logarithms, so it 


i oo 3/~ —> 0 as x —> ©, l’Hospital’s Rule applies: 
isn't surprising that this ratio approaches 0 SOLUTION Since In x —> °° and vx : P PP 


as x — ©. See also Exercise 72. fa f 1/x 

2 : sen abe oxen 

| | | | . 

| y= x Notice that the limit on the right side is now indeterminate of type > But instead of 

Nx | applying |’ Hospital’s Rule a second time as we did in Example 2, we simplify the 

0. 10.000  €XPression and see that a second application is unnecessary: 

: 

| 

| In x 


FIGURE 3 


t = : 
Se ataes Find lim eee (See Exercise 44 in Section 2.2.) 
Na Ge 


SOLUTION Noting that both tan x — x > 0 and x* — 0 as x — 0, we use |’ Hospital’s 
Rule: 
Sanaa eee wesec x | 
Lee ae EN 
x0 ae x0 3x 


Since the limit on the right side is still indeterminate of type °. we apply |’ Hospital’s 


Rule again: 
_ sec*x — 1 _ 2sec*x tan x 
IU Nees cen saphena = 
The graph in Figure 4 gives visual confirmation nae 3x rate 6x 
of the-result of Example 4. If we were to zoom : , ; ; : gyi 
in too far, however, we would get an inaccu- Because lim,—.9 sec°x = 1, we simplify the calculation by writing 
rate graph because tan x is close to x when x A 
is small. See Exercise 44(d) in Section 2.2. aa 2eectan x Cla , at taneaeel tan x 
0 eae er ISOC mn = — lim 
x0 6x 3 x0 x30 XxX Os Ome 
a We can evaluate this last limit either by using |’ Hospital’s Rule a third time or by 
writing tan x as (sin x)/(cos x) and making use of our knowledge of trigonometric limits. 
Putting together all the steps, we get 
os tal Xp oe esc tal wee. SecGen tall x 
| y= ans—s | lon a 
; | x x30 Se x>0 3x2 x0 6x 
—. 5 ‘ 
] tan i ScGay ] 
= i =— | nal 
FIGURE 4 SSP On: 3: == 08 3 
erie sin x 
TW Gea Find lim ————. 
n= LE COSY 
SOLUTION If we blindly attempted to use l Hospital’s Rule, we would get 
: sin x : COS x 
@ to SS Shion = —00 


x>n- 1—COSX x>7- sinx 


This is wrong! Although the numerator sin x — 0 as x > 7, notice that the denomi- 
nator (1 — cos x) does not approach 0, so I’ Hospital’s Rule can’t be applied here. 


Figure 5 shows the graph of the function in 
Example 6. Notice that the function is undefined 
at x = 0; the graph approaches the origin but 


never quite reaches it. 


| 


y=xlInx 


FIGURE 5 


te 
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The required limit is, in fact, easy to find because the function is continuous at 7 and 
the denominator is nonzero there: 


lim sin x 5 sin 7 ee 0 a 
x>n- 1 — cosx I = @OS aw = (ee) 


Example 5 shows what can go wrong if you use I’ Hospital’s Rule without thinking. Other 
limits can be found using |’ Hospital’s Rule but are more easily found by other methods. 
(See Examples 3 and 5 in Section 2.3, Example 3 in Section 2.6, and the discussion at the 
beginning of this section.) So when evaluating any limit, you should consider other meth- 
ods before using |’ Hospital’s Rule. 


MH Indeterminate Products 


If lim,+, f(x) = 0 and lim,—. g(x) = © (or —%), then it isn’t clear what the value of 
lim,—a {| f(x) g(x)], if any, will be. There is a struggle between fand g. If f wins, the answer 
will be 0; if g wins, the answer will be © (or —%). Or there may be a compromise where 
the answer is a finite nonzero number. This kind of limit is called an indeterminate form 
of type 0 - 2%. We can deal with it by writing the product fg as a quotient: 


ed ie ude 
i ae 


This converts the given limit into an indeterminate form of type > or 6/c0 so that we can use 
l Hospital’s Rule. 


2 Ge Evaluate lim x Inx. 
x—>0F 


SOLUTION The given limit is indeterminate because, as x > 0*, the first factor (x) 
approaches 0 while the second factor (In x) approaches —°. Writing x = 1/(1/x), we 
have 1/x — % as x — 0°, so l’Hospital’s Rule gives 


i) 


i i In x j 
iam ell se == Lith SS = ltt) SSS 
x 0t x—0T 1/x x>0t — Wie x 0+ 


NOTE In solving Example 6 another possible option would have been to write 


hin selhinge = hin, $$ 
x 0+ x>0* 1/Inx 


This gives an indeterminate form of the type 0/0, but if we apply  Hospital’s Rule we get 
a more complicated expression than the one we started with. In general, when we rewrite 
an indeterminate product, we try to choose the option that leads to the simpler limit. 


MS Indeterminate Differences 
If lim,—a f(x) = © and lim,—. g(x) = ®, then the limit 


lima fo) — gt) | 


xa 


is called an indeterminate form of type © — %. Again there is a contest between f and g. 
Will the answer be © (f wins) or will it be —% (g wins) or will they compromise on a finite 
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Although forms of the type 0°, 2°, and 1* are 
indeterminate, the form 0* is not indeter- 
minate. (See Exercise 84.) 


number? To find out, we try to convert the difference into a quotient (for instance, by using 

a common denominator, or rationalization, or factoring out a common factor) so that we 
‘ . 0 

have an indeterminate form of type 5 or ©/%. 


Seigisa Compute lim (sec x — tan x). 


SOLUTION First notice that sec x — © and tan x — © as x — (77/2) , so the limit is 
indeterminate. Here we use a common denominator: 


} 1 sin x 
lim a 
x (/2)~ x>(n/2)- \ COS X cos x 


I 


lim (sec x — tan x) 


. i] = Git 3 ; = COSEY 
S iin SS |S i = 
x—> (2/2) COS Xx SA) Sila) 4 


Note that the use of l’Hospital’s Rule is justified because 1 — sin x — 0 and cos x > 0 
as x — (a/2). Ess 


M8 Indeterminate Powers 


Several indeterminate forms arise from the limit 


lim | f(x) 2" 
1. lim f(x) = 0 and lim g(x) = 0 type 0° 
2. lim f(x) = and lim g(x) = 0 type «° 


3. lim f(x) =1- and lim g(x) = +o type 1* 
Each of these three cases can be treated either by taking the natural logarithm: 
let y=[f(x)]%, then In y = g(x) In f(x) 
or by writing the function as an exponential: 


[ f(x) ] = o9(2) Inf(x) 


(Recall that both of these methods were used in differentiating such functions.) In either 
method we are led to the indeterminate product g(x) In f(x), which is of type 0 - ~, 


OTR Calculate lim (lpeeinee x) oe 
0m 


SOLUTION First notice that as x — 0*, we have 1 + sin 4x —> 1 and cot x > ©, so the 
given limit is indeterminate. Let 


y=(1 + sin 4x) 


Then In y = In[(1 + sin 4x)°'*] = cot x In(1 + sin 4x) 
so l’Hospital’s Rule gives * 
4 cos 4x 
har teas ay In(1 + sin 4x) Ws 1+ sin4dx i 


Oe ad x=>0° tan x x 0+ sec?x 


The graph of the function y = x*, x > 0, is 
shown in Figure 6. Notice that although 0° 
is not defined, the values of the function 
approach | as x — 0°. This confirms the 
result of Example 9. 


in) 


FIGURE 6 


uw ~Exercises 
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So far we have computed the limit of In y, but what we want is the limit of y. To find this 
we use the fact that y = e'™?: 


lim (1 + sin 4x)°? = lim y = lim ei e* eu 
x0 x—0T 


On 


MW Bes Find lim, rea 


SOLUTION Notice that this limit is indeterminate since 0* = 0 for any x > 0 but x° = 1 
for any x ~ 0. We could proceed as in Example 8 or by writing the function as an 
exponential: 


y= (Gaay = erlnx 
In Example 6 we used |’ Hospital’s Rule to show that 
lim 4nx 0 


Therefore limex*® =, limees=> eo —11 EE 


x—0t x—0T 


1-4 Given that 


lim f(x) =0 lim g(x) = 0 


x—a 


lim p(x) = © 


R= 7G 


which of the following limits are indeterminate forms? For those 
that are not an indeterminate form, evaluate the limit where 


5-6 Use the graphs of fand g and their tangent lines at (2, 0) to 


lim A(x) = 1 reels 

xa x2 g(x) 
lim q(x) = 2 5 Yt y=1.8(x-2) / ¢ 
x=—a 7 7 


possible. 
edhe) ee) walled) 
1. (a) lim b) lim (Cy iti=—— 
( Vee g(x) ( xa P(x x—a p(x) 
ee) Ee 
Gh) iii (e) lim 
( ee f(x) oat q(x) 
7-66 Find the limit. Use l’Hospital’s Rule where appropriate. If 
2. (a) lim [f(x)p(x)] (b) lim [h(x)p(x)] there is a more elementary method, consider using it. If 1’ Hospital’s 
410 . Rule doesn’t apply, explain why. 
(c) lim [p() 4] papi 
ima x= 1 . eo oP RS © 
7h, lla) = 8. lim = 
: wl Xa a0 xD —— 
3. (a) lim[ f(x) — p@)] (b) lim [p(a) — q(x)] § 
nite aia F be ea > cae a Ge i 6x7 + 5x —4 
: a Liens ae 
(c) lim [p(x) + q(x)] ears eam Ace 6 
re ais COS X 12. |i sin 4x 
—————— . lim 
A. (ay lim [fG) |" (b) lim [eta eee (c) lim [h(x)]" " x>(n/2)* 1 — sinx 0 tan 5x 
(d) im[p)¥ —(e) timp)" (A) lim "Vp Pgh ae 1 
Ses tes pe «: +0 «sint 0 1 "cos x 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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17. | 


19. 


21. 


23: 


25. 


7A, Mi 


29. 


31. 


33. 


ah). 


37. 


49. 


51. 


53. 


54. 


55. 


57. 


. lim x7e7 
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i il = Sli @ 
ene iL SP ces 20) 


wil ae Dee —= <fil —= abe 


36 SE Sil 5% 
i 
> OMG COS LG 
il = se 4p lin oe 
x>1 1+ cos 7x 

5 = Ge =P Gi = II 
xl (x — 1) 


1 
COSME ler 5X7 
4 


x>0 XG 


. lim x sin(7/x) 


. lim cot 2x sin 6x 
x—0 


ie 


x0 


: lim, In x tan(7x/2) 


les et a es 

ws ie | In x 
1 i 

lim (2 ==. 

x0t \ x eo = Il 


lim [In(x? — 1) — Ine — 1)] 


xt 
iin) ga 


+0 


ling 2) 


x—0 


18. 


20. 


26. 


28. 


30. 


32. 


34. lim 


x0 tan '(4x) 


weal 


36. lim 


56. 


58. 


x>0* nx +x— 1 


Qi = B= Dx 


. lim 


x70 =x — siInNX 


cos x In(x — a) 
i oy sees oe Cel es 
x>a*— In(e* — e*) 


Mim arer” 


x—> 0 


Se lime Sinieoelnex 
x 0* 


. lim x tan(1/x) 


lim cos x sec 5x 


x—>(a/2)— 


) lim! (esc x = cot x) 


x 


1 
. lim (cots = 4] 
x0t x 


lim (tan 2.x)* 
x—0F 


[ a bx 
lim (: 4 “) 
x0 x 


59. lim x!/0- 60. lim 22/0 +n» 
aa x7 
61. lim x!” 62. lim (e* + x)" 
63. lim (4x a iene 64. lim (2 = yates) 
x07 os 
Ds st 3 Phil 
‘ 1/x? i 
65. jim (cos x) 66. lim pt we 


67-68 Use a graph to estimate the value of the limit. Then use 
|’ Hospital’s Rule to find the exact value. 


D) x : Sa 4 Ms 
yA then |{ il a= = 68 im ——— 


x0 x x0 3* — pe: 


69-70 Illustrate l’Hospital’s Rule by graphing both f(x)/g(x) and 
f'(x)/g'(x) near x = 0 to see that these ratios have the same limit as 


x — 0. Also, calculate the exact value of the limit. 
69. f(x) =e*—1, g(x) =x? + 4x 


70. f(x) = 2xsinx, g(x) =secx—- 1 


71. Prove that : 
2 
lim = 00 


n 
x0 


for any positive integer n. This shows that the exponential func- 
tion approaches infinity faster than any power of x. 


72. Prove that 


for any number p > 0. This shows that the logarithmic func- 
tion approaches © more slowly than any power of x. 


73-74 What happens if you try to use Il’ Hospital’s Rule to find the 
limit? Evaluate the limit using another method. 


73 hin 74, ee 


xe /x? + | 


1m. 
x—(7/2)~ tan x 


75. Investigate the family of curves f(x) = e* — cx. In particular, 
find the limits as x —> + and determine the values of c for 
which f has an absolute minimum. What happens to the mini- 
mum points as c increases? 


76. If an object with mass m is dropped from rest, one model for 
its speed v after ¢ seconds, taking air resistance into account, is 


mg 
area tl 
c 


v= {pie ee) 

where g is the acceleration due to gravity and c is a positive 
constant. (In Chapter 9 we will be able to deduce this equation 
from the assumption that the air resistance is proportional to 
the speed of the object; c is the proportionality constant.) 

(a) Calculate lim,—... v. What is the meaning of this limit? 


77. 


78. 


ik} 


80. 


81. 


82. 


(b) For fixed ¢, use l’Hospital’s Rule to calculate lim, 9+ v. 
What can you conclude about the velocity of a falling 
object in a vacuum? 


If an initial amount Ao of money is invested at an interest rate 
r compounded n times a year, the value of the investment after 


t years is 
a=a(i +2) 
n 


If we let n — ™, we refer to the continuous compounding of 
interest. Use l’Hospital’s Rule to show that if interest is com- 
pounded continuously, then the amount after ¢ years is 


A= Aoe™ 


If a metal ball with mass m is projected in water and the force 
of resistance is proportional to the square of the velocity, then 
the distance the ball travels in time f is 


s(t) = sila In cosh 4 toe 
Cc mt 


where c is a positive constant. Find lim.—.o+ s(t). 


If an electrostatic field E acts on a liquid or a gaseous polar 
dielectric, the net dipole moment P per unit volume is 
P(E) = ef+e® 1 
QoS NE 
Show that lim, 0+ P(E) = 0. 


A metal cable has radius r and is covered by insulation, so that 
the distance from the center of the cable to the exterior of the 
insulation is R. The velocity v of an electrical impulse in the 


cable is 
ie : 1 r 
>= — —. 10 | See 
een \ Gr R 


where c is a positive constant. Find the following limits and 
interpret your answers. 
(a) lim v (b) lim v 

R>rt rot 
The first appearance in print of |’ Hospital’s Rule was in the 
book Analyse des Infiniment Petits published by the Marquis 
de l’Hospital in 1696. This was the first calculus textbook ever 
published and the example that the Marquis used in that book 
to illustrate his rule was to find the limit of the function 


N20 tea OG GU 

a ax 
as x approaches a, where a > 0. (At that time it was common 
to write aa instead of a’.) Solve this problem. 


y= 


The figure shows a sector of a circle with central angle 6. Let 
A(6) be the area of the segment between the chord PR and 
the arc PR. Let B(0) be the area of the triangle POR. Find 
limy—o+ A(6)/B(6). 
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83. 


84. 


85. 


86. 


87. 


88. 


89. 


AY 90. 
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Ell 


Suppose f is a positive function. If lim,—, f(x) = 0 and 
lim a g(x) = ©, show that 


lim [ f(x)" = 0 


Evaluate lim 


xn 


This shows that 0” is not an indeterminate form. 
If f’ is continuous, f(2) = 0, and f’(2) = 7, evaluate 


FA ae S89) se A se 539) 
lim 


x0 Xx 


For what values of a and b is the following equation true? 


J sin 2x b 
lim Saag? he Cetin eek ae) 
x0 365 ban 


If f’ is continuous, use |’ Hospital’s Rule to show that 
fet Wh -fa-h _ 
lim 

2h 


h—0 
Explain the meaning of this equation with the aid of a 
diagram. 


f(x) 


If f” is continuous, show that 


i yf Coen) = 2h (a) eh) ae 
im : 


h=>0 ho 


f°) 


Let 
SUES TP oe SEO) 


é 
roy= 46 if x=0 


(a) Use the definition of derivative to compute f'(0). 

(b) Show that f has derivatives of all orders that are defined 
on R. [Hint: First show by induction that there is a poly- 
nomial p,(x) and a nonnegative integer k,, such that 
F(X) = pala) f (x)/x™ for x # 0.) 


Let 
pty = {i 


(a) Show that f is continuous at 0. 

(b) Investigate graphically whether f is differentiable at 0 by 
zooming in several times toward the point (0, 1) on the 
graph of f. 

(c) Show that f is not differentiable at 0. How can you 
reconcile this fact with the appearance of the graphs in 
part (b)? 


if x #0 
if x =0 
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WRITING PROJECT. ' THE ORIGINS OF LHOSPITALS RULE a 3 a 


7 

L’Hospital’s Rule was first published in 1696 in the Marquis de I’Hospital’s calculus POOR 
Analyse des Infiniment Petits, but the rule was discovered in 1694 by the Swiss mathematician ss 
John (Johann) Bernoulli. The explanation i is that these two mathematicians had entered into a ’ 


curious business arrangement whereby the Marquis de I’ Hospital bought the rights to Bernoulli’s 
mathematical discoveries. The details, including a translation of I’Hospital’s letter to Bernoulli 
proposing the arrangement, can be found in the book by Eves [1]. 

Write a report on the historical and mathematical origins of |’ Hospital’s Rule. Start by pro- 
viding brief biographical details of both men (the dictionary edited by Gillispie [2] is a good 
source) and outline the business deal between them. Then give I’Hospital’s statement of his tule, 
which is found in Struik’s sourcebook [4] and more briefly in the book of Katz [3]. Notice that 
l’Hospital and Bernoulli formulated the rule geometrically and gave the answer in terms of dif- 
ferentials. Compare their statement with the version of l’Hospital’s Rule given in Section 4.4 and 
show that the two statements are essentially the same. 


— 


25.1 weal 


1. Howard Eves, In Mathematical Circles (Volume 2: Quadrants III and IV) (Boston: Prindle, 
Weber and Schmidt, 1969), pp. 20-22. 

2. C. C. Gillispie, ed., Dictionary of Scientific Biography (New York: Scribner’s, 1974). See the 
article on Johann Bernoulli by E. A. Fellmann and J. O. Fleckenstein in Volume II and the 
article on the Marquis de I’ Hospital by Abraham Robinson in Volume VIII. 

www.stewartcalculus.com 3. Victor Katz, A History of Mathematics: An Introduction (New York: HarperCollins, 1993), 

The Internet is another source of information for p. 484. 

this project. Click on History of Mathematics for 4. D. J. Struik, ed., A Sourcebook in Mathematics, 1200-1800 (Princeton, NJ: Princeton Uni- 

a list of reliable websites. versity Press, 1969), pp. 315-316. 
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45 | Summary of Curve Sketching 


So far we have been concerned with some particular aspects of curve sketching: domain, 
range, and symmetry in Chapter 1; limits, continuity, and asymptotes in Chapter 2; deriv- 
atives and tangents in Chapters 2 and 3; and extreme values, intervals of increase and 
decrease, concavity, points of inflection, and |’ Hospital’s Rule in this chapter. It is now 
time to put all of this information together to sketch graphs that reveal the important fea- 
tures of functions. 


You might ask: Why don’t we just use a graphing calculator or computer to graph a 
Y 4 curve? Why do we need to use calculus? 
J It’s true that modern technology is capable of producing very accurate graphs. But even 
—10 the best graphing devices have to be used intelligently. We saw in Section 1.4 that it is 
rICURER extremely important to choose an appropriate viewing rectangle to avoid getting a mis- 
leading graph. (See especially Examples 1, 3, 4, and 5 in that section.) The use of calculus 
’ enables us to discover the most interesting aspects of graphs and in many cases to calcu- 
| late maximum and minimum points and inflection points exactly instead of approximately. 
| 
| 
| 


30 y= 8x°— 21x? +18x+2 
/ ) 


For instance, Figure 1 shows the graph of f(x) = 8x> — 21x? + 18x + 2. At first 
glance it seems reasonable: It has the same shape as cubic curves like y = x*, and it appears 
to have no maximum or minimum point. But if you compute the derivative, you will see 
that there is a maximum when x = 0.75 and a minimum when x = 1. Indeed, if we zoom 


y= 8x°— 21x? + 18x42 | in to this portion of the graph, we see that behavior exhibited in Figure 2. Without calcu- 
Ds _ an (2 lus, we could easily have overlooked it. 
In the next section we will graph functions by using the interaction between calculus and 
FIGURE 2 


graphing devices. In this section we draw graphs by first considering the following 


eV 


(a) Even function: reflectional symmetry 


(b) Odd function: rotational symmetry 


FIGURE 3 


FIGURE 4 
Periodic function: 
translational symmetry 
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information. We don’t assume that you have a graphing device, but if you do have one you 
should use it as a check on your work. 


MEE Guidelines for Sketching a Curve 


The following checklist is intended as a guide to sketching a curve y = f(x) by hand. Not 
every item is relevant to every function. (For instance, a given curve might not have an 
asymptote or possess symmetry.) But the guidelines provide all the information you need 
to make a sketch that displays the most important aspects of the function. 


A. Domain It’s often useful to start by determining the domain D of f, that is, the set of 


values of x for which f(x) is defined. 

Intercepts The y-intercept is f(0) and this tells us where the curve intersects the y-axis. 
To find the x-intercepts, we set y = 0 and solve for x. (You can omit this step if the equa- 
tion is difficult to solve.) 


. Symmetry 


(i) If f(—x) = f(x) for all x in D, that is, the equation of the curve is unchanged 
when x is replaced by — x, then f is an even function and the curve is symmetric about 
the y-axis. This means that our work is cut in half. If we know what the curve looks like 
for x = 0, then we need only reflect about the y-axis to obtain the complete curve [see 
Figure 3(a)]. Here are some examples: y = x’, y = x*, y = |x|, and y = cos x. 


(ii) If f(—x) = —f(x) for all x in D, then f is an odd function and the curve is sym- 
metric about the origin. Again we can obtain the complete curve if we know what it looks 
like for x => 0. [Rotate 180° about the origin; see Figure 3(b).] Some simple examples 
of odd functions are y = x, y = x°, y = x°, and y = sin x. 


(iii) If f(x + p) = f(x) for all x in D, where p is a positive constant, then f is called 
a periodic function and the smallest such number p is called the period. For instance, 
y = sin x has period 277 and y = tan x has period 7. If we. know what the graph looks 
like in an interval of length p, then we can use translation to sketch the entire graph (see 
Figure 4). 


YA 
| | : 
Gp 0} a atp a+2p x 


. Asymptotes 


(i) Horizontal Asymptotes. Recall from Section 2.6 that if either lim fesesy (6) er 
or lim, f(x) = L, then the line y = L is a horizontal asymptote of the curve y = f(x). 
If it turns out that lim,... f(x) = © (or —%), then we do not have an asymptote to the 
right, but that is still useful information for sketching the curve. 


(ii) Vertical Asymptotes. Recall from Section 2.2 that the line x = a is a vertical 
asymptote if at least one of the following statements is true: 


[1 lim, f(x) = % lim f(x) = % 


om ae 


lim f(x) = -* lim f(x) = -© 


x—at Ninel 
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x=-I|| \|x 


FIGURE 5 
Preliminary sketch 


We have shown the curve approaching its 
horizontal asymptote from above in Figure 5. 
This is confirmed by the intervals of increase and 
decrease. 


[ GSCWGER Use the guidelines to sketch the curve y = 
A. The domain is 


(For rational functions you can locate the vertical asymptotes by equating the denomi- 
nator to 0 after canceling any common factors. But for other functions this method does 
not apply.) Furthermore, in sketching the curve it is very useful to know exactly which 
of the statements in [1] is true. If f(a) is not defined but a is an endpoint of the domain 
of f, then you should compute lim, —.- f(x) or lim, a+ f (x), whether or not this limit is 
infinite. 

(iii) Slant Asymptotes. These are discussed at the end of this section. 


Intervals of Increase or Decrease Use the I/D Test. Compute f(x) and find the intervals 


on which f(x) is positive (f is increasing) and the intervals on which f'(x) is negative 
(f is decreasing). 

Local Maximum and Minimum Values Find the critical numbers of f [the numbers c where 
f'(c) = 0 or f'(c) does not exist]. Then use the First Derivative Test. If f’ changes from 
positive to negative at a critical number c, then f (c) is a local maximum. If f’ changes 
from negative to positive at c, then f(c) is a local minimum. Although it is usually prefer- 
able to use the First Derivative Test, you can use the Second Derivative Test if f'(c) =0 
and f"(c) # 0. Then f"(c) > 0 implies that f(c) is a local minimum, whereas f"(c) < 0 
implies that f(c) is a local maximum. 


_ Concavity and Points of Inflection Compute f”(x) and use the Concavity Test. The curve 


is concave upward where f(x) > 0 and concave downward where f(x) < 0. Inflec- 
tion points occur where the direction of concavity changes. 


. Sketch the Curve Using the information in items A—G, draw the graph. Sketch the 


asymptotes as dashed lines. Plot the intercepts, maximum and minimum points, and 
inflection points. Then make the curve pass through these points, rising and falling 
according to E, with concavity according to G, and approaching the asymptotes. If 
additional accuracy is desired near any point, you can compute the value of the derivative 
there. The tangent indicates the direction in which the curve proceeds. 


2x? 
xr 1 


{in} 67 Lys Oh = {| lh = (=O 1) i) OE 


B. The x- and y-intercepts are both 0. 
C. Since f(—x) = f(x), the function f is even. The curve is symmetric about the y-axis. 


Dick p) 
linn == 


 -hCl ] —— eS) ee. 
sss pea = Al rote Ve Lie : 


Therefore the line y = 2 is a horizontal asymptote. 
Since the denominator is 0 when x = +1, we compute the following limits: 


ee ag 
lhiaa) = = 0 kites. = = —00 
x>lt x~ — J x>1- x* — | 
: Ox , oe 
hint, = = 5 iin ———— = ee 
x>-1t x? — | x>-1- x* — J 
Therefore the lines x = 1 and x = —1 are vertical asymptotes. This information about 


limits and asymptotes enables us to draw the preliminary sketch in Figure 5, showing 
the parts of the curve near the asymptotes. 


a 
| | 
| | 
pe (210 aid et 
y=2 | | 
| | 
iol | . 
I : 
| | ‘ 
| | 
| | 
EA |\x=1 
FIGURE 6 - 
Finished sketch of y =~ 


eat, 


x=-1 


FIGURE 7 


SECTION 4.5 SUMMARY OF CURVE SKETCHING 313 


(x? — 1)(4x) — 2x? + 2x —4x 
Geel), Ver—41)y 


f(x) = 


Since f(x) > 0 when x < 0 (x ¥ —1) and f(x) < 0 when x > 0 (x # 1), f is 
increasing on (—%, —1) and (—1, 0) and decreasing on (0, 1) and (1, ~). 

The only critical number is x = 0. Since f’ changes from positive to negative at 0, 
f(0) = Ois a local maximum by the First Derivative Test. 


(x? — 1)?(—4) + 4x + 2(x? — 1)2x — 125744 
ei): =a 


Since 12x? + 4 > 0 for all x, we have 


f"(a) = 


ee 0 ie al eat 


and f"(x) <0 <> |x| < 1. Thus the curve is concave upward on the intervals 
(—, —1) and (1, ©) and concave downward on (—1, 1). It has no point of inflection 
since 1 and —1 are not in the domain of f. 


. Using the information in E—G, we finish the sketch in Figure 6. EE 


2 


X 


G2CEA Sketch the graph of f(x) = eee: 


oO wp 


. Domain = {x | x + 1 > 0} = {x | x > -1} = (-1,%) 
. The x- and y-intercepts are both 0. 
. Symmetry: None 
J-omce 
; x” 
in == = 


ge Ae Se I 


there is no horizontal asymptote. Since /x + 1 — 0as x — —1° and f(x) is always 
positive, we have 


2 


x 
in 
a at ate 
and so the line x = —1 is a vertical asymptote. 
r(x) QxJ/xt+1—x?> WOR ee + 1) Gs) 


We see that f’(x) = 0 when x = 0 (notice that —% is not in the domain of f), so the 
only critical number is 0. Since f(x) < 0 when —1 < x < Oand f(x) > 0 when 

x > 0, f is decreasing on (—1, 0) and increasing on (0, ©). 

Since f'(0) = 0 and f’ changes from negative to positive at 0, f(0) = 0 is a local (and 
absolute) minimum by the First Derivative Test. 


(x) Q(x + 1)°(6x + 4) — Bx? + 4x)3(x + 1)'% — 3x? + 8x + 8 
ae Ato 1) Ate 


Note that the denominator is always positive. The numerator is the quadratic 

3x2 + 8x + 8, which is always positive because its discriminant is b> — 4ac = —32, 
which is negative, and the coefficient of x is positive. Thus f”(x) > 0 for all x in the 
domain of f, which means that f is concave upward on (—1, °) and there is no point 
of inflection. 


. The curve is sketched in Figure 7. Leone 
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FIGURE 8 


2 GECWEaEW Sketch the graph of f(x) = xe". 


A. 
B. The x- and y-intercepts are both 0. 

C. 

D. Because both x and e* become large as x — ™, we have lim,—» xe* = ©, Asx > —&, 


The domain is R. 
Symmetry: None 


however, e* > 0 and so we have an indeterminate product that requires the use of 
l’ Hospital’s Rule: 


% 1 ; 
lim xe* = lim — = lim vey Lirias ee) yet 
¢ 0 x (go 00 4 x0 


Thus the x-axis is a horizontal asymptote. 
fi a) Sey erik 1) e" 


Since e” is always positive, we see that f’(x) > 0 whenx + 1 > 0, and f'(x) < 0 when 
x + 1 <0. Sof is increasing on (—1, ©) and decreasing on (—%, —1). 


Because f’(—1) = 0 and f’ changes from negative to positive atx = —I, 
f(—1) = ~e ‘isa local (and absolute) minimum. 
f"(x) = @ + De* + e* = (x + 2)e* 


Since f"(x) > Oif x > —2 and f"(x) < Oif x < —2, fis concave upward on (—2,,2) 
and concave downward on (—%, —2). The inflection point is (—2, —2e~*). 


H. We use this information to sketch the curve in Figure 8. Be 
F cos x 
eAMaiee Sketch the graph of f(x) = putecane 
sin x 


. The domain is R. 
. The y-intercept is f(0) = +. The x-intercepts occur when cos x = 0, that is, 


x = (2n + 1)a/2, where n is an integer. 


. f is neither even nor odd, but f(x + 27) = f(x) for all x and so f is periodic and 


has period 27. Thus, in what follows, we need to consider only 0 S x S 277 and then 
extend the curve by translation in part H. 


. Asymptotes: None 


Fore (2 + sin x)(—sin x) — cos x (cos x) Aime 2c | 
(2 + sin x)? (2 + sin x)? 
Thus f’(x) > Owhen2sinx +1<0 <& sinx<-5 & 
71/6 <x < 1127/6. So fis increasing on (77/6, 1177/6) and decreasing on (0, 77/6) 
and (1177/6, 277). 
From part E and the First Derivative Test, we see that the local minimum value 
is f(77/6) = —1//3 and the local maximum value is f(117/6) = 1/73. 


. If we use the Quotient Rule again and simplify, we get 


2 cos x (1 — sin x) 
(2 + sin x)? 


bik) Sa 


Because (2 + sin x)* > 0 and 1 — sin x = 0 for all x, we know that f”(x) > 0 when 
cos x < 0, that is, 7/2 < x < 37/2. So f is concave upward on (7/2, 37/2) and 
concave downward on (0, 77/2) and (37/2, 277). The inflection points are (7/2, 0) 
and (3771/2, 0). 


FIGURE 9 


FIGURE 11 
yin 4x ) 


SECTION 4.5 SUMMARY OF CURVE SKETCHING 315 


H. The graph of the function restricted to 0 < x < 27 is shown in Figure 9. Then we 
extend it, using periodicity, to the complete graph in Figure 10. 


FIGURE 10 ad 


(SZTSA Sketch the graph of y = In(4 — x’). 


A. The domain is 
{x | 4 — x7 > O} = {x | x? <4} = {x | |x| < 2} = (-2, 2) 
B. The y-intercept is f(0) = In 4. To find the x-intercept we set 
y= In4’— x7) =0 


We know that In 1 = 0, so we have 4 — x7 = 1 > x? = 3 and therefore the 
x-intercepts are Hines) 

C. Since f(—x) = f(x), f is even and the curve is symmetric about the y-axis. 

D. We look for vertical asymptotes at the endpoints of the domain. Since 4 — x* > 0° as 
x — 2° and also as x — —2*, we have 


lim In(4 — x?) = —o lim, In(4 — x*) = —o 
Thus the lines x = 2 and x = —2 are vertical asymptotes. 
E. (x) = — 
FO amigas 


Since f’(x) > 0 when —2 < x < Oand f'(x) < 0 when 0 < x < 2, f is increasing 
on (—2, 0) and decreasing on (0, 2). 

F. The only critical number is x = 0. Since f’ changes from positive to negative at 0, 
f(0) = In 4 is a local maximum by the First Derivative Test. 


(4 — x”)(—2) + 2x(—2x) ey —8 — 2x° 


G. vues) = (4 = x2) (4 = xy 


Since f"(x) < 0 for all x, the curve is concave downward on (—2, 2) and has no 
inflection point. 
H. Using this information, we sketch the curve in Figure 11. BERS 


MN Slant Asymptotes 


Some curves have asymptotes that are oblique, that is, neither horizontal nor vertical. If 
dan f (4) ene) O 


where m ~ 0, then the line y = mx + b is called a slant asymptote because the vertical 
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FIGURE 12 


ve 
y=x 


FIGURE 13 


inflection 


points 


distance between the curve y = f(x) and the line y = mx + b approaches 0, as in Fig- 
ure 12. (A similar situation exists if we let x > —oo.) For rational functions, slant asymp- 
totes occur when the degree of the numerator is one more than the degree of the 
denominator. In such a case the equation of the slant asymptote can be found by long divi- 
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sion as in the following example. 


x? 


(7 SCE Sketch the graph of f(x) = oni 
Xx 


A. The domain is R = (—~, ©). 
B. The x- and y-intercepts are both 0. 
c. Since f(—x) = —f(x), f is odd and its graph is symmetric about the origin. 
D. Since x2 + 1 is never 0, there is no vertical asymptote. Since f(x) > © as x > ~ and 
f(x) > —% as x > —%, there is no horizontal asymptote. But long division gives 
oe i 
yes er es ae 
2 
5 EG 
| el’ =e on enraes i —>0 as x~7to 
er 
So the line y = x is a slant asymptote. 
3; 2 ; 2 ae 1 = 3 Di fired 
5 fi) = Gas a x oe ee eee) 
Ge Se 10S Ge ep lp 
Since f'(x) > 0 for all x (except 0), f is increasing on (—%, ©). 
F. Although f'(0) = 0, f' does not change sign at 0, so there is no local maximum or 
minimum. 
4 3) + x)(3 2 + 2 + % 4 2 . 2 — 2 
Pail es re eae da cada RRC WY es Se 
(be spall) (x? + 173 
Since f(x) = 0 when x = 0 or x = +¥/3, we set up the following chart: 
Interval x 3 — x? (Zoster)? Fi) f 
x<—J3 + = + “8 CU on (—, —/3) 
—/3 <7<0 = a + - CD on (— 3, 0) 
O0<x< V3 % cu a a CU on (0, V3) 
Tee Aas + ~ + - CD on (/3, ~) 
The points of inflection are (—/3, —} V3 ), (0, 0), and (/3, 3/3 ). 
H. The graph of f is sketched in Figure 13. 


455 | Exercises 


1-54 Use the guidelines of this section to sketch the curve. 


1. y= x? — 12x? + 36x 
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2. y=2 + 3x7 - x3 


4 y= 
6. y= 
8. gee 


10. y= 


A y= 


14. y= 


18. y= 


20. y= 


244. y= 


34. y= 


y= on — tans, 1/2 <x 07/2 


40. y= 


48. y= 
50 


kn ide Ole” 8 a 
5. y = x(x — 4)? 
7. y= ex = =x? + 16x 
i 
9 y= 
ms jo il 
x— x? 
11. y= 
2 My ae 
13. y= : 
a jee!) 
5.y=—— 
OES TSR: 
sell 
i - 
ie 
19 i 
. oS Py 
se ap 3) 
21. y = (x — 3)Vx 
By BS lag SP oe 7 
25. y = ——= 
o se ap Il 
alll = 3K? 
i 
x 
29. y= x — 3x? 
ohh We eye en 
33. y = sin’x 
Sony =x lat xy 7/2 XT) 2 
36. 
37. y=3x—sinx, 0<x<3m 
38. y=secx+tanx, 0<x< 7/2 
no ee sin x 
poor cos x 
41. y = arctan(e*) 
43. y=1/(1 + e*) 
45. y=x-—Inx 
AT ayers et) 
49. y = In(sin x) 
51 y—= xen! 


52. y= 


Cae e 
In(x? 


In x 


= 


1. Homework Hints available at stewartcalculus.com 


x? — 8x7 +8 
x> — 5x 
(Ax) 
x7-4 
x? — 2x 
x 
x7 -9 
x? 
x7 +9 
1 1 
eee ee 
Se ee 
x 
x= 1 
ie 
= 2 


53. 


3x 2% —| Mcnl 
Vea Cane Cie 54. y = tan 
64 I 


55. 


56. 


57. 


58. 


59. 


In the theory of relativity, the mass of a particle is 
Mo 


where mo is the rest mass of the particle, m is the mass when 
the particle moves with speed v relative to the observer, and c 
is the speed of light. Sketch the graph of m as a function of v. 


n= 


In the theory of relativity, the energy of a particle is 


E=Jméc* + hic?/ 


where mo is the rest mass of the particle, A is its wave length, 
and h is Planck’s constant. Sketch the graph of E as a function 
of A. What does the graph say about the energy? 


A model for the spread of a rumor is given by the equation 


1 


t) = —————__ 
Pl) 1+ ae“ 


where p(t) is the proportion of the population that knows the 
rumor at time ¢ and a and k are positive constants. 

(a) When will half the population have heard the rumor? 

(b) When is the rate of spread of the rumor greatest? 

(c) Sketch the graph of p. 


A model for the concentration at time f of a drug injected into 
the bloodstream 1s 


C(t) = K(e — e*) 


where a, b, and K are positive constants and b > a. Sketch the 
graph of the concentration function. What does the graph tell 
us about how the concentration varies as time passes? 


The figure shows a beam of length L embedded in concrete 
walls. If a constant load W is distributed evenly along its 
length, the beam takes the shape of the deflection curve 


We a WE ., 1114 Ga 
Gack Kis er 
24EI I2EI 24EI 


irr 


where E and J are positive constants. (E is Young’s modulus of 
elasticity and J is the moment of inertia of a cross-section of 
the beam.) Sketch the graph of the deflection curve. 


x W 


dea 
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60. Coulomb’s Law states that the force of attraction between two 
charged particles is directly proportional to the product of the 
charges and inversely proportional to the square of the distance 
between them. The figure shows particles with charge | located 
at positions 0 and 2 on a coordinate line and a particle with 
charge —1 at a position x between them. It follows from Cou- 
lomb’s Law that the net force acting on the middle particle is 

k k 


NGA ie Z (x — 2)° 


OR <n 


where k is a positive constant. Sketch the graph of the net force 
function. What does the graph say about the force? 


curve. 


Apps I & Die Sree ogee) 
of aT as x? + 2x 
= 4x3 — 2x7 + 5 a Sxtt+x?+%x 
= y i P 
y xr t+x-—3 , xi—x?4+2 


67. 


y= let sxe 


3 


+4 
= $$ <$<— 
v x2 y (x #1)? 


WW. y=1-xte 


65-70 Use the guidelines of this section to sketch the curve. In 
guideline D find an equation of the slant asymptote. 


2 


1 + 5x — 2x? 
eS D 


65. y= 66. y = 


xe = jl 
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71. 


72. 


73. 


74. 


15: 


76. 


Show that the curve y = x — tan ‘x has two slant asymptotes: 
y=x+ a/2 andy =x — 7/2. Use this fact to help sketch 
the curve. 


Show that the curve y = /x? + 4x has two slant asymptotes: 
y =x +2and y = —x — 2. Use this fact to help sketch the 
curve. 


Show that the lines y = (b/a)x and y = —(b/a)x are slant 
asymptotes of the hyperbola (x?/a*) — (y7/b*) = 1. 


Let f(x) = (x* + 1)/x. Show that 
iim [f(@) — x7] =0 


This shows that the graph of f approaches the graph of y = x’, 
and we say that the curve y = f(x) is asymptotic to the 
parabola y = x’. Use this fact to help sketch the graph of /f. 


Discuss the asymptotic behavior of f(x) = (x* + 1)/x in the 
same manner as in Exercise 74. Then use your results to help 
sketch the graph of f. 


Use the asymptotic behavior of f(x) = cos x + 1/x* to sketch 
its graph without going through the curve-sketching procedure 
of this section. 


If you have not already read Section 1.4, you 
should do so now. In particular, it explains 
how to avoid some of the pitfalls of graphing 
devices by choosing appropriate viewing 
rectangles. 


The method we used to sketch curves in the preceding section was a culmination of much 
of our study of differential calculus. The graph was the final object that we produced. In this 
section our point of view is completely different. Here we start with a graph produced by 
a graphing calculator or computer and then we refine it. We use calculus to make sure that 


we reveal all the important aspects of the curve. And with the use of graphing devices we 
can tackle curves that would be far too complicated to consider without technology. The 
theme is the interaction between calculus and calculators. 


EMER Graph the polynomial f(x) = 2x° + 3x° + 3x? — 2x?. Use the graphs of f’ 
and f” to estimate all maximum and minimum points and intervals of concavity. 


SOLUTION If we specify a domain but not a range, many graphing devices will deduce a 
suitable range from the values computed. Figure 1 shows the plot from one such device 
if we specify that —5 < x < 5. Although this viewing rectangle is useful for showing 
that the asymptotic behavior (or end behavior) is the same as for y = 2x°, it is obviously 
hiding some finer detail. So we change to the viewing rectangle [—3, 2] by [—50, 100] 


shown in Figure 2. 


10 


FIGURE 5 
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100 


=) 


—1000 ; 50 


FIGURE 1 FIGURE 2 


From this graph it appears that there is an absolute minimum value of about —15.33 
when x ~ —1.62 (by using the cursor) and f is decreasing on (—%, —1.62) and increas- 
ing on (—1.62, »). Also there appears to be a horizontal tangent at the origin and inflec- 
tion points when x = 0 and when x is somewhere between —2 and —1. 

Now let’s try to confirm these impressions using calculus. We differentiate and get 


GHGs as ee Ney Sethe ae 2c 
f(x) = 60x* + 60x? + 18x — 4 


When we graph f’ in Figure 3 we see that f’(x) changes from negative to positive when 
x ~ —1.62; this confirms (by the First Derivative Test) the minimum value that we found 
earlier. But, perhaps to our surprise, we also notice that f’(x) changes from positive to 
negative when x = 0) and from negative to positive when x ~ 0.35. This means that f 
has a local maximum at 0 and a local minimum when x ~ 0.35, but these were hidden 

in Figure 2. Indeed, if we now zoom in toward the origin in Figure 4, we see what we 
missed before: a local maximum value of 0 when x = 0 and a local minimum value of 
about —0.1 when x ~ 0.35. 


FIGURE 3 FIGURE 4 


What about concavity and inflection points? From Figures 2 and 4 there appear to , 
be inflection points when x is a little to the left of —1 and when x is a little to the right 
of 0. But it’s difficult to determine inflection points from the graph of f, so we graph the 
second derivative f” in Figure 5. We see that f” changes from positive to negative when 
x ~ —1.23 and from negative to positive when x ~ 0.19. So, correct to two decimal 
places, f is concave upward on (—co, —1.23) and (0.19, %) and concave downward on 
(—1.23, 0.19). The inflection points are (— 1.23, — 10.18) and (0.19, —0.05). 

We have discovered that no single graph reveals all the important features of this 
polynomial. But Figures 2 and 4, when taken together, do provide an accurate picture. 

Ere 
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FIGURE 6 


Nw 


FIGURE 9 


(2 (S002 Draw the graph of the function 


(x) Ko Ix 3 

== 

f ee 

in a viewing rectangle that contains all the important features of the function. Estimate 
the maximum and minimum values and the intervals of concavity. Then use calculus to 


find these quantities exactly. 


SOLUTION Figure 6, produced by a computer with automatic scaling, is a disaster. Some 
graphing calculators use [— 10, 10] by [—10, 10] as the default viewing rectangle, so 
let’s try it. We get the graph shown in Figure 7; it’s a major improvement. 


FIGURE 7 FIGURE 8 


The y-axis appears to be a vertical asymptote and indeed it is because 


Figure 7 also allows us to estimate the x-intercepts: about —0.5 and —6.5. The exact val- 
ues are obtained by using the quadratic formula to solve the equation x* + 7x + 3 = 0; 
we get x =(-7 + V37 )/2. 

To get a better look at horizontal asymptotes, we change to the viewing rectangle 
[—20, 20] by [—5, 10] in Figure 8. It appears that y = 1 is the horizontal asymptote and 
this is easily confirmed: 


— x? + Tx +3 q 3 
Leer ee Tee == | 


5 
x—t00 50 x—to x -+ 


To estimate the minimum value we zoom in to the viewing rectangle [—3, 0] by 
[—4, 2] in Figure 9. The cursor indicates that the absolute minimum value is about —3.1 
when x ~ —0.9, and we see that the function decreases on (—%, —0.9) and (0, ©) and 
increases on (—0.9, 0). The exact values are obtained by differentiating: 


} 7 6 (hace ls 
HAAG a Ea Serie Sey as 3 


a x 1 
This shows that f’(x) > 0 when —3 < x < O and f'(x) < 0 when x < —* and when 
x > 0. The exact minimum value is f(—$) = —7 = —3.08. 
Figure 9 also shows that an inflection point occurs somewhere between x = —1 and 
x = —2. We could estimate it much more accurately using the graph of the second deriv- 
ative, but in this case it’s just as easy to find exact values. Since 
14 18) 2G ee) 
[Gl =— 
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we see that f”(x) > 0 when x > —7 (x ¥ 0). So f is concave upward on (—3, 0) and 
(0, 2) and concave downward on (—°, —7). The inflection point is (—3, —3). 
The analysis using the first two derivatives shows that Figure 8 displays all the major 
aspects of the curve. BS 


x(x + 1) 
(eee) (x 4) 


SOLUTION Drawing on our experience with a rational function in Example 2, let’s start 
by graphing f in the viewing rectangle | —10, 10] by [—10, 10]. From Figure 10 we have 
the feeling that we are going to have to zoom in to see some finer detail and also zoom 
out to see the larger picture. But, as a guide to intelligent zooming, let’s first take a close 
look at the expression for f(x). Because of the factors (x — 2)? and (x — 4)* in the 
denominator, we expect x = 2 and x = 4 to be the vertical asymptotes. Indeed 


1) EQEEA «Graph the function f(x) = 
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This shows that f(x)—>0 as x > £%, so the x-axis is a horizontal asymptote. 

It is also very useful to consider the behavior of the graph near the x-intercepts using 
an analysis like that in Example 12 in Section 2.6. Since x” is positive, f(x) does not 
change sign at 0 and so its graph doesn’t cross the x-axis at 0. But, because of the factor 
(x + 1)°, the graph does cross the x-axis at —1 and has a horizontal tangent there. Put- 
ting all this information together, but without using derivatives, we see that the curve has 
to look something like the one in Figure 11. 

Now that we know what to look for, we zoom in (several times) to produce the 
graphs in Figures 12 and 13 and zoom out (several times) to get Figure 14. 
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FIGURE 13 FIGURE 14 


We can read from these graphs that the absolute minimum is about —0.02 and occurs 
when x ~ —20. There is also a local maximum ~ 0.00002 when x ~ —0.3 and a local 
minimum ~211 when x ~ 2.5. These graphs also show three inflection points near —35, 
—5, and —1 and two between —1 and 0. To estimate the inflection points closely we 
would need to graph f”, but to compute f” by hand is an unreasonable chore. If you 
have a computer algebra system, then it’s easy to do (see Exercise 15). 
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The family of functions 

f(x) = sin(x + sin cx) 
where c is a constant, occurs in applications to 
frequency modulation (FM) synthesis. A sine 
wave is modulated by a wave with a different 
frequency (sin cx). The case where c = 2 is 
studied in Example 4. Exercise 27 explores 
another special case. 
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FIGURE 15 


FIGURE 16 
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We have seen that, for this particular function, three graphs (Figures 12, 13, and 14) 
are necessary to convey all the useful information. The only way to display all these 
features of the function on a single graph is to draw it by hand. Despite the exaggera- 
tions and distortions, Figure 11 does manage to summarize the essential nature of the 
function. ea 


Selsey Graph the function f(x) = sin(x + sin 2x). For0 = x S 7, estimate all 
maximum and minimum values, intervals of increase and decrease, and inflection points. 


SOLUTION We first note that f is periodic with period 27. Also, f is odd and | f@)| <1 
for all x. So the choice of a viewing rectangle is not a problem for this function: We start 
with [0, zr] by [—1.1, 1.1]. (See Figure 15.) It appears that there are three local maxi- 
mum values and two local minimum values in that window. To confirm this and locate 


them more accurately, we calculate that 
f'(x) = cos(x + sin 2x) - (1 + 2 cos 2x) 


and graph both f and f’ in Figure 16. 
Using zoom-in and the First Derivative Test, we find the following approximate 
values: 


(0, 0.6), (1.0, 1.6), (2.1, 2.5) 
(0.6, 1.0), (1.6, 2.1), (2.5, 7) 
f(0.6) ~ 1, f(1.6) ~ 1, f(2.5) ~ 1 
f (1.0) ~ 0.94, f(2.1) ~ 0.94 


Intervals of increase: 
Intervals of decrease: 
Local maximum values: 
Local minimum values: 
The second derivative is 
f(x) = —(1 + 2cos 2x) sin(x + sin 2x) — 4 sin 2x cos(x + sin 2x) 
Graphing both f and f” in Figure 17, we obtain the following approximate values: 
Concave upward on: (O18 P1338) C8828) 
(0.0.8); leo gdas);, (2.359) 


(0, 0), (0.8, 0.97), (1.3, 0.97), (1.8, 0.97), (2.3, 0.97) 


Concave downward on: 


Inflection points: 


FIGURE 17 


FIGURE 18 


Having checked that Figure 15 does indeed represent f accurately for 0 < x < 7, 


we can state that the extended graph in Figure 18 represents f accurately for 
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See an animation of Figure 21 in 
Visual 4.6. 
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Our final example is concerned with families of functions. As discussed in Section 1.4, 
this means that the functions in the family are related to each other by a formula that con- 
tains one or more arbitrary constants. Each value of the constant gives rise to a member of 
the family and the idea is to see how the graph of the function changes as the constant 
changes. 


Wd ECS How does the graph of f(x) = 1/(x? + 2x + c) vary asc varies? 


SOLUTION The graphs in Figures 19 and 20 (the special cases c = 2 and c = —2) show 
two very different-looking curves. Before drawing any more graphs, let’s see what mem- 
bers of this family have in common. Since 


(yet 
eae Xs 2K che 
for any value of c, they all have the x-axis as a horizontal asymptote. A vertical asymp- 
tote will occur when x* + 2x + c = 0. Solving this quadratic equation, we get 
x = —1 + V1 —c. Whenc > 1, there is no vertical asymptote (as in Figure 19). 
When c = 1, the graph has a single vertical asymptote x = —1 because 


1 
lim ——— = © 
ae (x + 1) 


i 
al gem ap M8 sp ll 
When c < 1, there are two vertical asymptotes: x = —1 + ./1 — c (as in Figure 20). 
Now we compute the derivative: 


Ne Peg Sioa 7s 
fe (x? + 2x + c) 
This shows that f'(x) = 0 when x = —1 (if c # 1), f(x) > O when x < —1, and 
f'(x) < 0 when x > —1. For c = 1, this means that f increases on (Eco) 
and decreases on (—1, ~). For c > 1, there is an absolute maximum value 
f(-1) = I/(e — 1). Force < 1, f(-1) = 1/(e — 1) is a local maximum value and the 
intervals of increase and decrease are interrupted at the vertical asymptotes. 

Figure 21 is a “slide show” displaying five members of the family, all graphed in the 
viewing rectangle [—5, 4] by [—2, 2]. As predicted, c = 1 is the value at which a transi- 
tion takes place from two vertical asymptotes to one, and then to none. As c increases 
from 1, we see that the maximum point becomes lower; this is explained by the fact that 
1/(c — 1) — 0 as c > ~. As c decreases from 1, the vertical asymptotes become more 
widely separated because the distance between them is 21 — c, which becomes large 
as c — —%, Again, the maximum point approaches the x-axis because Wie = D8) 
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FIGURE 21. The family of functions f(x) = Witt 2) 
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There is clearly no inflection point when c < 1. For c > 1 we calculate that 


ake) 


Mu? Garttr tei ic) 
a (x? + 2x +c) 


and deduce that inflection points occur when x = —1 + V3(c — 1)/3. So the inflection 
points become more spread out as c increases and this seems plausible from the last two 


parts of Figure 21. 


Exercises 


1-8 Produce graphs of f that reveal all the important aspects of the 
curve. In particular, you should use graphs of f’ and f” to estimate 
the intervals of increase and decrease, extreme values, intervals of 
concavity, and inflection points. 


WF (a) = 4x8 Boxe ROR? 05 ro 
Deaf (eS bk 1257? 
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8. f(x) = e* — 0.186x* 


9-10 Produce graphs of f that reveal all the important aspects of 
the curve. Estimate the intervals of increase and decrease and inter- 
vals of concavity, and use calculus to find these intervals exactly. 
] 8 1 BL AMON. 10° 
8 
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all the maximum and minimum values are as given in the 
example. Calculate f” and use it to estimate the intervals of 
concavity and inflection points. 


CAS| 16. If fis the function of Exercise 14, find f’ and f” and use their 


graphs to estimate the intervals of increase and decrease and 
concavity of f. 


CAS| 17-22 Use a computer algebra system to graph f and to find f’ 


and f". Use graphs of these derivatives to estimate the intervals of 
increase and decrease, extreme values, intervals of concavity, and 
inflection points of f. 


hy ee i. 7 
AG) Bodiere reece Tar cs ee 
19. f(x) = Jx+Ssinx, x <20 
20. ja) = Ga — Vege: 
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11-12 

(a) Graph the function. 

(b) Use I’ Hospital’s Rule to explain the behavior as x > 0. 

(c) Estimate the minimum value and intervals of concavity. Then 
use calculus to find the exact values. 


11. f(x) = x7 Inx 12. f(x) = xe" 


CAS| 23-24 Graph the function using as many viewing rectangles as 


you need to depict the true nature of the function. 


2 ila) eae 


zi 24. f(x) = e* + In| x — 4| 


13-14 Sketch the graph by hand using asymptotes and intercepts, 
but not derivatives. Then use your sketch as a guide to producing 
graphs (with a graphing device) that display the major features of 
the curve. Use these graphs to estimate the maximum and 
minimum values. 


x + 4)(x — 3) 
x*(x — 1) 


Lee 


13. f(@) =- eae 


14. f(x) 


(cAs] 25-26 


(a) Graph the function. 

(b) Explain the shape of the graph by computing the limit as 
x — 0° oras x > ~, 

Estimate the maximum and minimum values and then use 
calculus to find the exact values. 


Use a graph of f” to estimate the x-coordinates of the inflec- 
tion points. 


25. f(x) = x'/* 


(c 


wa 


(d 


YS 


26. f(x) = (sin x)" 


CAS 15. If f is the function considered in Example 3, use a computer 


algebra system to calculate f’ and then graph it to confirm that 


Graphing calculator or computer required 


[cas] Computer algebra system required 


27. In Example 4 we considered a member of the family of func- 
tions f(x) = sin(x + sin cx) that occur in FM synthesis. Here 
we investigate the function with c = 3. Start by graphing f in 


1. Homework Hints available at stewartcalculus.com 


the viewing rectangle [0, 7] by [—1.2, 1.2]. How many local 
maximum points do you see? The graph has more than are 
visible to the naked eye. To discover the hidden maximum 
and minimum points you will need to examine the graph of 
f’ very carefully. In fact, it helps to look at the graph of f” 
at the same time. Find all the maximum and minimum values 
and inflection points. Then graph f in the viewing rectangle 
[—22, 27] by [—1.2, 1.2] and comment on symmetry. 


28-35 Describe how the graph of f varies as c varies. Graph 
several members of the family to illustrate the trends that you 
discover. In particular, you should investigate how maximum and 
minimum points and inflection points move when c changes. You 
should also identify any transitional values of c at which the 
basic shape of the curve changes. 


28. f(x) = x? + cx 
29. f(x) = Jx* + cx? 30. f(x) =x/c? — x2 


31. f(x) = e* + ce™* 32. f(x) = In? + ¢) 


x 


33. f(x) = Feat 34. f(x) =x? + ce” 


35. f(x) = cx + sinx 


36. The family of functions f(t) = C(e“ — e ”'), where a, b, 
and C are positive numbers and b > a, has been used to 
model the concentration of a drug injected into the blood- 
stream at time t = 0. Graph several members of this family. 
What do they have in common? For fixed values of C and a, 


Optimization Problems 


“91, 


38. 


39. 


40. 
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discover graphically what happens as b increases. Then use 
calculus to prove what you have discovered. 


Investigate the family of curves given by f(x) = xe “, 
where c is a real number. Start by computing the limits as 

x — +~%, Identify any transitional values of c where the 
basic shape changes. What happens to the maximum or mini- 
mum points and inflection points as c changes? Illustrate by 
graphing several members of the family. 


Investigate the family of curves given by the equation 

f(x) = x* + cx* + x. Start by determining the transitional 
value of c at which the number of inflection points changes. 
Then graph several members of the family to see what shapes 
are possible. There is another transitional value of c at which 
the number of critical numbers changes. Try to discover it 
graphically. Then prove what you have discovered. 


(a) Investigate the family of polynomials given by the equa- 
tion f(x) = cx* — 2x? + 1. For what values of c does 
the curve have minimum points? 

(b) Show that the minimum and maximum points of every 
curve in the family lie on the parabola y = 1 — x’. Illus- 
trate by graphing this parabola and several members of 
the family. 


(a) Investigate the family of polynomials given by the equa- 
tion f(x) = 2x* + cx? + 2x. For what values of c does 
the curve have maximum and minimum points? 

(b) Show that the minimum and maximum points of every 
curve in the family lie on the curve y = x — x’. Illustrate 
by graphing this curve and several members of the family. 


The methods we have learned in this chapter for finding extreme values have practical 
applications in many areas of life. A businessperson wants to minimize costs and maximize 
profits. A traveler wants to minimize transportation time. Fermat's Principle in optics states 
that light follows the path that takes the least time. In this section we solve such problems 
as maximizing areas, volumes, and profits and minimizing distances, times, and costs. 
In solving such practical problems the greatest challenge is often to convert the word 
problem into a mathematical optimization problem by setting up the function that is to be 
maximized or minimized. Let’s recall the problem-solving principles discussed on page 75 
and adapt them to this situation: 


Steps in Solving Optimization Problems 


1. Understand the Problem The first step is to read the problem carefully until it is 
clearly understood. Ask yourself: What is the unknown? What are the given 
quantities? What are the given conditions? 


2. Draw a Diagram In most problems it is useful to draw a diagram and identify 
the given and required quantities on the diagram. 
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Understand the problem 
Analogy: Try special cases 
Draw diagrams 


Area = 100 - 2200 = 220,000 ft 


FIGURE 1 


Introduce notation 


FIGURE 2 


3. Introduce Notation Assign a symbol to the quantity that is to be maximized or 
minimized (let’s call it Q for now). Also select symbols (a, b, c, ... , x, y) for 
other unknown quantities and label the diagram with these symbols. It may help 
to use initials as suggestive symbols—for example, A for area, h for height, ¢ for 
time. 

4. Express Q in terms of some of the other symbols from Step 3. 

5. If Q has been expressed as a function of more than one variable in Step 4, use 
the given information to find relationships (in the form of equations) among 
these variables. Then use these equations to eliminate all but one of the variables 
in the expression for Q. Thus Q will be expressed as a function of one variable x, 
say, Q = f(x). Write the domain of this function. 

6. Use the methods of Sections 4.1 and 4.3 to find the absolute maximum or mini- 
mum value of f. In particular, if the domain of f is a closed interval, then the 
Closed Interval Method in Section 4.1 can be used. 


A farmer has 2400 ft of fencing and wants to fence off a rectangular field 
that borders a straight river. He needs no fence along the river. What are the dimensions 
of the field that has the largest area? 


SOLUTION In order to get a feeling for what is happening in this problem, let’s experiment 
with some special cases. Figure | (not to scale) shows three possible ways of laying out 
the 2400 ft of fencing. 


Area = 700 - 1000 = 700,000 ft? Area = 1000 - 400 = 400,000 ft? 


We see that when we try shallow, wide fields or deep, narrow fields, we get relatively 
small areas. It seems plausible that there is some intermediate configuration that produces 
the largest area. 

Figure 2 illustrates the general case. We wish to maximize the area A of the rectangle. 
Let x and y be the depth and width of the rectangle (in feet). Then we express A in terms 
of x and y: 


Ary 


We want to express A as a function of just one variable, so we eliminate y by expressing 
it in terms of x. To do this we use the given information that the total length of the fenc- 
ing is 2400 ft. Thus 


2x + y = 2400 


From this equation we have y = 2400 — 2x, which gives 


A = x(2400 — 2x) = 2400x — 2x? 


FIGURE 3 
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FIGURE 5 
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Note that x = 0 and x S 1200 (otherwise A < 0). So the function that we wish to maxi- 
mize is 


A(x) = 2400x — 2x? O=% = 1200 


The derivative is A(x) = 2400 — 4.x, so to find the critical numbers we solve the 
equation 


2400 — 4x = 0 


which gives x = 600. The maximum value of A must occur either at this critical number 
or at an endpoint of the interval. Since A(O) = 0, A(600) = 720,000, and A(1200) = 0, 
the Closed Interval Method gives the maximum value as A(600) = 720,000. 
[Alternatively, we could have observed that A”(x) = —4 < 0 for all x, so A is always 
concave downward and the local maximum at x = 600 must be an absolute maximum.] 
Thus the rectangular field should be 600 ft deep and 1200 ft wide. ra] 


1%] ESE A cylindrical can is to be made to hold | L of oil. Find the dimensions 
that will minimize the cost of the metal to manufacture the can. 


SOLUTION Draw the diagram as in Figure 3, where r is the radius and h the height (both 
in centimeters). In order to minimize the cost of the metal, we minimize the total surface 
area of the cylinder (top, bottom, and sides). From Figure 4 we see that the sides are 
made from a rectangular sheet with dimensions 27r and h. So the surface area is 


A =2ar* + 2arh 


To eliminate h we use the fact that the volume is given as 1 L, which we take to be 
1000 cm*. Thus 
ar?h = 1000 


which gives h = 1000/(zr7). Substitution of this into the expression for A gives 
x 1000 ee OOK 
/\ == Dapir> ae Lane = || = Var ae = 
Use r 


Therefore the function that we want to minimize is 


, 2000 
A) 2a in) 
i 


To find the critical numbers, we differentiate: 


2000 4(ar*? — 500) 
A(r) = 4ar Se 
a 


2 
r 


Then A’(r) = 0 when ar? = 500, so the only critical number is r = */500/7r . 
Since the domain of A is (0, ©), we can’t use the argument of Example 1 concerning 
endpoints. But we can observe that A’(r) < 0 for r < </500/7 and A’(r) > 0 for 
r > */500/7 , so A is decreasing for all r to the left of the critical number and increas- 
ing for all r to the right. Thus r = °/500/a must give rise to an absolute minimum. 
[Alternatively, we could argue that A(r) > © as r— 0° and A(r) > © as r > ®, So 
there must be a minimum value of A(r), which must occur at the critical number. See 
Figure 5.] 
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In the Applied Project on page 337 we investi- 
gate the most economical shape for a can by 
taking into account other manufacturing costs. 


Module 4.7 takes you through six addi- 
tional optimization problems, including animations 
of the physical situations. 


YA 


FIGURE 6 


The value of h corresponding to r = 500/77 is 


1000 1000 [500 
h= = eka Die) = ae Seer 
ar? qr(500/ 7)” 7 


Thus, to minimize the cost of the can, the radius should be */500/7 cm and the height 
should be equal to twice the radius, namely, the diameter. Eas 


NOTE 1 The argument used in Example 2 to justify the absolute minimum is a variant 
of the First Derivative Test (which applies only to /ocal maximum or minimum values) and 
is stated here for future reference. 


First Derivative Test for Absolute Extreme Values Suppose that c is a critical number of 
a continuous function f defined on an interval. 


(a) If f(x) > 0 for all x < c and f'(x) < 0 for all x > c, then f(c) is the absolute 


maximum value of f. 


(b) If f(x) < 0 for all x < c and f(x) > 0 for all x > c, then f(c) is the absolute 
minimum value of /f. 


NOTE 2 An alternative method for solving optimization problems is to use implicit dif- 
ferentiation. Let’s look at Example 2 again to illustrate the method. We work with the same 
equations 


A = 2ar? + 2arh ar°’h = 1000 
but instead of eliminating h, we differentiate both equations implicitly with respect to r: 
A =4ar + 27h + 2arh' 2arh + ar*h' =0 


The minimum occurs at a critical number, so we set A’ = 0, simplify, and arrive at the 
equations 


2r+ h-- rh —0 2h Thaw 


and subtraction gives 2r — h = 0, or h = 2r. 


2 (SCS Find the point on the parabola y? = 2x that is closest to the point (1, 4). 
SOLUTION The distance between the point (1, 4) and the point (x, y) is 


a Gey 4) 
(See Figure 6.) But if (x, y) lies on the parabola, then x = 4 y’, so the expression for d 


becomes 
dM (ay coil) cialis 4) 


(Alternatively, we could have substituted y = 2x to get d in terms of x alone.) Instead 
of minimizing d, we minimize its square: 


d’ = f(y) = Gy? — 1)? + (y — 4? 


(You should convince yourself that the minimum of d occurs at the same point as the 


FIGURE 7 
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minimum of d*, but d’ is easier to work with.) Differentiating, we obtain 
Fy) — 2G" — y+ 2-4) = y= 8 


so f’(y) = 0 when y = 2. Observe that f’(y) < 0 when y < 2 and f’(y) > 0 when 

y > 2, so by the First Derivative Test for Absolute Extreme Values, the absolute mini- 
mum occurs when y = 2. (Or we could simply say that because of the geometric nature 
of the problem, it’s obvious that there is a closest point but not a farthest point.) The 
corresponding value of x is x = ;y? = 2. Thus the point on y* = 2x closest to (1, 4) 

is (2; 2). [= 


A man launches his boat from point A on a bank of a straight river, 3 km 
wide, and wants to reach point B, 8 km downstream on the opposite bank, as quickly as 
possible (see Figure 7). He could row his boat directly across the river to point C and then 
run to B, or he could row directly to B, or he could row to some point D between C and B 
and then run to B. If he can row 6 km/h and run 8 km/h, where should he land to reach B 
as soon as possible? (We assume that the speed of the water is negligible compared with 
the speed at which the man rows.) 


SOLUTION If we let x be the distance from C to D, then the running distance is 
| DB| = 8 — x and the Pythagorean Theorem gives the rowing distance as 
|AD| = /x? + 9. We use the equation 

distance 


time = 
rate 


Then the rowing time is \/x? + 9/6 and the running time is (8 — x)/8, so the total time 
T as a function of x is 


af xe? se Q) {Se 


ON at 8 


The domain of this function T is [0, 8]. Notice that if x = 0, he rows to C and if x = 8, 
he rows directly to B. The derivative of T is 


Thus, using the fact that x = 0, we have 


58 i 
iQ) ee ey — 
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SS 16x7=9x7 +9) SS 7x’ =81 


—> esi 


The only critical number is x = 9/./7. To see whether the minimum occurs at this criti- 
cal number or at an endpoint of the domain [0, 8], we evaluate T at all three points: 


r( “ v7 Ee 


= = I, T(8) =-—— = 
1+ 5 33 (8) 6 
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TA 


FIGURE 9 


FIGURE 10 


Since the smallest of these values of T occurs when x = Of 7) , the absolute minimum 
value of T must occur there. Figure 8 illustrates this calculation by showing the graph 
Otel. 

Thus the man should land the boat at a point 9/.J7 km (=~ 3.4 km) downstream from 
his starting point. aa 


(] (SES Find the area of the largest rectangle that can be inscribed in a semicircle 
of radius r. 


SOLUTION 1 Let’s take the semicircle to be the upper half of the circle x* + y* = r? with 
center the origin. Then the word inscribed means that the rectangle has two vertices on 
the semicircle and two vertices on the x-axis as shown in Figure 9. 

Let (x, y) be the vertex that lies in the first quadrant. Then the rectangle has sides of 
lengths 2x and y, so its area is 


A = 2xy 


To eliminate y we use the fact that (x, y) lies on the circle x* + y* = r? and so 


ya fe US h 
PN = Deep? = 367 


The domain of this function is 0 S x S r. Its derivative is 


QRe 22a) 
A’ = D | fo GI De RN ae te aS NO tne eae 
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which is 0 when 2x? = r’, that is, x = r/f2 (since x = 0). This value of x gives a 
maximum value of A since A(0) = 0 and A(r) = 0. Therefore the area of the largest 
inscribed rectangle is 


SOLUTION 2 A simpler solution is possible if we think of using an angle as a variable. Let 
6 be the angle shown in Figure 10. Then the area of the rectangle is 


A(6) = (2rcos 6)(r sin @) = r?(2 sin @ cos 0) = r?sin 26 


We know that sin 26 has a maximum value of | and it occurs when 26 = 77/2. So A(@) 
has a maximum value of r? and it occurs when 6 = 17/4. 

Notice that this trigonometric solution doesn’t involve differentiation. In fact, we 
didn’t need to use calculus at all. cae 


Ml Applications to Business and Economics 


In Section 3.7 we introduced the idea of marginal cost. Recall that if C(x), the cost func- 
tion, is the cost of producing x units of a certain product, then the marginal cost is the rate 
of change of C with respect to x. In other words, the marginal cost function is the deriva- 
tive, C(x), of the cost function. 

Now let’s consider marketing. Let p(x) be the price per unit that the company can charge 
if it sells x units. Then p is called the demand function (or price function) and we would 


expect it to be a decreasing function of x. If x units are sold and the price per unit is p(x), 
then the total revenue is 


R(x) = xp(x) 
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and R is called the revenue function. The derivative R’ of the revenue function is called the 
marginal revenue function and is the rate of change of revenue with respect to the num- 
ber of units sold. 


If x units are sold, then the total profit is 
P(x) = R(x) — C(x) 


and P is called the profit function. The marginal profit function is P’, the derivative of the 
profit function. In Exercises 57-62 you are asked to use the marginal cost, revenue, and 
profit functions to minimize costs and maximize revenues and profits. 


iV} A store has been selling 200 Blu-ray disc players a week at $350 each. A 
market survey indicates that for each $10 rebate offered to buyers, the number of units 
sold will increase by 20 a week. Find the demand function and the revenue function. How 
large a rebate should the store offer to maximize its revenue? 


SOLUTION If xis the number of Blu-ray players sold per week, then the weekly increase in 
sales is x — 200. For each increase of 20 units sold, the price is decreased by $10. So for 
each additional unit sold, the decrease in price will be 5 < 10 and the demand function is 


p(x) = 350 — 35(x — 200) = 450 — 32 
The revenue function is 
R(x) = xp(x) = 450x — 3x? 


Since R'(x) = 450 — x, we see that R’(x) = 0 when x = 450. This value of x gives an 
absolute maximum by the First Derivative Test (or simply by observing that the graph of 
R is a parabola that opens downward). The corresponding price is 


p(450) = 450 — 3(450) = 225 


and the rebate is 350 — 225 = 125. Therefore, to maximize revenue, the store should 
offer a rebate of $125. finest 


1. Consider the following problem: Find 


two numbers whose sum (b) Use calculus to solve the problem and compare with your 


is 23 and whose product is a maximum. answer to part (a). 


(a) Make a table of values, like the following one, so that the 
sum of the numbers in the first two columns is always 23. 


2. Find two numbers whose difference is 100 and whose product 
is a minimum. 


On the basis of the evidence in your table, estimate the 


answer to the problem. 


3. Find two positive numbers whose product is 100 and whose 
sum is a minimum. 


First number Second number Product 4. The sum of two positive numbers is 16. What is the smallest 
1 oy) 22 possible value of the sum of their squares? 
2 21 42 5. What is the maximum vertical distance between the line 
3 20 60 y =x + 2 and the parabola y = x* for —1 <x <2? 


6. What is the minimum vertical distance between the parabolas 
y=x?+landy=x-x’? 


-& Graphing calculator or computer required 


CAS) Computer algebra system required 1. Homework Hints available at stewartcalculus.com 
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Find the dimensions of a rectangle with perimeter 100 m 
whose area is as large as possible. 


. Find the dimensions of a rectangle with area 1000 m* whose 


perimeter is as small as possible. 


. A model used for the yield Y of an agricultural crop as a func- 


tion of the nitrogen level N in the soil (measured in appropriate 
units) is 
eee 4 
oy 


where k is a positive constant. What nitrogen level gives the 
best yield? 


The rate (in mg carbon/m*/h) at which photosynthesis takes 
place for a species of phytoplankton is modeled by the function 


100/ 


ae ies ead 


where / is the light intensity (measured in thousands of foot- 
candles). For what light intensity is P a maximum? 


. Consider the following problem: A farmer with 750 ft of 


fencing wants to enclose a rectangular area and then divide it 

into four pens with fencing parallel to one side of the rect- 

angle. What is the largest possible total area of the four pens? 

(a) Draw several diagrams illustrating the situation, some with 
shallow, wide pens and some with deep, narrow pens. Find 
the total areas of these configurations. Does it appear that 
there is a maximum area? If so, estimate it. 

(b) Draw a diagram illustrating the general situation. Introduce 
notation and label the diagram with your symbols. 

(c) Write an expression for the total area. 

(d) Use the given information to write an equation that relates 
the variables. 

(e) Use part (d) to write the total area as a function of one 
variable. 

(f) Finish solving the problem and compare the answer with 
your estimate in part (a). 


Consider the following problem: A box with an open top is to 

be constructed from a square piece of cardboard, 3 ft wide, by 

cutting out a square from each of the four corners and bending 

up the sides. Find the largest volume that such a box can have. 

(a) Draw several diagrams to illustrate the situation, some short 
boxes with large bases and some tall boxes with small 
bases. Find the volumes of several such boxes. Does it 
appear that there is a maximum volume? If so, estimate it. 

(b) Draw a diagram illustrating the general situation. Introduce 
notation and label the diagram with your symbols. 

(c) Write an expression for the volume. 

(d) Use the given information to write an equation that relates 
the variables. 

(e) Use part (d) to write the volume as a function of one 
variable. 

(f) Finish solving the problem and compare the answer with 
your estimate in part (a). 


A farmer wants to fence an area of 1.5 million square feet in a 
rectangular field and then divide it in half with a fence parallel 
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17. 
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20. 
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to one of the sides of the rectangle. How can he do this so as to 
minimize the cost of the fence? 


A box with a square base and open top must have a volume of 
32,000 cm®. Find the dimensions of the box that minimize the 
amount of material used. 


If 1200 cm? of material is available to make a box with a 
square base and an open top, find the largest possible volume 
of the box. 


A rectangular storage container with an open top is to have a 
volume of 10 m’. The length of its base is twice the width. _ 
Material for the base costs $10 per square meter. Material for 
the sides costs $6 per square meter. Find the cost of materials 
for the cheapest such container. 


Do Exercise 16 assuming the container has a lid that is made 
from the same material as the sides. 


(a) Show that of all the rectangles with a given area, the one 
with smallest perimeter is a square. 

(b) Show that of all the rectangles with a given perimeter, the 
one with greatest area is a square. 


Find the point on the line y = 2x + 3 that is closest to the 
origin. 

Find the point on the curve y = \/x that is closest to the 
point (3, 0). 


Find the points on the ellipse 4x* + y* = 4 that are farthest 
away from the point (1, 0). 


Find, correct to two decimal places, the coordinates of the 
point on the curve y = sin x that is closest to the point (4, 2). 


Find the dimensions of the rectangle of largest area that can be 
inscribed in a circle of radius r. 


Find the area of the largest rectangle that can be inscribed in 
the ellipse x7/a” + y*/b? = 1. 


Find the dimensions of the rectangle of largest area that can be 
inscribed in an equilateral triangle of side L if one side of the 
rectangle lies on the base of the triangle. 


Find the area of the largest trapezoid that can be inscribed in a 
circle of radius 1 and whose base is a diameter of the circle. 


Find the dimensions of the isosceles triangle of largest area that 
can be inscribed in a circle of radius r. 


Find the area of the largest rectangle that can be inscribed in a 
right triangle with legs of lengths 3 cm and 4 cm if two sides of 
the rectangle lie along the legs. 


A right circular cylinder is inscribed in a sphere of radius r. 
Find the largest possible volume of such a cylinder. 


A right circular cylinder is inscribed in a cone with height h 
and base radius r. Find the largest possible volume of such a 
cylinder. 


A right circular cylinder is inscribed in a sphere of radius r. 
Find the largest possible surface area of such a cylinder. 
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A Norman window has the shape of a rectangle surmounted 

by a semicircle. (Thus the diameter of the semicircle is equal to 
the width of the rectangle. See Exercise 62 on page 22.) If the 
perimeter of the window is 30 ft, find the dimensions of the 
window so that the greatest possible amount of light is admitted. 


The top and bottom margins of a poster are each 6 cm and the 
side margins are each 4 cm. If the area of printed material on 
the poster is fixed at 384 cm’, find the dimensions of the poster 
with the smallest area. 


A poster is to have an area of 180 in? with 1-inch margins at 
the bottom and sides and a 2-inch margin at the top. What 
dimensions will give the largest printed area? 


A piece of wire 10 m long is cut into two pieces. One piece 
is bent into a square and the other is bent into an equilateral 
triangle. How should the wire be cut so that the total area 
enclosed is (a) a maximum? (b) A minimum? 


Answer Exercise 35 if one piece is bent into a square and the 
other into a circle. 


A cylindrical can without a top is made to contain V cm? of 
liquid. Find the dimensions that will minimize the cost of the 
metal to make the can. 


A fence 8 ft tall runs parallel to a tall building at a distance of 
4 ft from the building. What is the length of the shortest lad- 
der that will reach from the ground over the fence to the wall 
of the building? 


A cone-shaped drinking cup is made from a circular piece 
of paper of radius R by cutting out a sector and joining the 
edges CA and CB. Find the maximum capacity of such a cup. 


A B 


A cone-shaped paper drinking cup is to be made to hold 27 cm’ 
of water. Find the height and radius of the cup that will use the 
smallest amount of paper. 


A cone with height h is inscribed in a larger cone with 

height H so that its vertex is at the center of the base of the 
larger cone. Show that the inner cone has maximum volume 
when h = 37. 

An object with weight W is dragged along a horizontal plane 
by a force acting along a rope attached to the object. If the rope 
makes an angle @ with a plane, then the magnitude of the force 


is 
oe de 
psin 6 + cos 6 
where pz is a constant called the coefficient of friction. For 
what value of @ is F smallest? 
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If a resistor of R ohms is connected across a battery of E volts 
with internal resistance r ohms, then the power (in watts) in 
the external resistor is 


E°R 


Se rear 


If E and r are fixed but R varies, what is the maximum value of 
the power? 


For a fish swimming at a speed v relative to the water, the 
energy expenditure per unit time is proportional to v°. It is 
believed that migrating fish try to minimize the total energy 
required to swim a fixed distance. If the fish are swimming 
against a current u (wu < v), then the time required to swim a 
distance L is L/(v — u) and the total energy E required to 
swim the distance is given by 


E(v) = av*: 


P= 
where a is the proportionality constant. 


(a) Determine the value of v that minimizes E. 
(b) Sketch the graph of E. 


Note: This result has been verified experimentally; migrating 
fish swim against a current at a speed 50% greater than the 
current speed. 


In a beehive, each cell is a regular hexagonal prism, open at 
one end with a trihedral angle at the other end as in the figure. 
It is believed that bees form their cells in such a way as to min-~ 
imize the surface area for a given side length and height, thus 
using the least amount of wax in cell construction. Examination 
of these cells has shown that the measure of the apex angle @ is 
amazingly consistent. Based on the geometry of the cell, it can 
be shown that the surface area S is given by 


S = 6sh — 3s?cot 6 + (352V3/2) ese 0 


where s, the length of the sides of the hexagon, and h, the 

height, are constants. 

(a) Calculate dS/dé. 

(b) What angle should the bees prefer? 

(c) Determine the minimum surface area of the cell (in terms 
of s and h). 

Note: Actual measurements of the angle @ in beehives have 

been made, and the measures of these angles seldom differ 

from the calculated value by more than 2°. 


trihedral 
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46. A boat leaves a dock at 2:00 pM and travels due south at a 


speed of 20 km/h. Another boat has been heading due east at 
15 km/h and reaches the same dock at 3:00 pM. At what time 
were the two boats closest together? 


. Solve the problem in Example 4 if the river is 5 km wide and 
point B is only 5 km downstream from A. 


. A woman at a point A on the shore of a circular lake with 
radius 2 mi wants to arrive at the point C diametrically oppo- 
site A on the other side of the lake in the shortest possible 
time (see the figure). She can walk at the rate of 4 mi/h and 
row a boat at 2 mi/h. How should she proceed? 


B 


. An oil refinery is located on the north bank of a straight river 
that is 2 km wide. A pipeline is to be constructed from the 
refinery to storage tanks located on the south bank of the 
river 6 km east of the refinery. The cost of laying pipe is 
$400,000/km over land to a point P on the north bank and 
$800,000/km under the river to the tanks. To minimize the 
cost of the pipeline, where should P be located? 


. Suppose the refinery in Exercise 49 is located 1 km north of 
the river. Where should P be located? 


. The illumination of an object by a light source is directly pro- 
portional to the strength of the source and inversely propor- 
tional to the square of the distance from the source. If two 
light sources, one three times as strong as the other, are 
placed 10 ft apart, where should an object be placed on 

the line between the sources so as to receive the least 
illumination? 


. Find an equation of the line through the point (3, 5) that cuts 
off the least area from the first quadrant. 


. Let a and b be positive numbers. Find the length of the short- 
est line segment that is cut off by the first quadrant and 
passes through the point (a, b). 


. At which points on the curve y = 1 + 40x* — 3x° does the 
tangent line have the largest slope? 


. What is the shortest possible length of the line segment that 
is cut off by the first quadrant and is tangent to the curve 
y = 3/x at some point? 


. What is the smallest possible area of the triangle that is cut 
off by the first quadrant and whose hypotenuse is tangent to 
the parabola y = 4 — x* at some point? 


. (a) If C(x) is the cost of producing x units of a commodity, 
then the average cost per unit is c(x) = C(x)/x. Show 

that if the average cost is a minimum, then the marginal 
cost equals the average cost. 


(b) If C(x) = 16,000 + 200x + 4x*”, in dollars, find (i) the 
cost, average cost, and marginal cost at a production 
level of 1000 units; (ii) the production level that will 
minimize the average cost; and (iii) the minimum aver- 
age cost. 


. (a) Show that if the profit P(x) is a maximum, then the mar- 


ginal revenue equals the marginal cost. 

(b) If C(x) = 16,000 + 500x — 1.6x* + 0.004x° is the cost 
function and p(x) = 1700 — 7x is the demand function, 
find the production level that will maximize profit. 


. A baseball team plays in a stadium that holds 55,000 specta- 


tors. With ticket prices at $10, the average attendance had 
been 27,000. When ticket prices were lowered to $8, the 
average attendance rose to 33,000. 

(a) Find the demand function, assuming that it is linear. 
(b) How should ticket prices be set to maximize revenue? 


. During the summer months Terry makes and sells necklaces 


on the beach. Last summer he sold the necklaces for $10 

each and his sales averaged 20 per day. When he increased 

the price by $1, he found that the average decreased by two 

sales per day. 

(a) Find the demand function, assuming that it is linear. 

(b) If the material for each necklace costs Terry $6, what 
should the selling price be to maximize his profit? 


. A manufacturer has been selling 1000 flat-screen TVs a 


week at $450 each. A market survey indicates that for each 

$10 rebate offered to the buyer, the number of TVs sold will 

increase by 100 per week. 

(a) Find the demand function. 

(b) How large a rebate should the company offer the buyer 
in order to maximize its revenue? 

(c) If its weekly cost function is C(x) = 68,000 + 150x, 
how should the manufacturer set the size of the rebate in 
order to maximize its profit? 


. The manager of a 100-unit apartment complex knows from 


experience that all units will be occupied if the rent is $800 
per month. A market survey suggests that, on average, one 
additional unit will remain vacant for each $10 increase in 
rent. What rent should the manager charge to maximize 
revenue? 


. Show that of all the isosceles triangles with a given perime- 


ter, the one with the greatest area is equilateral. 


The frame for a kite is to be made from six pieces of wood. 
The four exterior pieces have been cut with the lengths 
indicated in the figure. To maximize the area of the kite, how 
long should the diagonal pieces be? 
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65. A point P needs to be located somewhere on the line AD so between the poles and then to the top of the second pole as in 
that the total length L of cables linking P to the points A, B, the figure. Show that the shortest length of such a rope occurs 
and C is minimized (see the figure). Express L as a function when 6; =s@2. 


of x = |AP| and use the graphs of L and dL /dx to estimate 
the minimum value of L. 


69. The upper right-hand corner of a piece of paper, 12 in. by 
8 in., as in the figure, is folded over to the bottom edge. How 
would you fold it so as to minimize the length of the fold? In 


66. The graph shows the fuel consumption c of a car (measured other words, how would you choose x to minimize y? 


in gallons per hour) as a function of the speed v of the car. At 
very low speeds the engine runs inefficiently, so initially c 
decreases as the speed increases. But at high speeds the fuel 
consumption increases. You can see that c(v) is minimized for 
this car when v ~ 30 mi/h. However, for fuel efficiency, 
what must be minimized is not the consumption in gallons 
per hour but rather the fuel consumption in gallons per mile. 
Let’s call this consumption G. Using the graph, estimate the 
speed at which G has its minimum value. 


4 


70. A steel pipe is being carried down a hallway 9 ft wide. At the 
end of the hall there is a right-angled turn into a narrower 
hallway 6 ft wide. What is the length of the longest pipe that 
can be carried horizontally around the corner? 


fp} $f} 
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67. Let v, be the velocity of light in air and v2 the velocity of 
light in water. According to Fermat’s Principle, a ray of light 
will travel from a point A in the air to a point B in the water 
by a path ACB that minimizes the time taken. Show that 


sin@; 0 ees Ut ag? 

sinfz = v2 

71. An observer stands at a point P, one unit away from a track. 
Two runners start at the point S in the figure and run along 
the track. One runner runs three times as fast as the other. 
Find the maximum value of the observer’s angle of sight @ 


between the runners. [Hint: Maximize tan 6.] 


where 6, (the angle of incidence) and 6) (the angle of refrac- 
tion) are as shown. This equation is known as Snell’s Law. 


A 


68. Two vertical poles PQ and ST are secured by a rope PRS 
going from the top of the first pole to a point R on the ground 
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A rain gutter is to be constructed from a metal sheet of width 
30 cm by bending up one-third of the sheet on each side 
through an angle 6. How should 6 be chosen so that the gutter 
will carry the maximum amount of water? 


A 4 


k— 10 cm >— 10cm >< 10cm —| 


Where should the point P be chosen on the line segment AB so 
as to maximize the angle 0? 


{ire 5) 
(nt 6 
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A painting in an art gallery has height / and is hung so that its 
lower edge is a distance d above the eye of an observer (as in 
the figure). How far from the wall should the observer stand to 
get the best view? (In other words, where should the observer 
stand so as to maximize the angle 6 subtended at his eye by the 
painting?) 


€ 


Find the maximum area of a rectangle that can be circum- 
scribed about a given rectangle with length L and width W. 
|Hint: Express the area as a function of an angle @.] 


The blood vascular system consists of blood vessels (arteries, 
arterioles, capillaries, and veins) that convey blood from the 
heart to the organs and back to the heart. This system should 
work so as to minimize the energy expended by the heart in 
pumping the blood. In particular, this energy is reduced when 
the resistance of the blood is lowered. One of Poiseuille’s Laws 
gives the resistance R of the blood as 


ik 
R=C— 
- 


where L is the length of the blood vessel, r is the radius, and C 
is a positive constant determined by the viscosity of the blood. 
(Poiseuille established this law experimentally, but it also fol- 

lows from Equation 8.4.2.) The figure shows a main blood ves- 
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sel with radius r, branching at an angle 6 into a smaller vessel 
with radius rp. 


vascular 
pees 


(a) Use Poiseuille’s Law to show that the total resistance of the 
blood along the path ABC is 


a— bcoté bcsc @ 
KR=C 4 ze rs 
ri or 


where a and b are the distances shown in the figure. 
(b) Prove that this resistance is minimized when 


ta 


cos 86 = 
ry) 


(c) Find the optimal branching angle (correct to the nearest 
degree) when the radius of the smaller blood vessel is two- 
thirds the radius of the larger vessel. 


77. Ornithologists have determined that some species of birds tend 


to avoid flights over large bodies of water during daylight 
hours. It is believed that more energy is required to fly over 
water than over land because air generally rises over land and 
falls over water during the day. A bird with these tendencies is 
released from an island that is 5 km from the nearest point B 
on a straight shoreline, flies to a point C on the shoreline, and 
then flies along the shoreline to its nesting area D. Assume that 
the bird instinctively chooses a path that will minimize its 
energy expenditure. Points B and D are 13 km apart. 
(a) In general, if it takes 1.4 times as much energy to fly over 
water as it does over land, to what point C should the bird 


fly in order to minimize the total energy expended in 
returning to its nesting area? 

(b) Let W and L denote the energy (in joules) per kilometer 
flown over water and land, respectively. What would a 
large value of the ratio W/L mean in terms of the bird’s 
flight? What would a small value mean? Determine the 
ratio W/L corresponding to the minimum expenditure of 
energy. 

(c) What should the value of W/L be in order for the bird to 
fly directly to its nesting area D? What should the value 
of W/L be for the bird to fly to B and then along the 
shore to D? 

(d) If the ornithologists observe that birds of a certain species 
reach the shore at a point 4 km from B, how many times 
more energy does it take a bird to fly over water than 
over land? 


See 
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78. Two light sources of identical strength are placed 10 m 


apart. An object is to be placed at a point P on a line f paral- 

lel to the line joining the light sources and at a distance d 

meters from it (see the figure). We want to locate P on € so 

that the intensity of illumination is minimized. We need to 
use the fact that the intensity of illumination for a single 
source is directly proportional to the strength of the source 
and inversely proportional to the square of the distance from 
the source. 

(a) Find an expression for the intensity /(x) at the point P. 

(b) If d = 5 m, use graphs of /(x) and /'(x) to show that the 
intensity is minimized when x = 5 m, that is, when P is 
at the midpoint of ¢. 

(c) If d = 10 m, show that the intensity (perhaps surpris- 
ingly) is not minimized at the midpoint. 

(d) Somewhere between d = 5 m and d = 10 m there is a 
transitional value of d at which the point of minimal illu- 
mination abruptly changes. Estimate this value of d by 
graphical methods. Then find the exact value of d. 


Discs cut from squares 


In this project we investigate the most economical shape for a can. We first interpret this to mean 
that the volume V of a cylindrical can is given and we need to find the height / and radius r that 
minimize the cost of the metal to make the can (see the figure). If we disregard any waste metal 
in the manufacturing process, then the problem is to minimize the surface area of the cylinder. We 
solved this problem in Example 2 in Section 4.7 and we found that h = 2r; that is, the height 
should be the same as the diameter. But if you go to your cupboard or your supermarket with a 
ruler, you will discover that the height is usually greater than the diameter and the ratio h/r varies 
from 2 up to about 3.8. Let’s see if we can explain this phenomenon. 


1. The material for the cans is cut from sheets of metal. The cylindrical sides are formed by 
bending rectangles; these rectangles are cut from the sheet with little or no waste. But if 
the top and bottom discs are cut from squares of side 2r (as in the figure), this leaves 
considerable waste metal, which may be recycled but has little or no value to the can 
makers. If this is the case, show that the amount of metal used is minimized when 
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Discs cut from hexagons 


2. A more efficient packing of the discs is obtained by dividing the metal sheet into hexagons 
and cutting the circular lids and bases from the hexagons (see the figure). Show that if this 
strategy is adopted, then 


el 


peas) 
7 
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3. The values of h/r that we found in Problems 1| and 2 are a little closer to the ones that 
actually occur on supermarket shelves, but they still don’t account for everything. If we 
look more closely at some real cans, we see that the lid and the base are formed from discs 
with radius larger than r that are bent over the ends of the can. If we allow for this we 
would increase h/r. More significantly, in addition to the cost of the metal we need to 
incorporate the manufacturing of the can into the cost. Let’s assume that most of the 
expense is incurred in joining the sides to the rims of the cans. If we cut the discs from 
hexagons as in Problem 2, then the total cost is proportional to 


4,/3 r? + 2arh + k(4ar + h) 


where k is the reciprocal of the length that can be joined for the cost of one unit area of 
metal. Show that this expression is minimized when 


Ve 3/ 7h 2a —h/r 


k yr wh/r— 4/3 


4. Plot </V /k as a function of x = h/r and use your graph to argue that when a can is large 
or joining is cheap, we should make h/r approximately 2.21 (as in Problem 2). But when 
the can is small or joining is costly, h/r should be substantially larger. 


5. Our analysis shows that large cans should be almost square but small cans should be tall 
and thin. Take a look at the relative shapes of the cans in a supermarket. Is our conclusion 
usually true in practice? Are there exceptions? Can you suggest reasons why small cans 
are not always tall and thin? 
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~0.05 


FIGURE 1 


Suppose that a car dealer offers to sell you a car for $18,000 or for payments of $375 per 
month for five years. You would like to know what monthly interest rate the dealer is, in 
effect, charging you. To find the answer, you have to solve the equation 


[1] ASX (1 Pa)? x) 0 


(The details are explained in Exercise 41.) How would you solve such an equation? 

For a quadratic equation ax* + bx + c = 0 there is a well-known formula for the roots. 
For third- and fourth-degree equations there are also formulas for the roots, but they are 
extremely complicated. If fis a polynomial of degree 5 or higher, there is no such formula 
(see the note on page 212). Likewise, there is no formula that will enable us to find the exact 
roots of a transcendental equation such as cos x = x. 

We can find an approximate solution to Equation | by plotting the left side of the equa- 
tion. Using a graphing device, and after experimenting with viewing rectangles, we pro- 
duce the graph in Figure 1. 

We see that in addition to the solution x = 0, which doesn’t interest us, there is a solu- 
tion between 0.007 and 0.008. Zooming in shows that the root is approximately 0.0076. If 


Try to solve Equation 1 using the numerical 


rootfinder on your calculator or computer, Some 


machines are not able to solve it. Others are 


successful but require you to specify a starting 


point for the search. 


yA 


FIGURE 2 


FIGURE 3 


Sequences were briefly introduced in 
A Preview of Calculus on page 5. A more 
thorough discussion starts in Section 11.1. 


of 
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we need more accuracy we could zoom in repeatedly, but that becomes tiresome. A faster 
alternative is to use a numerical rootfinder on a calculator or computer algebra system. If 
we do so, we find that the root, correct to nine decimal places, is 0.007628603. 

How do those numerical rootfinders work? They use a variety of methods, but most of 
them make some use of Newton’s method, also called the Newton-Raphson method. We 
will explain how this method works, partly to show what happens inside a calculator or 
computer, and partly as an application of the idea of linear approximation. 

The geometry behind Newton’s method is shown in Figure 2, where the root that we are 
trying to find is labeled r. We start with a first approximation x), which is obtained by guess- 
ing, or from a rough sketch of the graph of f, or from a computer-generated graph 
of f. Consider the tangent line L to the curve y = f(x) at the point (x, f(x:)) and look 
at the x-intercept of L, labeled x2. The idea behind Newton’s method is that the tangent line 
is close to the curve and so its x-intercept, x2, is close to the x-intercept of the curve 
(namely, the root r that we are seeking). Because the tangent is a line, we can easily find its 
x-intercept. 

To find a formula for x, in terms of x, we use the fact that the slope of L is f'(x1), so its 
equation 1s 


y= Ce) Sy Calon — 285) 


Since the x-intercept of L is x2, we set y = O and obtain 


Ce CaN = X1) 


If f'(x1) # 0, we can solve this equation for x2: 


= f (x1) 
Ff’) 


B55) = Oi 


We use x2 as a second approximation to r. 
Next we repeat this procedure with x, replaced by the second approximation x2, using the 
tangent line at (x2, f(x2)). This gives a third approximation: 


a f (x2) 
f'(x2) 


X3 = X2 


If we keep repeating this process, we obtain a sequence of approximations x1, X2, 3, X4, ..- 
as shown in Figure 3. In general, if the nth approximation is x, and f’(x,) # 0, then the next 
approximation is given by 


[2] 


If the numbers x, become closer and closer to r as n becomes large, then we say that the 
sequence converges to r and we write 


lim x, =r 


no 


@ Although the sequence of successive approximations converges to the desired root for func- 


tions of the type illustrated in Figure 3, in certain circumstances the sequence may not 
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FIGURE 4 


In Module 4.8 you can investigate how 
Newton's Method works for several functions 
and what happens when you change x). 


Figure 5 shows the geometry behind the 
first step in Newton's method in Example 1. 
Since f'(2) = 10, the tangent line to 
y = x° — 2x — 5 at (2, —1) has equation 


y = 10x — 21 soits x-intercept is x2 = 2.1. 


= Al 


5) 
FIGURE 5 


converge. For example, consider the situation shown in Figure 4. You can see that x2 isa 
worse approximation than x;. This is likely to be the case when f'(x1) is close to 0. It might 
even happen that an approximation (such as x3 in Figure 4) falls outside the domain OL ye 
Then Newton’s method fails and a better initial approximation x; should be chosen. See 
Exercises 31-34 for specific examples in which Newton’s method works very slowly or 
does not work at all. 


Wd GSC Starting with x, = 2, find the third approximation x3 to the root of the 
equation — 2% —13\— 0. 


SOLUTION We apply Newton’s method with 
f(xy ee and f(x) = Ba 2 


Newton himself used this equation to illustrate his method and he chose x; = 2 after 
some experimentation because f(1) = —6, f(2) = —1, and f(3) = 16. Equation 2 be- 
comes 

KEK, = 5 


Gel = LG 3x2 = 7 
With n = | we have 
ne a Xs ra 5 
A Ca ee eee eae 
er == 2 
2 OVS 
= 2 — ——.——_ = 2.1 
3(2)? — 2 
Then with n = 2 we obtain 
3 3 
Bien ON ei) (221) 222) ae 
=X) 
: FeSD B(2 1) na ay 


It turns out that this third approximation x3 ~ 2.0946 is accurate to four decimal places. 
aes 


Suppose that we want to achieve a given accuracy, say to eight decimal places, using 
Newton’s method. How do we know when to stop? The rule of thumb that is generally used 
is that we can stop when successive approximations x, and x,+1 agree to eight decimal 
places. (A precise statement concerning accuracy in Newton’s method will be given in 
Exercise 39 in Section 11.11.) 

Notice that the procedure in going from n ton + | is the same for all values of n. (It is 
called an iterative process.) This means that Newton’s method is particularly convenient 
for use with a programmable calculator or a computer. 


7 ESC) Use Newton’s method to find £/2 correct to eight decimal places. 
SOLUTION First we observe that finding £/2 is equivalent to finding the positive root of 
the equation 


x () 


so we take f(x) = x° — 2. Then f'(x) = 6x° and Formula 2 (Newton’s method) 
becomes 


x°-—2 


Xnt+1 = Xn — 
6x; 


FIGURE 6 


x 
FIGURE 7 
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If we choose x; = | as the initial approximation, then we obtain 


xX. ~ 1.16666667 
x3 ~ 1.12644368 
x4 = 1.12249707 
X5 = 1.12246205 


Xo = 1.12246205 
Since x5 and x agree to eight decimal places, we conclude that 
£2 ~ 112246205 


to eight decimal places. | 


{%% {SEAT} Find, correct to six decimal places, the root of the equation cos x = x. 
SOLUTION We first rewrite the equation in standard form: 


cosx —x=0 


Therefore we let f(x) = cos x — x. Then f’(x) = —sin x — 1, so Formula 2 becomes 
COSMUAT = Ln Coste ay 
Xnt+1 — Xn — 3 = Xn F 
Sin = I Sli 3h 4. Il 


In order to guess a suitable value for x; we sketch the graphs of y = cos x and y = x in 
Figure 6. It appears that they intersect at a point whose x-coordinate is somewhat less 
than 1, so let’s take x; = 1 as a convenient first approximation. Then, remembering to 
put our calculator in radian mode, we get 


X2 ~ 0.75036387 
x3 = 0.73911289 
x4 = 0.73908513 
x5 = 0.73908513 


Since x4 and x; agree to six decimal places (eight, in fact), we conclude that the root of 
the equation, correct to six decimal places, is 0.739085. Re 


Instead of using the rough sketch in Figure 6 to get a starting approximation for New- 
ton’s method in Example 3, we could have used the more accurate graph that a calculator 
or computer provides. Figure 7 suggests that we use x; = 0.75 as the initial approximation. 
Then Newton’s method gives 


xo ~ 0.73911114 x3 ~ 0.739085 13 x4 ~ 0.739085 13 


and so we obtain the same answer as before, but with one fewer step. 

You might wonder why we bother at all with Newton’s method if a graphing device is 
available. Isn’t it easier to zoom in repeatedly and find the roots as we did in Section 1.4? 
If only one or two decimal places of accuracy are required, then indeed Newton’s method 
is inappropriate and a graphing device suffices. But if six or eight decimal places are 
required, then repeated zooming becomes tiresome. It is usually faster and more efficient 
to use a computer and Newton’s method in tandem—the graphing device to get started and 
Newton’s method to finish. 
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WE) Exercises 
1. The figure shows the graph of a function f. Suppose that New- 7a Ora 8x7 +4=0, 1H! 
ton’s method is used to approximate the root r of the equation 
OSU PURSE Gayo seria 9. Use Newton’s method with initial approximation x1 = All 


(a) Draw the tangent lines that are used to find x» and x3, and 
estimate the numerical values of x2 and x3. 
(b) Would x; = 5 be a better first approximation? Explain. 


yA 


_ Follow the instructions for Exercise 1(a) but use x; = 9 as the 
starting approximation for finding the root s. 


. Suppose the tangent line to the curve y = f (x) at the point 
(2, 5) has the equation y = 9 — 2x. If Newton’s method is used 
to locate a root of the equation f(x) = 0 and the initial approxi- 
mation is x; = 2, find the second approximation x2. 


. For each initial approximation, determine graphically what 
happens if Newton’s method is used for the function whose 
graph is shown. 


(a) x, = 0 (b) x, = 1 (c) x, = 3 
(d) a = 4 Orin = 
YA 


5. For which of the initial approximations x, = a, b, c, and d do 
you think Newton’s method will work and lead to the root of 
‘the equation f(x) = 0? 


YA 


a 
x 


6-8 Use Newton’s method with the specified initial approximation 
x, to find x3, the third approximation to the root of the given equa- 
tion. (Give your answer to four decimal places.) 


6. $x? se tx? +3=0, x,=-3 


Graphing calculator or computer required 


find x», the second approximation to the root of the equation 
x3 + x + 3 = 0. Explain how the method works by first 
graphing the function and its tangent line at Exe 


_ Use Newton’s method with initial approximation x, = | to 
find x, the second approximation to the root of the equation 
x4 — x — 1 = 0. Explain how the method works by first graph- 
ing the function and its tangent line at (1, — 1). 


11-12 Use Newton’s method to approximate the given number cor- 
rect to eight decimal places. 


11. 3/20 12. '%/100 


13-16 Use Newton’s method to approximate the indicated root of 
the equation correct to six decimal places. 


13. The root of x* — 2x? + 5x? — 6 = 0 in the interval [1, 2] 

14. The root of 2.2x° — 4.4x3 + 1.3x* — 0.9x — 4.0 = 0 in the 
interval [—2, —1] 

15. The negative root of e* = 4 — x? 

16. The positive root of 3 sin x = x 


17-22 Use Newton’s method to find all roots of the equation 
correct to six decimal places. 


17. 3cosx=x+1 


19. (x — 2)? =Inx 


23-28 Use Newton’s method to find all the roots of the equation 
correct to eight decimal places. Start by drawing a graph to find 
initial approximations. 

23.0 ix 6x8 Sees 0 = 0 


24. x5 — 3xt +x°-x?-x+6=0 
x 


2a. = = 
ge ae Lh 


1-—x 26. cos(x* — x) = x* 


28. e arctan x = [x 3 + | 


27. 4e-* sinx =x? -—x+1 


29. (a) Apply Newton’s method to the equation x* — a = 0 to 
derive the following square-root algorithm (used by the 
ancient Babylonians to compute /a ip 


1. Homework Hints available at stewartcalculus.com 


30. 


31. 


32. 


33; 


34. 


35. 


36. 


37. 


38. 


39. 


(b) Use part (a) to compute 1000 correct to six decimal 
places. 


(a) Apply Newton’s method to the equation 1/x — a = 0 to 
derive the following reciprocal algorithm: 


i 
Tey —— Pe, — lohan 


(This algorithm enables a computer to find reciprocals 
without actually dividing.) 

(b) Use part (a) to compute 1/1.6984 correct to six decimal 
places. 


Explain why Newton’s method doesn’t work for finding the 
root of the equation x° — 3x + 6 = 0 if the initial approxi- 
mation is chosen to be x; = 1. 


(a) Use Newton’s method with x; = | to find the root of the 
equation x° — x = | correct to six decimal places. 

(b) Solve the equation in part (a) using x; = 0.6 as the initial 
approximation. 

(c) Solve the equation in part (a) using x; = 0.57. (You defi- 
nitely need a programmable calculator for this part.) 

(d) Graph f(x) = x* — x — 1 and its tangent lines at x, = 1, 
0.6, and 0.57 to explain why Newton’s method is so sen- 
sitive to the value of the initial approximation. 


Explain why Newton’s method fails when applied to the 
equation </x = 0 with any initial approximation x, # 0. 
Illustrate your explanation with a sketch. 


ae Vx if x=0 
ra beseech 0 


then the root of the equation f(x) = 0 is x = 0. Explain why 
Newton’s method fails to find the root no matter which initial 
approximation x; # 0 is used. Illustrate your explanation 
with a sketch. 


If 


(a) Use Newton’s method to find the critical numbers of the 
function f(x) =x x 3x = 2x correct to stx deci- 


mal places. 
(b) Find the absolute minimum value of f correct to four 


decimal places. 


Use Newton’s method to find the absolute maximum value 
of the function f(x) = x cos x, 0 < x S 7, correct to six 
decimal places. 


Use Newton’s method to find the coordinates of the inflection 
point of the curve y = x’ sin x, 0 < x S 7, correct to six 
decimal places. 


Of the infinitely many lines that are tangent to the curve 

y = —sin x and pass through the origin, there is one that has 
the largest slope. Use Newton’s method to find the slope of 
that line correct to six decimal places. 


Use Newton’s method to find the coordinates, correct to six 
decimal places, of the point on the parabola y = (x — iL) 
that is closest to the origin. 


40. 


41. 


42. 
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In the figure, the length of the chord AB is 4 cm and the 
length of the arc AB is 5 cm. Find the central angle 6, in radi- 
ans, correct to four decimal places. Then give the answer to 
the nearest degree. 


A car dealer sells a new car for $18,000. He also offers to sell 
the same car for payments of $375 per month for five years. 
What monthly interest rate is this dealer charging? 

To solve this problem you will need to use the formula for 
the present value A of an annuity consisting of n equal pay- 
ments of size R with interest rate / per time period: 


A == [1 Ge 


Replacing i by x, show that 
48x(1 + x) — (1 +x) +1=0 
Use Newton’s method to solve this equation. 


The figure shows the sun located at the origin and the earth 
at the point (1, 0). (The unit here is the distance between the 
centers of the earth and the sun, called an astronomical unit: 
1 AU = 1.496 X 10° km.) There are five locations L;, L>, 
L;, L4, and L;s in this plane of rotation of the earth about the 
sun where a satellite remains motionless with respect to the 
earth because the forces acting on the satellite (including the 
gravitational attractions of the earth and the sun) balance 
each other. These locations are called libration points. 

(A solar research satellite has been placed at one of these 
libration points.) If m, is the mass of the sun, 772 is the mass 
of the earth, and r = m2/(m, + mz), it turns out that the 
x-coordinate of L, is the unique root of the fifth-degree 
equation 


p(x) =x? — (2 + r)x* + 1 +27? = aa) 
a2 (1 n)eerer = = 0 
and the x-coordinate of L is the root of the equation 
p(x) — 2rx? = 


Using the value r ~ 3.04042 x 10°, find the locations of 
the libration points (a) L, and (b) Lo. 
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4.9 | Antiderivatives 


FIGURE 1 
Members of the family of 
antiderivatives of f(x) =x? 


A physicist who knows the velocity of a particle might wish to know its position at a given 
time. An engineer who can measure the variable rate at which water is leaking from a tank 
wants to know the amount leaked over a certain time period. A biologist who knows the rate 
at which a bacteria population is increasing might want to deduce what the size of 
the population will be at some future time. In each case, the problem is to find a function 
F whose derivative is a known function f. If such a function F exists, it is called an anti- 
derivative of f. 


Definition A function F is called an antiderivative of f on an interval / if 
F'(x) = f(x) for all x in J. 


For instance, let f(x) = x’. It isn’t difficult to discover an antiderivative of f if we keep 
the Power Rule in mind. In fact, if F(x) = 4x°, then F(x) = x* = f(x). But the function 
G(x) = 4x? + 100 also satisfies G'(x) = x*. Therefore both F and G are antiderivatives 
of f. Indeed, any function of the form H(x) = +x° + C, where C is a constant, is an anti- 
derivative of f. The question arises: Are there any others? 

To answer this question, recall that in Section 4.2 we used the Mean Value Theorem to 
prove that if two functions have identical derivatives on an interval, then they must differ 
by aconstant (Corollary 4.2.7). Thus if F and G are any two antiderivatives of f, then 


F'(x) = f(x) = G(x) 


so G(x) — F(x) = C, where C is a constant. We can write this as G(x) = F(x) + C,so we 
have the following result. 


[1] Theorem If F is an antiderivative of f on an interval /, then the most general 
antiderivative of fon J is 


Rig) a GC 


where C is an arbitrary constant. 


oe back to the function f(x) = x’, we see that the general antiderivative of f is 
3x° + C. By assigning specific values to the constant C, we obtain a family of functions 
whose graphs are vertical translates of one another (see Figure 1). This makes sense because 
each curve must have the same slope at any given value of x. 


(S22 Find the most general antiderivative of each of the following functions. 
(a) f(x) = sin x (b) f(x) = 1/x (c) f(x) =x", n#—I1 
SOLUTION 


(a) If F(x) = —cos x, then F'(x) = sin x, so an antiderivative of sin x is —cos x. By 
Theorem 1, the most general antiderivative is G(x) = —cos x + C. 


(b) Recall from Section 3.6 that 
d 1 
SS ] 5 = — 
dx tne x, 


So on the interval (0, %) the general antiderivative of 1/x is In x + C. We also learned 
that ; 


d i 
wae (In |x|) oe 


[2] Table of 


Antidifferentiation Formulas 


To obtain the most general antiderivative from 
the particular ones in Table 2, we have to add a 
constant (or constants), as in Example 1. 
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for all x # 0. Theorem | then tells us that the general antiderivative of f(x) = 1/x is 
In |x| + C on any interval that doesn’t contain 0. In particular, this is true on each of the 
intervals (—°%, 0) and (0, ©). So the general antiderivative of f is 


li xe se (Ch iit Je > @ 
C9) = ; 
Sa) srdes ahigeee® 


(c) We use the Power Rule to discover an antiderivative of x”. In fact, if n ~ —1, then 


nce {ntl SkCOERAL) <tam Be 
dx bi sel Gees ‘ 


Thus the general antiderivative of f(x) = x” is 


n+] 
Xx 


i aP ll 


F(x) = +C 


This is valid for n = O since then f(x) = x” is defined on an interval. If n is negative 
(but n # —1), it is valid on any interval that doesn’t contain 0. ara} 


As in Example 1, every differentiation formula, when read from right to left, gives rise 
to an antidifferentiation formula. In Table 2 we list some particular antiderivatives. Each for- 
mula in the table is true because the derivative of the function in the right column appears 
in the left column. In particular, the first formula says that the antiderivative of a constant 
times a function is the constant times the antiderivative of the function. The second formula 
says that the antiderivative of a sum is the sum of the antiderivatives. (We use the notation 
F’=f,G =4.) 


Function Particular antiderivative Function Particular antiderivative 
cf (x) cF(x) sec?x tan x 
T(x) + g(x) E(x) G(x) sec x tan x sec x 
ent 1 
x" (nF —1 - == sin |x 
( ) im sie Il J1 — x? 

I = 
© In |x| 5 tan” 'x 
BG I) si xe 
e* e* cosh x sinh x 
cos x sin Xx sinh x cosh x 
sin Xx ae COSEL 

(SE) Find all functions g such that 
2x> — Jx 
Gs) Asin = 
3e 
SOLUTION We first rewrite the given function as follows: 
oh x l 
Gg (x)= 4 Sin xe acs Eck eo 
Xe x JX 


Thus we want to find an antiderivative of 


6G) rein xr 2x? x" 
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Figure 2 shows the graphs of the function f’ in 
Example 3 and its antiderivative f. Notice that 
f'(x) > 0, sof is always increasing. Also 


notice that when f’ has a maximum or minimum, 


f appears to have an inflection point. So the 
graph serves as a check on our calculation. 


FIGURE 2 


Using the formulas in Table 2 together with Theorem 1, we obtain 


2) 1/2 


g(x) = 4(—cos x) + are ee 


eae 


1 
2 


= —Acosx t+ 2x°-2yx + C az] 


In applications of calculus it is very common to have a situation as in Example 2, where 
it is required to find a function, given knowledge about its derivatives. An equation that 
involves the derivatives of a function is called a differential equation. These will be 
studied in some detail in Chapter 9, but for the present we can solve some elementary dif- 
ferential equations. The general solution of a differential equation involves an arbitrary con- 
stant (or constants) as in Example 2. However, there may be some extra conditions given that 
will determine the constants and therefore uniquely specify the solution. 


SUaeeey Find f if f(x) = e* + 20(1 + x’) ¢ and f(0) = —2. 
SOLUTION The general antiderivative of 


f') “ie 20 

x) seer tie — ae 
1+ x? 

is YAS ere epee Ol tall x ee 

To determine C we use the fact that f(0) = —2: 


FLO) ssn ees se 0itan ayer! C= —2 


Thus we have C = —2 — 1 = —3, so the particular solution is 
f(x) = estne0 tant x3 lee | 


7] MSUUUGERY Find f if f"(x) = 12x? + 6x — 4, f(0) = 4, and f(1) = 1. 
SOLUTION The general antiderivative of f"(x) = 12x* + 6x — 4 is 


3 oy: 


v d 
f(x) = Vir reacts Berth se ob. 


Using the antidifferentiation rules once more, we find that 


ne x Ne 
aged catia ay a Cx Dn ae = 20 Cte DD 
To determine C and D we use the given conditions that f(0) = 4 and f(1) = 1. Since 
f(0) =0 + D = 4, we have D = 4. Since 


fd) =14+1-2+C+4=1 


we have C = —3. Therefore the required function is 
f(x) =x*4+ x° — 2x? — 3x 4+ 4 Fado 


If we are given the graph of a function f, it seems reasonable that we should be able to 
sketch the graph of an antiderivative F. Suppose, for instance, that we are given that 
F(O) = 1. Then we have a place to start, the point (0, 1), and the direction in which we move 
our pencil is given at each stage by the derivative F’(x) = f(x). In the next example we use 
the principles of this chapter to show how to graph F even when we don’t have a formula 
for f. This would be the case, for instance, when f(x) is determined by experimental data. 


FIGURE 3 


YA 


y= F(x) 


FIGURE 4 
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(% (SETS4 The graph of a function f is given in Figure 3. Make a rough sketch of 
an antiderivative F, given that F(0) = 2. 


SOLUTION We are guided by the fact that the slope of y = F(x) is f(x). We start at the 
point (0, 2) and draw F as an initially decreasing function since f(x) is negative when 

0 <x < 1. Notice that f(1) = f(3) = 0, so F has horizontal tangents when x = 1 and 

x = 3. For | < x < 3, f(x) is positive and so F is increasing. We see that F has a local 
minimum when x = | and a local maximum when x = 3. For x > 3, f(x) is negative 
and so F is decreasing on (3, ©). Since f(x) — 0 as x — ©, the graph of F becomes flat- 
ter as x — ~, Also notice that F(x) = f(x) changes from positive to negative at x = 2 
and from negative to positive at x = 4, so F has inflection points when x = 2 and x = 4. 
We use this information to sketch the graph of the antiderivative in Figure 4. esate 


MS Rectilinear Motion 


Antidifferentiation is particularly useful in analyzing the motion of an object moving in a 
straight line. Recall that if the object has position function s = f(t), then the velocity func- 
tion is v(t) = s‘(t). This means that the position function is an antiderivative of the velocity 
function. Likewise, the acceleration function is a(t) = v'(t), so the velocity function is an 
antiderivative of the acceleration. If the acceleration and the initial values s(0) and v(0) are 
known, then the position function can be found by antidifferentiating twice. 


) (2—PTS9) A particle moves in a straight line and has acceleration given by 
a(t) = 6t + 4. Its initial velocity is (0) = —6 cm/s and its initial displacement is 
s(O) = 9 cm. Find its position function s(7). 


SOLUTION Since v(t) = a(t) = 6t + 4, antidifferentiation gives 


9 


t* 5 
WO paidisaipeancises! 1 2h 


Note that v(0) = C. But we are given that v(0) = —6, so C = —6 and 
v(t) = 31? + 4t — 6 


Since v(t) = s'(t), s is the antiderivative of v: 


3 


g 2 : 
i) = 3 4 Ort Da ae 'D 


This gives s(0) = D. We are given that s(0) = 9, so D = 9 and the required position 
function is 
s(t) = 2° + 20? — 6 +9 ra 


An object near the surface of the earth is subject to a gravitational force that produces a 
downward acceleration denoted by g. For motion close to the ground we may assume that 
g is constant, its value being about 9.8 m/s” (or 32 ft/s”). 


(SESE A ball is thrown upward with a speed of 48 ft/s from the edge of a cliff 
432 ft above the ground. Find its height above the ground t seconds later. When does it 
reach its maximum height? When does it hit the ground? 


SOLUTION The motion is vertical and we choose the positive direction to be upward. At 
time ¢ the distance above the ground is s(t) and the velocity v(t) is decreasing. Therefore 
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the acceleration must be negative and we have 


dv 
a dt 


Taking antiderivatives, we have 


Ot) = —-32t + C 


To determine C we use the given information that o(0) = 48. This gives 48 =0+C,so 


v(t) = —32t + 48 


The maximum height is reached when v(t) = 0, that is, after 1.5 s. Since s'(t) = v(t), we 
antidifferentiate again and obtain 


s(t) = —16t? + 481 + D 


Using the fact that s(0) = 432, we have 432 = 0 + D and so 


Figure 5 shows the position function of the ball 
in Example 7. The graph corroborates the con- 


clusions we reached: The ball reaches its max- 
imum height after 1.5 s and hits the ground 


after 6.9 s. 


500 


. 


FIGURE 5 


4.9 | Exercises 


that is, when 


or, equivalently, 


s(t) 91617 ei 4A8e + 432 


The expression for s(t) is valid until the ball hits the ground. This happens when s(t) = 0, 


—16t*? + 481 + 432 =0 
eee = PR) 


Using the quadratic formula to solve this equation, we get 


32 3v13 


2 


We reject the solution with the minus sign since it gives a negative value for r. Therefore 


the ball hits the ground after 3(1 + /13 )/2 ~ 6.9s. 


1-22 Find the most general antiderivative of the function. 
(Check your answer by differentiation. ) 


Pig=x1—3 

3. f(x) =4 + 3x? - $x? 
5. f(x) = (« + 1)(2x — 1) 
Trey = bee 
9 FG) —=./2) 

Mf (oli ie ax, 


1B GA 2 
=, 3 
l+t+r? 
kh. oh) $= 
g We 


17. h(@) = 2 sin@ — sec’é 


LA : 
Graphing calculator or computer required 


2. f(x) =3x? — 2x + 6 


A f= OXae tod wn le 


62 fC) 
ReGen a 
10. f(x) =e’ 

12. f(x) = f/x? + xVJx 


3r7 — 4+ 6t7 
t* 


16. r(@) = sec@ tan @ — 2e° 


18. f(t) = sint + 2 sinh t 


19. f(x) = 5e* — 3 cosh x 20. f(x) = 2/x + 6cos x 


5 — x3 + 2x 


2 
a1. f(x) = x : D2 38 


1+ x 


22. f(x) = 


23-24 Find the antiderivative F of f that satisfies the given condi- 
tion. Check your answer by comparing the graphs of f and F. 


23. f(x) = 5x* — 2x°, F(O)=4 
24. f(x) =4—-30 + xe), FU) =O 


25-48 Find f. 
25. f"(x) = 20x? — 12x* + 6x 
26: if (0) 32 — A al 


27. fiGy=ae" 28. f"(x) = 6x + sin x 


1. Homework Hints available at stewartcalculus.com 


29. f(t) = cost 

81. f(x) = 1 + 34/x, f4),= 25 
S277 (a= x ox ee 4 (—1) = 2 

Soairt emis (darat is af CL), =.0 

Sa epertes Wit. £ > 0 T(1) =.6 

Su (e) — 2cost sec iy 1) 2 ee ar) fF ar/3) = 4 
Sr Pa = 5... f{Sl)i=.0 

See tee i) ela f(a |) eal 

38. f'(x) = 4//1 —x?, f(G)=1 

39. f"(x) = —2 + 12x — 12x?, f(0)=4, f'(0) = 12 

40. f"(x) = 8x° + 5, fll) =0, f'(1) =8 
41. f"(@) =sin6+cos6, f(0)=3, f'(0)=4 
AEA SIT TA) = 20) Uf) = 7 

Aa f(x) — A+ 6x + 2427 (0) = 3, fl) = 10 
AA ix) a= xe sinha, of (0) = 1, (2) = 2.6 

45. f"(x) =2+cosx, f(0)=—1, f(a/2)=0 
46. f"(t) =2e'+3sint, f(0)=0, f(r) =0 

OTe FAC) ek oe EON OF (1) SO paf2)r=0 

AS ey (reercos. 2, (0) = 1 7 AO) def (0) x3 


30. f"(t) =e + 14 


5] 


49. Given that the graph of f passes through the point (1, 6) 
and that the slope of its tangent line at (x, f(x)) is 2x + 1, 
find f(2). 


50. Find a function f such that f’(x) = x* and the line x + y = 0 
is tangent to the graph of f. 


51-52 The graph of a function f is shown. Which graph is an anti- 
derivative of f and why? 


51. YA 


53. The graph of a function is shown in the figure. Make a rough 
sketch of an antiderivative F, given that F(0) = 1. 
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54. The graph of the velocity function of a particle is shown in the 
figure. Sketch the graph of a position function. 


55. The graph of f’ is shown in the figure. Sketch the graph of f if 
f is continuous and f(0) = —1. 


yA 
2 4 
y= f(x) 
il o——_o 
+ + =| > 
0 | 2 x 
—|+ oe 


56. (a) Use a graphing device to graph f(x) = 2x — 3 Va 
(b) Starting with the graph in part (a), sketch a rough graph of 
the antiderivative F that satisfies F(0) = 1. 
(c) Use the rules of this section to find an expression for F(x). 
(d) Graph F using the expression in part (c). Compare with 
your sketch in part (b). 


57-58 Draw a graph of f and use it to make a rough sketch of the 
antiderivative that passes through the origin. 


sin x 
1+ x7? 


at, jlGa) S er = Dre ap DS 2 = Srss 


=O = h Si 


57. f(x) = 


59-64 A particle is moving with the given data. Find the position 
of the particle. 


59. v(t) = sint— cost, s(0)=0 

60. v(t) = 1.5/1, (4) = 10 

61. a(t) = 2¢+ 1, s(0)=3, v(0) = -2 

G29 af) iC OS) ties 21S 107s) es Ounce) (0) Renee 

63. a(t) = 10 sint + 3cost, s(0)=0, s(2m) = 12 
64. a(t) = 71? —4t + 6, s(0)=0, s(1) = 20 


65. A stone is dropped from the upper observation deck (the Space 

Deck) of the CN Tower, 450 m above the ground. 

(a) Find the distance of the stone above ground level at 
time f. 

(b) How long does it take the stone to reach the ground? 

(c) With what velocity does it strike the ground? 

(d) If the stone is thrown downward with a speed of 5 m/s, 
how long does it take to reach the ground? 
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66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 
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Show that for motion in a straight line with constant accelera- 
tion a, initial velocity vo, and initial displacement so, the dis- 
placement after time f is 


s =tat? + vot + So 


An object is projected upward with initial velocity vo meters 
per second from a point so meters above the ground. Show that 


[o(t)? = vf — 19.6[s(t) — so] 


Two balls are thrown upward from the edge of the cliff in 
Example 7. The first is thrown with a speed of 48 ft/s and the 
other is thrown a second later with a speed of 24 ft/s. Do the 
balls ever pass each other? 


A stone was dropped off a cliff and hit the ground with a speed 
of 120 ft/s. What is the height of the cliff? 


If a diver of mass m stands at the end of a diving board with 
length L and linear density p, then the board takes on the shape 
of a curve y = f(x), where 


Ely" = mg(L — x) + 5pg(L — x) 


E and J are positive constants that depend on the material 

of the board and g (< 0) is the acceleration due to gravity. 

(a) Find an expression for the shape of the curve. 

(b) Use f(L) to estimate the distance below the horizontal at 
the end of the board. 


toi 


A company estimates that the marginal cost (in dollars per 
item) of producing x items is 1.92 — 0.002x. If the cost of pro- 
ducing one item is $562, find the cost of producing 100 items. 


The linear density of a rod of length | m is given by 
p(x) = 1/ ,/x, in grams per centimeter, where x is measured in 
centimeters from one end of the rod. Find the mass of the rod. 


Since raindrops grow as they fall, their surface area increases 
and therefore the resistance to their falling increases. A 
raindrop has an initial downward velocity of 10 m/s and its 


74. 


75. 


76. 


Wh, 


78. 


79. 


downward acceleration is 


= 9 — 0.9t 
pot 


If the raindrop is initially 500 m above the ground, how long 
does it take to fall? 


if O0<t<10 
if t > 10 


A car is traveling at 50 mi/h when the brakes are fully applied, 
producing a constant deceleration of 22 ft/s’. What is the dis- 
tance traveled before the car comes to a stop? 


What constant acceleration is required to increase the speed of 
a car from 30 mi/h to 50 mi/h in 5 s? 


A car braked with a constant deceleration of 16 ft/s*, pro- 
ducing skid marks measuring 200 ft before coming to a stop. 
How fast was the car traveling when the brakes were first 
applied? 


A car is traveling at 100 km/h when the driver sees an accident 
80 m ahead and slams on the brakes. What constant decelera- 
tion is required to stop the car in time to avoid a pileup? 


A model rocket is fired vertically upward from rest. Its acceler- 

ation for the first three seconds is a(t) = 60f, at which time the 

fuel is exhausted and it becomes a freely “falling” body. Four- 

teen seconds later, the rocket’s parachute opens, and the (down- 

ward) velocity slows linearly to —18 ft/s in 5 s. The rocket 

then ‘‘floats” to the ground at that rate. 

(a) Determine the position function s and the velocity func- 
tion v (for all times rt). Sketch the graphs of s and v. 

(b) At what time does the rocket reach its maximum height, 
and what is that height? 

(c) At what time does the rocket land? 


A high-speed bullet train accelerates and decelerates at the rate 

of 4 ft/s”. Its maximum cruising speed is 90 mi/h. 

(a) What is the maximum distance the train can travel if it 
accelerates from rest until it reaches its cruising speed and 
then runs at that speed for 15 minutes? 

(b) Suppose that the train starts from rest and must come to 
a complete stop in 15 minutes. What is the maximum dis- 
tance it can travel under these conditions? 

(c) Find the minimum time that the train takes to travel 
between two consecutive stations that are 45 miles apart. 

(d) The trip from one station to the next takes 37.5 minutes. 
How far apart are the stations? 


as Review 


Concept Check 


1. 
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Explain the difference between an absolute maximum and a 
local maximum. Illustrate with a sketch. 


. (a) What does the Extreme Value Theorem say? 


(b) Explain how the Closed Interval Method works. 


. (a) State Fermat’s Theorem. 


(b) Define a critical number of f. 


. (a) State Rolle’s Theorem. 


(b) State the Mean Value Theorem and give a geometric 
interpretation. 


. (a) State the Increasing/ Decreasing Test. 


(b) What does it mean to say that f is concave upward on an 
interval J? 

(c) State the Concavity Test. 

(d) What are inflection points? How do you find them? 


. (a) State the First Derivative Test. 


(b) State the Second Derivative Test. 
(c) What are the relative advantages and disadvantages of 
these tests? 


. (a) What does Il’ Hospital’s Rule say? 


(b) How can you use |’ Hospital’s Rule if you have a product 
f(x) g(x) where f(x) — 0 and g(x) > ~ asx — a? 


True-False Quiz 


Determine whether the statement is true or false. If it is true, explain why. 
If it is false, explain why or give an example that disproves the statement. 


1 


2. 


4) 


If f’(c) = 0, then f has a local maximum or minimum at c. 


If f has an absolute minimum value at c, then f’(c) = 0. 


. If f is continuous on (a, b), then f attains an absolute maxi- 


mum value f(c) and an absolute minimum value f(d) at some 
numbers c and d in (a, b). 


. If f is differentiable and f(—1) = f(1), then there is a num- 


ber c such that |c| < 1 and f'(c) = 0. 


. If f'(x) < O for 1 < x <6, then f is decreasing on (1, 6). 


. If f"(2) = 0, then (2, f(2)) is an inflection point of the 


curve y = f(x). 


PEF (x) = g(a) fori 2141, thensitx)=g() for 


(\<sexe <a 


_ There exists a function f such that f(1) = —2, f(3) = 0, and 


f'(x) > 1 for all x. 


There exists a function f such that f(x) > 0, f’(x) < 0, and 
f(x) > 0 for all x. 


10. 


(c) How can you use |’ Hospital’s Rule if you have a differ- 
ence f(x) — g(x) where f(x) — © and g(x) — ~ as 
Te wy 

(d) How can you use |’Hospital’s Rule if you have a power 
[ f(x)? where f(x) — 0 and g(x) + 0 as x — a? 


. If you have a graphing calculator or computer, why do you 


need calculus to graph a function? 


. (a) Given an initial approximation x; to a root of the equa- 


tion f(x) = 0, explain geometrically, with a diagram, 
how the second approximation x2 in Newton’s method is 
obtained. 

(b) Write an expression for x2 in terms of x), f(%1), 
and f'(21). 

(c) Write an expression for x,,+; in terms of x,, f(x,), 
and f'(x,). 

(d) Under what circumstances is Newton’s method likely to 
fail or to work very slowly? 


(a) What is an antiderivative of a function f? 
(b) Suppose F, and F> are both antiderivatives of f on an 
interval 7. How are F, and F; related? 


10. 


11. 


12. 


iB. 


19. 


20. 


There exists a function f such that f(x) < 0, f’(x) < 0, 
and f”(x) > 0 for all x. 


If f and g are increasing on an interval /, then f + g is 
increasing on J. 


If f and g are increasing on an interval /, then f — g is 
increasing on J. 


If f and g are increasing on an interval /, then fg is 
increasing on J. 


. If f and g are positive increasing functions on an interval /, 


then fg is increasing on J. 


. If f is increasing and f(x) > 0 on J, then g(x) = 1/f(x) is 


decreasing on /. 


. If f is even, then f’ is even. 
. If f is periodic, then f’ is periodic. 


. The most general antiderivative of f(x) = eos 


I 
(AGA) SS == FC 
x 


If f'(x) exists and is nonzero for all x, then. f(1) # f(0). 


ue 
iti = Ih 
x0 e* 
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Exercises 


1-6 Find the local and absolute extreme values of the function 
on the given interval. 


1. f(x) =x? — 6x7 + 9x +1, [2,4] 

LACSEA tS es ell 

é. Bx ="4 
x? +1 

& fa) = Pobetls, [21] 

5 f(x) i=ae cos ola, 77] 

6. fa@=2e%n[-1,3] 


3. f(x) als 242 


7-14 Evaluate the limit. 


i Coat ane tan 4x 
. lim ———— 
is x0 tan x x0 x + sin 2x 
te] — 4: e*—1=4% 
9. lim eae es i) iin, $< —— 
x0 2 > a t= 2 Ng 
11. lim (x? — x*)e* 12, lim: (x — m)cse x 
by x 1 M4 cos x 
(BL tea. || = = =—— 14. lim (tan x)°°° 
case el In x ' x—>(n/2)— 


15-17 Sketch the graph of a function that satisfies the given 
conditions. 


fey (Oem ep es 2) amy (1) (9) =O; 
tim f(2) aU) lim f(x) = = e2, 
f'(x) < 0 on (—%, —2), (1, 6), and (9, ~), 
f'(x) > 0 on (—2, 1) and (6, 9), 
f(x) > 0 on (—®%, 0) and (12, ~), 
f'"(x) < 0 on (0, 6) and (6, 12) 


16. f(0) =0, ff is continuous and even, 
Fira xnt Oe ulin fox) sen | hl 3; 
f'(x) =1lifx>3 


iim asiodds mes (0) <0 tor 04 2, 
ce LOT ye eax) 0 for Oi=<ex 03, 
Oi 0 fon ss we 2 


18. The figure shows the graph of the derivative f’ of a 
function f. 
(a) On what intervals is f increasing or decreasing? 
(b) For what values of x does f have a local maximum or 
minimum? 


(c) Sketch the graph of f”. 
(d) Sketch a possible graph of f. 


19-34 Use the guidelines of Section 4.5 to sketch the curve. 


19 y= 2-2 — 20. Sts On? Sli ia 4 
x 
2 yr ee 22. y= 5 
i ave 3 
23 faciaan 24 : pelt 
a 2 ie) ona oe ae 2 
v slse = BYP ae 6e = QV 
25. y = x*/(x + 8) 26.0y i= wiles oe ea 
27. y=xvV24+x 28. y= Vx?+ 1 
kL VSO oils, Sal Se a 


30. y= 4x — tanx, =7/2 a = a/2 
31. y = sin '(1/x) 32. y= ee 
ce sb I 34. y =x + In(x? + 1) 


35-38 Produce graphs of f that reveal all the important aspects 
of the curve. Use graphs of f’ and f” to estimate the intervals of 
increase and decrease, extreme values, intervals of concavity, and 
inflection points. In Exercise 35 use calculus to find these 
quantities exactly. 

x? —1 aes 
35.07 (0) 3 36. f(x) = uaG 


4 


37. f(x) = 3x%— 5x° + xt — 5x3 = 2x? +2 


38. f(x) =x? +65sinx, -S=x<5 


39. Graph f(x) = e '* ina viewing rectangle that shows all the 
main aspects of this function. Estimate the inflection points. 
Thea use calculus to find them exactly. 


cAs| 40. (a) Graph the function f(x) = 1/(1 + e'”). 
(b) Explain the shape of the graph by computing the limits of 
f(x) as x approaches 2%, —%, 0*, and 0°. 
(c) Use the graph of f to estimate the coordinates of the inflec- 
tion points. 
(d) Use your CAS to compute and graph f”. 


(e) Use the graph in part (d) to estimate the inflection points 
more accurately. 


Graphing calculator or computer required [cas] Computer algebra system required 


CAS] 41-42 Use the graphs of f, f’, and f” to estimate the 
x-coordinates of the maximum and minimum points and inflec- 
tion points of f. 


cos*x 
x2 txt 1 
42..f (x) =e" >? In(x? — 1) 


M1. f(x) = 


Hp SS 35 SS yy 


| 43. Investigate the family of functions f(x) = In(sin x + C). 
What features do the members of this family have in 
common? How do they differ? For which values of C is f 
continuous on (—%, ©)? For which values of C does f have 
no graph at all? What happens as C — %? 


la 


44. Investigate the family of functions f(x) = cxe “What 
happens to the maximum and minimum points and the inflec- 
tion points as c changes? Illustrate your conclusions by 
graphing several members of the family. 


45. Show that the equation 3x + 2 cos x + 5 = 0 has exactly 
one real root. 


46. Suppose that f is continuous on [0, 4], f(0) = 1, and 
2 < f'(x) <5 for all x in (0, 4). Show that 9 < f(4) < 21. 


47. By applying the Mean Value Theorem to the function 
f(x) = x’? on the interval [32, 33], show that 


D << ABNEY <SPAN 5) 


48. For what values of the constants a and D is (1, 3) a point of 
inflection of the curve y = ax? + bx*? 


49. Let g(x) =f (x*), where f is twice differentiable for all x, 
f'(x) > 0 for all x # 0, and f is concave downward on 
(—, 0) and concave upward on (0, ~). 

(a) At what numbers does g have an extreme value? 
(b) Discuss the concavity of g. 


50. Find two positive integers such that the sum of the first num- 
ber and four times the second number is 1000 and the prod- 
uct of the numbers is as large as possible. 


51. Show that the shortest distance from the point (x), y:) to the 
straight line Ax + By + C = Ois 


[Axi + By, sin Ci 
VA? + B? 
52. Find the point on the hyperbola xy = 8 that is closest to the 
point (3, 0). 


53. Find the smallest possible area of an isosceles triangle that is 
circumscribed about a circle of radius r. 


54. Find the volume of the largest circular cone that can be 
inscribed in a sphere of radius r. 


55. In AABC, D lies on AB, CD | AB, |AD| = |BD| = 4cm, 
and | CD | = 5 cm. Where should a point P be chosen on CD 
so that the sum | PA| + | PB| + | PC| is a minimum? 
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56. Solve Exercise 55 when | CD| = 2 cm. 


57. The velocity of a wave of length L in deep water is 
i, € 


—+— 
C bt 


where K and C are known positive constants. What is the 
length of the wave that gives the minimum velocity? 


v=K 


58. A metal storage tank with volume V is to be constructed in 
the shape of a right circular cylinder surmounted by a hemi- 
sphere. What dimensions will require the least amount of 
metal? 


59. A hockey team plays in an arena with a seating capacity of 
15,000 spectators. With the ticket price set at $12, average 
attendance at a game has been 11,000. A market survey indi- 
cates that for each dollar the ticket price is lowered, average 
attendance will increase by 1000. How should the owners of 
the team set the ticket price to maximize their revenue from 
ticket sales? 


60. A manufacturer determines that the cost of making x units of 
a commodity is C(x) = 1800 + 25x — 0.2x? + 0.001x° and 
the demand function is p(x) = 48.2 — 0.03x. 

(a) Graph the cost and revenue functions and use the graphs 
to estimate the production level for maximum profit. 

(b) Use calculus to find the production level for maximum 
profit. 

(c) Estimate the production level that minimizes the average 
cost. 


61. Use Newton’s method to find the root of the equation 
x° — x4 + 3x? — 3x — 2 = O in the interval [1, 2] correct to 
six decimal places. 


62. Use Newton’s method to find all roots of the equation 
sin x = x” — 3x + 1 correct to six decimal places. 


63. Use Newton’s method to find the absolute maximum value of 
the function f(t) = cost + t — t? correct to eight decimal 
places. 

64. Use the guidelines in Section 4.5 to sketch the curve 
y =xsinx, 0 =x S 27. Use Newton’s method when 
necessary. 


65-72 Find f. 

65. f’(x) = cosx — (1 — Bee 

66. f’(x) = 2e* + sec x tan x 

67. f(x) = vx8 + ax? 

68 — sin ee cosh (0) 2 
69. f(t) =2r—3sint, f(0) =5 


70. f"(u) = vessels FOES 


u 
Nip l= ox + 48x5 FO) =I £0) =2 
TD) Ok war Bh eA ee KO)) saplies A) =O 
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73-74 A particle is moving with the given data. Find the 
position of the particle. 


73. 
74. 


76. 


77. 


78. 


79. 


80. 


w(t) = 2t-1/(1 +727), s(0)=1 
a(t)=sint+3cost, s(0)=0, v(0)=2 


. (a) If f(x) = 0.le* + sin x, —-4 = x < 4, usea graph of f 


to sketch a rough graph of the antiderivative F of f that 
satisfies F(O) = 0. 

(b) Find an expression for F(x). 

(c) Graph F using the expression in part (b). Compare with 
your sketch in part (a). 


Investigate the family of curves given by 
oi Caz ada ta detain 


In particular you should determine the transitional value of 
c at which the number of critical numbers changes and the 
transitional value at which the number of inflection points 

changes. Illustrate the various possible shapes with graphs. 


A canister is dropped from a helicopter 500 m above the 
ground. Its parachute does not open, but the canister has 
been designed to withstand an impact velocity of 100 m/s. 
Will it burst? 


In an automobile race along a straight road, car A passed 
car B twice. Prove that at some time during the race their 
accelerations were equal. State the assumptions that you 
make. 


A rectangular beam will be cut from a cylindrical log of 

radius 10 inches. 

(a) Show that the beam of maximal cross-sectional area is 
a square. 

(b) Four rectangular planks will be cut from the four 
sections of the log that remain after cutting the square 
beam. Determine the dimensions of the planks that will 
have maximal cross-sectional area. 

(c) Suppose that the strength of a rectangular beam is 
proportional to the product of its width and the square of 
its depth. Find the dimensions of the strongest beam that 
can be cut from the cylindrical log. 


k— width —| 


If a projectile is fired with an initial velocity v at an angle of 
inclination @ from the horizontal, then its trajectory, neglect- 
ing air resistance, is the parabola 


g 2 T 
=." o<o<2 
aH? e080 ; 2 


(a) Suppose the projectile is fired from the base of a plane 


y = (tan 0)x — 


that is inclined at an angle a, a > 0, from the horizontal, 


81. 


82. 


83. 


84. 


as shown in the figure. Show that the range of the projec- 
tile, measured up the slope, is given by 


2v*cos 6 sin(@ — a) 


R(6) = 3 

g cosa 

(b) Determine 6 so that R is a maximum. 

(c) Suppose the plane is at an angle @ below the horizontal. 
Determine the range R in this case, and determine the 
angle at which the projectile should be fired to maximize R. 


Show that, for x > 0, 


<<tangex <u 


1+ x? 


Sketch the graph of a function f such that f’(x) < 0 for 
all xp "(xy 0 fore | Ss "Gy <0 tor a ISand 
Limnos [ f(x) = | = 0. 


A light is to be placed atop a pole of height h feet to 
illuminate a busy traffic circle, which has a radius of 40 ft. 
The intensity of illumination / at any point P on the circle is 
directly proportional to the cosine of the angle 6 (see the 
figure) and inversely proportional to the square of the 
distance d from the source. 
(a) How tall should the light pole be to maximize /? 
(b) Suppose that the light pole is / feet tall and that a woman 
is walking away from the base of the pole at the rate of 
4 ft/s. At what rate is the intensity of the light at the point 
on her back 4 ft above the ground decreasing when she 
reaches the outer edge of the traffic circle? 


Water is flowing at a constant rate into a spherical tank. Let 
V(t) be the volume of water in the tank and H(v) be the height 
of the water in the tank at time f. 

(a) What are the meanings of V’(t) and H'(t)? Are these 
derivatives positive, negative, or zero? 

(b) Is V(t) positive, negative, or zero? Explain. 

(c) Let t1, t2, and t3 be the times when the tank is one-quarter 
full, half full, and three-quarters full, respectively. Are the 
values H"(t)), H"(t.), and H"(t;) positive, negative, or 
zero? Why? 


US 
— Problems Plus 


LOOK BACK 
What have we learned from the solution to this 
example? 


= To solve a problem involving several variables, 


it might help to solve a similar problem with 
just one variable. 

= When trying to prove an inequality, it might 
help to think of it as a maximum or minimum 
problem. 


One of the most important principles of problem solving is analogy (see page 75). If you 
are having trouble getting started on a problem, it is sometimes helpful to start by solving 
a Similar, but simpler, problem. The following example illustrates the principle. Cover up 
the solution and try solving it yourself first. 


Ces) If x, y, and z are positive numbers, prove that 


(x? + 1)(y* + 1G? + 1) 


XYZ 


28 


SOLUTION It may be difficult to get started on this problem. (Some students have tackled 
it by multiplying out the numerator, but that just creates a mess.) Let’s try to think of a 
similar, simpler problem. When several variables are involved, it’s often helpful to think 
of an analogous problem with fewer variables. In the present case we can reduce the 
number of variables from three to one and prove the analogous inequality 


74 4 
[1] =) forse = © 


In fact, if we are able to prove [1], then the desired inequality follows because 


Gir Doe DD (PAF (EAs 22 


XYZ o8 y iz 


The key to proving is to recognize that it is a disguised version of a minimum prob- 
lem. If we let 


then f’(x) = 1 — (1/x’), so f’(x) = 0 when x = 1. Also, f’(x) < 0 for 0 <x < 1 and 
f'(x) > 0 for x > 1. Therefore the absolute minimum value of f is f (1) = 2. This 
means that 


=2 for all positive values of x 


and, as previously mentioned, the given inequality follows by multiplication. 
The inequality in [1] could also be proved without calculus. In fact, if x > 0, we have 


ee Men SO, <>. x? On = 0 
x 
es (= i 20 
Because the last inequality is obviously true, the first one is true too. i) 
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Problems 


FIGURE FOR PROBLEM 11 
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12. 


13. 


14. 


15. 


. Ifa, b, c, and d are constants such that 


. If a rectangle has its base on the x-axis and two vertices on the curve y = é ~*", show that the 


rectangle has the largest possible area when the two vertices are at the points of inflection of 
the curve. 


. Show that | sin x — cos x| < J2 for all x. 


. Does the function f(x) = e'° "7 have an absolute maximum? If so, find it. What about an 


absolute minimum? 


Show that x?y?(4 — x?)(4 — y?) < 16 for all numbers x and y such that |x| < 2 and 
ly| = 2. 


. Show that the inflection points of the curve y = (sin x)/x lie on the curve y*(x* + 4) = 4. 


. Find the point on the parabola y = 1 — x? at which the tangent line cuts from the first quad- 


rant the triangle with the smallest area. 


_ ax? + sin bx + sincx + sin dx 
I Car Tee oe =e ae = =8 
x0 3a Ok LE 


find the value of the suma + b+ c+ d. 


. Sketch the set of all points (x, y) such that |x + y| < e*. 
. Find the highest and lowest points on the curve x*° + xy + y> = 12. 
. For what values of c does the curve y = cx° + e* have inflection points? 


. If P(a, a’) is any point on the parabola y = x’, except for the origin, let Q be the point where 


the normal line intersects the parabola again (see the figure). Show that the line segment PO 
has the shortest possible length when a = 1/\2. 


Sketch the region in the plane consisting of all points (x, y) such that 
day = fa y)ea? +9? 


The line y = mx + b intersects the parabola y = x in points A and B. (See the figure.) Find 
the point P on the arc AOB of the parabola that maximizes the area of the triangle PAB. 


ABCD is a square piece of paper with sides of length 1 m. A quarter-circle is drawn from B 
to D with center A. The piece of paper is folded along EF, with E on AB and F on AD, so 
that A falls on the quarter-circle. Determine the maximum and minimum areas that the 
triangle AEF can have. 


For which positive numbers a does the curve y = a* intersect the line ye 


16. For what value of a is the following equation true? 


17. Let f(x) = a; sin x + a.sin2x +--+ + a,sinnx, where a), a2,..., a, are real numbers 
and n is a positive integer. If it is given that | f(x)| < | sin x| for all x, show that 


| a4 + 2as4 +4: na, | =1 


18. An arc PQ of a circle subtends a central angle 6 as in the figure. Let A(@) be the area between 


the chord PQ and the arc PQ. Let B(6) be the area between the tangent lines PR, QR, and the 
arc. Find 


ALP) 
in 
0° B(8) 


19. The speeds of sound c; in an upper layer and c? in a lower layer of rock and the thickness h 
of the upper layer can be determined by seismic exploration if the speed of sound in the 
lower layer is greater than the speed in the upper layer. A dynamite charge is detonated at a 
point P and the transmitted signals are recorded at a point Q, which is a distance D from P. 
The first signal to arrive at Q travels along the surface and takes T, seconds. The next signal 
travels from P to a point R, from R to S in the lower layer, and then to Q, taking T> seconds. 
The third signal is reflected off the lower layer at the midpoint O of RS and takes T; seconds 
to reach Q. 

(a) Express T;, Tz, and 7; in terms of D, h, ci, c2, and 6. 
(b) Show that 72 is a minimum when sin 6 = c1/c2. 
(c) Suppose that D = 1 km, T, = 0.26s, Tz = 0.32 s, and T; = 0.34 s. Find c;, c2, and h. 


PK D == "6. 


: 
| 


speed of sound = c, 


Note: Geophysicists use this technique when studying the structure of the earth’s crust, 
whether searching for oil or examining fault lines. 


20. For what values of c is there a straight line that intersects the curve 
eae es ee ee 


in four distinct points? 
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d 21. One of the problems posed by the Marquis de l’Hospital in his calculus textbook Analyse des 
te Infiniment Petits concerns a pulley that is attached to the ceiling of a room at a point C by a 
rope of length r. At another point B on the ceiling, at a distance d from C (where d > r), a 
rope of length ¢ is attached and passed through the pulley at F and connected to a weight W. 
The weight is released and comes to rest at its equilibrium position D. As I’Hospital argued, 
this happens when the distance | ED | is maximized. Show that when the system reaches 
equilibrium, the value of x is 


es 7 2 
ria r + 8d?) 


D 


Notice that this expression is independent of both W and €. 


FIGURE FOR PROBLEM 21 22. Given a sphere with radius r, find the height of a pyramid of minimum volume whose base is 
a square and whose base and triangular faces are all tangent to the sphere. What if the base of 
the pyramid is a regular n-gon? (A regular n-gon is a polygon with n equal sides and angles.) 
(Use the fact that the volume of a pyramid is ‘Ah, where A is the area of the base.) 


23. Assume that a snowball melts so that its volume decreases at a rate proportional to its surface 
area. If it takes three hours for the snowball to decrease to half its original volume, how much 
longer will it take for the snowball to melt completely? 


24. A hemispherical bubble is placed on a spherical bubble of radius 1. A smaller hemispherical 
bubble is then placed on the first one. This process is continued until n chambers, including 
the sphere, are formed. (The figure shows the case n = 4.) Use mathematical induction to 
prove that the maximum height of any bubble tower with n chambers is 1 + Jn. 
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AP4-1 


I a+ AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places 
For free response questions, show al! supporting work. Numerical integrals and derivatives may be determined on the graphing calculator; 
however, show appropriate calculus notation in your work 
Multiple Choice 
1. At what points do the local and absolute extreme values of 5. Find the interval(s) on which the curve 


the function g(x) = 2 sin x — ./2 x occur on the interval 

[—a/2, 1/2]? 

(a) Local min (— 77/2, 0.221), abs min (7/2, —0.221), 
local max (— 77/4, 0.303), abs max (77/4, 0.303) 

(b) Local min (— 77/4, —0.303), abs min (— 77/4, —0.303), 
local max (7/4, 0.303), abs max (7/4, 0.303) 

(c) Local min (— 7/4, —0.303), abs min (7/2, —0.221), 
local max (7/4, 0.303), abs max (— 7/2, 0.221) 

(d) Local min (7/2, —0.221), abs min (— 7/4, —0.303), 
local max (7/4, 0.303), abs max (— 7/2, 0.221) 


Sige 1 
. Evaluate lim 
(a) 0 (b) 2 
(c) 1 (d) 3 


. List the critical numbers for the function f(@) = cos 6 — sin°@ 
for0 = 0S 27. 
lla 


wT 3% 7 
= Ui Gary aa = OF a 
(a) 0=0, >? oT (() O=0 a 7 zB 7 
T T 277 4a 
= -—— — = a D 
(c) 6 qe ip oe (d) 6=0, a. 3° 7 


. The first derivative of the function fis given by 

f'(x) = 8x* — 5x” + 3. How many points of inflection does 
the graph of f have? 
(a) One 

(c) Three 


(b) Two 
(d) Zero 


7. 


f(x) = jxt — =x? ae 2 


is concave upward and increasing. 
@) (i, —O215) ama! @, &9) (b) (—1, &) 
(c) (2, 1) and (2, ~) (d) (—1, 1) and (2, ») 


. Find the value(s) of c that satisfy the conclusion of the Mean 


Value Theorem for Derivatives for the function 
f(x) = x* — 2.5x? on the interval F729, Ve \ 


JS 


(a) 0 (b) ar 
5 
(c) _ (d) All of the above 
iff (—3) = 0 and f*() = 0 for x= ——=3 and f (x) 70 for 
x > —3, then what occurs at x = —3? 


(a) Nothing of graphical significance for f(x) occurs at x = 7. 
(b) A relative minimum of f(x) 

(c) An inflection point of f(x) 

(d) A critical point of f(x) 


. A particle moves along the x-axis so that at time t > 0 its 


acceleration is given by a(t) = 3 sint — 31? + 3t + 4. Given 
that v(0) = 1 and s(0) = 1, what is the position of the particle 
at time ft? 

(a) s¢) = 3sint— 34 —@f + 2 +44 —3 

(b) s(t) = —3 cost = 2t* + # — 32? + 4¢ + 3 

(c) s(t) = —3sint —4t*+ 5042+ 44+ 1 

(d) s(t) =3 cost — 34-2 + 407+ 4¢-2 


AP4-2 


Free Response 


9. 


Based on data from 2000-2007, the estimated accommodation 
sales may be modeled by 


A(t) = 26.6254t* — 691.825¢7 + 5886.42t7 
— 12833.7t + 138252 million dollars 


where t is the number of years since 2000. (Source: Modeled 

from US Census Bureau, Table 1245.) 

(a) In what year between 2000 and 2007 were the estimated 
accommodation sales increasing the most rapidly? 

(b) At what rate were accommodation sales increasing in the 
year identified in (a)? Use appropriate units. 

(c) Evaluate A"(3) and interpret its meaning in the context of 
the problem. 


. Adining table is designed with two semicircular ends and a 


rectangular midsection as shown in the figure. The homeowner 


wants the table to be built with a 20-foot perimeter, to fit in the 
kitchen space. Recall that the circumference of a circle is 
C = 2mr and the area of a circle is A = 7r°. 


(a) Determine the perimeter and area of the table in terms of 
the radius r and the length y. 

(b) What are the dimensions of the table that maximize the 
area? 

(d) What is the maximum surface area of the table with a 
20-foot perimeter? 


Integrals 
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In Chapter 2 we used the tangent and velocity problems to introduce the derivative, which is the central 
idea in differential calculus. In much the same way, this chapter starts with the area and distance 
problems and uses them to formulate the idea of a definite integral, which is the basic concept of integral 
calculus, We will see in Chapters 6 and 8 how to use the integral to solve problems concerning volumes, 
lengths of curves, population predictions, cardiac output, forces on a dam, work, consumer surplus, and 
baseball, among many others. 

There is a connection between integral calculus and differential calculus. The Fundamental Theorem of 


Calculus relates the integral to the derivative, and we will see in this chapter that it greatly simplifies the 


solution of many problems. 
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5.1 | Areas and Distances 


Now is a good time to read (or reread) 

A Preview of Calculus (see page 1). It discusses 
the unifying ideas of calculus and helps put in 
perspective where we have been and where 

we are going. 


FIGURE 1 
S={(x, y)|a<x<b,0<y<fi(x)} 


FIGURE 2 


FIGURE 3 


FIGURE 4 


In this section we discover that in trying to find the area under a curve or the distance 
traveled by a car, we end up with the same special type of limit. 


M8 The Area Problem 


We begin by attempting to solve the area problem: Find the area of the region S that lies 
under the curve y = f(x) from a to b. This means that S, illustrated in Figure 1, is bounded 
by the graph of a continuous function f [where f(x) = 0], the vertical lines x = a and 
x = b, and the x-axis. 

In trying to solve the area problem we have to ask ourselves: What is the meaning of the 
word area? This question is easy to answer for regions with straight sides. For a rectangle, 
the area is defined as the product of the length and the width. The area of a triangle is half 
the base times the height. The area of a polygon is found by dividing it into triangles (as in 
Figure 2) and adding the areas of the triangles. 


A= lw A=tbh A=A,+A,+A,+A, 


However, it isn’t so easy to find the area of a region with curved sides. We all have an 
intuitive idea of what the area of a region is. But part of the area problem is to make this 
intuitive idea precise by giving an exact definition of area. 

Recall that in defining a tangent we first approximated the slope of the tangent line by 
slopes of secant lines and then we took the limit of these approximations. We pursue a sim- 
ilar idea for areas. We first approximate the region S by rectangles and then we take the 
limit of the areas of these rectangles as we increase the number of rectangles. The follow- 
ing example illustrates the procedure. 


1%) (CTA Use rectangles to estimate the area under the parabola y = x* from 0 to 1 
(the parabolic region S illustrated in Figure 3). 


SOLUTION We first notice that the area of S must be somewhere between 0 and 1 because 
S is contained in a square with side length 1, but we can certainly do better than that. 
SUBS? we divide S into four strips S;, S2, S3, and Sy by drawing the vertical lines x = 4, 
x = 3, and x = 7 as in Figure 4(a). 


YA YA 
(1, 1) 


$ 
Ni 
- 

nl— 
p lw 


(a) (b) 
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We can approximate each strip by a rectangle that has the same base as the strip and 
whose height is the same as the right edge of the strip [see Figure 4(b)]. In other words, 
the heights of these rectangles are the values of the function f(x) = x? at the right end- 
points of the subintervals [0, tl, [5,3 ‘ [5, +], and [3, 1]. 

Each rectangle has width ; and the heights are Gy, GY, GY, and 1”. If we let Ry be 
the sum of the areas of these approximating rectangles, we get 


eel ae SlGak eae en SNe 2 Dale 
From Figure 4(b) we see that the area A of S is less than R4, so 
A < 0.46875 


Instead of using the rectangles in Figure 4(b) we could use the smaller rectangles in 
Figure 5 whose heights are the values of f at the /eft endpoints of the subintervals. (The 
leftmost rectangle has collapsed because its height is 0.) The sum of the areas of these 
approximating rectangles is 


Tp 0 er: (ay ta (5) ta laa es = 021875 


We see that the area of S is larger than Ly, so we have lower and upper estimates for A: 


0.21875 < A < 0.46875 


Nile 
lw 


FIGURE 5 We can repeat this procedure with a larger number of strips. Figure 6 shows what 
happens when we divide the region S into eight strips of equal width. 


» 


(1, 1) 


Cie 1 ox ol 1 ens 


8 8 


FIGURE 6 
Approximating S with eight rectangles (a) Using left endpoints (b) Using right endpoints 


By computing the sum of the areas of the smaller rectangles (Ls) and the sum of the 
areas of the larger rectangles (Rs), we obtain better lower and upper estimates for A: 


0.2734375 < A < 0.3984375 


R, So one possible answer to the question is to say that the true area of S lies somewhere 
between 0.2734375 and 0.3984375. 
10 | 0.2850000 | 0.385000 We could obtain better estimates by increasing the number of strips. The table at the 
20 | 0.3087500 | 0.3587500 left shows the results of similar calculations (with a computer) using n rectangles whose 
30 | 0.3168519 | 0.3501852 heights are found with left endpoints (L,) or right endpoints (R,,). In particular, we see 
50 | 0.3234000 | 0.3434000 | 1. cing 50 strips that the area lies between 0.3234 and 0.3434. With 1000 strips we 
LOO a OE) meen narrow it down even more: A lies between 0.3328335 and 0.3338335. A good estimate is 
TUNA AUREL ESR au obtained by averaging these numbers: A ~ 0.3333335. Eis 


n I 
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FIGURE 7 


Here we are computing the limit of the 
sequence {R,, }. Sequences and their limits 
were discussed in A Preview of Calculus and 
will be studied in detail in Section 11.1. The idea 
is very similar to a limit at infinity (Section 2.6) 
except that in writing lim,,—... we restrict n to 
be a positive integer. In particular, we know 
that 

xa 

lim — = 0 

ne n 
When we write lim,,.~ R, = 3 we mean that 
we can make R,, as close to 5 as we like by 
taking n sufficiently large. 


From the values in the table in Example 1, it looks as if R, is approaching Fas n 


increases. We confirm this in the next example. 


Vi EXAMPLE 2 Bixee the region S in Example 1, show that the sum of the areas of the 
upper approximating rectangles approaches *, that is, 


: | 
ibaa I, = 3 


nao 


SOLUTION R,, is the sum of the areas of the n rectangles in Figure 7. Each rectangle 
has width 1/n and the heights are the values of the function f(x) = x? at the points 
1/n, 2/n, 3/n, ..., n/n; that is, the heights are (1/n)?, (2/n), 3/n)y’, ..., (n/n). Thus 


1 (2) | (2) 1 (2) 1 (“) 

ja cael fea Rt Wied cigs ee a 
n n n n n n n nN 
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| 2 
ee (1 ee a) 
i Ven 


1 
= 2 2 2 : 2 
=a ll 36, 22k SE skis “ase ten ) 
Here we need the formula for the sum of the squares of the first n positive integers: 


ul i 
124+ 274 3?4+.---+ 2 __ nn + 1)Qn + 1) 


U1 n? = - 


Perhaps you have seen this formula before. It is proved in Example 5 in Appendix E. 
Putting Formula | into our expression for R,,, we get 


n(n + 1)(2n + 1) a (n + 1)Qn + 1) 


-» ab 
Pee 6 6n° 


Thus we have 


+ - 
lim R, = lim ie nee D@n u 
6n- 


nao n—-o 
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It can be shown that the lower approximating sums also approach ', that is, 


: 1 
lim: Ln =4 


n> 
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From Figures 8 and 9 it appears that, as n increases, both L,, and R,, become better and bet- 
ter approximations to the area of S. Therefore we define the area A to be the limit of the 
sums of the areas of the approximating rectangles, that is, 


In Visual 5.1 you can create pictures 


like those in Figures 8 and 9 for other A= lim Ro = tint, = : 
values of n. no no 
yA VA 


n=10 Ry, =0.385 


n=30 Ry ~ 0.3502 


FIGURE 9 Left endpoints produce lower sums because f(x) = x is increasing 


Let’s apply the idea of Examples | and 2 to the more general region S of Figure 1. We 
start by subdividing S into n strips S;, S2,..., S, of equal width as in Figure 10. 


iy i 


FIGURE 10 
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The width of the interval [a, b] is b — a, so the width of each of the n strips is 


These strips divide the interval [a, b] into n subintervals 
Reet ikseowh Repeal oom eons 
where x) = a and x, = b. The right endpoints of the subintervals are 
= (hen es 


to = a+ 20x, 


X= a oO Ne, 


Let’s approximate the ith strip 5; by a rectangle with width Ax and height f(x:), which 
is the value of f at the right endpoint (see Figure 11). Then the area of the ith rectangle is 
f(x;) Ax. What we think of intuitively as the area of S is approximated by the sum of the 
areas of these rectangles, which is 


Re (i) Arete) AXE ire (Nee 


FIGURE 11 


Figure 12 shows this approximation for n = 2, 4, 8, and 12. Notice that this approxima- 
tion appears to become better and better as the number of strips increases, that is, as n — ©. 
Therefore we define the area A of the region S in the following way. 


YA YA : YA YA 


es > ———s 
O| a Hy lay oe O| a ne ae (OG O| a b x 0 
(a)n=2 (b)n=4 (c)n=8 (d)n=12 
FIGURE 12 


FIGURE 13 


FIGURE 14 
Lower sums (short rectangles) 
and upper sums (tall rectangles) 
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ay 
[2] Definition The area A of the region S that lies under the graph of the continu- 


ous function f is the limit of the sum of the areas of approximating rectangles: 


A= lim (R= lim Lilo Acct f (0s PA et (pee 


It can be proved that the limit in Definition 2 always exists, since we are assuming that 
f is continuous. It can also be shown that we get the same value if we use left endpoints: 


[3] A= lim bes lim [ f (xo) ASS > ACR We t= oom Sarde ea) ihe 


In fact, instead of using left endpoints or right endpoints, we could take the height of the ith 
rectangle to be the value of f at any number x7" in the ith subinterval [x;-, x; ]. We call the 
numbers x;", x3, ..., x* the sample points. Figure 13 shows approximating rectangles 
when the sample points are not chosen to be endpoints. So a more general expression for the 
area of S is 


[4] A= lim [f(at) Ax + FO) Ax + + + fe) Ax] 


mA 565 oC, X; 568 


NOTE It can be shown that an equivalent definition of area is the following: A is the 
unique number that is smaller than all the upper sums and bigger than all the lower sums. 
We saw in Examples | and 2, for instance, that the area (A = =) is trapped between all the 
left approximating sums L, and all the right approximating sums R,. The function in 
those examples, f(x) = x, happens to be increasing on [0, 1] and so the lower sums arise 
from left endpoints and the upper sums from right endpoints. (See Figures 8 and 9.) In gen- 
eral, we form lower (and upper) sums by choosing the sample points x* so that f(x*) 
is the minimum (and maximum) value of f on the ith subinterval. (See Figure 14 and 


Exercises 7-8.) 
yA 
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This telsws:to; oss 
end with =n. 
This tells u is 
§ teus us 
to add. aa me Dy Ff (xj) Ax 
i=m 
This tells us to i 
start with 7 =m. a 


lf you need practice with sigma notation, look at 
the examples and try some of the exercises in 


Appendix E. 


We often use sigma notation to write sums with many terms more compactly. For 
instance, 


> fla) Ax == f (54) NX cae Oe cia Oe) WANE 


So the expressions for area in Equations 2, 3, and 4 can be written as follows: 


A = lim Soh) Ax 


Se 
n i=1 


A = lim Sa yv: 


CO. 
Ne = 


A= dim S flat) Ax 


ws. 
D> 0) ey 


We can also rewrite Formula 1 in the following way: 


. n(n + 1)(2n + 1) 


es 


i=! 6 


Let A be the area of the region that lies under the graph of f(x) = e * 
between x = 0 and x = 2. 

(a) Using right endpoints, find an expression for A as a limit. Do not evaluate the limit. 
(b) Estimate the area by taking the sample points to be midpoints and using four sub- 
intervals and then ten subintervals. 


SOLUTION 
(a) Since a = 0 and b = 2, the width of a subinterval is 
en) 2 
Ax = =— 
n n 


So x; = 2/n, x2. = 4/n, x3 = 6/n, x; = 2i/n, and x, = 2n/n. The sum of the areas of the 
approximating rectangles is 


Rin =f AN Someta (ete) CNM ee eae tg NO 


=e Axinemanrie wie e AX 


wale 2 2 2 
=_ eo2/n = jh a e4/n |i ore Se eo2n/n sds 
n n nN 


According to Definition 2, the area is 


—. 
A=lmR,=lim—(e“"+e* +e 4+. 


nao no n 


ee en) 
Using sigma notation we could write 


2a, 
Ave Mind == Semen” 


no FL i=1 


It is difficult to evaluate this limit directly by hand, but with the aid of a computer alge- 
bra system it isn’t hard (see Exercise 28). In Section 5.3 we will be able to find A more 
easily using a different method. 


FIGURE 15 


FIGURE 16 
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(b) With n = 4 the subintervals of equal width Ax = 0.5 are [0, 0.5], [0.5, 1], [1, 1.5], 
and [1.5, 2]. The midpoints of these subintervals are x* = 0.25, x = 0.75, x* = 1.25, 
and xj‘ = 1.75, and the sum of the areas of the four approximating rectangles (see Fig- 
ure 15) is 

4 


Mz = > f(x*) Ax 


i=1 


FO25 AK (OFS) Axe tey (1225) Ae F(1e75) Ax 


= 2° (0,5) + e5°7(0,5) +e (0.5) eo +705) 
= 5 (e792 ye, (iiete tee tg 8?) = ().8557 
So an estimate for the area is 
| A ~ 0.8557 
With n = 10 the subintervals are [0, 0.2], [0.2, 0.4], ..., [1.8, 2] and the midpoints are 
pa ON ers 013, 05, ie icy al 9 eT hus 
A = Mi = f(0.1) Ax + f(0.3) Ax a f (0.5) Axth =) pf (9) Ax 
—=Q2(6 es 1 6. + 4€) )= 0.8032 


From Figure 16 it appears that this estimate is better than the estimate withn = 4. Mil 


MH The Distance Problem 


Now let’s consider the distance problem: Find the distance traveled by an object during a 
certain time period if the velocity of the object is known at all times. (In a sense this is the 
inverse problem of the velocity problem that we discussed in Section 2.1.) If the velocity 
remains constant, then the distance problem is easy to solve by means of the formula 


distance = velocity X< time 


But if the velocity varies, it’s not so easy to find the distance traveled. We investigate the 
problem in the following example. 


(% ESET Suppose the odometer on our car is broken and we want to estimate the 
distance driven over a 30-second time interval. We take speedometer readings every five 
seconds and record them in the following table: 


Time (s) 0 5) 10 ils) 20 oS) 30 


Velocity (mi/h) iy 21 24 | 29 32 3} 28 


In order to have the time and the velocity in consistent units, let’s convert the velocity 
readings to feet per second (1 mi/h = 5280/3600 ft/s): 


Time (s) 0 5 10 INS) 20 ZS 30 


Velocity (ft/s) US 31 35 43 47 46 4] 


During the first five seconds the velocity doesn’t change very much, so we can estimate 
the distance traveled during that time by assuming that the velocity is constant. If we 
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FIGURE 17 
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take the velocity during that time interval to be the initial velocity (25 ft/s), then we 
obtain the approximate distance traveled during the first five seconds: 


25 ft/s X 5s = 125 ft 


Similarly, during the second time interval the velocity is approximately constant and we 
take it to be the velocity when t = 5 s. So our estimate for the distance traveled from 
t=5stot = 10sis 


31 ft/s X Ss = 155 it 


If we add similar estimates for the other time intervals, we obtain an estimate for the 
total distance traveled: 


(25% 5) + (31 <5) + G5 <5) + (43% 5) 47 X 5) + G6 5) Sa 


We could just as well have used the velocity at the end of each time period instead 
of the velocity at the beginning as our assumed constant velocity. Then our estimate 
becomes 


(31 X 5).+ (35 x 5) + (43.X_5) + (47 X 5) + G6 X 5) + 41X35) - 12158 


If we had wanted a more accurate estimate, we could have taken velocity readings 
every two seconds, or even every second. rae 


Perhaps the calculations in Example 4 remind you of the sums we used earlier to estimate 
areas. The similarity is explained when we sketch a graph of the velocity function of the car 
in Figure 17 and draw rectangles whose heights are the initial velocities for each time 
interval. The area of the first rectangle is 25 * 5 = 125, which is also our estimate for the dis- 
tance traveled in the first five seconds. In fact, the area of each rectangle can be interpreted 
as a distance because the height represents velocity and the width represents time. The sum 
of the areas of the rectangles in Figure 17 is Lg = 1135, which is our initial estimate for the 
total distance traveled. 

In general, suppose an object moves with velocity v = f(t), where a S t S b and 
f(t) = 0 (so the object always moves in the positive direction). We take velocity readings 
at times fo (= a), th, fh, ..., tr (= b) so that the velocity is approximately constant on each 
subinterval. If these times are equally spaced, then the time between consecutive readings 
is At = (b — a)/n. During the first time interval the velocity is approximately f(fo) and so 
the distance traveled is approximately f(f) At. Similarly, the distance traveled during the 
second time interval is about f(¢,) At and the total distance traveled during the time inter- 
val [a, b] is approximately 


Fite Ar se fe) AG a ee hey > fle) At 


If we use the velocity at right endpoints instead of left endpoints, our estimate for the total 
distance becomes 


fh) Ata fle) AG see a NG > fla) Ar 


The more frequently we measure the velocity, the more accurate our estimates become, so 
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it seems plausible that the exact distance d traveled is the limit of such expressions: 


[5] d= lim Sey Ay = lim > fle) At 


0 : 
=I 


We will see in Section 5.4 that this is indeed true. 

Because Equation 5 has the same form as our expressions for area in Equations 2 and 3, 
it follows that the distance traveled is equal to the area under the graph of the velocity func- 
tion. In Chapter 6 we will see that other quantities of interest in the natural and social 
sciences—such as the work done by a variable force or the cardiac output of the heart—can 
also be interpreted as the area under a curve. So when we compute areas in this chapter, bear 
in mind that they can be interpreted in a variety of practical ways. 


} 5.1 | Exercises 


1. (a) By reading values from the given graph of f, use four rect- 3. (a) Estimate the area under the graph of f(x) = cos x from 
angles to find a lower estimate and an upper estimate for x = 0 tox = 7/2 using four approximating rectangles and 
the area under the given graph of f from x = 0 tox = 8. right endpoints. Sketch the graph and the rectangles. Is 
In each case sketch the rectangles that you use. your estimate an underestimate or an overestimate? 

(b) Find new estimates using eight rectangles in each case. (b) Repeat part (a) using left endpoints. 
vi 4. (a) Estimate the area under the graph of f(x) = Vx from x = 0 
to x = 4 using four approximating rectangles and right end- 
| points. Sketch the graph and the rectangles. Is your estimate 
a an underestimate or an overestimate? 
(b) Repeat part (a) using left endpoints. 
2 
5. (a) Estimate the area under the graph of f(x) = 1 + x7 from 
a x = —1 to x = 2 using three rectangles and right end- 
0 4 8% points. Then improve your estimate by using six rectangles. 
Sketch the curve and the approximating rectangles. 

2. (a) Use six rectangles to find estimates of each type for the (b) Repeat part (a) using left endpoints. 

area under the given graph of f from x = 0 tox = 12. (c) Repeat part (a) using midpoints. 
(i) Le (sample points are left endpoints) (d) From your sketches in parts (a)—(c), which appears to 
(ii) Re (sample points are right endpoints) be the best estimate? 
(iii) Ms (sample points are midpoints) 
(b) Is L¢ an underestimate or overestimate of the true area? (4 6. (a) Graph the function 
(c) Is Re an underestimate or overestimate of the true area? 1@) 2 OS 


(d) Which of the numbers Le, Rs, or Me gives the best 


estimate? Explain. (b) Estimate the area under the graph of f using four approx- 


imating rectangles and taking the sample points to be 


a | (i) right endpoints and (ii) midpoints. In each case sketch 
the curve and the rectangles. 
@ (c) Improve your estimates in part (b) by using eight 
rectangles. 
y= fix) site pay 
7. Evaluate the upper and lower sums for f(x) = 2 + sin x, 
4 0 <x < 7, withn = 2,4, and 8. Illustrate with diagrams like 
Figure 14. 
8. Evaluate the upper and lower sums for f(x) = 1 + Ke 
é = > —{ <x <1, withn = 3 and 4. Illustrate with diagrams like 
¢ : sor Figure 14. 


Graphing calculator or computer required i ‘AS| Computer algebra system required 1. Homework Hints available at stewartcalculus.com 
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9-10 With a programmable calculator (or a computer), it is pos- hour time intervals are shown in the table. Find lower and 
sible to evaluate the expressions for the sums of areas of approx- upper estimates for the total amount of oil that leaked out. 
imating rectangles, even for large values of n, using looping. 
(On a TL use the Is> command or a For-EndFor loop, on a | t (h) | 0 | ) 4 | 6 | 8 | 10 
Casio use Isz, on an HP or in BASIC use a FOR-NEXT loop.) | +(0) (L/h) | a | oe 68 | 62 | 54 i 28 
Compute the sum of the areas of approximating rectangles using 

equal subintervals and right endpoints for m = 10, 30, 50, and 
100. Then guess the value of the exact area. 


16. When we estimate distances from velocity data, it is some- 

; ny times necessary to use times fo, f1, h, &,... that are not 
9. The region under y = x" from 0 to | equally spaced. We can still estimate distances using the time 
periods At; = t; — t;-1. For example, on May 7, 1992, the 
space shuttle Endeavour was launched on mission STS-49, 
the purpose of which was to install a new perigee kick motor 
in an Intelsat communications satellite. The table, provided 
by NASA, gives the velocity data for the shuttle between 
liftoff and the jettisoning of the solid rocket boosters. Use 
these data to estimate the height above the earth’s surface of 
the Endeavour, 62 seconds after liftoff. 


10. The region under y = cos x from 0 to 7/2 


AS 11. Some computer algebra systems have commands that will 
draw approximating rectangles and evaluate the sums of 
their areas, at least if x* is a left or right endpoint. (For 
instance, in Maple use Lleftbox, rightbox, leftsum, 
and rightsum.) 


(a) If f(x) = 1/(a@? + 1), 0 S x S 1, find the left and right 
sums form = 10, 30, and 50. Eye Eat) ee) 
(b) Illustrate by graphing the rectangles in part (a). Launch 0 i 0 
(c) Show that the exact area under f lies between 0.780 Begin roll maneuver 10 185 
and 0.791. End roll maneuver 15 319 
a Throttle to 89% 20 447 
cas 12. (a) If f(x) = Inx, 1 S x S 4, use the commands discussed Throttle to 67% 32 742 
in Exercise 11 to find the left and right sums for n = 10, Throttle to 104% 59 1325 
30, and 50. Maximum dynamic pressure 62 1445 
(b) Illustrate by graphing the rectangles in part (a). Solid rocket booster separation 125 4151 
(c) Show that the exact area under f lies between 2.50 
and 2.59. 


17. The velocity graph of a braking car is shown. Use it to esti- 


; ; ; : mate the distance traveled by the car whil 
13. The speed of a runner increased steadily during the first : aac 1 


; , ‘ applied. 
three seconds of a race. Her speed at half-second intervals is EP 
given in the table. Find lower and upper estimates for the ft/ yh 
distance that she traveled during these three seconds. a 
t (s) Oey Ose ds0 4° 1,5 2.0 2.5 3.0 40 
v (ft/s) 0 | 6.2 10.8 14.9 18.1 19.4 20.2 | 20 + 
L — Ss = x as | 
. ~ fe 
14. Speedometer readings for a motorcycle at |2-second 0 2 4 Oo TE 
(seconds) 


intervals are given in the table, 

(a) Estimate the distance traveled by the motorcycle during 
this time period using the velocities at the beginning of 
the time intervals. 

(b) Give another estimate using the velocities at the end of 


18. The velocity graph of a car accelerating from rest to a speed 
of 120 km/h over a period of 30 seconds is shown. Estimate 
the distance traveled during this period. 


the time periods. DK 
(c) Are your estimates in parts (a) and (b) upper and lower (km/h) 
estimates? Explain. t 
=: = 80 
t (Ss) 0 12 24 36 
paver S028 |) as) (ae 40 
oi - 4 
15. Oil leaked from a tank at a rate of r(t) liters per hour. The =a 
rate decreased as time passed and values of the rate at two- ; 4 oe eee 


(seconds) 


19-21 Use Definition 2 to find an expression for the area under 
the graph of f as a limit. Do not evaluate the limit. 


2G 
19.280) Sie ee Si 
Fla) Je sul : 


20. fx) =x? + Jl a 2x ASS 7 
21. f(x) = Vsnx, OSxS7 


22-23 Determine a region whose area is equal to the given limit. 
Do not evaluate the limit. 


n p) 2i 10 
22. im $2 (s +4) 


n> 5) nN 


LS ae 117 
23. lim ss stall 
n> i, 4n 4n 


24. (a) Use Definition 2 to find an expression for the area under 
the curve y = x° from 0 to | asa limit. 


(b) The following formula for the sum of the cubes of the first 


n integers is proved in Appendix E. Use it to evaluate the 
limit in part (a). 


eee ol 


25. Let A be the area under the graph of an increasing contin- 
uous function f from a to b, and let L, and R,, be the 
approximations to A with n subintervals using left and right 
endpoints, respectively. 

(a) How are A, L,, and R,, related? 
(b) Show that 


eee er (by ae tal 


Then draw a diagram to illustrate this equation by showing 


26. 


CAS| 27. 


CAS) 28. 


CAS| 29. 


30. 
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that the n rectangles representing R,, — L, can be reassem- 
bled to form a single rectangle whose area is the right side 
of the equation. 

(c) Deduce that 


b-a 


R, ~A< [ f(b) — fla)] 


If A is the area under the curve y = e* from | to 3, use 
Exercise 25 to find a value of n such that R, — A < 0.0001. 


(a) Express the area under the curve y = x° from 0 to 2 as 
a limit. 

(b) Use a computer algebra system to find the sum in your 
expression from part (a). 

(c) Evaluate the limit in part (a). 


Find the exact area of the region under the graph of y = e * 
from 0 to 2 by using a computer algebra system to evaluate 
the sum and then the limit in Example 3(a). Compare your 
answer with the estimate obtained in Example 3(b). 


Find the exact area under the cosine curve y = cos x from 
x = 0 to x = b, where 0 S b S 77/2. (Use a computer 
algebra system both to evaluate the sum and compute the 
limit.) In particular, what is the area if b = a/2? 


(a) Let A, be the area of a polygon with n equal sides 
inscribed in a circle with radius r. By dividing the polygon 
into n congruent triangles with central angle 277/n, show 


that 
| ae 27 
PANE Ta 1 SIU | ae 
n 


(b) Show that lim, .»A, = mr’. [Hint: Use Equation 3.3.2 on 
page 192.] 


EE] The Definite Integral , 


We saw in Section 5.1 that a limit of the form 


—_ 


oo ; 
DS =) 


lim Sy f(t) Ax 


Lim [f(xit) Ax + fz) Ax + ++ + fOr) Ax] 


arises when we compute an area. We also saw that it arises when we try to find the dis- 
tance traveled by an object. It turns out that this same type of limit occurs in a wide vari- 
ety of situations even when f is not necessarily a positive function. In Chapters 6 and 8 
we will see that limits of the form [1] also arise in finding lengths of curves, volumes of 
solids, centers of mass, force due to water pressure, and work, as well as other quantities. 
We therefore give this type of limit a special name and notation. 
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Riemann 


Bernhard Riemann received his Ph.D. under the 
direction of the legendary Gauss at the Univer- 
sity of Géttingen and remained there to teach. 
Gauss, who was not in the habit of praising 
other mathematicians, spoke of Riemann’‘s 
“creative, active, truly mathematical mind and 
gloriously fertile originality.” The definition 
of an integral that we use is due to Riemann. 
He also made major contributions to the theory 
of functions of a complex variable, mathemati- 
cal physics, number theory, and the foundations 
of geometry. Riemann’s broad concept of space 
and geometry turned out to be the right setting, 
50 years later, for Einstein's general relativity 
theory. Riemann’s health was poor throughout 
his life, and he died of tuberculosis at the age 
of 39. 


[2] Definition of a Definite Integral If f is a function defined for a < x < b, we 
divide the interval [a, b] into n subintervals of equal width Ax = (b — a)/n. We let 
xo (= a), X1, X2, ..-,Xn (= b) be the endpoints of these subintervals and we let 

x*, x, ..., x be any sample points in these subintervals, so x7" lies in the 7th 
subinterval [x;-1, x;]. Then the definite integral of f from a to b is 


| * f(x) dx = lim > fOx®) Ax 


provided that this limit exists and gives the same value for all possible choices of 
sample points. If it does exist, we say that f is integrable on [a, d]. 


The precise meaning of the limit that defines the integral is as follows: 


For every number ¢ > 0 there is an integer N such that 


[re ake = > fle") i\sal| << 


for every integer n > N and for every choice of x* in [x;-1, x;]. 


NOTE 1 The symbol j was introduced by Leibniz and is called an integral sign. It is 
an elongated S and was chosen because an integral is a limit of sums. In the notation 
{? f(x) dx, f(x) is called the integrand and a and b are called the limits of integration: 
a is the lower limit and 5 is the upper limit. For now, the symbol dx has no meaning 
by itself; (c f(x) dx is all one symbol. The dx simply indicates that the independent vari- 
able is x. The procedure of calculating an integral is called integration. 


NOTE 2 The definite integral {” f(x) dx is a number; it does not depend on x. In fact, 
we could use any letter in place of x without changing the value of the integral: 


| : f(x) dx = i : f(t) dt = | f f(r) dr 


NOTE 3 The sum 


= 


es) Aws 


il 


i 


that occurs in Definition 2 is called a Riemann sum after the German mathematician Bern- 
hard Riemann (1826-1866). So Definition 2 says that the definite integral of an integrable 
function can be approximated to within any desired degree of accuracy by a Riemann sum. 

We know that if f happens to be positive, then the Riemann sum can be interpreted as 
a sum of areas of approximating rectangles (see Figure 1). By comparing Definition 2 with 
the definition of area in Section 5.1, we see that the definite integral Hi f(x) dx can be inter- 
preted as the area under the curve y = f(x) from a to b. (See Figure 2.) 


FIGURE 3 
> f(x*) Ax is an approximation to 
the net area. 


FIGURE 4 
b 
| f(x) dx is the net area. 
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YA 
x 0 x 
FIGURE 1 FIGURE 2 
. rb 
If f(x) => 0, the Riemann sum © f(x;*) Ax If f(x) = 0, the integral | f(x) dx 1s the 
is the sum of areas of rectangles. area under the curve y = f(x) from a to b. 


If f takes on both positive and negative values, as in Figure 3, then the Riemann sum 
is the sum of the areas of the rectangles that lie above the x-axis and the negatives of the 
areas of the rectangles that lie below the x-axis (the areas of the blue rectangles minus the 
areas of the gold rectangles). When we take the limit of such Riemann sums, we get the 
situation illustrated in Figure 4. A definite integral can be interpreted as a net area, that is, 
a difference of areas: 


(re) Ge = Ay = Ae 


where A, is the area of the region above the x-axis and below the graph of f, and A is the 
area of the region below the x-axis and above the graph of f. 


NOTE 4 Although we have defined |” f(x) dx by dividing [a, b] into subintervals of 
equal width, there are situations in which it is advantageous to work with subintervals 
of unequal width. For instance, in Exercise 16 in Section 5.1 NASA provided velocity data 
at times that were not equally spaced, but we were still able to estimate the distance trav- 
eled. And there are methods for numerical integration that take advantage of unequal 
subintervals. 

If the subinterval widths are Ax,, Ax2,..., Ax,, we have to ensure that all these widths 
approach 0 in the limiting process. This happens if the largest width, max Ax;, approaches 
0. So in this case the definition of a definite integral becomes 


(re) dx" lim : Sy f(t) Ax 


max Ax;—0 j=] 


NOTE 5 We have defined the definite integral for an integrable function, but not all 
functions are integrable (see Exercises 69-70). The following theorem shows that the most 
commonly occurring functions are in fact integrable. The theorem is proved in more 
advanced courses. 


[3] Theorem If f is continuous on [a, b], or if f has only a finite number of jump 
discontinuities, then f is integrable on [a, b]; that is, the definite integral i FAX) aaX, 
exists. 
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If f is integrable on [a, b], then the limit in Definition 2 exists and gives the same value 
no matter how we choose the sample points x}. To simplify the calculation of the integral 
we often take the sample points to be right endpoints. Then x;* = x; and the definition of 
an integral simplifies as follows. 


[4] Theorem If f is integrable on [a, b], then 


| * f(x) dx = lim > f(x) Ax 


EXAMPLE 1 Mi syqn cass 


n 


lim > (x? + x; sin x;) Ax 


oo: 
UG 4 


as an integral on the interval [0, 7]. 


SOLUTION Comparing the given limit with the limit in Theorem 4, we see that they will 
be identical if we choose f(x) = x* + x sin x. We are given that a = O and b = a. 
Therefore, by Theorem 4, we have 


lim > (x? + x; sin x;) Ax = ee + x sin x) dx as 


a5 A 
ne i=] 


Later, when we apply the definite integral to physical situations, it will be important to 
recognize limits of sums as integrals, as we did in Example 1. When Leibniz chose the 
notation for an integral, he chose the ingredients as reminders of the limiting process. In 
general, when we write 


lim Ss f(x) Ax = [fe dx 


Ye il 
we replace lim ¥ by J, x; by x, and Ax by dx. 


MH Evaluating Integrals 


When we use a limit to evaluate a definite integral, we need to know how to work with 
sums. The following three equations give formulas for sums of powers of positive integers. 
Equation 5 may be familiar to you from a course in algebra. Equations 6 and 7 were dis- 
cussed in Section 5.1 and are proved in Appendix E. 


5] yi 


[6] Dae n(n + Poa 1) 


7 $n [seeny 


2 


Formulas 8-11 are proved by writing out 
each side in expanded form. The left side of 


Equation 9 is 

Gait ae Cay ae SOF ae ols 
The right side is 

AGin tip ce Foo aah) 


These are equal by the distributive property. 
The other formulas are discussed in Appendix E. 


FIGURE 5 
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The remaining formulas are simple rules for working with sigma notation: 


wo=ne 


[se] [es] 
Ms: 

= 

+ 

> 

M:= 

iS 

+ 

> 


iS 

| 
S 

I 
M 
AS) 

| 
M 
> 


EXAMPLE 2: 
(a) Evaluate the Riemann sum for f(x) = x? — 6x, taking the sample points to be right 
endpoints and a = 0, b = 3, andn = 6. 


(b) Evaluate iF (x? — 6x) dx. 


SOLUTION 
(a) With n = 6 the interval width is 


and the right endpoints are x; = 0.5, x. = 1 Olea = eee 20 pean 
x6 = 3.0. So the Riemann sum is 


ke = iO) Ax 


= f(0.5) Ax + f(1.0) Ax + f(1.5) Ax + f(2.0) Ax + f(2.5) Ax + £G.0) Ax 


1(_2.875 — 5 — 5.625 — 4 + 0.625 + 9) 


== —3.9375 


Notice that f is not a positive function and so the Riemann sum does not represent a sum 
of areas of rectangles. But it does represent the sum of the areas of the blue rectangles 
(above the x-axis) minus the sum of the areas of the gold rectangles (below the x-axis) in 
Figure 5. 
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(b) With n subintervals we have 


Thus xo = 0, x) = 3/n, x2 = 6/n, x3 = 9/n, and, in general, x; = 3i/n. Since we are 
using right endpoints, we can use Theorem 4: 


3 . Bi \ 3 
{ (x? — 6x) dx = lim DF (x, Ae ahi 3/()2 


no ; pa) Ty 


aN ° 
Te\G 3i 

(=) = (=) (Equation 9 with c = 3/n) 
n n 


In the sum, 7 is a constant (unlike 7), so we can Le eee 
move 3/n in front of the > sign. = lim Mf 


n 
= lim rE » iP 5 »Y j (Equations 11 and 9) 


n(n + oy] =n |) 


(Equations 7 and 5) 
n> 2 | 


I 
=p 
35 
ze 
= 
Aes 


This integral can’t be interpreted as an area because f takes on both positive and nega- 
FIGURE 6 tive values. But it can be interpreted as the difference of areas A; — A>, where A, and 
(oe — 6x) dx=A,—A, =—-6.75 A, are shown in Figure 6. 

Figure 7 illustrates the calculation by showing the positive and negative terms in the 
right Riemann sum R,, for n = 40. The values in the table show the Riemann sums 
approaching the exact value of the integral, —6.75, as n > ©. 


n Ne 
40 | —6,3998 
100 | —6.6130 
500 | 6.7229 
1000 | —6.7365 
5000 | —6.7473 
FIGURE 7 
Ry ~ —6.3998 


A much simpler method for evaluating the integral in Example 2 will be given in 
Section 5.4. 


Because f(x) = eis positive, the integral 
in Example 3 represents the area shown in 
Figure 8. 


a 


FIGURE 8 


A computer algebra system is able to find an 
explicit expression for this sum because it is a 
geometric series. The limit could be found using 
Hospital's Rule. 


YA 
res: 

i or 
?+y=1 

0] i 5 


FIGURE 9 
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EXAMPLE 3 
(a) Set up an expression for if : e* dx as a limit of sums. 
(b) Use a computer algebra system to evaluate the expression. 


SOLUTION 


(a) Here we have f(x) = e*, a = 1, b = 3, and 


NGG 


l 
| 


Sono — 1 2 / nx — 1 4, x, = 1 6/ ny and 


2i 
je = | sa — 
n 


From Theorem 4, we get 


{ e* dx = lim So Ax 


co. 
NS i=1 


I| 

B 
Ms: 

a 
eS 

+ 
ee 
= [tw 


Op i. 
lim oa aS el t?i/n 


Dae 1th Fil 


I 


(b) If we ask a computer algebra system to evaluate the sum and simplify, we obtain 


n (3n+2)/n 


T2i/n a ee 
Gc - 2/n 
i=1 a 


- ent2)/n 


Now we ask the computer algebra system to evaluate the limit: 


@ bnt2)/n aa 


e2/n = 


et2in 


| 
® 
iS 


i" e* dx = lim 


1 n>~o fl 


We will learn a much easier method for the evaluation of integrals in the next section, 
Ea 


7] EQUA Evaluate the following integrals by interpreting each in terms of areas. 


(a) IL sill = 3 eb 


SOLUTION 


(b) li (= ddx 


377 


(a) Since f(x) = 1 — x? 2 0, we can interpret this integral as the area under the curve 


y = V1 — x? from 0 to 1. But, since y* = 1 — x?, we get x° + y> = 1, which shows 


that the graph of f is the quarter-circle with radius | in Figure 9. Therefore 
aT, 
{vi — x2 dx =j,n(1" =— 
0 4 


(In Section 7.3 we will be able to prove that the area of a circle of radius r is 7°.) 
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FIGURE 10 


Module 5.2/7.7 shows how the 
Midpoint Rule estimates improve as n 
increases. 


FIGURE 11 


(b) The graph of y = x — | is the line with slope 1 shown in Figure 10. We compute the 
integral as the difference of the areas of the two triangles: 


eee 1) dx = Ay — Ap =3(2-2) -30-D = 15 


YA 


(3, 2) 


MH The Midpoint Rule 


We often choose the sample point x;* to be the right endpoint of the ith subinterval because 
it is convenient for computing the limit. But if the purpose is to find an approximation to 
an integral, it is usually better to choose x;* to be the midpoint of the interval, which we 
denote by x;. Any Riemann sum is an approximation to an integral, but if we use midpoints 
we get the following approximation. 


Midpoint Rule 
b iL =, se = 
i} f(x).dx = > f(x) Ax = Ax [fGi) + <> -:+ FG,)] 
q =) 
where Ax = Jak 
n 
and x; = 3(xi-1 + x;) = midpoint of [x;-1, x;] | 


(© (SEMIS Use the Midpoint Rule with n = 5 to approximate (° S dx. 
Ji x 


SOLUTION The endpoints of the five subintervals are 1, 1.2, 1.4, 1.6, 1.8, and 2.0, 
so the midpoints are 1.1, 1.3, 1.5, 1.7, and 1.9. The width of the subintervals is 
Ax = (2 — 1)/5 = 5, so the Midpoint Rule gives 


al 
i — dx ~ Ax[f(1.1) + f(1.3) + f(.5) + f(T) + f0.9)] < 


_. gfe WEA ei fae 
SO. ANOM 037 ba Sema tho 


~ 0.691908 


Since ie (x) = 1/x > 0 for 1 < x < 2, the integral represents an area, and the approxi- 
mation given by the Midpoint Rule is the sum of the areas of the rectangles shown in 
Figure 11. Bas 


In Visual 5.2 you can compare left, right, 
and midpoint approximations to the integral in 
Example 2 for different values of nn. 


FIGURE 12 
Myo 4 =6). /563) 


FIGURE 13 


a 


[ cdx =c(b—a) 
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At the moment we don’t know how accurate the approximation in Example 5 is, but in 
Section 7.7 we will learn a method for estimating the error involved in using the Midpoint 
Rule. At that time we will discuss other methods for approximating definite integrals. 

If we apply the Midpoint Rule to the integral in Example 2, we get the picture in Fig- 
ure 12. The approximation My ~ —6.7563 is much closer to the true value —6.75 than the 
right endpoint approximation, Ry ~ —6.3998, shown in Figure 7. 


MQ Properties of the Definite Integral 


When we defined the definite integral sis f(x) dx, we implicitly assumed that a < b. But the 
definition as a limit of Riemann sums makes sense even if a > b. Notice that if we reverse 
a and b, then Ax changes from (b — a)/n to (a — b)/n. Therefore 


[70 dx = — ie dx | 
| 


If a = b, then Ax = 0 and so 


[‘ fe) ax = 0 


1 


We now develop some basic properties of integrals that will help us to evaluate integrals 
in a simple manner. We assume that f and g are continuous functions. 


Properties of the Integral 


b 5 
1. | cdx = c(b — a), where c is any constant 


7), ie iG aida [00 ikke = iF g(x) dx 


a; [ ole ake =e [0 dx, where c is any constant 


th Wee) sg) Nid | Te) Oe (he g(x) dx 


Property | says that the integral of a constant function f(x) = c is the constant times the 
length of the interval. If c > 0 and a < J, this is to be expected because c(b — a) is the 
area of the shaded rectangle in Figure 13. 


INTEGRALS 
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FIGURE 14 
[trey + gina = 
| ‘ f(x) dx + | : g(x) dx 


Property 3 seems intuitively reasonable 
because we know that multiplying a function 
by a positive number c stretches or shrinks its 
graph vertically by a factor of c. So it stretches 
or shrinks each approximating rectangle by a 
factor c and therefore it has the effect of 
multiplying the area by c. 


FIGURE 15 


Property 2 says that the integral of a sum is the sum of the integrals. For positive func- 
tions it says that the area under f + g is the area under f plus the area under g. Figure 14 
helps us understand why this is true: In view of how graphical addition works, the corre- 
sponding vertical line segments have equal height. 

In general, Property 2 follows from Theorem 4 and the fact that the limit of a sum is the 
sum of the limits: 


[°LAG) + goo)]dr = im D Lf) + gfe)] Ax 


= lim brore =F > sos) 
we > flr) weer lim ) g(x;) Ax 
= [FC ax + [9 ax 


Property 3 can be proved in a similar manner and says that the integral of a constant 
times a function is the constant times the integral of the function. In other words, a con- 
stant (but only a constant) can be taken in front of an integral sign. Property 4 is proved by 
writing f — g = f + (—g) and using Properties 2 and 3 with c = —1. 

: ; 1 3 
{252029 Use the properties of integrals to evaluate | (4 + 3x7) dx. 
0 


SOLUTION Using Properties 2 and 3 of integrals, we have 
[, 4 + 327) dx = [dae + ['ax2dx = [4x + 3 [x7 ax 
0 0 0 /0 /0 


We know from Property 1 that 


| 4ax = 40 =O) = 


and we found in Example 2 in Section 5.1 that x de == SO 


d 


[4 & 3x?) dx = |'4dx + 3 | x?dx 
0 0 0 
=45°3-5=5 Eee 


The next property tells us how to combine integrals of the same function over adjacent 
intervals: 


5 | “fx dx + [ f(x) dx = | ‘ f(x) dx 


This is not easy to prove in general, but for the case where f(x) =Oanda<c<b 
Property 5 can be seen from the geometric interpretation in Figure 15: The area under 
y = f(x) from a to c plus the area from c to D is equal to the total area from a to b. 


FIGURE 16 
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(2 (SQL Ie it is known that {}° f(x) dx = 17 and {* f(x) dx = 12, find [2° f(x) dx. 
SOLUTION By Property 5, we have 


10 


[£0 dx + [70) dx = . jpeayaks 


10 


$0 » fax = [re dx — wie dx =17-12=5 wok 


Properties 1-5 are true whether a < b, a = b, or a > b. The following properties, in 
which we compare sizes of functions and sizes of integrals, are true only if a S b. 


Comparison Properties of the Integral 


6. If f(x) = 0 fora <x <b, then { ° (x) dx = 0. 
b b 
1. If f(x) = g(x) fora <x <b, then | fi dx = | g(x) dx. 


8. If m < f(x) <M fora <x Sb, then 


m(b — a) < [709 dx = M(b - a) 


Tis f()i==10, then Ie f(x) dx represents the area under the graph of f, so the geometric 
interpretation of Property 6 is simply that areas are positive. (It also follows directly from 
the definition because all the quantities involved are positive.) Property 7 says that a big- 
ger function has a bigger integral. It follows from Properties 6 and 4 because f — g 2 0. 

Property 8 is illustrated by Figure 16 for the case where f (x) = O. If f is continuous we 
could take m and M to be the absolute minimum and maximum values of f on the inter- 
val [a, b]. In this case Property 8 says that the area under the graph of f is greater than the 
area of the rectangle with height m and less than the area of the rectangle with height M. 


PROOF OF PROPERTY 8 Since m < f(x) < M, Property 7 gives 
b b b 
| mdx =< | f(x) dx = | M dx 
Using Property | to evaluate the integrals on the left and right sides, we obtain 


mb — a) = ['70) Gi = ba) aa 


Property 8 is useful when all we want is a rough estimate of the size of an integral with- 
out going to the bother of using the Midpoint Rule. 


Selatan Use Property 8 to estimate i e* dx. 


SOLUTION Because f(x) = e* is a decreasing function on [0, 1], its absolute maximum 
value is M = f(0) = 1 and its absolute minimum value ism = f(1) = e”'. Thus, by 
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Property 8, 


el1-Os I e* dx < 1(1 — 0) 
0 


or é' = { Be dee 
0 
Since e ' ~ 0.3679, we can write 
IG ees 
0.367 < | e"dx <1 cal 
FIGURE 17 The result of Example 8 is illustrated in Figure 17. The integral is greater than the area 


of the lower rectangle and less than the area of the square. 


5.2 | Exercises 


1. Evaluate the Riemann sum for f(x) = 3 — 3x,2 <x < 14, 6. The graph of g is shown. Estimate a g(x) dx with six sub- 
with six subintervals, taking the sample points to be left end- intervals using (a) right endpoints, (b) left endpoints, and 
points. Explain, with the aid of a diagram, what the Riemann (c) midpoints. 


sum represents. 


2. If f(x) = x* — 2x, 0 < x < 3, evaluate the Riemann sum with 
n = 6, taking the sample points to be right endpoints. What 
does the Riemann sum represent? Illustrate with a diagram. 


3. If f(x) = e* — 2,0 <x S 2, find the Riemann sum with 
n = 4 correct to six decimal places, taking the sample points to 
be midpoints. What does the Riemann sum represent? Illustrate 
with a diagram. 


~ 


4. (a) Find the Riemann sum for f(x) = sin x, 0 S x S 37/2, 


with six terms, taking the sample points to be right end- 7. A table of values of an increasing function f is shown. Use the 
points. (Give your answer correct to six decimal places.) table to find lower and upper estimates for |") f(x) dx. 
Explain what the Riemann sum represents with the aid of a 
sketch. 
(b) Repeat part (a) with midpoints as the sample points. oe 10 14 | 18 | 22 26 30 
f(x) | -12 ~6 | =) | 1 3 8 


5. The graph of a function f is given. Estimate ihe f(x) dx using 
five subintervals with (a) right endpoints, (b) left endpoints, 
and (c) midpoints. 8. The table gives the values of a function obtained from an 

experiment. Use them to estimate fe f(x) dx using three equal 

subintervals with (a) right endpoints, (b) left endpoints, and 

(c) midpoints. If the function is known to be an increasing 

function, can you say whether your estimates are less than or 

greater than the exact value of the integral? 


CAS, Computer algebra system required 1. Homework Hints available at stewartcalculus.com 


9--12 Use the Midpoint Rule with the given value of n to 
approximate the integral. Round the answer to four decimal 
places. 


ou 1/2 
9. {, sin./x dx, i 10. [ COS Ve Tie 
J0 


j : 2 2 mee Vv —_ 
Te er n=5 gee dx, n=4 


CAS) 13. If you have a CAS that evaluates midpoint approximations 


and graphs the corresponding rectangles (use RiemannSum 
or middlesum and middlebox commands in Maple), 
check the answer to Exercise 11 and illustrate with a graph. 
Then repeat with n = 10 andn = 20. 


14. With a programmable calculator or computer (see the 
instructions for Exercise 9 in Section 5.1), compute the left 
and right Riemann sums for the function f(x) = x/(x + 1) 
on the interval [0, 2] with n = 100. Explain why these 
estimates show that 


x 
Fl 


0.8946 < |" dx < 0.9081 

15. Use a calculator or computer to make a table of values of 
right Riemann sums R,, for the integral {," sin x dx with 
n = 5, 10, 50, and 100. What value do these numbers appear 
to be approaching? 


16. Use a calculator or computer to make a table of values of 
left and right Riemann sums L, and R,, for the integral 
le e* dx withn = 5, 10, 50, and 100. Between what two 
numbers must the value of the integral lie? Can you make a 
similar statement for the integral 1 e* dx? Explain. 


17-20 Express the limit as a definite integral on the given 
interval. 


17. lim > x;In(1 + x?) Ax, [2, 6] 


nf 
n~-* j=) 


n 


COS Xj; 
18. lim > Ax, [7,27] 


om ; 
tore al 


Xj 


19. lim > [5G@P)? = 4x7] Ax, [2,7] 


oO 
ne i= 


20. lim > Ax, [1,3] 


Xj 
esi (ah) a 


21-25 Use the form of the definition of the integral given in 

Theorem 4 to evaluate the integral. 
4 2 

21. i (4 — 2x) dx 22. i (x? — 4x + 2) dx 


2 
23. i aes 4 x) dx 24. \ (2x — x3) dx 


25. ih (x? — 3x*) dx 
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26. (a) Find an approximation to the integral [3 (x* — 3x) dx 
using a Riemann sum with right endpoints and n = 8. 
(b) Draw a diagram like Figure 3 to illustrate the approxi- 
mation in part (a). 
(c) Use Theorem 4 to evaluate {? (x7 — 3x) dx. 
(d) Interpret the integral in part (c) as a difference of areas 
and illustrate with a diagram like Figure 4. 


b> — a’? 


27. Prove that | ; xdx = 5 


, 3 23 
28. Prove that iL ie be = ae 


29-30 Express the integral as a limit of Riemann sums. Do not 
evaluate the limit. 


29, i aay 


10 
imine 30. | (Ge = Alin ge) abe 


CAS) 31-32 Express the integral as a limit of sums. Then evaluate, 


using a computer algebra system to find both the sum and the 
limit. 


31. {*sin 5x dx 32. [Po xoax 


33. The graph of f is shown. Evaluate each integral by inter- 
preting it in terms of areas. 


(a) | flo) dx (b) [fed dx 
(c) ie dx (d) it f(x dx 
VR 


y= F(x) 


Ds! 


& 


34. The graph of g consists of two straight lines and a semi- 
circle. Use it to evaluate each integral. 


(a) \ g(x) dx (b) \ g(x) dx (c) (; g(x) dx 
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35-40 Evaluate the integral by interpreting it in terms of areas. 


35. 


37. 


39. 


{a mat) dx 36. { Gz = ajax 
[Ul pian?) ax 38.04 b (epeeeyaSaedxe)idz 


P |x| dx 40. ihe |x — 5] dx 


41. 


42. 


43. 


45. 


47. 


48. 


49. 


50. 


51. 


. Use the result of Exercise 27 and the fact that |, 
(from Exercise 29 in Section 5.1), together with the properties 


7, 
Evaluate | sin*x cos*x dx. 
T 


Given that i 3xJx2 + 4 dx = 5,/5 — 8, what is 
[° 8u.j/u? + 4 du? 


In Example 2 in Section 5.1 we showed that [! x? dx = 3. 
Use this fact and the properties of integrals to evaluate 
Teor ON), AX 


. Use the properties of integrals and the result of Example 3 to 


evaluate is (2e* — 1) dx. 
Use the result of Example 3 to evaluate se OP GRR 


Yar/2 


ear/2 


of integrals, to evaluate {(”~ (2 cos x — 5x) dx. 


Write as a single integral in the form eae.) dx: 
[) fe) dx + [fod ax — [fd ax 


If {° f(x) dx = 12 and [5 f(x) dx = 3.6, find [* f(x) dx. 
If (f(x) dx = 37 and {) g(x) dx = 16, find 

fo [2f(%) + 3g(x)] ax. 

Find |} f(x) dx if 


Sh HOE <3 
AG oe fe for x => 3 


For the function f whose graph is shown, list the following 
quantities in increasing order, from smallest to largest, and 
en your reasoning. 


A) fo ys )dx (B) [p f(x) dx 
(E) He 


& 


cos sdk = | 


52. If F(x) = [} f(¢) dt, where fis the function whose graph is 
given, which of the following values is largest? 


(A) F(0) (B) F(1) 
(C) F(2) (D) F(3) 
(E) F(4) 


av 


53. Each of the regions A, B, and C bounded by the graph of f and 
the x-axis has area 3. Find the value of 


sie [ f(x) + 2x + 5] dx 


54. Suppose f has absolute minimum value m and absolute max- 
imum value M. Between what two values must |; f(x) dx 
lie? Which property of integrals allows you to make your 
conclusion? 


55-58 Use the properties of integrals to verify the inequality with- 
out evaluating the integrals. 


55. (F (x? = 4x + 4) dx =0 
56. i will ap 3:2 @he = [" Vy  oaadac 
57. 2< {0 JI +x? dx <2,/2 


59-64 Use Property 8 to estimate the value of the integral. 


m4 2, 
59. ve dex 60. i ax 
P ar/3 2 
61. i tinerdc 62. ik Ge? = 3x4: 3a 


63. (, Kee dx 64. \¥ (x — 2 sin x) dx 
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65-66 Use properties of integrals, together with Exercises 27 69. Let f(x) = 0 if x is any rational number and f(x) = 1 if x is 
and 28, to prove the inequality. 


65. ih Woe ak Ibabe = = 


66. | xsin xdx < 7 


any irrational number. Show that f is not integrable on [0, 1]. 


70. Let f(0) = 0 and f(x) = 1/x if 0 < x < 1. Show that f is 
not integrable on [0, 1]. [Hint: Show that the first term in 
the Riemann sum, f(x") Ax, can be made arbitrarily large.] 


71-72 Express the limit as a definite integral. 


+4 


? n 1 ; ' ; 
67. Prove Property 3 of integrals. Ue a » nw REA COENEN) SP | 
68. (a) If f is continuous on [a, b], show that 12 1 
72min), 


(Hint: —| f(x)| <f() <| fio) |J 


Brea 


< [1 fe) |ax 


n—>2 fl j=] le (i/n) 


73. Find {’ x * dx. Hint: Choose x;* to be the geometric mean 


(b) Use the result of part (a) to show that of x;-; and x; (that is, xf = Vxi-1%; ) and use the identity 


lia sin 2x dx 


DISCOVERY 


I 1 1 


< "| fl) |dx ae 


m(m + 1) m m+1 


PROJECT AREA FUNCTIONS 


[>] 
LI 


ae 


1. (a) Draw the line y = 2t + 1 and use geometry to find the area under this line, above the 


t-axis, and between the vertical lines t = 1 and t = 3. 
(b) If x > 1, let A(x) be the area of the region that lies under the line y = 2t + 1 between 
t = 1 and t = x. Sketch this region and use geometry to find an expression for A(x). 
(c) Differentiate the area function A(x). What do you notice? 


La) eh xe =e et 


AG = ie (1 + t?)dt 


A(x) represents the area of a region. Sketch that region. 

(b) Use the result of Exercise 28 in Section 5.2 to find an expression for A(x). 

(c) Find A’(x). What do you notice? 

(d) If x = —1 and his a small positive number, then A(x + h) — A(x) represents the area 
of a region. Describe and sketch the region. 

(e) Draw a rectangle that approximates the region in part (d). By comparing the areas of 
these two regions, show that 


A(x + h) — A(x) 
h 


(f) Use part (e) to give an intuitive explanation for the result of part (Cc). 


= 1+ x? 


. (a) Draw the graph of the function f(x) = cos(x?) in the viewing rectangle [0, 2] 


by [—1.25, 1.251. 
(b) If we define a new function g by 


g(x) = { cos(t?) dt 


then g(x) is the area under the graph of f from 0 to x [until f(x) becomes negative, at 
which point g(x) becomes a difference of areas]. Use part (a) to determine the value of 


Graphing calculator or computer required 
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x at which g(x) starts to decrease. [Unlike the integral in Problem 2, it is impossible to 
evaluate the integral defining g to obtain an explicit expression for g(x).] 

(c) Use the integration command on your calculator or computer to estimate g(0.2), (0.4), 
g(0.6), ..., g(1.8), g(2). Then use these values to sketch a graph of g. 

(d) Use your graph of g from part (c) to sketch the graph of g' using the interpretation of 
g'(x) as the slope of a tangent line. How does the graph of g' compare with the graph 
of f? 


4. Suppose f is a continuous function on the interval [a, b] and we define a new function g 
by the equation 


g(x) = | fo at 


Based on your results in Problems 1-3, conjecture an expression for g’(x). 


5.3 | The Fundamental Theorem of Calculus 


FIGURE 1 


The Fundamental Theorem of Calculus is appropriately named because it establishes a con- 
nection between the two branches of calculus: differential calculus and integral calculus. 
Differential calculus arose from the tangent problem, whereas integral calculus arose from 
a seemingly unrelated problem, the area problem. Newton’s mentor at Cambridge, Isaac 
Barrow (1630-1677), discovered that these two problems are actually closely related. 
In fact, he realized that differentiation and integration are inverse processes. The Funda- 
mental Theorem of Calculus gives the precise inverse relationship between the derivative 
and the integral. It was Newton and Leibniz who exploited this relationship and used it to 
develop calculus into a systematic mathematical method. In particular, they saw that the 
Fundamental Theorem enabled them to compute areas and integrals very easily without 
having to compute them as limits of sums as we did in Sections 5.1 and 5.2. 

The first part of the Fundamental Theorem deals with functions defined by an equation of 
the form 


[1] g(x) = [fdr 


where f is a continuous function on [a, b] and x varies between a and b. Observe that g 
depends only on x, which appears as the variable upper limit in the integral. If x is a fixed 
number, then the integral ( f(t) dt is a definite number. If we then let x varygphe number 
| fd) dt also varies and defines a function of x denoted by g(x). 

If f happens to be a positive function, then g(x) can be interpreted as the area under the 


graph of f from a to x, where x can vary from a to b. (Think of g as the “area so far” func- 
tion; see Figure 1.) 


FIGURE 2 
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(2 ECW If f is the function whose graph is shown in Figure 2 and 


g(x) = |° f(t) dt, find the values of g(0), g(1), g(2), g(3), g(4), and g(5). Then sketch a 
rough graph of g. 


SOLUTION First we notice that g(0) = {) f(t) dt = 0. From Figure 3 we see that g(1) is the 
area of a triangle: 


gl) = | f@dt=30-2)=1 
To find g(2) we add to g(1) the area of a rectangle: 
92) = [ro dt = {ro dt + ro dre (1 2) 
We estimate that the area under f from 2 to 3 is about 1.3, so 


g(3) = g(2) + [ro dt~3+13=43 


FIGURE 4 
gix)= | fini at 


; CL ay 
g(4) = 3 g(5) = 1.7 


For t > 3, f(t) is negative and so we start subtracting areas: 


g(4) = g(3) + [ro HA (13) = 3.0 


g(5) = g(4) + [ro Bee AN) Ss 


We use these values to sketch the graph of g in Figure 4. Notice that, because f(t) is 
positive for t < 3, we keep adding area for t < 3 and so g is increasing up to x = 3, 
where it attains a maximum value. For x > 3, g decreases because f(t) is negative. [mil 


If we take f(t) = t and a = 0, then, using Exercise 27 in Section 5.2, we have 


iS) 


x 


g(x) = { tdt = i 


Notice that g'(x) = x, that is, g’ = f. In other words, if g is defined as the integral of f by 
Equation 1, then g turns out to be an antiderivative of f, at least in this case. And if we 
sketch the derivative of the function g shown in Figure 4 by estimating slopes of tangents, 
we get a graph like that of f in Figure 2. So we suspect that g' =f in Example | too. 


388 CHAPTER 5 INTEGRALS 


7h 


FIGURE 5 


We abbreviate the name of this theorem as 
FTC1. In words, it says that the derivative of a 
definite integral with respect to its upper limit is 
the integrand evaluated at the upper limit. 


> 
0 5 yi v=x+h x 


FIGURE 6 


To see why this might be generally true we consider any continuous function f with 
f(x) = 0. Then g(x) = J* f(d) dt can be interpreted as the area under the graph of f from a 
to x, as in Figure 1. 

In order to compute g’(x) from the definition of a derivative we first observe that, 
forh > 0, g(x + h) — g(x) is obtained by subtracting areas, so it is the area under the graph 
of f from x tox + h (the blue area in Figure 5). For small h you can see from the figure that 
this area is approximately equal to the area of the rectangle with height f(x) and width h: 


Got eg fy (2) 


3 at DAO) a 


Intuitively, we therefore expect that 


g(x) = lim = f(x) 


h—0 


g(x + h) = g(x) 
h 


The fact that this is true, even when f is not necessarily positive, is the first part of the Fun- 
damental Theorem of Calculus. 


The Fundamental Theorem of Calculus, Part1 If f is continuous on [a, b], then the 
function g defined by 


g(x) = [ro dt =A) 


is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x). 


PROOF If xand x + hare in (a, b), then 


xth 


glx + h) ~ g(x) = J" fdr — | fae 


oe P"r@ dt 
and so, for h 7 0, 
g(x a h) ao g(x) 1 extn 
[2] sa eran Oe f(t) dt 


For now let’s assume that h > 0. Since f is continuous on [x, x + h], the Extreme Value 
Theorem says that there are numbers u and v in [x,x + h] such that f(u) = m and 
f(v) = M, where m and M are the absolute minimum and maximum values of f on 
[x, x + h]. (See Figure 6.) 

By Property 8 of integrals, we have 


mh < { f(t) dt < Mh 


Module 5.3 provides visual 
evidence for FTC1. 
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4 x+h 
that is, f(wh = it f(t) dt <f(v)h 


Since h > 0, we can divide this inequality by h: 


1 pxth 
fu) <= |" FO dt < flo) 


Now we use Equation 2 to replace the middle part of this inequality: 
(Ue sews 
2] fa) < AA ~ Fy 


Inequality 3 can be proved in a similar manner for the case where h < 0. (See Exercise 71.) 
Now we let h — 0. Then u — x and v — x, since u and v lie between x and x + Ah. 
Therefore 


lim f(w) = lim fw) = f(x) and tim f(v) = lim f(v) = f(%) 


because f is continuous at x. We conclude, from and the Squeeze Theorem, that 


[4] g(x) = lim 


If x = aor b, then Equation 4 can be interpreted as a one-sided limit. Then Theo- 
rem 2.8.4 (modified for one-sided limits) shows that g is continuous on [a, b]. eye | 


Using Leibniz notation for derivatives, we can write FTC] as 


H = [nar =f 


when f is continuous. Roughly speaking, Equation 5 says that if we first integrate f and then 
differentiate the result, we get back to the original function /. 


(2 (SETS Find the derivative of the function g(x) = (i Jl + ft? dt. 


SOLUTION Since f(t) = 1 + #? is continuous, Part 1 of the Fundamental Theorem of 
Calculus gives 
GX) ap lea? 2 


(SESE Although a formula of the form g(x) = |* f(t) dt may seem like a strange 
way of defining a function, books on physics, chemistry, and statistics are full of such 
functions. For instance, the Fresnel function 


S@) = (° sin(at2/2) dt 


is named after the French physicist Augustin Fresnel (1788-1827), who is famous for his 
works in optics. This function first appeared in Fresnel’s theory of the diffraction of light 
waves, but more recently it has been applied to the design of highways. 
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Part 1 of the Fundamental Theorem tells us how to differentiate the Fresnel function: 
S'(x) = sin(x?/2) 


This means that we can apply all the methods of differential calculus to analyze S (see 
Exercise 65). 

Figure 7 shows the graphs of f(x) = sin(7x°/2) and the Fresnel function 
S(x) = |} f() dt. A computer was used to graph S by computing the value of this integral 
for many values of x. It does indeed look as if S(x) is the area under the graph of f from 
0 to x [until x ~ 1.4 when S(x) becomes a difference of areas]. Figure 8 shows a larger 


part of the graph of S. 


YA yA 
0.57 
t > 
1 x 
FIGURE 7 FIGURE 8 : 
f(x) = sin(ax7/2) The Fresnel function S(x) = {, sin(t?/2) dt 


Siz) = i; sin(art?/2) dt 


If we now start with the graph of S in Figure 7 and think about what its derivative 
should look like, it seems reasonable that S'(x) = f(x). [For instance, S is increasing 
when f(x) > 0 and decreasing when f(x) < 0.] So this gives a visual confirmation of 
Part 1 of the Fundamental Theorem of Calculus. ms 


d x' 
EXAMPLE 4 Maitite! ae | sec t dt. 
ne ail 


SOLUTION Here we have to be careful to use the Chain Rule in conjunction with FTC1. 
Let u = x*. Then 


d i 
ail sec tdt = ot sec t dt 
dx 
u 
= a | See ae || —— (by the Chain Rule) 
du 
du 
= sec u — (by FTC1) 
dx 
s 4 3 
= sec(x*) - 4x jes} 


In Section 5.2 we computed integrals from the definition as a limit of Riemann sums 
and we saw that this procedure is sometimes long and difficult. The second part of the Fun- 
damental Theorem of Calculus, which follows easily from the first part, provides us with 
a much simpler method for the evaluation of integrals. 


We abbreviate this theorem as FTC2. 


Compare the calculation in Example 5 with the 
much harder one in Example 3 in Section 5.2. 


SECTION 5.3) THE FUNDAMENTAL THEOREM OF CALCULUS 391 


The Fundamental Theorem of Calculus, Part 2 If f is continuous on [a, b], then 
b 
[°F00 dx = Fb) — F(a) 


where F is any antiderivative of f, that is, a function such that F’ = f. 


PROOF Let g(x) = ae) dt. We know from Part | that g'(x) = f(x); that is, g is an anti- 
derivative of f. If F is any other antiderivative of f on [a, b], then we know from Corol- 
lary 4.2.7 that F and g differ by a constant: 


[6] eae 


for a < x < b. But both F and g are continuous on [a, b] and so, by taking limits of both 
sides of Equation 6 (as x — a* and x — b_), we see that it also holds when x = a and 
x= b. 

If we put x = a in the formula for g(x), we get 


ga) = | fdr = 0 
So, using Equation 6 with x = b and x = a, we have 
ED)i-al aya g(b)r Hi |iaal gia) C) 
= g(b) ~ gla) = glb) = | fle) dt cl 


Part 2 of the Fundamental Theorem states that if we know an antiderivative F of f, then 
we can evaluate iV f(x) dx simply by subtracting the values of F at the endpoints of the 
interval [a, b]. It’s very surprising that i f(x) dx, which was defined by a complicated pro- 
cedure involving all of the values of f(x) for a < x < b, can be found by knowing the val- 
ues of F(x) at only two points, a and b. 

Although the theorem may be surprising at first glance, it becomes plausible if we inter- 
pret it in physical terms. If v(t) is the velocity of an object and s(t) is its position at time f, 
then v(t) = s‘(t), so s is an antiderivative of v. In Section 5.1 we considered an object that 
always moves in the positive direction and made the guess that the area under the velocity 
curve is equal to the distance traveled. In symbols: 


[ o@) at = s(b) — sta) 


1 


That is exactly what FTC2 says in this context. 


2 EVE Evaluate the integral ie ead 


SOLUTION The function f(x) = e* is continuous everywhere and we know that an anti- 
derivative is F(x) = e*, so Part 2 of the Fundamental Theorem gives 


[eax =F) Fl) Sere 


Notice that FTC2 says we can use any antiderivative F of f. So we may as well use 
the simplest one, namely F(x) = e’, instead of e* + 7 ore" + C. aga) 
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In applying the Fundamental Theorem we use a 
particular antiderivative F of f. It is not neces- 
sary to use the most general antiderivative. 


FIGURE 9 


We often use the notation 
b 
F(x)|, = F(b) — Fla) 


So the equation of FTC2 can be written as 


2 
| 
SY 


['re) a F(x], where 


Other common notations are F(x) |? and [F(x)]2. 


STIs Find the area under the parabola y = x from 0 to 1. 


SOLUTION An antiderivative of f(x) = x? is F(x) = ;x°. The required area A is found 
using Part 2 of the Fundamental Theorem: 


3 il 
a=[ea-2| 
0 3 


0 


If you compare the calculation in Example 6 with the one in Example 2 in Section 5.1, 
you will see that the Fundamental Theorem gives a much shorter method. 


d 
STEHA Evaluate ib es 
er Be 


SOLUTION The given integral is an abbreviation for 


An antiderivative of f(x) = 1/x is F(x) = In |x| and, because 3 < x S 6, we can write 
F(x) = Inx. So 


['— av =ina= in ing 


3 Xx 


6 
Pitas cba aS 


2O\id's) Find the area under the cosine curve from 0 to b, where 0 S b S 77/2. 


SOLUTION Since an antiderivative of f(x) = cos x is F(x) = sin x, we have 


b 
= ty ee I 6 : : 
A =| cos x dx = Sie sho — sin) Ol "sin 


In particular, taking b = 7/2, we have proved that the area under the cosine curve 
from 0 to 7/2 is sin(z/2) = 1. (See Figure 9.) HSS 
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When the French mathematician Gilles de Roberval first found the area under the sine 
and cosine curves in 1635, this was a very challenging problem that required a great deal 
of ingenuity. If we didn’t have the benefit of the Fundamental Theorem, we would have to 
compute a difficult limit of sums using obscure trigonometric identities (or a computer 
algebra system as in Exercise 29 in Section 5.1). It was even more difficult for Roberval 
because the apparatus of limits had not been invented in 1635. But in the 1660s and 1670s, 
when the Fundamental Theorem was discovered by Barrow and exploited by Newton and 
Leibniz, such problems became very easy, as you can see from Example 8. 


S0\\20=")) What is wrong with the following calculation? 


3 1 cay l 4 
@ i w=] = ie 1= 3 


- 
Ley — 
i us 


SOLUTION To start, we notice that this calculation must be wrong because the answer is 
negative but f(x) = 1/x* = 0 and Property 6 of integrals says that (aR) dx = 0 when 
f = 0. The Fundamental Theorem of Calculus applies to continuous functions. It can’t 

be applied here because f(x) = 1/x°* is not continuous on [—1, 3]. In fact, f has an infi- 
nite discontinuity at x = 0, so 


3 Il ; 
| == ah does not exist aS 
x 


ME Differentiation and Integration as Inverse Processes 


We end this section by bringing together the two parts of the Fundamental Theorem. 


The Fundamental Theorem of Calculus Suppose f is continuous on [a, d]. 
1. If g(x) = f* F@ dt, then g’(x) = f(x). 


7 1) dx = F(b) — F(a), where F is any antiderivative of f, that is, F’= f. 


We noted that Part | can be rewritten as 
d px 
= t)dt =f (x 
= [FO at = £09) 


which says that if f is integrated and then the result is differentiated, we arrive back at the 
original function f. Since F'(x) = f(x), Part 2 can be rewritten as 


[) P'@) dx = FQ) — Fla) 


This version says that if we take a function F, first differentiate it, and then integrate the 
result, we arrive back at the original function F, but in the form F(b) — F(a). Taken together, 
the two parts of the Fundamental Theorem of Calculus say that differentiation and integra- 
tion are inverse processes. Each undoes what the other does. 

The Fundamental Theorem of Calculus is unquestionably the most important theorem in 
calculus and, indeed, it ranks as one of the great accomplishments of the human mind. 
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Before it was discovered, from the time of Eudoxus and Archimedes to the time of Galileo 
and Fermat, problems of finding areas, volumes, and lengths of curves were so difficult that 
only a genius could meet the challenge. But now, armed with the systematic method that 
Newton and Leibniz fashioned out of the Fundamental Theorem, we will see in the chap- 
ters to come that these challenging problems are accessible to all of us. 


EE} Exercises 


1. Explain exactly what is meant by the statement that “differenti- (e) Sketch a rough graph of g. 
ation and integration are inverse processes.” (f) Use the graph in part (e) to sketch the graph of g(x). 
Compare with the graph of f- 
2. Let g(x) = {} f() dt, where f is the function whose graph = 
is shown. : 


(a) Evaluate g(x) for x = 0, 1, 2, 3, 4, 5, and 6. 
(b) Estimate g(7). 
(c) Where does g have a maximum value? Where does it have 


a minimum value? 
(d) Sketch a rough graph of g. 


5-6 Sketch the area represented by g(x). Then find g’(x) in two 
ways: (a) by using Part 1 of the Fundamental Theorem and (b) by 
evaluating the integral using Part 2 and then differentiating. 


5. g(x) = |r? dt 6. g(x) = I (2 + sin 2) dt 
3. Let g(x) = its f(t) dt, where f is the function whose graph 
is shown. 7-18 Use Part | of the Fundamental Theorem of Calculus to find 
(a) Evaluate g(0), g(1), g(2), g(3), and g(6). the derivative of the function. 
(b) On what interval is g increasing? S | 
(c) Where does g have a maximum value? 7. g(x) = steer Ue 8. g(x) = (" edt 
(d) Sketch a rough graph of g. asi oe i 
9. g(s) = |: (¢ — t?)° dt 10. g(r) = (" Jx2 + 4 dx 
Js J0 


1. F(x) = ("V1 + sect dt 
ne ("V1 + sect dt = — [F 1 + sect | 


f 
12. G(x) = |" cost dt 
13. h(x) = | Inede 14. h(x) = (“ 2 — az 
4. Let g(x) = if, f(t) dt, where f is the function whose graph is eo 
shown. 5. y= ("t+ ;: 2 
Re t dt 16. y = { 2 

(a) Evaluate g(0) and g(6). \ vi : a tad 
(b) Estimate g(x) for x = 1, 2, 3, 4, and 5. ‘| Te 
(c) On what interval is g increasing? SS ie { Rey du 18 = ( V1 + t? dt 
(d) Where does g have a maximum value? . me 


Graphing calculator or computer required CAS) Computer algebra system required 1. Homework Hints available at stewartcalculus.com 
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19-44 Evaluate the integral. 


FY 49-52 Use a graph to give a rough estimate of the area of the 


19. i eon? Pa i xc dy region that lies beneath the given curve. Then find the exact area. 
a A y= x 0 S727 ee, Sees 
4 
21. { (5 — 2t + 32) dt 22. me + 4u4 — 2y°) du 51. y=sinx,0O<x=<=7 52. y = sec’x, OS x S$ 7/3 
/0 ‘ 2 E = = 
2 Silt : : . 5 
725}. | fx dx 24. | x23 dx 53-54 Evaluate the integral and interpret it as a difference of 
: areas. Illustrate with a sketch. 
25. |" sind dé 26, | edx sa. [° x'dx st. [7 cos x dx 
=| 1/6 
= 
27. { (u + 2)(u — 3) du 28. { (4 — t)Jt dt 
: 55-59 Find the derivative of the function. 
29 [~ Ha 30 {¢ Sey eel 
bP eegeks oth et (2y gil) 4) 65. g(x) = [du 
Ae gk ae |! 
1/4 > ( a/4 
31. sect dt 32. sec 8 tan 6 d@ r3x 3x 
\, : \, ay : [ vie ih f(u) du = Ne f(u) du + { fu) au| 
2 Pa 
. =F 2 2 F i i — e* 2x 5 
33 i (1 + 2y)?dy 34. |" (2 sinx — e*) dx  noresi@ rey 
35 ——— 6. (3 (2% a Sl oa 58. F(x) = (_ d 
a, v ; i ‘i ay | ING =| e' dt LAG = | arctan 1 t 
1 ’ 1 _ sin x 
STM eo e) dx 38. |" cosh ¢ dt 59. y= |" In(I + 20) do 
v3 8 a AL oie uw 7 
ae he 1+ x? a up \ ie Gu 60. If f(x) = [7  - t’)e' dt, on what interval is f increasing? 
61. On what interval is the curve 
mi. [' et" du 42. — : 
eS 1/2 /{ -— x2 tes t 


7 | canna 
5 of+trt+2 


sins if OS x < ay 


, concave downward? 
cosx ifa/2<x=7 


62. If f(x) = [°"* /1 + 2? dt and g(y) = f} f(a) dx 


2 2 if —2<x<0 find g"(7/6). 
44. [7 f@) dx where f(x) = {3 apa eo 


43. (77) dx where f(x) = 


63. If f(1) = 12, f’ is continuous, and ie) dx = 17, what is 
the value of f(4)? 


/ 45-48 What is wrong with the equation? 64. The error function 
37]! 
eae yak | Se erf(x) = 5 ah 
45. lie: dx =i 8 gehe 
‘ is used in probability, statistics, and engineering. 
4G [° ee a= 3) = 3 (a) Show that ie e! dt =4 4/7 [erf(b) — erf(a)]. 
“1 x? ler 2 (b) Show that the function y = e* erf(x) satisfies the differ- 


ential equation y’ = 2xy + 2//7. 


we 6. do = sec 6|.,, = —3 
i ie Sade a | : 65. The Fresnel function S was defined in Example 3 and 


7 7 graphed in Figures 7 and 8. 
48. it sec'x dx = tan xl =) (a) At what values of x does this function have local maxi- 
mum values? 
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(b) On what intervals is the function concave upward? 
(c) Use a graph to solve the following equation correct to 


two decimal places: 


ik sin(at?/2) dt = 0.2 


The sine integral function 


x sint 


Si(x) = i, 


dt 


is important in electrical engineering. [The integrand 

f(t) = (sin #)/t is not defined when t = 0, but we know that 

its limit is 1 when t — 0. So we define f(0) = 1 and this 

makes f a continuous function everywhere. | 

(a) Draw the graph of Si. 

(b) At what values of x does this function have local maxi- 
mum values? 

(c) Find the coordinates of the first inflection point to the 
right of the origin. 

(d) Does this function have horizontal asymptotes? 

(e) Solve the following equation correct to one decimal 
place: 


67-68 Let g(x) = |; f(d) dt, where f is the function whose graph 
is shown. 
(a) At what values of x do the local maximum and minimum 


values of g occur? 


(b) Where does g attain its absolute maximum value? 
(c) On what intervals is g concave downward? 


(d) 
67. 


68. 


Sketch the graph of g. 


yA 
at 


2+ 


0 4 
ae 
—2+ 
yA 
> 
t 


69-70 Evaluate the limit by first recognizing the sum as a 
Riemann sum for a function defined on [0, 1]. 


70. 


71. 
72. 


73. 


74. 


75. 


76. 


71. 


78. 


Justify for the case h < 0. 


If f is continuous and g and / are differentiable functions, 
find a formula for 
d h(x) 
Fe ( i 


=/1l x =) + x2 forx = 0: 
< si / Wx? dx 1.25: 


(a) Show that cos(x*) => cos x for0 Sx S 1. 
(b) Deduce that (ess cos(x?) dx > 3. 


(t) dt 


(a) Show that | 
(b) Show that 1 


Show that 


10 xX 
< { ——— ax < 0.1 
5 x'+x74+ 1 


by comparing the integrand to a simpler function. 


et 


fio) = 


and 


(a) Find an expression for g(x) similar to the one for f(x). 
(b) Sketch the graphs of f and g. 
(c) Where is f differentiable? Where is g differentiable? 


Find a function f and a number a such that 


eee “(t) 
6 + | LO = We for all x > 0 


The area labeled B is three times the area labeled A. Express 
b in terms of a. 


YA 


* 
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79. A manufacturing company owns a major piece of equipment rate g = g(t), where f is the time measured in months. The 
that depreciates at the (continuous) rate f = f(t), where f is company wants to determine the optimal time to replace the 
the time measured in months since its last overhaul. Because system. 

a fixed cost A is incurred each time the machine is over- (a) Let 
hauled, the company wants to determine the optimal time T wi 
(in months) between overhauls. es 7 \ LAG) + gls)]ds 
(a) Explain why Jo f(s) ds Eepleseals the loss in value of Show that the critical numbers of C occur at the numbers 
the machine over the period of time f since the last t where C(t) = f(t) + g(t) 
overhaul. ? , 
(b) Let C = C(t) be given by ee ee 
Ma i it O< 7 SW 
Cl =|. + f' £4) a| eet vt ioos 
t 0 0 itt 7 > 30 
What does C represent and why would the company Ve2 
want to minimize C? and 90) = 12.900 
(c) Show that C has a minimum value at the numbers t = T ; 
where C(T) = f(T). Determine the length of time T for the total depreciation 
D(t) = J; f(s) ds to equal the initial value V. 
80. A high-tech company purchases a new computing system (c) Determine the absolute minimum of C on (0, T]. 


whose initial value is V. The system will depreciate at the 
rate f = f(t) and will accumulate maintenance costs at the 


(d) Sketch the graphs of C and f + g in the same coordinate 
system, and verify the result in part (a) in this case. 


5.4 | Indefinite Integrals and the Net Change Theorem 


We saw in Section 5.3 that the second part of the Fundamental Theorem of Calculus pro- 
vides a very powerful method for evaluating the definite integral of a function, assuming 
that we can find an antiderivative of the function. In this section we introduce a notation 
for antiderivatives, review the formulas for antiderivatives, and use them to evaluate defi- 
nite integrals. We also reformulate FTC2 in a way that makes it easier to apply to science 
and engineering problems. 


MH Indefinite Integrals 


Both parts of the Fundamental Theorem establish connections between antiderivatives and 
definite integrals. Part 1 says that if f is continuous, then (af (t) dt is an antiderivative of f 
Part 2 says that iy f(x) dx can be found by evaluating F(b) — F(a), where F is an antideriv- 
ative of f. 

We need a convenient notation for antiderivatives that makes them easy to work with. 
Because of the relation given by the Fundamental Theorem between antiderivatives and 
integrals, the notation ii f(x) dx is traditionally used for an antiderivative of f and is called 
an indefinite integral. Thus 


E |) dx = F(x) means F'(x) = f(x) 


For example, we can write 


a3) 
| ake = +C because 


3 
ae es eC) = x 
oe \ 3} 
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So we can regard an indefinite integral as representing an entire family of functions (one 
antiderivative for each value of the constant C). 

@  Youshould distinguish carefully between definite and indefinite integrals. A definite inte- 
gral (° f(x) dx is anumber, whereas an indefinite integral Ne (x) dx is a function (or family of 
functions). The connection between them is given by Part 2 of the Fundamental Theorem: 
If f is continuous on [a, b], then 


[7 dx = | f0) dx|’ 


The effectiveness of the Fundamental Theorem depends on having a supply of anti- 
derivatives of functions. We therefore restate the Table of Antidifferentiation Formulas from 
Section 4.9, together with a few others, in the notation of indefinite integrals. Any formula 
can be verified by differentiating the function on the right side and obtaining the integrand. 
For instance, 


: d 
| sec’x dx = tanx + C because aE (tan x + C) = sec*x 
x 


be [1] Table of Indefinite Integrals 


| cfla) dx =e | f0) ax | LA@) + g@)lax = | FO) ax + [ ga) dx 
[kaxr=kx +e 
n+] 1 
[ tax=— +C (n#¥-1) (seta th |/520 
| evax yer 1G | arax = i cee 
| sin xdx = -cos x + C | cos xdx = sinx + C 
| sec*x ax =tanx+C | ese?x dx =—cotx+C 
| sec x tan xdx = seo x + C | ese x cot xdx = =CSCwv iis Ge 


dx = tan 'x+C 


1 1 : 
iene 1 | Jeon sie +c 


| sinh x dx = coshx + C | cosh x dx = sinhx + C 


Recall from Theorem 4.9.1 that the most general antiderivative on a given interval is 
obtained by adding a constant to a particular antiderivative. We adopt the convention that 


when a formula for a general indefinite integral is given, it is valid only on an interval. 
Thus we write 


1 | 
|a=--+C¢ 
XG dS 


FIGURE 1 


The indefinite integral in Example 1 is graphed 
in Figure 1 for several values of C. Here the 
value of C is the y-intercept. 
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with the understanding that it is valid on the interval (0, 2°) or on the interval (—%, 0). This 
is true despite the fact that the general antiderivative of the function f(x) = 1/x’, x # 0, is 


] 
Sap Ci ith a <0 
x 
F(x) = 


a as. of 20 
x 
ges Find the general indefinite integral 


| (10x* — 2 sec?x) dx 
SOLUTION Using our convention and Table 1, we have 


| (10x* — 2 sec*x) dx = 10 | x’ dx —2 | sec?x dx 


fe 
Be LO eee ot G 


= 2x° —2tanx+C 


You should check this answer by differentiating it. mes 


cos @ 
== (alli), 
a 


V8 EXAMPLE 2 BAPE | ‘ 


SOLUTION This indefinite integral isn’t immediately apparent in Table 1, so we use trigo- 
nometric identities to rewrite the function before integrating: 


cos 6 1 cos 6 
d= dé 
\ sin’ 0 Y | iz \(2 “) 


= | ese @ cot @d9 = —ese 8 + C Ge 


SI 


Sv \aaen Evaluate if (x? — 6x) dx. 


SOLUTION Using FTC2 and Table 1, we have 


2 13 

Sey 5 we) ee ox 
|, (x 6x) dx A 6 , | 
dae we) G0 


| _ 97 —-0 + 0 = —6.75 


4 


Compare this calculation with Example 2(b) in Section 5.2. 
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3 : , 
Wd Ey Find | (2 aOR Ets rari dx and interpret the result in terms of 
0 


areas. 


Figure 2 shows the graph of the integrand in SOLUTION The Fundamental Theorem gives 
Example 4. We know from Section 5.2 that the 


value of the integral can be interpreted as a net 


4 2 2 
: . 2) x x = 
area: the sum of the areas labeled with a plus | Dae? == (Ope Fe dx =2——6 5 + 3 tan” x 
0 


sign minus the area labeled with a minus sign. 


x>+1 b 


ple Ok 1S tan~'x], 
= 527) 3(22 ees tener ea 0 


—4 + 3tan '2 


This is the exact value of the integral. If a decimal approximation is desired, we can use 
a calculator to approximate tan”! 2. Doing so, we get 


2 3 
| (2° NOL Jas ~ —0.67855 ra 
FIGURE 2 0 ee Sal 


i wae il 
CGE Evaluate [ aeboes VESM, 6 


t 


SOLUTION First we need to write the integrand in a simpler form by carrying out the 
division: 
(pete 
1 


2 he [ Qe *) dt 


13/2 pal 9 ae 1 9 
= hate ~ 2] marci st 


1 l 


(2-9 + 3-997 +3) —(2-142-13924 


mle 
—" 


i8+18+5—-2-;-1=32% Esk 


MH Applications 


Part 2 of the Fundamental Theorem says that if f is continuous on [a, b], then 
[ £0) ax = Fb) = F@) 


where F is any antiderivative of f, This means that F’ = f, so the equation can be rewritten 
as 


[re dx = F(b) — F(a) 


We know that F(x) represents the rate of change of y = F(x) with respect to x and 
F(b) — F(a) is the change in y when x changes from a to b. [Note that y could, for instance, 
increase, BS decrease, then increase again. Although y might change in both directions, 


F(b) — F(a) represents the net change in y.] So we can reformulate FTC2 in words as 
follows. 
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Net Change Theorem The integral of a rate of change is the net change: 


[Fe ie St) IO) 


This principle can be applied to all of the rates of change in the natural and social sci- 
ences that we discussed in Section 3.7. Here are a few instances of this idea: 


= If V(r) is the volume of water in a reservoir at time 1, then its derivative V’(f) is 
the rate at which water flows into the reservoir at time ¢. So 


[° V'@ at = Vin) ~ Vn) 


is the change in the amount of water in the reservoir between time f; and time fy. 


= If[Cl(z) is the concentration of the product of a chemical reaction at time f, then 
the rate of reaction is the derivative d[C]/dt. So 


» d(C] 
[° <p at = (Cl) = [clta) 
hy t 
is the change in the concentration of C from time f; to time hy. 


= If the mass of a rod measured from the left end to a point x is m(x), then the 
linear density is p(x) = m'(x). So 


it p(x) dx = m(b) — m(a) 


is the mass of the segment of the rod that lies between x = a and x = D. 


= If the rate of growth of a population is dn/dt, then 


» dn 
OM) SY 
eee n(tr) — nti) 
is the net change in population during the time period from f to h. (The popu- 
lation increases when births happen and decreases when deaths occur. The net 
change takes into account both births and deaths.) 
= If C(x) is the cost of producing x units of a commodity, then the marginal cost is 
the derivative C'(x). So 
[°c dx = C(x2) — C(x1) 


x 
is the increase in cost when production is increased from x; units to x2 units. 


= If an object moves along a straight line with position function s(1), then its 
velocity is v(t) = s‘(t), so 


[2] [° 00 dt = s(n) ~ s(t.) 


is the net change of position, or displacement, of the particle during the time 
period from f; to t2. In Section 5.1 we guessed that this was true for the case 
where the object moves in the positive direction, but now we have proved that it 
is always true. 
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= If we want to calculate the distance the object travels during the time interval, 
we have to consider the intervals when v(t) => 0 (the particle moves to the right) 
and also the intervals when v(t) < 0 (the particle moves to the left). In both 
cases the distance is computed by integrating | v(t) |, the speed. Therefore 


[3] i | v(t) | dt = total distance traveled 


Figure 3 shows how both displacement and distance traveled can be interpreted 
in terms of areas under a velocity curve. 


displacement = { v(t)dt=A,—A, +A; 


distance = ips |v(t)|dt=A, +A, +A; 


FIGURE 3 


= The acceleration of the object is a(t) = v’(t), so 
[ae dt = v(t) — v(t) 
qh 
is the change in velocity from time ¢; to time h. 


iV A particle moves along a line so that its velocity at time f is 
v(t) = t? — t — 6 (measured in meters per second). 

(a) Find the displacement of the particle during the time period 1 S ¢ S 4. 
(b) Find the distance traveled during this time period. 


SOLUTION 
(a) By Equation 2, the displacement is 


(4), = 5) if v(t) dt = is (P— 126) 


This means that the particle moved 4.5 m toward the left. 


(b) Note that v(t) = 1° — t — 6 = (t — 3)(t + 2) and so v(t) < 0 on the interval ies | 
and v(t) = 0 on [3, 4]. Thus, from Equation 3, the distance traveled is 


To integrate the absolute value of v(t), we a ifs 4 
use Property 5 of integrals from Section 5.2 to \ | v(t) | dt i | [-o(0)] dt + { v(t) dt 
split the integral into two parts, one where 
v(t) < O and one where v(t) = 0. 


=|CP +14 6d + [@-1- oar 


rs 7? 3 8 12 4 
=}-—+—++ + }|/—-—- 
3 5 6t , 3 5 a] 
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EXAMPLE 7| Figure 4 shows the power consumption in the city of San Francisco for a day 
in September (P is measured in megawatts; f is measured in hours starting at midnight). 
Estimate the energy used on that day. 


Pa 


> 


FIGURE 4 


Pacific Gas & Electric 


SOLUTION Power is the rate of change of energy: P(t) = E(t). So, by the Net Change 
Theorem, 


lie P(t) dt = ie E'(t) dt = E(24) — E(0) 


is the total amount of energy used on that day. We approximate the value of the integral 
using the Midpoint Rule with 12 subintervals and Ar = 2: 


"PU dt ~ (PU) + PG) + POS) + + + PRL) + PQ23)] Ar 


> 


v 


(440 + 400 + 420 + 620 + 790 + 840 + 850 
+ 840 + 810 + 690 + 670 + 550)(2) 
= 15,840 


The energy used was approximately 15,840 megawatt-hours. [ese] 


A note on units How did we know what units to use for energy in Example 7? The integral (a P(t) dt is 
defined as the limit of sums of terms of the form P(t*) At. Now P(z;*) is measured in 
megawatts and Af is measured in hours, so their product is measured in megawatt-hours. The 
same is true of the limit. In general, the unit of measurement for if: f(x) dx is the product of 
the unit for f(x) and the unit for x. 


5.4 | Exercises 


= o 5 Bayi : A x D) 
1-4 Verify by differentiation that the formula is correct. 4 | x dx == (5 Ne Ee 


la + bx 


1 ay se se? 
ie dx = -~—— + C Seen A a ot) Pe oo 
Sell SP ae as 
Ds | cos2x dx = 45x + asin 2% °C 5-18 Find the general indefinite integral. 


5. | (x2 +x ?)dx 6. [ (vx? + Vx?) dx 
3: [ cos'x dx = sin x — 3sin'x + C Ke x“) dx | (saya?) 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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7. | (x4 — $x? +4x-—2)dx 8 | (y? + 18y? — 24y)d ee a ede 
J (ax! 4x ~ 2) dx Jo y y) dy rei bier ag, ("|2x — 1| dx 


9. + 4)(2u + 1)d 10. | v(v? + 2)? dv 4 2 
J ‘ : | as. f° (x — 2|x|) dx ag. [°° | sin x| dx 


3 1 
tees w [(eri+sty)ae 
xX 


/Y 47. Use a graph to estimate the x-intercepts of the curve 


13. | (sin x + sinh x) dx 14. | (csc?t — 2e') dt y = 1 — 2x — 5x‘. Then use this information to estimate the 
area of the region that lies under the curve and above the 
15. | (@ — csc 6 cot A) dé 16. | sec t(sec t + tan ft) dt tans: 
: 48. Repeat Exercise 47 for the curve y = (x7 + 1)! — x*. 
inh (1 + tan’) da 18. | ues dx 49. The area of the region that lies to the right of the y-axis and 


see to the left of the parabola x = 2y — y’ (the shaded region in 

the figure) is given by the integral ce (2y — y”) dy. (Turn 

AS . ; ae ? your head clockwise and think of the region as lying below 

(4 19-20 Find the general indefinite integral. Illustrate by graphing the curve x = 2y — y? from y = 0 to y = 2.) Find the area 
several members of the family on the same screen. 


of the region. 


19. | (cos x + 5x) dx 20. | (e* — 2x) dx yt 


x=2y-y 
21-46 Evaluate the integral. 


Ab i kee Suck 2a | axe 3x? + 23) ax 
23, [° (Get + te? — 1) at 24. Ve + 6w? — 10w*) dw : 
2 5) 2: s 
25. i (Dee = BNesee se i) abs 26. ie Cl = AF ah 50. The boundaries of the shaded region are the y-axis, the line 
y = 1, and the curve y = </x. Find the area of this region by 
6 ie a 4 writing x as a function of y and integrating with respect to y 
27. { (Se* + 3 sin x) dx 28. if (2. = ) dx (as in Exercise 49), 


r4 (4+ 6u 
|| ( = ) au 30. ie (3./¢ — 2e') dt 


DRX 2 
33. i (2-2) a 34 ert _ 
BG 
38, [' (x! + 10*) dx 36. (” csc20 dé 
J0 1/4 
51. If w'(v) is the rate of growth of a child in pounds per year, 
“4 te 1 + cos? what does [2° w’(t) dt represent? 
0 cos’ 
| 52. The current in a wire is defined as the derivative of the 
a i ein be cin 6 440 y charge: I(t) = Q(t). (See Example 3 in Section 3.7.) What 
a eee does Pr) dt represent? 
e is (ees ‘4 = De* 53. If oil leaks from a tank at a rate of r(t) gallons per minute at 
ale <n Be 40. i She EI SERS dx time t, what does es r(t) dt represent? 


te a a. 54. A honeybee Dovaton starts with 100 bees and increases 
M1. { a 42. i dy at a rate of n'(t) bees per week. What does 100 + (\ n'(t) dt 


V1 — r2 2 


de represent? 
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55. In Section 4.7 we defined the marginal revenue function R'(x) 
as the derivative of the revenue function R(x), where x is the 
number of units sold. What does ae R'(x) dx represent? 

56. If f(x) is the slope of a trail at a distance of x miles from the 
start of the trail, what does fe f(x) dx represent? 


57. If x is measured in meters and f(x) is measured in newtons, 
what are the units for)" f(x) dx? 


58. If the units for x are feet and the units for a(x) are pounds 
per foot, what are the units for da/dx? What units does 
{Sa(x) dx have? 


59-60 The velocity function (in meters per second) is given 

for a particle moving along a line. Find (a) the displacement and 
(b) the distance traveled by the particle during the given time 
interval. 


59. o(t) = 3t-—5, Os ts3 


60. v(t) = 7? —2t- 8, 1<tS6 


_ 61-62 The acceleration function (in m/s”) and the initial velocity 
are given for a particle moving along a line. Find (a) the velocity 
at time ¢ and (b) the distance traveled during the given time 
interval. 


GlecG)—7474, v(0)i—5, O=S7= 10 


62. aq) =2t+ 3, v(0)=—4, 0=f=3 


63. The linear density of a rod of length 4 m is given by 
p(x) =9 + 2./x measured in kilograms per meter, where x 
is measured in meters from one end of the rod. Find the total 
mass of the rod. 


64. Water flows from the bottom of a storage tank at a rate of 
r(t) = 200 — 4¢ liters per minute, where 0 < ¢ < 50. Find 
the amount of water that flows from the tank during the first 
10 minutes. 


65. The velocity of a car was read from its speedometer at 


10-second intervals and recorded in the table. Use the Midpoint 


Rule to estimate the distance traveled by the car. 


t(s) |v (mi/h) (s)_ | (mi/h) 
0 0 60 56 
10 38 70 53 
20 52 80 50 
30 58 90 47 
40 55 100 45 
50 51 


66. Suppose that a volcano is erupting and readings of the rate r(¢) 
at which solid materials are spewed into the atmosphere are 


given in the table. The time ¢ is measured in seconds and the 
units for r(t) are tonnes (metric tons) per second. 


t 0 1 2 3 4 5 6 


r(t) 2 10 24 36 46 54 60 


(a) Give upper and lower estimates for the total quantity Q(6) 
of erupted materials after 6 seconds. 
(b) Use the Midpoint Rule to estimate Q(6). 


67. The marginal cost of manufacturing x yards of a certain 
fabric is C(x) = 3 — 0.01x + 0.000006x? (in dollars per 
yard). Find the increase in cost if the production level is raised 
from 2000 yards to 4000 yards. 


68. Water flows into and out of a storage tank. A graph of the rate 
of change r(t) of the volume of water in the tank, in liters per 
day, is shown. If the amount of water in the tank at time tr = 0 
is 25,000 L, use the Midpoint Rule to estimate the amount of 
water in the tank four days later. 


69. A bacteria population is 4000 at time t = 0 and its rate of 
growth is 1000 - 2' bacteria per hour after t hours. What is the 
population after one hour? 


70. Shown is the graph of traffic on an Internet service provider’s 
Tl data line from midnight to 8:00 AM. D is the data through- 
put, measured in megabits per second. Use the Midpoint Rule 
to estimate the total amount of data transmitted during that 
time period. 


0.4 


>! 
0 2 4 6 8 t (hours) 
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71. Shown is the power consumption in the province of Ontario, /¥ 72. On May 7, 1992, the space shuttle Endeavour was launched on 
Canada, for December 9, 2004 (P is measured in megawatts; mission STS-49, the purpose of which was to install a new 
t is measured in hours starting at midnight). Using the fact perigee kick motor in an Intelsat communications satellite. The 
that power is the rate of change of energy, estimate the energy table gives the velocity data for the shuttle between liftoff and 


used on that day. 


the jettisoning of the solid rocket boosters. 
(a) Use a graphing calculator or computer to model these data 
by a third-degree polynomial. 


Ph (b) Use the model in part (a) to estimate the height reached by 
the Endeavour, 125 seconds after liftoff. 
22,000 
Event Time (s) Velocity (ft/s) 
20,000 Launch 0 0 
i Begin roll maneuver 10 185 
End roll maneuver 15 319 
18,000 r 
Throttle to 89% 20 447 
Throttle to 67% 32 742 
pe A, Throttle to 104% 59 1325 
“Vv . 
+ Maximum dynamic pressure 62 1445 
y ety MAbs Phd Unbreak Deca tene: Solid rocket booster separation 125 4151 
Independent Electricity Market Operator | I 


ETON oe nO ET 
WRITING PROJECT 


RES 
IES 


NEWTON, LEIBNIZ, AND THE INVENTION OF CALCULUS 


We sometimes read that the inventors of calculus were Sir Isaac Newton (1642-1727) and 
Gottfried Wilhelm Leibniz (1646-1716). But we know that the basic ideas behind integration were 
investigated 2500 years ago by ancient Greeks such as Eudoxus and Archimedes, and methods for 
finding tangents were pioneered by Pierre Fermat (1601-1665), Isaac Barrow (1630-1677), and 
others. Barrow—who taught at Cambridge and was a major influence on Newton—was the first to 
understand the inverse relationship between differentiation and integration. What Newton and 
Leibniz did was to use this relationship, in the form of the Fundamental Theorem of Calculus, in 
order to develop calculus into a systematic mathematical discipline. It is in this sense that Newton 
and Leibniz are credited with the invention of calculus. 

Read about the contributions of these men in one or more of the given references and write a 
report on one of the following three topics. You can include biographical details, but the main 
thrust of your report should be a description, in some detail, of their methods and notations. In 
particular, you should consult one of the sourcebooks, which give excerpts from the original 
publications of Newton and Leibniz, translated from Latin to English. 


= The Role of Newton in the Development of Calculus 
® The Role of Leibniz in the Development of Calculus 


= The Controversy between the Followers of Newton and Leibniz over 
Priority in the Invention of Calculus 
References 


1. Carl Boyer and Uta Merzbach, A History of Mathemayes (New York: Wiley, 1987), 
Chapter 19. 


2. Carl Boyer, The History of the Calculus and Its Conceptual Development (New York: Dover, 
1959), Chapter V. 


3. C. H. Edwards, The Historical Development of the Calculus (New York: Springer-Verlag, 
1979), Chapters 8 and 9. 
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4. Howard Eves, An Introduction to the History of Mathematics, 6th ed. (New York: Saunders, 
1990), Chapter 11. 


5. C. C. Gillispie, ed., Dictionary of Scientific Biography (New York: Scribner’s, 1974). 
See the article on Leibniz by Joseph Hofmann in Volume VIII and the article on Newton by 
I. B. Cohen in Volume X. 


6. Victor Katz, A History of Mathematics: An Introduction (New York: HarperCollins, 1993), 
Chapter 12. 


7. Morris Kline, Mathematical Thought from Ancient to Modern Times (New York: Oxford 
University Press, 1972), Chapter 17. 


Sourcebooks 


1. John Fauvel and Jeremy Gray, eds., The History of Mathematics: A Reader (London: 
MacMillan Press, 1987), Chapters 12 and 13. 


2. D. E. Smith, ed., A Sourcebook in Mathematics (New York: Dover, 1959), Chapter V. 


3. D. J. Struik, ed., A Sourcebook in Mathematics, 1200—1800 (Princeton, NJ: Princeton 
University Press, 1969), Chapter V. 


55 | The Substitution Rule 


Differentials were defined in Section 3.10. 
lf u = f (x), then 


du = f(x) dx 


Because of the Fundamental Theorem, it’s important to be able to find antiderivatives. But 
our antidifferentiation formulas don’t tell us how to evaluate integrals such as 


[1] [ 2xV1 +x? dx 


To find this integral we use the problem-solving strategy of introducing something extra. 
Here the “something extra” is a new variable; we change from the variable x to a new vari- 
able u. Suppose that we let u be the quantity under the root sign in [ot bE a Atins 
the differential of u is du = 2x dx. Notice that if the dx in the notation for an integral were 
to be interpreted as a differential, then the differential 2x dx would occur in and so, 
formally, without justifying our calculation, we could write 


[2] [ 2xVT 49? dx = [ JTF? 2xdx = | Vue du 


We Cee eh 1) eC 


wir 


But now we can check that we have the correct answer by using the Chain Rule to differ- 
entiate the final function of Equation 2: 


oe [2(02 + 1)? '+ C] = 3-3? + 1)? + 2x = 2xyx? + 1 


In general, this method works whenever we have an integral that we can write in the form 
J f(g(x)) g'(x) dx. Observe that if F”= f, then 


[3] | F'G(0) g'(0) dx = F(g(x)) + C 
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Check the answer by differentiating it. 


because, by the Chain Rule, 
d ! / 
a [F(g(x))] = F'(g(x)) gx) 


If we make the “change of variable” or “substitution” v = g(x), then from Equation 3 we 
have 


| F'(g(x)) g(x) dx = F(g(x)) + C = Flu) + C= | F'(u) du 


or, writing F’ = f, we get 
[ Fg) 9) dx = | fo) du 


Thus we have proved the following rule. 


The Substitution Rule If uw = g(x) is a differentiable function whose range is an 
interval J and f is continuous on /, then 


[ F099) 9") dx = | flu) du 


Notice that the Substitution Rule for integration was proved using the Chain Rule for dif- 
ferentiation. Notice also that if u = g(x), then du = g'(x) dx, so a way to remember the Sub- 
stitution Rule is to think of dx and du in [4| as differentials. 

Thus the Substitution Rule says: It is permissible to operate with dx and du after 
integral signs as if they were differentials. 


SCE Find | x3 cos(x* + 2) dx. 


SOLUTION We make the substitution u = x* + 2 because its differential is du = 4x° dx, 
which, apart from the constant factor 4, occurs in the integral. Thus, using x* dx = i du 
and the Substitution Rule, we have 


| x costa’ + 2)dx = | cos u -idu= | cos udu 
=isinu + C 


= ;sin(x* + 2) + C 
Notice that at the final stage we had to return to the original variable x. EE 


The idea behind the Substitution Rule is to replace a relatively complicated integral 
by a simpler integral. This is accomplished by changing from the original variable x to 
a new variable u that is a function of x. Thus in Example 1 we replaced the integral 
J x°cos(x* + 2) dx by the simpler integral ; { cos u du. 

The main challenge in using the Substitution Rule is to think of an appropriate substitu- 
tion. You should try to choose u to be some function in the integrand whose differential also 
occurs (except for a constant factor). This was the case in Example 1. If that is not pos- 
sible, try choosing u to be some complicated part of the integrand (perhaps the inner func- 
tion in a composite function). Finding the right substitution is a bit of an art. It’s not unusual 
to guess wrong; if your first guess doesn’t work, try another substitution. 


FIGURE 1 

Xx 
He) 1— 4x? 
gx) = | fla)de=— 
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SVs Evaluate | \ ere saeks 


SOLUTION 1 Let w= 2x + 1. Then du = 2 dx, so dx = 3 du. Thus the Substitution Rule 
gives 


| 284+ Tax =f lu pdu= 3 fu? du 


] us! 


eID 
=5(25 + 1)? C 


ne = ne 


SOLUTION 2 Another possible substitution is u = 2x + 1. Then 


dx 
Uu a so x= /2x + ldu=udu 


(Or observe that u* = 2x + 1, so 2udu = 2 dx.) Therefore 


| 2x4 Tax = fue udu = [udu 


3 


toa Orel emis aia 


Xx 
'V 8 EXAMPLE 3 Baintel | 1K, 
Alaa ee 


SOLUTION Let u = 1 — 4x2. Then du = —8xdx, so xdx = —3 du and 


[geen gpa fea 


The answer to Example 3 could be checked by differentiation, but instead let’s check 
it with a graph. In Figure 1 we have used a computer to graph both the integrand 
f(x) = x//1 — 4x? and its indefinite integral g(x) = —1,/1 — 4x? (we take the case 
C = 0). Notice that g(x) decreases when f(x) is negative, increases when f(x) is positive, 
and has its minimum value when f(x) = 0. So it seems reasonable, from the graphical evi- 
dence, that g is an antiderivative of f. 


SeVilaeae Calculate | e™ dx. 


SOLUTION If we let u = 5x, then du = 5 dx, so dx = i du. Therefore 
[e®dx=5 | etdu=se"+ C=5e*+C Pas | 


NOTE With some experience, you might be able to evaluate integrals like those in 
Examples 1—4 without going to the trouble of making an explicit substitution. By recog- 
nizing the pattern in Equation 3, where the integrand on the left side is the product of the 
derivative of an outer function and the derivative of the inner function, we could work 
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Example | as follows: 


Je cos(x* + 2) dx = | cos(x* + 2) +x? dx = 4) cos(x* + 2) + (4x*) dx 


d 
= | costa" + 2) -—(x* + 2)dx= ;sin(x’ + 2) + C 
dx 
Similarly, the solution to Example 4 could be written like this: 
fe* ie = | 5e* dx = | Be) dx =ite* +C 
a F) dx 5 


The following example, however, is more complicated and so an explicit substitution is 
advisable. 


EXAMPLE 5 Find | A) lane 2ex 8 dx: 


SOLUTION An appropriate substitution becomes more obvious if we factor x° as x* + x. 
Let u = 1 + x2. Then du = 2x dx, so xdx = 4 du. Also x? =u — 1, so x* = (u — 1): 


{vi apse xsdx = | JI te IS! SE OG AONE 
=| Juu- I+ ydu =} | vu (u? - Qu + 1) du 
=5 fu” — 27? + u'/*) du 
= $($u7? es 2+ 2y5/2 at 2 43/7) TG 


ae (lex)? — (1 Fox) ee ee) LEE 


Md Gees Calculate | tan x dx. 


SOLUTION First we write tangent in terms of sine and cosine: 


sin x 
{ tan xdx = | dx 
COSEY 


This suggests that we should substitute u = cos x, since then du = —sin x dx and so 
SINE XG sess 


| tan xdx = | ae dx = | Lee 
cos x u 


100) 0 lst) COS tala n FEES 


Since —In|cos x| = In(|cos x|"') = In(1/|cos x |) = In| sec x|, the result of Example 
6 can also be written as 


[5] | tanxdx = In| see x| + C 


This rule says that when using a substitution 
in a definite integral, we must put everything 
in terms of the new variable u, not only x and 
dx but also the limits of integration. The new 
limits of integration are the values of wu that 
correspond to x = a and x = b. 
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MS Definite Integrals 


When evaluating a definite integral by substitution, two methods are possible. One method 
is to evaluate the indefinite integral first and then use the Fundamental Theorem. For 
instance, using the result of Example 2, we have 


[) vax # Tax = | 2x FT ax], 


HO dieOy ny 


SCP Wee 


Another method, which is usually preferable, is to change the limits of integration when 
the variable is changed. 


[6] The Substitution Rule for Definite Integrals If g’ is continuous on [a, b] and f is 
continuous on the range of u = g(x), then 


g(b) 


( ‘ (g(x)) g(x) dx = Le f(u) du 


PROOF Let F be an antiderivative of f. Then, by [3], F(g(x)) is an antiderivative of 
f(g(x)) g(x), so by Part 2 of the Fundamental Theorem, we have 


[F0g0)) 9'@) dx = F(g(X))|, = F(g(b)) ~ F(g(a)) 


But, applying FTC2 a second time, we also have 


g(b) 


1 flu) du = Flu) |i) = Fg) ~ F(g(a)) am 


| EXAMPLE 7 axelbrie fp J2x + 1 dx using [6]. 


SOLUTION Using the substitution from Solution 1 of Example 2, we have u = Dee ar Il 
and dx = 4 du. To find the new limits of integration we note that 


when x = 0, u = 2(0) +1=1 and when x = 4, u = 2(4) + 1=9 


Therefore I Jax + ldx = ike Ju du 


Nie 


= +(97/ = 13/2) = * 


Observe that when using [6] we do not return to the variable x after integrating. We 
simply evaluate the expression in u between the appropriate values of u. bas] 
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2 dx 
The integral given in Example 8 is an Mgt Evaluate | Gea 


abbreviation for 
ipjpacecie leas SOLUTION Let u = 3 — 5x. Then du = —5 dx, so dx = —; du. When x = lu=-—2 
) (3 — Sx)’ and when x = 2, u = —7. Thus 


e Inx 
Since the function f(x) = (In x)/x in 7) GSS Calculate | == Wis, 
Example 9 is positive for x > 1, the integral ve 


represents the area of the shaded region in SOLUTION We let u = In x because its differential du = dx/x occurs in the integral. 


gluta? When x = 1, u = In 1 = 0; when x = e, u = Ine = 1. Thus 
yA 
I In x tt oe 
OD si nx e 
sare —dx = =—] =— ES 
bn las OO I udu 5 I 5 
HE Symmetry 
0 errs The next theorem uses the Substitution Rule for Definite Integrals [6] to simplify the cal- 
culation of integrals of functions that possess symmetry properties. 
FIGURE 2 


integrals of Symmetric Functions Suppose f is continuous on [—a, a]. 


(a) If f is even [ f(—x) =f(x)], then [*, f(x) dx = 2 [i f(x) d&. 
(b) If f is odd [f(—x) = —f(x)], then [*, f(x) dx = 0. 


PROOF We split the integral in two: 
[° fe) thin s(t f(x) dx + le (x) dx = =\e f(x) dx + is f(x) ax 


In the first integral on the far right side we make the substitution u = —x. Then 
du = —dx and when x = —a, u = a. Therefore 


ie) dx = —|"F(-w) (~du) = [r(-w) vi 


and so Equation 8 becomes 


[9] {" £0) dx = [f(-w du + (; f(x) dx 
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(a) If f is even, then f(—u) = f(u) so Equation 9 gives 


[° fe) dx = if f(u) du + ib Wea = 2 ib f(x) dx 


a 
—a 


(a) f even, | f(x) dx= 2 | F(x) ie (b) If f is odd, then f(—u) = —f(u) and so Equation 9 gives 
0 


[i fa) ax = |" fw) du + |" fax = 0 psc 


> Theorem 7 is illustrated by Figure 3. For the case where f is positive and even, part (a) 
says that the area under y = f(x) from —a to ais twice the area from 0 to a because of sym- 
metry. Recall that an integral We f(x) dx can be expressed as the area above the x-axis and 

(b) f odd, { i f(x) dx=0 below y = f(x) minus the area below the axis and above the curve. Thus part (b) says the 

; integral is 0 because the areas cancel. 


a 


FIGURE 3 


2 GS Since f(x) = x° + 1 satisfies f(—x) = f(x), it is even and so 
{ (or \.de— alk (x® + 1) dx 


= 2x? +x, — 2 + 2 EGER 


Since f(x) = (tan x)/(1 + x? + x*) satisfies f(—x) = —f(x), it is odd 


and so 
tan x 
[ Sar ee) Es 
= ia ee ares 
| 55 | Exercises 
1-6 Evaluate the integral by making the given substitution. 9, | (1 = 2x) dx 10. | (3t + 2)°4 dt 
1. [ e*dx, u=-x 
1. | (x + Dy2x +x? dx 12. | sec? 20.40 
2. ere Seay ee ib at 9 
13. | x ; 14. [ui — u? du 
3 | ied. tae 5 — 3x 
15. | sin at dt 16. | e* cos(e*) dx 
4. | _, w= 1-61 | j 
(il = a) ie 
r Ca sin /x 
——— 18. dx 
a { costo sind dé, u=cosé 17. { Gd —e*? du | i 
2 ~ at bx? ee 
SEE = 19, ae 20. z 
6. | sg ax, wf | <a | see 
21. | Cy 22. | cos'é sin 6 d0 
7-48 Evaluate the indefinite integral. : iG ‘ 
ih ie sin(x) dx 8. | xe" dx 23. | sec’ @ tan 6 d0 24. | Jx sin(1 + x7/*) dx 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


414 CHAPTER 5 INTEGRALS 


1/4 a/2 A 9 d 
f dx 61 (x? + x* tan x) dx 62. | cos x sin(sin x) dx 
x ae 2 x 0 : -—7 0 
25, | eI +e dx 26 rags (a ) /4 
13 dx @ ee 
rf ah 63. SSS 64. | xVJa 59? abs 
27. | (x? + 1)(x? + 3x)* dx 28. len sin t dt ‘, f+ 2x \, 
; 1/3 -, 
ae 65. | x./x2 + a2 dx (a>0) 66. | x* sin x dx 
r tan x 0 Lala 
29. | 5‘ sin(5') dt 30. | ax 
2 4 x 
G7) Nee al ax, 68. ———— _ dx 
. sin(In x) (i Na | s/1 + 2x 
31. ie em" * see7x dx 32. (one 
es a9 ip dx 70 (SS sin ‘x 
cos x cos(7/x) Dope evilines 1 — x? 
sf a Chad here el 
11. V aes 72. ie sin(2mt/T — a) dt 
7! Oe 4- Z 0 
hy, 2 6 
35. | cot x ese“x dx | EA . ; os 
. 0 (1 + vx)’ 
t 
37. | sinh?x cosh x dx 38. | ary 
ae _ 74. Verify that f(x) = sin \/x is an odd function and use that fact 
99 sin 2x 40 sin x bs to show that : 
; | 1+ cose a ie cos 0< ib sin o/x dx <1 
at. | cot x dx 42. | sin t sec*(cos t) dt 75-76 Use a graph to give a rough estimate of the area of the 


region that lies under the given curve. Then find the exact area. 


dx i 
3)| 4A. dx 75by = </DeeOie= 
J J1 — x? sin 'x 1 +x? 


16% y — 2) sine Sty Oa 


45. | 23 oe 46. [v2 TF ak : 


Les 77. Evaluate es (x + 3)./4 — x? dx by writing it as a sum of 
two integrals and interpreting one of those integrals in terms 
47. [ x(2x iD) ax 48. | oy tL dt of an area. 


78. Evaluate i x/1 — x* dx by making a substitution and inter- 


= preting the resulting integral in terms of an area. 
49-52 Evaluate the indefinite integral. Illustrate and check that 


your answer is reasonable by graphing both the function and its 79. Which of the following areas are equal? Why? 
antiderivative (take C = 0). 


49. | x(x2 = 1) dx 50. | tan26 sec?6 dO 


51. |e ee inl aeObe 52. | sin x cos*x dx 


53-73 Evaluate the definite integral. 


53. , cos(at/2) dt 54. ir (3t — 1) dt 


55. | Hh aback sa ee 


0 See ce il 


(a7 2 Vf) 
37. : sec"(t/4) dt 38. (e csc mt cot mt dt 80. A model for the basal metabolism rate, in kcal/h, of a young 


man is R(t) = 85 — 0.18 cos(at/12), where t is the time in 
Ee 60. if eae hours measured from 5:00 AM. What is the total basal metab- 
0 olism of this man, {;* R(t) dt, over a 24-hour time period? 


el/* 


CHAPTER5 REVIEW 415 


81. An oil storage tank ruptures at time t = 0 and oil leaks from 87. If f is continuous on R, prove that 
the tank at a rate of r(t) = 100e °°" liters per minute. How 
much oil leaks out during the first hour? [F-2) dx = | “Fa dx 
a J-—b 
82. A bacteria population starts wi i 
yay pee Sra es ee EU OSS For the case where f(x) = 0 and 0 < a < b, draw a diagram 
rate of r(t) = (450.268)e bacteria per hour. How many er eieroiReti i wet ity of 
bacteria will there be after three hours? af sh gummi Saharme lege aay Geo che ce tees ec 
ae 88. If f is continuous on R, prove that 
83. Breathing is cyclic and a full respiratory cycle from the begin- 
ning of inhalation to the end of exhalation takes about 5 s. The | ; f(x + c) dx = eae f(x) dx 
maximum rate of air flow into the lungs is about 0.5 L/s. This a er 
explains, in part, why the function f(#) = 3 sin(27t/5) has For the case where f(x) = 0, draw a diagram to interpret this 
often been used to model the rate of air flow into the lungs. equation geometrically as an equality of areas. 
Use this model to find the volume of inhaled air in the lungs at ie 
Baan 89. If a and b are positive numbers, show that 
1 
84. Alabama Instruments Company has set up a production line to ih Oc (le) Maa {, Be nox 
manufacture a new calculator. The rate of production of these 
calculators after t weeks is 90. If f is continuous on [0, zr], use the substitution u = 7 — x to 
show that 
dx 100 
—_= sono( Leal Calclatols; week a Te 
dt (Ge LO) a { xf (sin x) dx = ik f (sin x) dx 
0 2 Jo 
(Notice that production approaches 5000 per week as time goes ; ; 
on, but the initial production is lower because of the workers’ LEIS GIs SoS ADEE ANS ING 
unfamiliarity with the new techniques.) Find the number of cal- TE SIMS 
culators produced from the beginning of the third week to the \, 1 + cos?x 
end of the fourth week. 
92. (a) If f is continuous, prove that 
j i : = : m/2 m/2 
85. If f is continuous and i f(x) dx = 10, find { f (2x) dx. | aricos yr i hoe: 
0 0 
86. If f is continuous and th f(x) dx = 4, find ib xf (x*) dx. (b) Use part (a) to evaluate fa * cos*x dx and @ * sin’x dx. 
0 
ba Review 
Concept Check 
1. (a) Write an expression for a Riemann sum of a function f. (b) If r(t) is the rate at which water flows into a reservoir, what 
Explain the meaning of the notation that you use. does iP r(t) dt represent? 
> i ic int tati Hi ; ; 
If f(a) oe ce ot dae ba a 5. Suppose a particle moves back and forth along a straight line 
Riemann sum? Illustrate with a diagram. : 
ne : : with velocity v(t), measured in feet per second, and accelera- 
(c) If f(x) takes on both positive and negative values, what is eee 
ic j i fa Ri ? [llustrate ; . a 
the geometric interpretation of a Riemann sum? Illu a hat anes oF pe v(t) de? 
with a diagram. ; : : 
ae p20) y(t) | dt? 
2. (a) Write the definition of the definite integral of a continuous (b) What is the meaning of j,.° | (7) | 
function from a to b. (c) What is the meaning of ee a(t) dt? 
ic i tation of [? f(x) dx if be 
(b) What a geometric interpretation of J; f(x) dx 6. (a) Explain the meaning of the indefinite integral | f(x) dx. 
f(x) at A. — : *b : (b) What is the connection between the definite integral 
(c) What is the geometric interpretation of |? f(x) dx if f(x) Da deana the msnatemienaiy ecules? 
takes on both positive and negative values? Illustrate with a ad INOS es gral | f(x) ax! 
diagram. 7. Explain exactly what is meant by the statement that “differen- 
3. State both parts of the Fundamental Theorem of Calculus. tiation and integration are inverse processes. 
4. (a) State the Net Change Theorem. 8. State the Substitution Rule. In practice, how do you use it? 
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True-False Quiz 


Determine whether the statement is true or false. If it is true, explain why. 
if it is false, explain why or give an example that disproves the statement. 


1. If f and g are continuous on [a, b], then 


[LAC + gol dx = [°F dx + [ gla) ax 


2. If f and g are continuous on [a, b], then 


[ LAG) g(a)) ax = ( [ fo) ix) ( [9 ix) 


3. If f is continuous on [a, b], then 

\ 5f(x) dx =5 [ fe) dx 
4. If f is continuous on [a, b], then 

I) xf (x) dx =x [fe dx 


5. If f is continuous on [a, b] and f(x) = 0, then 


[ VF) ax = ||P) ax 


6. If f’ is continuous on [1, 3], then [ro dv = f(3) — f(1). 
7. If f and g are continuous and f(x) = g(x) fora < x S b, then 


‘ f(x) dx = [° g(x) dx 


Exercises 


1. Use the given graph of f to find the Riemann sum with six 
subintervals. Take the sample points to be (a) left endpoints 
and (b) midpoints. In each case draw a diagram and explain 
what the Riemann sum represents. 


yA 


14. 


15. 


16. 


17. 


18. 


. If f and g are differentiable and f(x) = g(x) fora <x <b, 


then f(x) = g(x) fora <x <b. 


1 Aree sin x BA 
Of (: 6x eer me) x 


Y {" (ax? + bx + c)dx =2 |" (ax? + c)dx 
=5 


. All continuous functions have derivatives. 


. All continuous functions have antiderivatives. 


Che) J 2 5) 2 
. Petar = [eM dx + [Pe ax 
0 0 5 


If f' f(x) dx = 0, then f(x) = 0 for0 <x <1. 


If f is continuous on [a, b], then 


4( ec) ir) = f(s) 


{3 (x — x?) dx represents the area under the curve y = x — x° 
from 0 to 2. 


If f has a discontinuity at 0, then E f(x) dx does not exist. 


. (a) Evaluate the Riemann sum for 


f(x) =x? -—x 


with four subintervals, taking the sample points to be right 
endpoints. Explain, with the aid of a diagram, what the Rie- 
mann sum represents. 

(b) Use the definition of a definite integral (with right end- 
points) to calculate the value of the integral 


OSa=2 


(, (x? — x) dx 


(c) Use the Fundamental Theorem to check your answer to 
part (b). 

(d) Draw a diagram to explain the geometric meaning of the 
integral in part (b). 


Graphing calculator or computer required CAS, Computer algebra system required 


[cas] 6. 


3. Evaluate 
{; (x + JT — x?) dx 
by interpreting it in terms of areas. 


4. Express 


lim » sin x; Ax 

n> j=] 
as a definite integral on the interval [0, 7] and then evaluate 
the integral. 


5. If |? f(x) dx = 10 and {* f(x) dx = 7, find {? f(x) dx. 


(a) Write |? (x + 2x°) dx as a limit of Riemann sums, 
taking the sample points to be right endpoints. Use a 
computer algebra system to evaluate the sum and to com- 
pute the limit. 

(b) Use the Fundamental Theorem to check your answer to 
part (a). 


7. The following figure shows the graphs of f, f’, and {> f(t) dt. 
Identify each graph, and explain your choices. 


8. Evaluate: 


d a arctan x 
(a) h 2 (Gee ») dx (b) [ie dx 


(c) — < [en SES Bf, 


9-38 Evaluate the integral. 


9. { (8x? + 3x7) dx 10. le (x* — 8x + 7) dx 
1 0 
: 9 9 
11. i, (1 — x°) dx 12. { (1 — x) dx 
= 93," hs 
13. (oe 14, [Wa + 1)? du 
1 Uu 0 
2 2 
15. |’ yo? + 1° dy 16. ["y*v1 + y° dy 
5 dt it 
——— 18. sin(3 at) dt 
17. [ aaa { 
il Saha’ 
19. if v? cos(v*) dv 20. I Tae 


Vad) 


law 
ae 


YY 
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Tn aetAE i 
21. SS = i 22. d 
lees 2 Se GOK ti I 1+e™ i. 
23. | 15%) | 2a. |" ad 
J dx : - f 
Je gee 
x+2 csc7x 
|) = 7 ay |) $< 
J wie ae Aue . IL SF GOs 
74), | sin mt cos at dt 28. | sin x cos(cos x) dx 
ie l 
ah || Sa eh 30. pe, 
x 
5 
31. | tan x In(cos x) dx 32) | Ae dx 
33. pce dx 34. | sinh(a + 4x) dx 
6 tan 0 a i 
3 Rae sei 36. | < (1 + tan t)* sec*t dt 
i) += eae@ 0 
37. | |x? — 4| dx a 


39-40 Evaluate the indefinite integral. Illustrate and check that 
your answer is reasonable by graphing both the function and its 
antiderivative (take C = 0). 


ree 


me) 


a |} 


COS X 


a/ 1 TES | 


dx 


41. Use a graph to give a rough estimate of the area of the region 
that lies under the curve y = xox, 0 < x S 4. Then find the 
exact area. 


. Graph the function f(x) = cos*x sin x and use the graph to 
guess the value of the integral (er f(x) dx. Then evaluate the 
integral to confirm your guess. 


43-48 Find the derivative of the function. 


x t : 
3. F(x) = | - dt aa. F(x) =|’ Vi + sin dt 
@ i are x 
bes 5 sin x ] aaa te 
45. g(x) = if cos(t~) dt 46. g(x) = | ees 
4]. y = " dt 48. Sore sin(t*) dt 
JVx 


49-50 Use Property 8 of integrals to estimate the value of the 
integral. 


49, [xt #3 dx 50. | : 
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51-54 Use the properties of integrals to verify the inequality. 


51. 


53. 


DG SS 


be sin x d VD 


ri ] 
| x? cos xdx = — 
JO 3 


dias A 


e*cosxdx <e-—1 54. i} xsin ‘xdx < 7/4 
J0 


55. 
56. 


57. 


58. 


59. 


60. 


61. 


Use the Midpoint Rule with n = 6 to approximate i, sin(x*) dx. 


A particle moves along a line with velocity function 

v(t) = t? — t, where v is measured in meters per second. 
Find (a) the displacement and (b) the distance traveled by 
the particle during the time interval [0, Sh 


Let r(t) be the rate at which the world’s oil is consumed, where 
t is measured in years starting at t = 0 on January 1, 2000, 

and r(t) is measured in barrels per year. What does i. r(t) dt 
represent? 


A radar gun was used to record the speed of a runner at the 
times given in the table. Use the Midpoint Rule to estimate the 
distance the runner covered during those 5 seconds. 


v (m/s) 


10.51 
10.67 
10.76 
10.81 
10.81 


t (s) v (m/s) 


0 0 

0.5 4.67 
1.0 7.34 
1.5 8.86 
2.0 is 
TS) 10.22 


t (s) 


3.0 
3h) 
4.0 
4.5 
5.0 


A population of honeybees increased at a rate of r(t) bees 

per week, where the graph of r is as shown. Use the Midpoint 
Rule with six subintervals to estimate the increase in the bee 
population during the first 24 weeks. 


rk 
12000 


8000 


4000 | 


Let 


Evaluate ie , f (x) dx by interpreting the integral as a difference 
of areas. 


If f is continuous and lie f(x) dx = 6, evaluate 
(7° f(2 sin 8) cos 6 d8. 


62. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


The Fresnel function S(x) = |¢ sin(42rt”) dt was introduced 
in Section 5.3. Fresnel also used the function 


C(x) = is cos(42r17) dt 


in his theory of the diffraction of light waves. 

(a) On what intervals is C increasing? 

(b) On what intervals is C concave upward? 

(c) Use a graph to solve the following equation correct to two 
decimal places: 


i‘ cos(4art?) dt = 0.7 


(d) Plot the graphs of C and S on the same screen. How are 
these graphs related? 


. Estimate the value of the number c such that the area under 


the curve y = sinh cx between x = 0 and x = 1 is equal to 1. 


Suppose that the temperature in a long, thin rod placed along 
the x-axis is initially C/(2a) if |x| < a and Oif |x| >a. It 
can be shown that if the heat diffusivity of the rod is k, then 
the temperature of the rod at the point x at time f is 


IES, t) = —(x—u)?/(4kt) au 


G {’ 
a ———— ne 
aJ4akt 0 


To find the temperature distribution that results from an initial 
hot spot concentrated at the origin, we need to compute 


lim Ge) 
Use I’ Hospital’s Rule to find this limit. 


If f is a continuous function such that 
ii f() dt = (x — 1)e2* + *e“FO) dt 


for all x, find an explicit formula for f(x). 


Suppose / is a function such that h(1) = —2, h'(1) = 2, 
h"(1) = 3, h(2) = 6, h'(2) = 5, h"(2) = 13, and h" is 
continuous everywhere. Evaluate + h"(u) du. 


If f’ is continuous on [a, b], show that 


b 
2 |" f@/'@) dx = [FOP - FOF 
Find lim — Sl ee ie 
If f is continuous on [0, 1], prove that 


[i fe) ax = FP - x) ax 


Evaluate 


9 9 9 
lim a (2) oe (2) ar (3) JL oo dk (“)' 
ns nN n n n n 


sees is continuous, f(0) = 0, f(1) = 1, f(x) > 0, and 
Jo fo) dx = 3. Find the value of the integral {} f'(y) dy. 


es. 
Ea = 


—— Problems Plus 


The principles of problem solving are 
discussed on page 79. 


Another approach is to use |’Hospital’s Rule. 


Before you look at the solution of the following example, cover it up and first try to solve 
the problem yourself. 


x sint 
Ci iaeese Evaluate im ( Z 3 i = i). 
Ke Xa 3 


SOLUTION Let’s start by having a preliminary look at the ingredients of the function. 
What happens to the first factor, x/(x — 3), when x approaches 3? The numerator 
approaches 3 and the denominator approaches 0, so we have 


i A aK 
=> 1008) aS) ag 3 and 
di aa x—3 


The second factor approaches ? (sin 1)/t dt, which is 0. It’s not clear what happens to 
the function as a whole. (One factor is becoming large while the other is becoming 
small.) So how do we proceed? 

One of the principles of problem solving is recognizing something familiar. Is there a 
part of the function that reminds us of something we’ve seen before? Well, the integral 


x sint 
| dt 
3 t 


has x as its upper limit of integration and that type of integral occurs in Part | of the 
Fundamental Theorem of Calculus: 


—> —0© as x—> 3 


& [po ar= Fo) 


This suggests that differentiation might be involved. 

Once we start thinking about differentiation, the denominator (x — 3) reminds us of 
something else that should be familiar: One of the forms of the definition of the deriva- 
tive in Chapter 2 is 


JEN(Ge) = 18 
teenie aaa 
<= a D Oz Wh Ok 
and with a = 3 this becomes 
IAs) = JAS 
F'(3) = lim FQ) — FG) 
30 (x 3 


So what is the function F in our situation? Notice that if we define 


x sin t 


F(x) = | dt 


3 


then F(3) = 0. What about the factor x in the numerator? That’s just a red herring, so 
let’s factor it out and put together the calculation: 


x sint 
(eae 
3 t 


ag x» sint 2 
¢ ere — i - + lim ————_ 
im (5 f t i) ee a5 x-—3 
F(x) — FG 
ee nantly 
x33 xe = 3 


sin 3 


3F'(3) = 3 (FTC1) 


I 


sin 3 
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Problems 


YA 


O t x 


FIGURE FOR PROBLEM 8 


2 
FIGURE FOR PROBLEM 16 
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we 
> 2s <.; 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


g(x 1 
. If f(x) = (" as 


. If f(x) = fx? sin(t*) dr, find f’(x). 


qa oe We) Sa ee ees ae 


. If xsin wx = iy f(t) dt, where f is a continuous function, find f(4). 


Find the minimum value of the area of the region under the curve y = x + 1/x from x =-a 
tox =a+ 1.5, forall a > 0. 


elt i e”) dx = k, find the value of i Geer de 


. (a) Graph several members of the family of functions f (x) = (2cx — x”)/c? for c > 0 and 


look at the regions enclosed by these curves and the x-axis. Make a conjecture about how 
the areas of these regions are related. 

(b) Prove your conjecture in part (a). 

(c) Take another look at the graphs in part (a) and use them to sketch the curve traced out by 
the vertices (highest points) of the family of functions. Can you guess what kind of curve 
this is? 

(d) Find an equation of the curve you sketched in part (c). 


cos x 


dt, where g(x) = | 


0 


[1 + sin(t*)] dr, find f'(7/2). 


1 px 
. Evaluate lim — | (1 — tan 22)!" dt. 
x0! xX 30 


. The figure shows two regions in the first quadrant: A(t) is the area under the curve y = sin(x”) 


from 0 to t, and B(t) is the area of the triangle with vertices O, P, and (t, 0). Find him, A(t)/B(t). 


. Find the interval [a, b] for which the value of the integral {” (2 + x — x*) dx is a maximum. 


10000 


. Use an integral to estimate the sum Devic 


i=1 
(a) Evaluate Wi |x] dx, where n is a positive integer. 


(b) Evaluate He |x] dx, where a and b are real numbers with 0 S a < b. 


. da x sint 
Find = | (| 1 + u4 i dt. 


Suppose the coefficients of the cubic polynomial P(x) = a + bx + cx’ + dx? satisfy the 


equation 
b Cc d 
ON ae a pa) 
DO EB hee: 
Show that the equation P(x) = 0 has a root between 0 and 1. Can you generalize this result 
for an nth-degree polynomial? 


A circular disk of radius r is used in an evaporator and is rotated in a vertical plane. If it is to 
be partially submerged in the liquid so as to maximize the exposed wetted area of the disk, 


show that the center of the disk should be positioned at a height r/./1 + 7? above the sur- 
face of the liquid. 


Prove that if f is continuous, then [reo — u)du= (; ({:70 i) du. 


The figure shows a region consisting of all points inside a square that are closer to the center 
than to the sides of the square. Find the area of the region. 


Evaluate lim 


] 1 1 
a tt et 
tin (es /n vn +2 a) 


For any number c, we let f,(x) be the smaller of the two numbers (x — c)? and (x — ¢ — Des 


Then we define g(c) = in f.(x) dx. Find the maximum and minimum values of g(c) if 
=2S ES 2. 


[SD] 
C| 


Graphing calculator or computer required 


AP5-1 


| oa AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places 


For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator; 


however, show appropriate calculus notation in your work 
Multiple Choice 
1. Find the antiderivative of f(x) = 6x — 4x? +. x'—9,x>0. 


(a) F(x) = 3x* —x4+2x7-9x4+C 
(b) F(x) = 3x2 + 2x? + Inx —9x+C 
(c) F(x) = 3x* — 2x7? — x? —9x+C 
(d) F(x) = 12x? + 8x? — 9x + C 


2. The speed of a high-school swimmer increased steadily in the 
first 2.5 seconds of his race. His speed at half-second intervals 


is given in the table. Find lower and upper estimates for the 
distance that he traveled during the first 2.5 seconds. 


t (seconds) 0) 0.5 1.0 1s) 2.0 DES) 


=! 


v (m/s) 0 189 eo 94 1.98 2.02 


(a) 1.24 meters, 3.78 meters (b) 4.0 meters, 4.04 meters 
(c) 3.86 meters, 4.87 meters (d) 2.57 meters, 3.91 meters 


3. Use the Midpoint Rule with n = 4 to approximate the integral 


6 x 
| — dx to three decimal places. 
DE 


(a) 0.388 (b) 0.385 
(c) 0.383 (d) 0.380 


u 
Jx uw? + 3 
using Part 1 of the Fundamental Theorem of Calculus. 


4. Evaluate the derivative of the function g(x) = li 


Xa 
(a) = {16 (b) x? aL 3 
a io 
Dr +3 os 


Free Response 


9. Let g(x) = fr (1 + vt) at. 
(a) Sketch the area represented by g(x). 
(b) Evaluate g(4). 
(c) Find g’(x) using Part 1 of the Fundamental Theorem of 
Calculus. 
(d) Find g'(x) by evaluating the integral using Part 2 of the 


Fundamental Theorem of Calculus and then differentiating. 


10. A company markets floor lamps. The marketing department has 
determined that the marginal revenue function for the number 


du 


“se sp Il 

5. Evaluate { as 

(a) 3 (b) 3 

Oe (d) 

; ce r  4e* 
6. Evaluate the indefinite integral | SE 
Der = || 
CN ee — 1 ae (b) Ineo LC 
(c) 2e*7=—1+C (d) e*-—1+C 


. Based on data from 1999-2007, the rate of sales of jogging 


and running shoes may be modeled by 
S'(f) = —2.12t? + 64.2377 = 560.722 => 1245.78 


million dollars per year, where t is the number of years since 

1990. Interpret the meaning of ee S(t) dt ~ —230.32. 

(a) From 1998 to 2002, the rate of sales of jogging and running 
shoes was decreasing at a rate of 230.32 million dollars per 
year. 

(b) Since 1998, the rate of sales of jogging and running shoes 
was decreasing at a rate of 230.32 million dollars. 

(c) Over a period of six years, sales of jogging and running 
shoes decreased by 230.32 million dollars per year. 

(d) From 1998 to 2002, sales of jogging and running shoes 
decreased by 230.32 million dollars. 


. Suppose f is continuous, f(0) = 2, f(1) = 0, f"(x) < 0, and 


{! fd) dx = 1. Find the value of the integral | f(y) dy. 


@h=; (b) 1 
(c) -1 (d) j 


of lamps sold x is given by R'(t) = —0.04x + 45 dollars per 

lamp. 

(a) Determine the revenue function R(x). 

(b) As the number of lamps sold increased from 2100 to 2140, 
did the revenue function increase or decrease and was 
the graph of the function concave upward or concave 
downward? 

(c) By how much did the revenue of the lamps grow as the 
number of lamps sold increased from 2100 to 2140? 
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Applications of Integration 


_ The Great Pyramid of King Khufu was built in Egypt from 2580 BC to 2560 BE and was the tallest 
man-made structure in the world for more than 3800 years. The techniques of this chapter will 

| enable us to estimate the total work done in building this pyramid and therefore to make an = © Ziga Camernik / sata 
educated guess as to how many laborers were needed to. construct it: 


In this chapter we explore some of the applications of the definite integral by using it to compute areas 
between curves, volumes of solids, and the work done by a varying force. The common theme is the 
following general method, which is similar to the one we used to find areas under curves: We break up 
a quantity Q into a large number of small parts. We next approximate each small part by a quantity of 
the form f(x*) Ax and thus approximate Q by a Riemann sum. Then we take the limit and express Q 

as an integral. Finally we evaluate the integral using the Fundamental Theorem of Calculus or the Mid- 


point Rule. 


a “<4 a _ . 421 


422 CHAPTER 6 APPLICATIONS OF INTEGRATION 


6.1 | Areas Between Curves 


Dah} In Chapter 5 we defined and calculated areas of regions that lie under the graphs of 
ye 1 functions. Here we use integrals to find areas of regions that lie between the graphs of two 
functions. 

Consider the region S that lies between two curves y = f(x) and y = g(x) and be- 
tween the vertical lines x = a and x = b, where f and g are continuous functions and 
f(x) = g(x) for all x in [a, b]. (See Figure 1.) 

Just as we did for areas under curves in Section 5.1, we divide S into n strips of equal 
width and then we approximate the ith strip by a rectangle with base Ax and height 
f(x#*) — g(x*). (See Figure 2. If we like, we could take all of the sample points to be right 
endpoints, in which case x;* = x;.) The Riemann sum 


FIGURE 1 n 
S={(x,y)|a<x<b,g(x)<y <f(x)} > [fGt) = 9G) Ax 
i=1 


is therefore an approximation to what we intuitively think of as the area of S. 


FIGURE 2 (a) Typical rectangle (b) Approximating rectangles 


This approximation appears to become better and better as n —> ©. Therefore we define 
the area A of the region S as the limiting value of the sum of the areas of these approxi- 
mating rectangles. 


[1] 


A= lim ¥ [f(?) ~ g(x¥)] Ax 


We recognize the limit in [1 | as the definite integral of f — g. Therefore we have the fol- 
lowing formula for area. 


[2] The area A of the region bounded by the curves y = f(x), y = g(x), and the 
lines x = a, x = b, where f and g are continuous and f(x) = g(x) for all x in [a, b], is 


A= CP) — glaladx 


Notice that in the special case where g(x) = 0, S is the region under the graph of f 


a our general definition of area reduces to our previous definition (Definition 2 in 
echlononl): 


FIGURE 3 


b b 
A= if Gna @bs = : g(x) dx 


YX 


FIGURE 4 


YA 


FIGURE 5 


eV 


FIGURE & 
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In the case where both f and g are positive, you can see from Figure 3 why |2} is true: 
A = [area under y = f(x)] — [area under y = g(x)] 


+ [£09 dx (i g(x) dx = ie (fC) = g@)ilax 


SV AESE Find the area of the region bounded above by y = e*, bounded below by 
y = x, and bounded on the sides by x = 0 and x = 1. 


SOLUTION The region is shown in Figure 4. The upper boundary curve is y = e* and the 
lower boundary curve is y = x. So we use the area formula [2] with f(x) = e*, g(x) = x, 
a=0,andb=1: 


A= |, (e* — x) dx =e" — roan 


=e-;-l=e-15 rag 


In Figure 4 we drew a typical approximating rectangle with width Ax as a reminder of 
the procedure by which the area is defined in [1]. In general, when we set up an integral for 
an area, it’s helpful to sketch the region to identify the top curve yr, the bottom curve yz, 
and a typical approximating rectangle as in Figure 5. Then the area of a typical rectangle is 
(yr — ys) Ax and the equation 


= lim >) (yr — ys) Ax = i. (yr — ys) dx 


ray 
n —1 


summarizes the procedure of adding (in a limiting sense) the areas of all the typical 
rectangles. 

Notice that in Figure 5 the left-hand boundary reduces to a point, whereas in Figure 3 the 
right-hand boundary reduces to a point. In the next example both of the side boundaries 
reduce to a point, so the first step is to find a and b. 


(1) (EA Find the area of the region enclosed by the parabolas y = x° and 


WS Me 


SOLUTION We first find the points of intersection of the parabolas by solving their equa- 
tions simultaneously. This gives x7 = 2x — x?, or 2x2 — 2x = 0. Thus 2x(x — 1) = 0, 
so x = 0 or 1. The points of intersection are (0, 0) and (1, 1). 

We see from Figure 6 that the top and bottom boundaries are 


pS Oe Sar and Vee 


The area of a typical rectangle is 


(yr — ye) Ax = (2x — x? — x*) Ax 


and the region lies between x = 0 and x = 1. So the total area is 


1 ee i bees 
A=| (2x — 2x?) dx 2 (Ge we dx 


i) 3 ||! 
ae -({4-4)-3 
oe eel ke eh ey a 
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Sometimes it’s difficult, or even impossible, to find the points of intersection of two 
curves exactly. As shown in the following example, we can use a graphing calculator or 
computer to find approximate values for the intersection points and then proceed as before. 


SEY Find the approximate area of the region bounded by the curves 
y =x/Jx2 + Landy =x* — x. 


SOLUTION If we were to try to find the exact intersection points, we would have to solve 
the equation 


gn so wT 5 
B48 aca | 
1.5 This looks like a very difficult equation to solve exactly (in fact, it’s impossible), so 


instead we use a graphing device to draw the graphs of the two curves in Figure 7. One 
intersection point is the origin. We zoom in toward the other point of intersection and 
find that x ~ 1.18. (If greater accuracy is required, we could use Newton’s method or a 
rootfinder, if available on our graphing device.) Thus an approximation to the area 
between the curves is 


1.18 x nal 
fh \ [+ nal ax 


FIGURE 7 
To integrate the first term we use the substitution u = x? + 1. Then du = 2x dx, and 
when x = 1.18, we have u = 2.39. So 
239 du 1.18 
A ~5| soe (x* — x) dx 
1 Uu 0 
2.39 x x? we 
a Vu |; ea rs Le 
5 Dale 
1.18) LalS)2 
== 2039 aa sil La) ua 
5 ?) 
= (2.785 na 
u (mi/h) 2 O\"lghsc Figure 8 shows velocity curves for two cars, A and B, that start side by side 
60 and move along the same road. What does the area between the curves represent? Use the 
ey A] Midpoint Rule to estimate it. 
40 H4 | SOLUTION We know from Section 5.4 that the area under the velocity curve A represents 
30 pe B the distance traveled by car A during the first 16 seconds. Similarly, the area under curve 
; : : 
20 | | B is the distance traveled by car B during that time period. So the area between these 
e curves, which is the difference of the areas under the curves, is the distance between the 
ol 5 cars after 16 seconds. We read the velocities from the graph and convert them to feet per 
0] 2 4 6 8 10 12 14 16 ¢ second (1 mi/h = 2 ft/s). 


(seconds) 
FIGURE 8 t 0 2 4 6 8 10 i) 14 16 
VA 0 34 54 67 76 84 89 92 ty 95 
VB 0 21 34 44 Dil 56 60 63 65 | 
VA — UB 0 13 20 23 25 28 29 29 30 


FIGURE 9 


FIGURE 10 


SECTION 6.1 AREAS BETWEEN CURVES 425 


We use the Midpoint Rule with n = 4 intervals, so that At = 4. The midpoints of the 
intervals are 7, = 2, h = 6, & = 10, and t, = 14. We estimate the distance between the 
cars after 16 seconds as follows: 


16 
J (v4 — vg) dt ~ At({13 + 23 + 28 + 29] 


= 4(93) = 372 ft eee 


If we are asked to find the area between the curves y = f(x) and y = g(x) where 
f(x) = g(x) for some values of x but g(x) = f(x) for other values of x, then we split the 
given region S into several regions S;, S:,... with areas Aj, A2,... as shown in Figure 9. 
We then define the area of the region S to be the sum of the areas of the smaller regions 
Sy,So, one thatus, A= Ape Agee. Since 


Pe ee g(x) when f(x) = g(x) 
PG ax), fhe — f(x) when g(x) = f(x) 


we have the following expression for A. 


[3] The area between the curves y = f(x) and y = g(x) and between x = a and 
x = bis 


A= [| f(x) ~ glx) ax 


When evaluating the integral in [3], however, we must still split it into integrals corre- 
sponding to Aj, A2,.... 


0%] (SCS Find the area of the region bounded by the curves y = sin x, y = cos x, 
x = 0, andx = 7/2. 


SOLUTION The points of intersection occur when sin x = Cos x, that is, when x = 77/4 
(since 0 < x < 77/2). The region is sketched in Figure 10. Observe that cos x > sin x 
when 0 < x < 77/4 but sin x = cos x when 7/4 SxS q/2. Therefore the required 
area 1S 


A = |" |cos x — sin x|dx = A; + Ap 


/4 ; 27 as 
_ a (COsm— sin x) dxy 4: = (sin x — cos x) dx 
0 7/4 


/2 


= [sin x 1 COS ae =e [—cos eee SIL) iia 


“(oye dee oer 
SUR ep) 


In this particular example we could have saved some work by noticing that the region 
is symmetric about x = 77/4 and so 


7/4 : 
A= DA = | (cos x — sin x) dx esd 


J0 
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Some regions are best treated by regarding x as a function of y. If a region is bounded 
by curves with equations x = f(y), x = g(y), y = ¢, and y = d, where f and g are contin- 
uous and f(y) = g(y) forc < y < d (see Figure 11), then its area is 


A= [*Lf0) ~ a) lay 


yA 
d+ 
al 
> > 
0 x 0 ai 
FIGURE 11 FIGURE 12 


If we write xz for the right boundary and x, for the left boundary, then, as Figure 12 
illustrates, we have 


d 
A =| (xp = x1) dy 
Here a typical approximating rectangle has dimensions xr — x, and Ay. 


(% ESNATH Find the area enclosed by the line y = x — 1 and the parabola 
y? = 2x + 6, 


SOLUTION By solving the two equations we find that the points of intersection are 
(—1, —2) and (5, 4). We solve the equation of the parabola for x and notice from Fig- 
ure 13 that the left and right boundary curves are 


x, = ay.- 3 and Xr=yt1 


We must integrate between the appropriate y-values, y = —2 and y = 4. Thus 
FIGURE 13 ; 
A= | (xr — xr) dy = ie [iy 1) - Gy? - 3)| dy 
YA ‘ 
4 12 
os = ills + y+ 4)dy 
= /2x+6 (5, 4) Ibs 
\ i Ve y? 
= ap = sp a 
2 ( 3 2 | 
3 - = —;(64) + 8 + 16 —- (+2 — 8) =18 mae 


je NOTE We could have found the area in Example 6 by integrating with respect to x 
—/2x+6 instead of y, but the calculation is much more involved. It would have meant splitting the 


region in two and computing the areas labeled A, and A> in Figure 14. The method we used 
FIGURE 14 in Example 6 is much easier. 


1. YA 
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6.1 | Exercises 
1—4 Find the area of the shaded region. 21. y=tanx, y=2sinx, —n/3 <x 7/3 
y=5x-x? 22. y=x*, y=x 


5-12 Sketch the region enclosed by the given curves. Decide 
whether to integrate with respect to x or y. Draw a typical approxi- 
mating rectangle and label its height and width. Then find the area 
of the region. 

Royse, yor = 1, 

6. y.=isinx, y=x, x = 7/2, 
Teese 2) 
Bye ey er 4, 
9 


y= Ulex x 2 


10.57 Sin. x0) yy = 2/7, x 2 0 


Wx=1-y7, «=y’-1 


12. Ax + y? = 12, x=y 


13-28 Sketch the region enclosed by the given curves and find its 
area. 

13. =D =e y=x?— 6 

14. y= x7, y=4x-—x? 
15. y=sec’x, y= 8cosx, —1/3<x< 1/3 


16. y=cosx, y=2-— cosx, O0sx<2T 
17.2 =2y2 =4+4+y’ 
(Sev eet cy el 


19. y=cos mx, y=4x°— 1 


DN = yee 


Graphing calculator or computer required 


[cas] | Computer algebra system required 


23. y=cosx, y=sin2x, x=0, x= 7/2 


24. y=cosx, y=1-—cosx, 0SxS7 
25. y= x, y= ox x= 9 

26. y=|x|, y=x?-2 

2 yi = Ae 
23.5) ae year exe yi 35 


29-30 Use calculus to find the area of the triangle with the given 


vertices. 
299 (00) ete Cla) 
(S14) 


30.7 (2.0) 7 (0; 2); 


31-32 Evaluate the integral and interpret it as the area of a region. 
Sketch the region. 


31. [| sin.x — cos 2x| dx Smt | soeioetar 


33-36 Use a graph to find approximate x-coordinates of the points 
of intersection of the given curves. Then find (approximately) the 
area of the region bounded by the curves. 


3. y =xsin(x’), y=x"* 


34. y= ee) 


x 
(x? + 1)?’ 
35. y= 3x ee ee 


36. y= 6%. y= 2 


37-40 Graph the region between the curves and use your calculator 
to compute the area correct to five decimal places. 


2 


37. y= > y= x2 38. y= el, y= x 
. Il se ae : 

39. y => tan? x, y => Nea 

40. y=cosx, y=xt2 sin*x 


CAS] 41. Use a computer algebra system to find the exact area enclosed 
by the curves y =x° — 6x° + 4x and y = x. 


1. Homework Hints available at stewartcalculus.com 
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42. Sketch the region in the xy-plane defined by the inequalities 
x — 2y?=0,1—x —|y| = O and find its area. 


43. Racing cars driven by Chris and Kelly are side by side at the 
start of a race. The table shows the velocities of each car (in 
miles per hour) during the first ten seconds of the race. Use the 
Midpoint Rule to estimate how much farther Kelly travels than 
Chris does during the first ten seconds. 


ib Vc UK t Uc UK 
0 0 0 6 69 80 
| 20 22 7 es 86 
2 32 yy 8 81 93 
3 46 ay 9 86 98 
4 54 61 10 90 102 
5 62 TM 


44. The widths (in meters) of a kidney-shaped swimming pool 
were measured at 2-meter intervals as indicated in the figure. 
Use the Midpoint Rule to estimate the area of the pool. 


45. A cross-section of an airplane wing is shown. Measurements of 
the thickness of the wing, in centimeters, at 20-centimeter 
NMA ANS Sesh, 70-3), 2G, AO, AIL, es), Hite, AVS), WeysIl. 
8.7, and 2.8. Use the Midpoint Rule to estimate the area of the 
wing’s cross-section. 


Se 00 CM 


46. If the birth rate of a population is b(t) = 2200e°" people per 
year and the death rate is d(t) = 1460e°°'*' people per year, 
find the area between these curves for 0 S t S 10. What does 
this area represent? 


47. Two cars, A and B, start side by side and accelerate from rest. 
The figure shows the graphs of their velocity functions. 
(a) Which car is ahead after one minute? Explain. 
(b) What is the meaning of the area of the shaded region? 
(c) Which car is ahead after two minutes? Explain. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


(d) Estimate the time at which the cars are again side by side. 


] 


> 
t (min) 


The figure shows graphs of the marginal revenue function R' 
and the marginal cost function C’ for a manufacturer. [Recall 
from Section 4.7 that R(x) and C(x) represent the revenue and 
cost when x units are manufactured. Assume that R and C are 
measured in thousands of dollars.) What is the meaning of the 
area of the shaded region? Use the Midpoint Rule to estimate 
the value of this quantity. 


The curve with equation y* = x*(x + 3) is called Tschirn- 
hausen’s cubic. If you graph this curve you will see that part 
of the curve forms a loop. Find the area enclosed by the loop. 


Find the area of the region bounded by the parabola y = x’, the 
tangent line to this parabola at (1, 1), and the x-axis. 


Find the number b such that the line y = b divides the region 
bounded by the curves y = x* and y = 4 into two regions with 
equal area. 


(a) Find the number a such that the line x = a bisects the area 
under the curve y = 1/x7,1<x<4. 

(b) Find the number b such that the line y = b bisects the area 
in part (a). 


Find the values of c such that the area of the region bounded by 
the parabolas y = x? — c” and y = c? — x? is 576. 


Suppose that 0 < c < 7/2. For what value of c is the area of 
the region enclosed by the curves y = cos x, y = cos(x — c), 
and x = 0 equal to the area of the region enclosed by the 
curves y = cos(x — c),x = 7, and y= 0? 


For what values of m do the line y = mx and the curve 
y = x/(x* + 1) enclose a region? Find the area of the region. 


ae 
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THE GINI INDEX 


FIGURE 1 
Lorenz curve for the US in 2008 


income 
fraction 


population fraction 


FIGURE 2 


=i 
1 


FIGURE 3 


How is it possible to measure the distribution of income among the inhabitants of a given country? 
One such measure is the Gini index, named after the Italian economist Corrado Gini who first 
devised it in 1912. 

We first rank all households in a country by income and then we compute the percentage of 
households whose income is at most a given percentage of the country’s total income. We define a 
Lorenz curve y = L(x) on the interval [0, 1] by plotting the point (2/100, b/100) on the curve if 
the bottom a% of households receive at most b% of the total income. For instance, in Figure | the 
point (0.4, 0.12) is on the Lorenz curve for the United States in 2008 because the poorest 40% of 
the population received just 12% of the total income. Likewise, the bottom 80% of the population 
received 50% of the total income, so the point (0.8, 0.5) lies on the Lorenz curve. (The Lorenz 
curve is named after the American economist Max Lorenz.) 

Figure 2 shows some typical Lorenz curves. They all pass through the points (0, 0) and (i, B 
and are concave upward. In the extreme case L(x) = x, society is perfectly egalitarian: The poorest 
a% of the population receives a% of the total income and so everybody receives the same income. 
The area between a Lorenz curve y = L(x) and the line y = x measures how much the income 
distribution differs from absolute equality. The Gini index (sometimes called the Gini coefficient 
or the coefficient of inequality) is the area between the Lorenz curve and the line y = x (shaded 
in Figure 3) divided by the area under y = x. 


1. (a) Show that the Gini index G is twice the area between the Lorenz curve and the line 
y = x, that is, 
1 
G=2 { [x — L(x)] dx 
(b) What is the value of G for a perfectly egalitarian society (everybody has the same 


income)? What is the value of G for a perfectly totalitarian society (a single person 
receives all the income?) 


2. The following table (derived from data supplied by the US Census Bureau) shows values 
of the Lorenz function for income distribution in the United States for the year 2008. 


a 


Pl 01 WO ynntO-4 tulan0.6 | 08 | 1.0 


L(x) | 0.000 | 0.034 | 0.120 0.267 | 0.500 1.000 


(a) What percentage of the total US income was received by the richest 20% of the popu- 
lation in 2008? 

(b) Use a calculator or computer to fit a quadratic function to the data in the table. Graph 
the data points and the quadratic function. Is the quadratic model a reasonable fit? 

(c) Use the quadratic model for the Lorenz function to estimate the Gini index for the 
United States in 2008. 


. The following table gives values for the Lorenz function in the years 1970, 1980, 1990, 
and 2000. Use the method of Problem 2 to estimate the Gini index for the United States 
for those years and compare with your answer to Problem 2(c). Do you notice a trend? 


T 


x 0.0 0.2 0.4 0.6 0.8 1.0 


1970 | 0.000 | 0.041 | 0.149 | 0.323 | 0.568 | 1.000 


1980 | 0.000 | 0.042 | 0.144 | 0.312 | 0.559 | 1.000 
L 


+ 


1990 | 0.000 | 0.038 | 0.134 | 0.293 | 0.530 | 1.000 


fe 


2000 | 0.000 | 0.036 | 0.125 | 0.273 | 0.503 | 1.000 


. A power model often provides a more accurate fit than a quadratic model for a Lorenz 
function. If you have a computer with Maple or Mathematica, fit a power function 

(y = ax“) to the data in Problem 2 and use it to estimate the Gini index for the United 
States in 2008. Compare with your answer to parts (b) and (c) of Problem 2. 
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P62 | Volumes 


FIGURE 1 


FIGURE 2 


In trying to find the volume of a solid we face the same type of problem as in finding areas. 
We have an intuitive idea of what volume means, but we must make this idea precise by 
using calculus to give an exact definition of volume. 

We start with a simple type of solid called a cylinder (or, more precisely, a right cylin- 
der). As illustrated in Figure 1(a), a cylinder is bounded by a plane region B,, called the 
base, and a congruent region B> in a parallel plane. The cylinder consists of all points on line 
segments that are perpendicular to the base and join B; to By. If the area of the base is A and 
the height of the cylinder (the distance from B, to Bz) is h, then the volume V of the cylin- 
der is defined as 


V=Ah 


In particular, if the base is a circle with radius r, then the cylinder is a circular cylinder with 
volume V = zr7h [see Figure 1(b)], and if the base is a rectangle with length / and width 
w, then the cylinder is a rectangular box (also called a rectangular parallelepiped) with 
volume V = lwh [see Figure I(c)]. 


(a) Cylinder V = Ah (b) Circular cylinder V= rr*h (c) Rectangular box V = wh 


as 


For a solid S that isn’t a cylinder we first “cut” S into pieces and approximate each piece 
by a cylinder. We estimate the volume of S by adding the volumes of the cylinders. We 
arrive at the exact volume of S through a limiting process in which the number of pieces 
becomes large. 

We start by intersecting S with a plane and obtaining a plane region that is called a cross- 
section of S. Let A(x) be the area of the cross-section of S in a plane P, perpendic- 
ular to the x-axis and passing through the point x, where a < x S b. (See Figure 2. Think 
of slicing S with a knife through x and computing the area of this slice.) The cross-sectional 
area A(x) will vary as x increases from a to b. 


By 


FIGURE 3 


It can be proved that this definition is inde- 
pendent of how S is situated with respect to 
the x-axis. In other words, no matter how we 
slice S with parallel planes, we always get the 
same answer for V. 


FIGURE 4 
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Let’s divide S$ into n “slabs” of equal width Ax by using the planes P,,, P,,, . . . to slice 
the solid. (Think of slicing a loaf of bread.) If we choose sample points x7" in Lx;-1, x;], we 
can approximate the ith slab S; (the part of S that lies between the planes P,, , and P,,) by a 
cylinder with base area A(x") and “height” Ax. (See Figure 3.) 


Ax YA 


The volume of this cylinder is A(xj*) Ax, so an approximation to our intuitive concep- 
tion of the volume of the ith slab S; is 


V(S;) = A(x#) Ax 


Adding the volumes of these slabs, we get an approximation to the total volume (that is, 
what we think of intuitively as the volume): 


Via AG) Ax 
i=1 
This approximation appears to become better and better as n — °%. (Think of the slices as 
becoming thinner and thinner.) Therefore we define the volume as the limit of these sums 
as n — %. But we recognize the limit of Riemann sums as a definite integral and so we 
have the following definition. 


Definition of Volume Let S be a solid that lies between x = a and x = b. If the 
cross-sectional area of S$ in the plane P,, through x and perpendicular to the x-axis, 
is A(x), where A is a continuous function, then the volume of S is 


Veni AG Ar [AQ dx 


CO + 
PP Ti a 


When we use the volume formula V = i A(x) dx, it is important to remember that 
A(x) is the area of a moving cross-section obtained by slicing through x perpendicular to the 
x-axis. 

Notice that, for a cylinder, the cross-sectional area is constant: A(x) = A for all x. So our 
definition of volume gives V = te A dx = A(b — a); this agrees with the formula V = Ah. 


SVaeE Show that the volume of a sphere of radius r is V = Sarr’, 


SOLUTION If we place the sphere so that its center is at the origin (see Figure 4), then the 
plane P, intersects the sphere in a circle whose radius (from the Pythagorean Theorem) 
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Visual 6.2A shows an animation 
of Figure 5. 


is y = Vr? — x?. So the cross-sectional area is 
INGO a ee) 


Using the definition of volume with a = —r and b = r, we have 


V= © A(x) dx = ib ar(r? — x?) dx 


= 2m |" (r? — x*) dx (The integrand is even.) 
0 
3/7 3 
Xx if 
=2q| rx ——| =2alr? —-— 
ela 3 
= are nei 


Figure 5 illustrates the definition of volume when the solid is a sphere wie radius 
r = 1. From the result of Example 1, we know that the volume of the sphere is 3 <a, which 
is approximately 4.18879. Here the slabs are circular cylinders, or disks, and the hice parts 
of Figure 5 show the geometric interpretations of the Riemann sums 


Y AG) Ax = >) (1? — x?) Ax 

i=1 i=1 
when n = 5, 10, and 20 if we choose the sample points x** to be the midpoints x;. Notice 
that as we increase the number of approximating cylinders, the corresponding Riemann 
sums become closer to the true volume. 


(a) Using 5 disks, V = 4.2726 


(b) Using 10 disks, V ~ 4.2097 (c) Using 20 disks, V ~ 4.1940 


FIGURE 5 Approximating the volume of a sphere with radius 1 


1 (SC) Find the volume of the solid obtained by rotating about the x-axis the 


region under the curve y = x from 0 to 1. Illustrate the definition of volume by sketch- 
ing a typical approximating cylinder. 


SOLUTION The region is shown in Figure 6(a). If we rotate about the x-axis, we get the 
solid shown in Figure 6(b). When we slice through the point x, we get a disk with radius 
Vx. The area of this cross-section is 


A(x) = a(¥x )? = ax 
and the volume of the approximating cylinder (a disk with thickness Ax) is 


A(x) Ax = ax Ax 
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The solid lies between x = 0 and x = 1, so its volume is 


Did we get a reasonable answer in 

Example 2? As a check on our work, let's 
replace the given region by a square with base 
(0, 1] and height 1. If we rotate this square, 
we get a cylinder with radius 1, height 1, and 
volume ar - 17 - 1 = zr. We computed that the 
given solid has half this volume. That seems 
about right. 


FIGURE 6 (a) (b) aa 


() §S22S) Find the volume of the solid obtained by rotating the region bounded 
by y = x°, y = 8, and x = 0 about the y-axis. 


SOLUTION The region is shown in Figure 7(a) and the resulting solid is shown in Fig- 
ure 7(b). Because the region is rotated about the y-axis, it makes sense to slice the solid 
perpendicular to the y-axis and therefore to integrate with respect to y. If we slice at 
height y, we get a circular disk with radius x, where x = S50, . So the area of a cross- 
section through y is 


Aly) = ax? = ale = ay? 

and the volume of the approximating cylinder pictured in Figure 7(b) is 
A(y) Ay = my”? Ay 

Since the solid lies between y = 0 and y = 8, its volume is 


9677 


V= (AQ) dy = |" my? dy = aS hp = 


FIGURE 7 
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STII The region R enclosed by the curves y = x and y = x* is rotated about the 
x-axis. Find the volume of the resulting solid. 


SOLUTION The curves y = x and y = x’ intersect at the points (0, 0) and (1, 1). The 
region between them, the solid of rotation, and a cross-section perpendicular to the 
x-axis are shown in Figure 8. A cross-section in the plane P, has the shape of a washer 


Visual 6.2B shows how solids of (an annular ring) with inner radius x2 and outer radius x, so we find the cross-sectional 
revolution are formed. area by subtracting the area of the inner circle from the area of the outer circle: 
A(x) = x? — a(x??? = a(x? — x*) 


Therefore we have 


FIGURE 8 (a) (b) (c) reso 


S72 2923 Find the volume of the solid obtained by rotating the region in Example 4 
about the line y = 2. 


SOLUTION The solid and a cross-section are shown in Figure 9. Again the cross-section is 
a washer, but this time the inner radius is 2 — x and the outer radius is 2 — x’. 


y 


FIGURE 9 
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The cross-sectional area is 
A(x) = w(2 — x”)? — (2 — x)? 
and so the volume of S$ is 


V= | Ala) de 


TA te OP =O ih ele 


= 7 | (x* — 5x? + 4x) dx 
0 


io ie x2 1 
-|4 3 =| 


a 


ris: ERE 


The solids in Examples 1-5 are all called solids of revolution because they are obtained 
by revolving a region about a line. In general, we calculate the volume of a solid of revo- 
lution by using the basic defining formula 


V= [A@) dx or V= ['A0) dy 


and we find the cross-sectional area A(x) or A(y) in one of the following ways: 


= If the cross-section is a disk (as in Examples 1-3), we find the radius of the disk 
(in terms of x or y) and use 


A = 7(radius)” 
a If the cross-section is a washer (as in Examples 4 and 5), we find the inner 


radius ri, and outer radius ro. from a sketch (as in Figures 8, 9, and 10) and 
compute the area of the washer by subtracting the area of the inner disk from the 


area of the outer disk: 


A = (outer radius)? — a (inner radius)’ 


FIGURE 10 


The next example gives a further illustration of the procedure. 
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FIGURE 11 


Visual 6.2C shows how the solid 
in Figure 12 is generated. 


FIGURE 12 


Computer-generated picture 
of the solid in Example 7 


Seals Find the volume of the solid obtained by rotating the region in Example 4 
about the line x = —1. 


SOLUTION Figure 11 shows a horizontal cross-section. It is a washer with inner radius 
1 + y and outer radius | + /y , so the cross-sectional area is 


A(y) = 7(outer radius)” — (inner radius)” 


=r(it+ Jy)? - wl + yy 


The volume is 


We now find the volumes of three solids that are not solids of revolution. 
STA Figure 12 shows a solid with a circular base of radius 1. Parallel cross- 
sections perpendicular to the base are equilateral triangles. Find the volume of the solid. 


SOLUTION Let’s take the circle to be x” + y* = 1. The solid, its base, and a typical cross- 
section at a distance x from the origin are shown in Figure 13. 


y 
Pe ra eles 


A 


(a) The solid (b) Its base 
FIGURE 13 


(c) A cross-section 


Since B lies on the circle, we have y = /1 — x? and so the base of the triangle ABC 
is |AB| = 2./1 — x. Since the triangle is equilateral, we see from Figure 13(c) that its 


f 
FIGURE 16 
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height is 13: y = 3 V/1 — x?. The cross-sectional area is therefore 
NEV ROMS ON Ai=e cu 2) 


and the volume of the solid is 


V= fe A(x) dx = {ts J/3 (1 — x?) dx 


=2[{ 5 -)ar= 231-2] _ Ava! een 


0 


1) (SEF52) Find the volume of a pyramid whose base is a square with side L and 
whose height is h. 


SOLUTION We place the origin O at the vertex of the pyramid and the x-axis along its cen- 
tral axis as in Figure 14. Any plane P, that passes through x and is perpendicular to the 
X-axis intersects the pyramid in a square with side of length s, say. We can express s in 
terms of x by observing from the similar triangles in Figure 15 that 


ee S/S 


i fe th 
and so s = Lx/h. [Another method is to observe that the line OP has slope L/(2h) and 
so its equation is y = Lx/(2h).] Thus the cross-sectional area is 


3) 


AQ) =s° = 2 x 


SS 
> 


FIGURE 14 FIGURE 15 


The pyramid lies between x = O and x = h, so its volume is 


th ie ese lf sp 
V= A(x) dx = { po ine = ar 

NOTE We didn’t need to place the vertex of the pyramid at the origin in Example 8. We 
did so merely to make the equations simple. If, instead, we had placed the center of the base 
at the origin and the vertex on the positive y-axis, as in Figure 16, you can verify that we 
would have obtained the integral 
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STIS A wedge is cut out of a circular cylinder of radius 4 by two planes. One 
plane is perpendicular to the axis of the cylinder. The other intersects the first at an angle 


of 30° along a diameter of the cylinder. Find the volume of the wedge. 


SOLUTION If we place the x-axis along the diameter where the planes meet, then the 
base of the solid is a semicircle with equation y = /16 — x?,-4= x <4. Across- 
section perpendicular to the x-axis at a distance x from the origin is a triangle ABC, 
as shown in Figure 17, whose base is y = ¥ 16 — x2 and whose height is 

|BC| = ytan 30° = J16 — x2/,/3. Thus the cross-sectional area is 


6 x 


1 
A(x) = av 16 = x? Se ue ae 


Cc and the volume is 


4 4 16 — x’ 
V= [-, AQ) dx = |earces dx 


ers 1 x |? 
A B — —— |" (16 — x?) dx = —=| 16x - — 
: ih ee + - a 


FIGURE 17 
128 


ao 


For another method see Exercise 62. Eee 


6.2 | Exercises 


1-18 Find the volume of the solid obtained by rotating the region 14. y=sinx, y=cosx,0 =x = 7/4, abouty=—1 
bounded by the given curves about the specified line. Sketch the 
region, the solid, and a typical disk or washer. 


15. yHx, y=0, x=1; aboutx = 2 


1. y=2-—5x, y=0, x= 1, x= 2; about the x-axis 16. xy = 1, y=0,x=1,x=2; aboutx = —1 
Vey Liye eabout sie 
2a y= 15 x’, y= 0; about the x-axis ——. y about x = 3 
18. y=x, y=0, x =2, x=4; aboutx=1 
3. y=VJx—1, y=0, x =5; about the x-axis be 


Bie ee ue ic ais 19-30 Refer to the figure and find the volume generated by rotating 


5. x =2/y, x=0, y=9; about the y-axis the given region about the specified line. 


6. y=Inx, y=1, y= 2, x =0; about the y-axis 
7. y=x°, y=x, x 20; about the x-axis 
8. y =4x7, y=5—x?;_ about the x-axis 


9. y> =x, x = 2y; about the y-axis 


10. y = 4x, x= 2, y=0; about the y-axis 

> 
11. y=x*,x=y?; abouty = 1 O Ail.0) 0 ae 
12. y=e%, y=1,x=2; abouty=2 199i abourOd PE Wes cays 
13. y= 1+ secx, y= 3; abouty=1 21. KR, about AB 22. R, about BC 


az) . éi antral é > 
Graphing calculator or computer required CAS) Computer algebra system required 1. Homework Hints available at stewartcalculus.com 


23. FR. about OA 
25. KZ. about AB 
27. KR; about OA 
29. Kt; about AB 


24. R> about OC 
26. 22 about BC 
28. AR; about OC 
30. KR about BC 


31-34 Set up an integral for the volume of the solid obtained by 
rotating the region bounded by the given curves about the speci- 
fied line. Then use your calculator to evaluate the integral 
correct to five decimal places. 


2 
x 


31. y=e° 
(a) About the x-axis 


,y=0,x=-1,x=1 
(b) About y = —1 


32. y= 0, y = cos*x, —7/2 <x < 7/2 
(a) About the x-axis (b) About y = 1 


33. x* + 4y? =4 


(a) About y = 2 (b) About x = 2 


Mi =x, xo? = 1 0 


(a) About the x-axis (b) About the y-axis 


AS 35-36 Use a graph to find approximate x-coordinates of the 


points of intersection of the given curves. Then use your calcula- 
tor to find (approximately) the volume of the solid obtained by 
rotating about the x-axis the region bounded by these curves. 


35. y=2,4 x? cosx, y=x* +x4+1 


36, y= 3 sin(x”), 


= ex? a et 


CAs) 37-38 Use a computer algebra system to find the exact volume 


of the solid obtained by rotating the region bounded by the 
given curves about the specified line. 


37. y=sin’x, y=0, 0O<x<7; abouty=—1 
S80 y = =e 4 about y = 3 


39-42 Each integral represents the volume of a solid. Describe 
the solid. 


we : 2 Phe 
39. 7 | sin x dx 40. a (1 — y?) dy 
a. w{ (x4 — y*) ay 


42. a{™ [(1 + cos x)? — 1°] dx 


43. A CAT scan produces equally spaced cross-sectional views 
of a human organ that provide information about the organ : 
otherwise obtained only by surgery. Suppose that a CAT 
scan of a human liver shows cross-sections spaced 1.5 cm 
apart. The liver is 15 cm long and the cross-sectional areas, 
in square centimeters, are 0, 18, 58, 79, 94, 106, 117, 128, 63, 
39, and 0. Use the Midpoint Rule to estimate the volume of 
the liver. 
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44. A log 10 m long is cut at 1-meter intervals and its cross- 
sectional areas A (at a distance x from the end of the log) are 
listed in the table. Use the Midpoint Rule with n = S to esti- 
mate the volume of the log. 


x(m) | A(m’) x(m) | A(m’) 
0 0.68 6 0.53 
1 0.65 i 0.55 
2 0.64 8 0.52 
3 0.61 9 0.50 
4 0.58 10 0.48 
5 0.59 


45. (a) If the region shown in the figure is rotated about the 
x-axis to form a solid, use the Midpoint Rule with n = 4 
to estimate the volume of the solid. 


0 En a ay 


(b) Estimate the volume if the region is rotated about the 
y-axis. Again use the Midpoint Rule with n = 4. 


cAS| 46. (a) A model for the shape of a bird’s egg is obtained by 


rotating about the x-axis the region under the graph of 


FO) i Gas eye at era) x) eae 
Use a CAS to find the volume of such an egg. 
(b) For a Red-throated Loon, a = —0.06, b = 0.04, c = 0.1, 
and d = 0.54. Graph f and find the volume of an egg of 
this species. 


47-59 Find the volume of the described solid S. 
47. A right circular cone with height h and base radius r 


48. A frustum of a right circular cone with height h, lower base 
radius R, and top radius r 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 
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A frustum of a pyramid with square base of side b, square top 
of side a, and height h 


b 


What happens if a = b? What happens if a = 0? 


A pyramid with height h and rectangular base with dimensions 
b and 2b 


A pyramid with height h and base an equilateral triangle with 
side a (a tetrahedron) 


A tetrahedron with three mutually perpendicular faces and 
three mutually perpendicular edges with lengths 3 cm, 
4 cm, and 5 cm 


The base of S$ is a circular disk with radius r. Parallel cross- 
sections perpendicular to the base are squares. 


The base of S is an elliptical region with boundary curve 
9x? + 4y? = 36. Cross-sections perpendicular to the x-axis 
are isosceles right triangles with hypotenuse in the base. 


The base of S is the triangular region with vertices (0, 0), 
(1, 0), and (0, 1). Cross-sections perpendicular to the y-axis 
are equilateral triangles. 


The base of S§ is the same base as in Exercise 56, but cross- 
sections perpendicular to the x-axis are squares. 


The base of S is the region enclosed by the parabola 
y = | — x’ and the x-axis. Cross-sections perpendicular to the 
y-axis are squares. 


The base of S is the same base as in Exercise 58, but cross- 
sections perpendicular to the x-axis are isosceles triangles with 
height equal to the base. 


60. 


The base of S is a circular disk with radius r. Parallel cross- 

sections perpendicular to the base are isosceles triangles with 

height / and unequal side in the base. 

(a) Set up an integral for the volume of S. 

(b) By interpreting the integral as an area, find the volume 
of S. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


(a) Set up an integral for the volume of a solid torus (the 
donut-shaped solid shown in the figure) with radii r 


and R. 
(b) By interpreting the integral as an area, find the volume of 


the torus. 


Solve Example 9 taking cross-sections to be parallel to the line 
of intersection of the two planes. 


(a) Cavalieri’s Principle states that if a family of parallel planes 
gives equal cross-sectional areas for two solids 5; and S>, 
then the volumes of S, and S> are equal. Prove this 
principle. 

(b) Use Cavalieri’s Principle to find the volume of the oblique 
cylinder shown in the figure. 


Find the volume common to two circular cylinders, each with 
radius r, if the axes of the cylinders intersect at right angles. 


Find the volume common to two spheres, each with radius r, if 
the center of each sphere lies on the surface of the other sphere. 


A bowl is shaped like a hemisphere with diameter 30 cm. A 
heavy ball with diameter 10 cm is placed in the bowi and water 
is poured into the bowl to a depth of h centimeters. Find the 
volume of water in the bowl. 


A hole of radius r is bored through the middle of a cylinder of 
radius R > r at right angles to the axis of the cylinder. Set up, 
but do not evaluate, an integral for the volume cut out. 


A hole of radius r is bored through the center of a sphere of 
radius R > r. Find the volume of the remaining portion of the 
sphere. 


Some of the pioneers of calculus, such as Kepler and Newton, 
were inspired by the problem of finding the volumes of wine 
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barrels. (In fact Kepler published a book Stereometria doliorum (b) Show that the volume enclosed by the barrel is 

in 1615 devoted to methods for finding the volumes of barrels.) , ‘ 

They often approximated the shape of the sides by parabolas. V = 3mh(2R? + r? — 3d’) 

(a) A barrel with height h and maximum radius R is con- 70. Suppose that a region 9% has area A and lies above the x-axis. 


structed by rotating about the x-axis the parabola 

y =R- cx’, ~h/2 < x < h/2, where c is a positive 
constant. Show that the radius of each end of the barrel is 
r = R — d, where d = ch*/4. 


When & is rotated about the x-axis, it sweeps out a solid with 
volume V;. When &% is rotated about the line y = —k (where k 
is a positive number), it sweeps out a solid with volume V). 
Express V> in terms of Vj, k, and A. 


MEE) Volumes by Cylindrical Shells 


at Some volume problems are very difficult to handle by the methods of the preceding section. 
y= 2x? — x? For instance, let’s consider the problem of finding the volume of the solid obtained by 
rotating about the y-axis the region bounded by y = 2x” — x* and y = 0. (See Figure 1.) If 
we slice perpendicular to the y-axis, we get a washer. But to compute the inner radius and 
the outer radius of the washer, we’d have to solve the cubic equation y = 2x* — x° for x in 
terms of y; that’s not easy. 

Fortunately, there:is a method, called the method of cylindrical shells, that is easier to 
0 > x use in such a case. Figure 2 shows a cylindrical shell with inner radius r;, outer radius r2, 
aq . and height h. Its volume V is calculated by subtracting the volume V, of the inner cylinder 

from the volume V) of the outer cylinder: 


ise 


V= V> a V, 
= prsh — arzh = a(r3z — ridh 
= (rs =F ri)(ro am: rh 


iP TR 


27 


ies ri) 


If we let Ar = ™ — rj (the thickness of the shell) and r = 5 (ro + r;) (the average radius of 
the shell), then this formula for the volume of a cylindrical shell becomes 


[1] L V = 2arhAr 


FIGURE 2 


and it can be remembered as 
V = [circumference] [height] [thickness] 
Now let S be the solid obtained by rotating about the y-axis the region bounded by 


y = f(x) [where f(x) = 0], y = 0, x = a, and x = b, where b >.a = 0. See Figure 3.) 


y= f(x) 


FIGURE 3 
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We divide the interval [a, b] into n subintervals [x;-1, x: ] of equal width Ax and let x; be 
the midpoint of the ith subinterval. If the rectangle with base [xi-1, x:] and height f(x:) is 
rotated about the y-axis, then the result is a cylindrical shell with average radius x;, height 
f(X;), and thickness Ax (see Figure 4), so by Formula 1 its volume is 


Vi = (2arxi)L f(i)] Ax 


FIGURE 4 


Therefore an approximation to the volume V of S is given by the sum of the volumes of these 
shells: 


= 


Pe SS Ol CS: 
i=1 i=1 


This approximation appears to become better as n — ©. But, from the definition of an inte- 
gral, we know that 


(na oat AS | ° Qarx f(x) dx 


co - 
a il 


Thus the following appears plausible: 


[2 | The volume of the solid in Figure 3, obtained by rotating about the y-axis the 
region under the curve y = f(x) from a to b, is 


V= [ Qaxf(x)dx  where0<a<b 


The argument using cylindrical shells makes Formula 2 seem reasonable, but later we 
will be able to prove it (see Exercise 71 in Section 7.1). 

The best way to remember Formula 2 is to think of a typical shell, cut and flattened as 
in Figure 5, with radius x, circumference 27x, height f(x), and thickness Ax or dx: 


| S@r ma oleae 


Se paces Sa eet Ree 
circumference height thickness 


x mx Ax 


FIGURE 5 


FIGURE 6 


Figure 7 shows a computer-generated picture 
of the solid whose volume we computed in 
Example 1. 


FIGURE 8 


FIGURE 7 


shell 
height = x — x? 


SECTION 6.3 VOLUMES BY CYLINDRICAL SHELLS 443 


This type of reasoning will be helpful in other situations, such as when we rotate about 
lines other than the y-axis. 


|(\\\\9'20" Find the volume of the solid obtained by rotating about the y-axis the region 
bounded by y = 2x? — x? and y = 0. 


SOLUTION From the sketch in Figure 6 we see that a typical shell has radius x, circumfer- 
ence 27rx, and height f(x) = 2x? — x*. So, by the shell method, the volume is 


V= |, (2arx)(2x? — x*) dx = 2m | (2x? — x*) dx 


= 2a[}xt = bef} = 2n(8 - 2) =a 


It can be verified that the shell method gives the same answer as slicing. ecu) 


NOTE Comparing the solution of Example | with the remarks at the beginning of this 
section, we see that the method of cylindrical shells is much easier than the washer method 
for this problem. We did not have to find the coordinates of the local maximum and we did 
not have to solve the equation of the curve for x in terms of y. However, in other examples 
the methods of the preceding section may be easier. 


(%] ESCE=4 Find the volume of the solid obtained by rotating about the y-axis the 
region between y = x and y = x’. 


SOLUTION The region and a typical shell are shown in Figure 8. We see that the shell has 
radius x, circumference 27x, and height x — x”. So the volume is 


y= {, (2ax)(x — x?) dx = an { (x? — x3) dx 


As the following example shows, the shell method works just as well if we rotate about 
the x-axis. We simply have to draw a diagram to identify the radius and height of a shell. 


{Y) ESQ TSE2 Use cylindrical shells to find the volume of the solid obtained by rotating 
about the x-axis the region under the curve y = Vx from 0 to 1. 


444 
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Y* shell height = 1 — y’ 


shell 
radius = y 


FIGURE 9 


SOLUTION This problem was solved using disks in Example 2 in Section 6.2. To use 
shells we relabel the curve y = ./x (in the figure in that example) as x = y* in Figure 9. 
For rotation about the x-axis we see that a typical shell has radius y, circumference 27ry, 


and height 1 — y*. So the volume is 


V=[' Qmy)(l — y*)dy = 20 | -y*)dy 


2 4 |! 
wy 1 
=| = ue 
-|2 “| 2 


In this problem the disk method was simpler. aa 


(] (SELET Find the volume of the solid obtained by rotating the region bounded by 
y =x — x? and y = 0 about the line x = 2. 


SOLUTION Figure 10 shows the region and a cylindrical shell formed by rotation about the 
line x = 2. It has radius 2 — x, circumference 27r(2 — x), and height x — x2 


yA 
y=%— x? 
A 
> 
0 By 
FIGURE 10 
The volume of the given solid is 
i 9 
Y= () Daa) eae) 
1 a} 
= 2m [ (x? — 3x? + 2x) dx 
1 
=29[ ae se] —— ae 
0 
| 6.3 | Exercises 
1. Let S be the solid obtained by rotating the region shown in 2. Let S be the solid obtained by rotating the region shown in the 


the figure about the y-axis. Explain why it is awkward to use 
slicing to find the volume V of S. Sketch a typical approxi- 


figure about the y-axis. Sketch a typical cylindrical shell and 
find its circumference and height. Use shells to find the volume 


mating shell. What are its circumference and height? Use shells of S. Do you think this method is preferable to slicing? Explain 
to find V. . 
yA 
yA 


y=x(x—1)? 


tad 


1 x 0 Ja 


V4 Cranh} j [rac] 
Graphing calculator or computer required (CAS| Computer algebra system required 1. Homework Hints available at stewartcalculus.com 


3-7 Use the method of cylindrical shells to find the volume gener- 


ated by rotating the region bounded by the given curves about the 
y-axis. 


hy 


I 
= 
<= 

I 
So 
be 

I 


4y=x', y=0, 5) == Ih. 


5B. y=e*, y=0, x=0, x= 1 


6. y=4x—x?, y=x 


1. y = x2 = 6x = 2x? 


8. Let V be the volume of the solid obtained by rotating about the 
y-axis the region bounded by y = J/x and y = x’. Find V both 
by slicing and by cylindrical shells. In both cases draw a dia- 
gram to explain your method. 


9-14 Use the method of cylindrical shells to find the volume of the 
solid obtained by rotating the region bounded by the given curves 
about the x-axis. 


say il, =O, 3 
1icye vx. c-0, y= 


15-20 Use the method of cylindrical shells to find the volume 
generated by rotating the region bounded by the given curves 
about the specified axis. 


15. y=x',y=0,x=1; aboutx=2 
16,9 =/% oy 0, w= 1; about x = —1 
17. y= Aes, y = 3; about x = | 


(iy=21 y= 2— x, avoutrx =| 


19. y=x°, about y = | 


20m een) ele 22, 


y= 0,4 = 15 


about y = —2 


21-26 
(a) Set up an integral for the volume of the solid obtained by 
rotating the region bounded by the given curve about the speci- 


fied axis. 
(b) Use your calculator to evaluate the integral correct to five 


decimal places. 
A. yu xe ey = 0, x 2, about the y-axis 
22. y =tanx, y=0, x= 7/4; aboutx = 1/2 
23. 7 =.cos’ x, yi= —cos*x, —7/2 <x < 7/2; aboutx = 7 
24. y=x, y= 2x/U + Fak 


2.x=Jsny, 0O<y<7, x=0; 


about x = —1 
about y = 4 


/ 
/ 


SECTION 6.3 VOLUMES BY CYLINDRICAL SHELLS 445 


26. x°-—y*=7, x=4; abouty=5 


27. Use the Midpoint Rule with n = 5 to estimate the volume 
obtained by rotating about the y-axis the region under the curve 


Vw ih apse Os xess Il 


28. If the region shown in the figure is rotated about the y-axis to 
form a solid, use the Midpoint Rule with n = 5 to estimate the 
volume of the solid. 


yA 


29-32 Each integral represents the volume of a solid. Describe the 
solid. 


3 : A 
29. { Qarx° dx 30. ar { aren ee dy 


31. \, 2n(3 — y)(1 — y’) dy 


32. he? 


at(m — x)(cos x — sin x) dx 


33-34 Use a graph to estimate the x-coordinates of the points of 


intersection of the given curves. Then use this information and 
your calculator to estimate the volume of the solid obtained by 
rotating about the y-axis the region enclosed by these curves. 


33. y=e’," iin) aetee | 
BA ld gal ye ax 4x | 


AS| 35-36 Use a computer algebra system to find the exact volume of 


the solid obtained by rotating the region bounded by the given 
curves about the specified line. 


35. y = sin’x, y = sin’x, 0<x< a; aboutx = a/2 


36. y = x°sin x, y= 0, US2= us about x = —1 


37-43 The region bounded by the given curves is rotated about the 
specified axis. Find the volume of the resulting solid by any 
method. 

37. y = —x? + 6x — 8, y=0; about the y-axis 
38. y = —x° + 6x — 8, y= 0; about the x-axis 
39. y2— x? =1, y= 2; about the x-axis 


40. y> — x? =1, y= 2; about the y-axis 
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M1. x? + (y— 1)? =1; about the y-axis 
42. x = (y — 3)*, x= 4; abouty=1 


3. x=(y—1)7,x-—y=1; aboutx=—1 


44. Let T be the triangular region with vertices (0, 0), (1, 0), and 
(1, 2), and let V be the volume of the solid generated when T 
is rotated about the line x = a, where a > 1. Express a in 
terms of V. 

45-47 Use cylindrical shells to find the volume of the solid. 

45. A sphere of radius r 

46. The solid torus of Exercise 61 in Section 6.2 


47. A right circular cone with height / and base radius r 


48. Suppose you make napkin rings by drilling holes with different 


diameters through two wooden balls (which also have different 

diameters). You discover that both napkin rings have the same 

height h, as shown in the figure. 

(a) Guess which ring has more wood in it. 

(b) Check your guess: Use cylindrical shells to compute the 
volume of a napkin ring created by drilling a hole with 
radius r through the center of a sphere of radius R and 
express the answer in terms of h. 


; 


h 


| 


1) wo rk 


The term work is used in everyday language to mean the total amount of effort required 
to perform a task. In physics it has a technical meaning that depends on the idea of a 
force. Intuitively, you can think of a force as describing a push or pull on an object—for 
example, a horizontal push of a book across a table or the downward pull of the earth’s 
gravity on a ball. In general, if an object moves along a straight line with position function 
s(t), then the force F on the object (in the same direction) is given by Newton’s Second 
Law of Motion as the product of its mass m and its acceleration: 


2 
[1] pe ees 


In the SI metric system, the mass is measured in kilograms (kg), the displacement in 
meters (m), the time in seconds (s), and the force in newtons (N = kg-m/s”). Thus a force 
of | N acting on a mass of | kg produces an acceleration of 1 m/s’. In the US Customary 
system the fundamental unit is chosen to be the unit of force, which is the pound. 

In the case of constant acceleration, the force F is also constant and the work done is 
defined to be the product of the force F and the distance d that the object moves: 


[2] W = Fd work = force X distance 


If F is measured in newtons and d in meters, then the unit for W is a newton-meter, which 


is called a joule (J). If F is measured in pounds and d in feet, then the unit for W is a foot- 
pound (ft-lb), which is about 1.36 J. 


Vi EXAMPLE 1 


(a) How much work is done in lifting a 1.2-kg book off the floor to put it on a desk that 
is 0.7 m high? Use the fact that the acceleration due to gravity is g = 9.8 m/s’. 
(b) How much work is done in lifting a 20-lb weight 6 ft off the ground? 


SOLUTION 


(a) The force exerted is equal and opposite to that exerted by gravity, so Equation 1 
gives 


F = mg = (1.2)(9.8) = 11.76 N 


44s 


frictionless x 
surface 


(a) Natural position of spring 


es: 
i 
ra) 
ey 


0 


: 
a 
ie 
ae 
x 
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(b) Stretched position of spring 


FIGURE 1 
Hooke’s Law 
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and then Equation 2 gives the work done as 
W = Fd = (11.76)(0.7) ~ 8.2J 
(b) Here the force is given as F = 20 lb, so the work done is 
W = Fd = 20: 6 = 120 ft-lb 


Notice that in part (b), unlike part (a), we did not have to multiply by g because we 
were given the weight (which is a force) and not the mass of the object. pokes] 


Equation 2 defines work as long as the force is constant, but what happens if the force is 
variable? Let’s suppose that the object moves along the x-axis in the positive direction, from 
x = ato x = b, and at each point x between a and b a force f(x) acts on the object, where 
f is a continuous function. We divide the interval [a, b| into n subintervals with endpoints 
Xo,X1,--+,Xn and equal width Ax. We choose a sample point x;* in the ith subinterval 
[x;-1, x; ]. Then the force at that point is f(x%*). If n is large, then Ax is small, and since f is 
continuous, the values of f don’t change very much over the interval [x;-1, x]. In other 
words, f is almost constant on the interval and so the work W; that is done in moving the 
particle from x;-; to x; is approximately given by Equation 2: 


W; iad Tie) Ax 


Thus we can approximate the total work by 


Bl Ww ~ y F(x) Ax 


It seems that this approximation becomes better as we make n larger. Therefore we define 
the work done in moving the object from a to b as the limit of this quantity as n > . 
Since the right side of [3] is a Riemann sum, we recognize its limit as being a definite inte- 
gral and so 


[4] W= lim S/O Ar= { f(x) dx 


LS i=l 


{SEGA When a particle is located a distance x feet from the origin, a force of 
x? + 2x pounds acts on it. How much work is done in moving it from x = | to x = 3? 


3 x? : 50 
SOLUTION Wi fi ane t oi 


1 
The work done is 16; ft-lb. es 


In the next example we use a law from physics: Hooke’s Law states that the force 
required to maintain a spring stretched x units beyond its natural length is proportional 
to x: 

f(x) = kx 
where k is a positive constant (called the spring constant). Hooke’s Law holds provided that 
x is not too large (see Figure 1). 
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FIGURE 2 


lf we had placed the origin at the bottom of 
the cable and the x-axis upward, we would 
have gotten 


| 100 


W= f 2(100 — x) dx 


which gives the same answer. 


(] (SETS A force of 40 N is required to hold a spring that has been stretched from 
its natural length of 10 cm to a length of 15 cm. How much work is done in stretching the 


spring from 15 cm to 18 cm? 


SOLUTION According to Hooke’s Law, the force required to hold the spring stretched 
x meters beyond its natural length is f(x) = kx. When the spring is stretched from 10 cm 
to 15 cm, the amount stretched is 5 cm = 0.05 m. This means that f(0.05) = 40, so 


0.05k = 40 k = a = 800 


Thus f(x) = 800x and the work done in stretching the spring from 15 cm to 18 cm is 


2 0.08 
Wee | oe 800x dx = 800 < 
0.05 


2 0.05 


= 400[(0.08)? — (0.05)*] = 1.56J nae 


1% §S202I24) A 200-1b cable is 100 ft long and hangs vertically from the top of a tall 
building. How much work is required to lift the cable to the top of the building? 


SOLUTION Here we don’t have a formula for the force function, but we can use an argu- 
ment similar to the one that led to Definition 4. 

Let’s place the origin at the top of the building and the x-axis pointing downward as 
in Figure 2. We divide the cable into small parts with length Ax. If x* is a point in the 
ith such interval, then all points in the interval are lifted by approximately the same 
amount, namely x7*. The cable weighs 2 pounds per foot, so the weight of the ith part is 
2 Ax. Thus the work done on the ith part, in foot-pounds, is 


(Rae) Se ee OG aay 
os —— 
force distance 
We get the total work done by adding all these approximations and letting the number 
of parts become large (so Ax 0): 


W slime) 2x7 Ax — (er 2x dx 


0. 
ue i=1 


5] 100 
= x°])” = 10,000 ft-lb er 


A tank has the shape of an inverted circular cone with height 10 m and base 
radius 4 m. It is filled with water to a height of 8 m. Find the work required to empty 

the tank by pumping all of the water to the top of the tank. (The density of water is 

1000 kg/m*.) 


SOLUTION Let’s measure depths from the top of the tank by introducing a vertical coordi- 
nate line as in Figure 3. The water extends from a depth of 2 m to a depth of 10 m and 
so we divide the interval [2, 10] into n subintervals with endpoints xo, X1,...,X, and 
choose x;* in the ith subinterval. This divides the water into n layers. The ith layer is 
approximated by a circular cylinder with radius r; and height Ax. We can compute 7; 
from similar triangles, using Figure 4, as follows: 


ri 4 


10 cet ni SG U0 ee) 


and so its mass is 


FIGURE 3 


FIGURE 4 


I 


W 


Soe: 
p i=1 


= 15687 |" (100x — 20x? + x3) dx = 15684] 50 i 
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15687(> 


y= 34105) 
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Thus an approximation to the volume of the ith layer of water is 


4a 
V; = mr? Ax = — (10 — x*)? A: 
Hi NGS a5 | a AX 


m; = density X volume 


4 
~ 1000- erat — x* Ax = 1607(10 — x*)? Ax 


The force required to raise this layer must overcome the force of gravity and so 


mig ~ (9.8)1607(10 — xi*)* Ax 
= 15687(10 — x*)? Ax 


W; ~ Fix ~ 1568 7x;*(10 — a) Ax 


lim > 1568mx*(10 — x#) Ax = [ie 1568ax(10 — x)? dx 


20x3 x4 |" 
3 4 
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Each particle in the layer must travel a distance of approximately xi. The work W; done to 
raise this layer to the top is approximately the product of the force F; and the distance sie 


To find the total work done in emptying the entire tank, we add the contributions of each 
of the n layers and then take the limit as n > ©: 


1. A 360-lb gorilla climbs a tree to a height of 20 ft. Find the 
work done if the gorilla reaches that height in 
(a) 10 seconds (b) 5 seconds 


2. How much work is done when a hoist lifts a 200-kg rock to a 
height of 3 m? 


3. A variable force of 5x > pounds moves an object along a 
straight line when it is x feet from the origin. Calculate the 
work done in moving the object from x = | ft tox = 10 ft. 


4. When a particle is located a distance x meters from the origin, 


a force of cos(7x/3) newtons acts on it. How much work is 
done in moving the particle from x = | tox = 2? Interpret 
your answer by considering the work done from x = | to 

x = 1.5 and from x = 1.5 tox = 2. 


5. Shown is the graph of a force function (in newtons) that 
increases to its maximum value and then remains constant. 


How much work is done by the force in moving an object a 


distance of 8 m? 


| 
plate 
0) eer SG Ace) 


6. The table shows values of a force function f(x), where x is 
measured in meters and f(x) in newtons. Use the Midpoint 
Rule to estimate the work done by the force in moving an 
object from x = 4 to x = 20. 


3 4 6 8 10 12 14 16 18 20 


f(x) 5 5.8 7.0 Sis. SQ Graal Sean 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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7. A force of 10 lb is required to hold a spring stretched 4 in. 
beyond its natural length. How much work is done in stretching 
it from its natural length to 6 in. beyond its natural length? 


8. A spring has a natural length of 20 cm. If a 25-N force is 
required to keep it stretched to a length of 30 cm, how much 
work is required to stretch it from 20 cm to 25 cm? 


9. Suppose that 2 J of work is needed to stretch a spring from its 
natural length of 30 cm to a length of 42 cm. 
(a) How much work is needed to stretch the spring from 35 cm 
to 40 cm? 
(b) How far beyond its natural length will a force of 30 N keep 
the spring stretched? 


10. If the work required to stretch a spring | ft beyond its natural 
length is 12 ft-lb, how much work is needed to stretch it 9 in. 
beyond its natural length? 


11. A spring has natural length 20 cm. Compare the work W; 
done in stretching the spring from 20 cm to 30 cm with the 
work W, done in stretching it from 30 cm to 40 cm. How are 
W, and W, related? 


12. If 6 J of work is needed to stretch a spring from 10 cm to 
12 cm and another 10 J is needed to stretch it from 12 cm 
to 14 cm, what is the natural length of the spring? 


13-20 Show how to approximate the required work by a Riemann 
sum. Then express the work as an integral and evaluate it. 


13. A heavy rope, 50 ft long, weighs 0.5 lb/ft and hangs over the 
edge of a building 120 ft high. 
(a) How much work is done in pulling the rope to the top of 
the building? 
(b) How much work is done in pulling half the rope to the top 
of the building? 


14. A chain lying on the ground is 10 m long and its mass is 
80 kg. How much work is required to raise one end of the 
chain to a height of 6 m? 


15. A cable that weighs 2 lb/ft is used to lift 800 Ib of coal up a 
mine shaft 500 ft deep. Find the work done. 


16. A bucket that weighs 4 lb and a rope of negligible weight are 
used to draw water from a well that is 80 ft deep. The bucket 
is filled with 40 lb of water and is pulled up at a rate of 2 ft/s, 
but water leaks out of a hole in the bucket at a rate of 0.2 Ib/s. 
Find the work done in pulling the bucket to the top of the well. 


17. A leaky 10-kg bucket is lifted from the ground to a height of 
12 m at a constant speed with a rope that weighs 0.8 kg/m. 
Initially the bucket contains 36 kg of water, but the water 
leaks at a constant rate and finishes draining just as the bucket 
reaches the 12-m level. How much work is done? 


18. A 10-ft chain weighs 25 Ib and hangs from a ceiling. Find the 
work done in lifting the lower end of the chain to the ceiling so 
that it’s level with the upper end. 


19. An aquarium 2 m long, 1 m wide, and | m deep is full of 
water. Find the work needed to pump half of the water out 
of the aquarium. (Use the fact that the density of water is 
1000 kg /m’.) 


20. A circular swimming pool has a diameter of 24 ft, the sides are 
5 ft high, and the depth of the water is 4 ft. How much work is 
required to pump all of the water out over the side? (Use the 
fact that water weighs 62.5 lb/ft*.) 


21-24 A tank is full of water. Find the work required to pump the 
water out of the spout. In Exercises 23 and 24 use the fact that 
water weighs 62.5 lb/ft’. 


21. re 22. 


23. 24. 


frustum of a cone 


25. Suppose that for the tank in Exercise 21 the pump breaks down 


after 4.7 < 10° J of work has been done. What is the depth of 
the water remaining in the tank? 


26. Solve Exercise 22 if the tank is half full of oil that has a 
density of 900 kg/m’. 


27. When gas expands in a cylinder with radius r, the pressure at 
any given time is a function of the volume: P = P(V). The 
force exerted by the gas on the piston (see the figure) is the 
product of the pressure and the area: F = ar?P. Show that the 
work done by the gas when the volume expands from volume 
V, to volume V> is 


Vs 
We s PdV 


piston head 


28. 


29. 


30. 


In a steam engine the pressure P and volume V of steam satisfy 
the equation PV'* = k, where k is a constant. (This is true for 
adiabatic expansion, that is, expansion in which there is no heat 
transfer between the cylinder and its surroundings.) Use Exer- 
cise 27 to calculate the work done by the engine during a cycle 
when the steam starts at a pressure of 160 lb/in* and a volume 
of 100 in’ and expands to a volume of 800 in’. 


(a) Newton’s Law of Gravitation states that two bodies with 
masses m, and mp attract each other with a force 
P=G 


r2 


where r is the distance between the bodies and G is the 
gravitational constant. If one of the bodies is fixed, find the 
work needed to move the other from r = a tor = b. 

(b) Compute the work required to launch a 1000-kg satellite 
vertically to a height of 1000 km. You may assume that the 
earth’s mass is 5.98 X 10™ kg and is concentrated at its 
center. Take the radius of the earth to be 6.37 X 10° m and 
G= 6.6/7 X10 “N-m’/ke”. 


The Great Pyramid of King Khufu was built of limestone in 
Egypt over a 20-year time period from 2580 Bc to 2560 Bc. Its 


6.5 | Average Value of a Function 
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base is a square with side length 756 ft and its height when 

built was 481 ft. (It was the tallest man-made structure in the 

world for more than 3800 years.) The density of the limestone 
is about 150 lb/ft’. 

(a) Estimate the total work done in building the pyramid. 

(b) If each laborer worked 10 hours a day for 20 years, for 340 
days a year, and did 200 ft-lb/h of work in lifting the lime- 
stone blocks into place, about how many laborers were 
needed to construct the pyramid? 


© Vladimir Korostyshevskiy / Shutterstock 


It is easy to calculate the average value of finitely many numbers yy, y2,..-, Yn! 


Yave — 


Wr ae Wy ae OOF Sie Ye 


n 


But how do we compute the average temperature during a day if infinitely many tempera- 


ture readings are possible? Figure 1 shows the graph of a temperature function T(t), where 
t is measured in hours and T in °C, and a guess at the average temperature, Taye. 
In general, let’s try to compute the average value of a function y = f (x) <a =a = b. 


We start by dividing the interval [a,b] into n equal subintervals, each with length 


Ax = (b — a)/n. Then we choose points x7", . . 
late the average of the numbers f(x;*),... . f(x7'): 


., x in successive subintervals and calcu- 


[Oe Tien) 


FIGURE 1 


n 


(For example, if f represents a temperature function and n = 24, this means that we take 
temperature readings every hour and then average them.) Since Ax = (b — a)/n, we can 
write n = (b — a)/Ax and the average value becomes 


POA FIED 8 T_T pat ax t+ + flat) Add 
ba b= a 


Ax 
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For a positive function, we can think of this 
definition as saying 


area 


= average height 


width 


O| a € b 


FIGURE 2 


You can always chop off the top of a (two- 
dimensional) mountain at a certain height and 
use it to fill in the valleys so that the mountain 
becomes completely flat. 


If we let n increase, we would be computing the average value of a large number of closely 
spaced values. (For example, we would be averaging temperature readings taken every 
minute or even every second.) The limiting value is 


lim = 3 flat) bx = 5a [seas 


by the definition of a definite integral. 
Therefore we define the average value of f on the interval [a, b] as 


§%] (SCE Find the average value of the function f(x) = 1 + x’ on the 
interval [—1, 2]. 


SOLUTION With a = —1 and b = 2 we have 
1 [re )d 
xe = === x) dx = 
he b—a Ja DQ af 


i x |? 
= => || 6 se =2 [| 
3 om |=, 


ry la (1 + x?) dx 


If T(t) is the temperature at time t, we might wonder if there is a specific time when the 
temperature is the same as the average temperature. For the temperature function graphed 
in Figure 1, we see that there are two such times—yjust before noon and just before mid- 
night. In general, is there a number c at which the value of a function f is exactly equal to 
the average value of the function, that is, f(c) = fave? The following theorem says that this 
is true for continuous functions. 


The Mean Value Theorem for Integrals If f is continuous on [a, b], then there exists a 
number c in [a, b] such that 


flo) = = fe = — [ _ f(x) dx 


that is, (re) dx = f(c)(b — a) 


The Mean Value Theorem for Integrals is a consequence of the Mean Value Theorem 
for derivatives and the Fundamental Theorem of Calculus. The proof is outlined in Exer- 
Cisea2a. 

The geometric interpretation of the Mean Value Theorem for Integrals is that, for posi- 
tive functions f, there is a number c such that the rectangle with base [a, b] and height f(c) 
has the same area as the region under the graph of f from a to b. (See Figure 2 and the 
more picturesque interpretation in the margin note.) 


1 WSCA Since f(x) = 1 + x? is continuous on the interval [—1, 2], the Mean 
Value Theorem for Integrals says there is a number c in [—1, 2] such that 


Gor Oe 0) 


Therefore 
(eel) 


ae dcr 


= 


FIGURE 3 
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In this particular case we can find c explicitly. From Example 1 we know that five = 2, 
so the value of c satisfies 


fc) Sjpy =2 


l4+ e=2 0) ee 


So in this case there happen to be two numbers c = +1 in the interval [—1, 2] that work 
in the Mean Value Theorem for Integrals. 


Examples 1| and 2 are illustrated by Figure 3. 


{Y] [S—PTS) Show that the average velocity of a car over a time interval [f), t | is the 


same as the average of its velocities during the trip. 


SOLUTION If s(t) is the displacement of the car at time f, then, by definition, the average 
velocity of the car over the interval is 


Sin) s(t) 


As 
At i) = Ahi 


On the other hand, the average value of the velocity function on the interval is 


Dave 


1 ; : 
=| v(t) dt = i s'(t) dt 
i) =a ty f oy Hh CA 
1 
= ; [s(t2) = s(t) | (by the Net Change Theorem) 
De AD 
Sa) = GY ; 
= (ta) “ v = average velocity Ls 
In — 1} 


65 | Exercises 


1-8 Find the average value of the function on the given interval. 
iG) 4x— x, [0,4] 
2. f(x) = sin 4x, 
3. g(x) = yx, [1,8] 


[—7, 7] 


4. g(t) = — [1,3] 
5 f(r) —e" cost, [0, 7/2] 
6. f(0) = sec*(6/2), [0, 7/2] 


7. h(x) = cos*x sinx, [0, 7] 


8. A(u) = 3 — 2u)', [-1,1] 


9-12 

(a) Find the average value of f on the given interval. 

(b) Find c such that fave = f(C). 

(c) Sketch the graph of f and a rectangle whose area is the same 
as the area under the graph of f. 


aul Graphing calculator or computer required 


Ch Cakes = aye) sell 
10. f(x) = 1/x, [1,3] 
110 12 sin — si 2x) 0, ar 


FY 12. 


FG) = oe leer) an | 


13. If f is continuous and (i f(x) dx = 8, show that f takes on the 


value 4 at least once on the interval [1, 3]. 


Find the numbers b such that the average value of 
f(x) = 2 + 6x — 3x? on the interval [0, b] is equal to 3. 


14. 


15. Find the average value of f on [0, 8]. 


1. Homework Hints available at stewartcalculus.com 
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16. 


17. 


18. 


19. 


20. 
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The velocity graph of an accelerating car is shown. 


UK 
(km/h) 
60 


40 


20 


>! 
12 t (seconds) 


(a) Use the Midpoint rule to estimate the average velocity of 
the car during the first 12 seconds. 

(b) At what time was the instantaneous velocity equal to the 
average velocity? 


In a certain city the temperature (in °F) ¢ hours after 9 AM was 
modeled by the function 


if 
T(t) = 50 + 14 sin — 
12 


Find the average temperature during the period from 9 AM 
to 9 PM. 


The velocity v of blood that flows in a blood vessel with radius 
R and length / at a distance r from the central axis is 


Poon 
means r) 


where P is the pressure difference between the ends of the ves- 
sel and 7 is the viscosity of the blood (see Example 7 in Sec- 
tion 3.7). Find the average velocity (with respect to r) over the 
interval 0 < r < R. Compare the average velocity with the 
maximum velocity. 


The linear density in a rod 8 m long is 12/,/x + 1 kg/m, 
where x is measured in meters from one end of the rod. Find 
the average density of the rod. 


(a) A cup of coffee has temperature 95°C and takes 30 minutes 
to cool to 61°C in a room with temperature 20°C. Use 
Newton’s Law of Cooling (Section 3.8) to show that the 


21. 


23. 


24. 


25. 


26. 


temperature of the coffee after t minutes is 
T(t) = 20 + 5e8- 


where k ~ 0.02. 
(b) What is the average temperature of the coffee during the 
first half hour? 


In Example | in Section 3.8 we modeled the world population 
in the second half of the 20th century by the equation 

P(t) = 2560e°°'7'*". Use this equation to estimate the average 
world population during this time period. 


. If a freely falling body starts from rest, then its displacement is 


given by s = +gt?. Let the velocity after a time T be v7. Show 
that if we compute the average of the velocities with respect to 
t we get Vave = 307, but if we compute the average of the veloc- 
ities with respect to s we get Vave = tyr. 


Use the result of Exercise 83 in Section 5.5 to compute the 
average volume of inhaled air in the lungs in one respiratory 
cycle. 


Use the diagram to show that if f is concave upward on [a, b], 


then 
G=— (D 
acto 
tue >/(*) 


yA 


Prove the Mean Value Theorem for Integrals by applying the 
Mean Value Theorem for derivatives (see Section 4.2) to the 
function F(x) = [* f(t) dt. 


If faela, b] denotes the average value of f on the interval [a, b] 
and a <.c < b, show that 


aes as 


Coe 
ave ,b a) Sere SS a ae 
fela, b= —— feel, lp ee 
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CALCULUS AND BASEBALL 


‘ 
i 
2 


—— > — — — - of 
i 
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4 
‘& 
4 
i 


_pteee Ce 
@ 
& 
Batter’s box < 


An overhead view of the position of a 
baseball bat, shown every fiftieth of 

a second during a typical swing. 
(Adapted from The Physics of Baseball) 


In this project we explore three of the many applications of calculus to baseball. The physical 
interactions of the game, especially the collision of ball and bat, are quite complex and their 
models are discussed in detail in a book by Robert Adair, The Physics of Baseball, 3d ed. 
(New York, 2002). 


1. It may surprise you to learn that the collision of baseball and bat lasts only about a thou- 
sandth of a second. Here we calculate the average force on the bat during this collision by 
first computing the change in the ball’s momentum. 

The momentum p of an object is the product of its mass m and its velocity v, that is, 
p = mv. Suppose an object, moving along a straight line, is acted on by a force F = F(t) 
that is a continuous function of time. 
(a) Show that the change in momentum over a time interval [fo, t; ] is equal to the integral 
of F from f to t;; that is, show that 


P(t) — p(to) = ‘ F(t) dt 


This integral is called the impulse of the force over the time interval. 

(b) A pitcher throws a 90-mi/h fastball to a batter, who hits a line drive directly back 
to the pitcher. The ball is in contact with the bat for 0.001 s and leaves the bat with 
velocity 110 mi/h. A baseball weighs 5 oz and, in US Customary units, its mass is 
measured in slugs: m = w/g where g = 32 ft/s’. 

(i) Find the change in the ball’s momentum. 
(ii) Find the average force on the bat. 


2. In this problem we calculate the work required for a pitcher to throw a 90-mi/h fastball by 
first considering kinetic energy. 
The kinetic energy K of an object of mass m and velocity v is given by K = +mv?. Sup- 
pose an object of mass m, moving in a straight line, is acted on by a force F = F(s) that 
depends on its position s. According to Newton’s Second Law 


d 
jG) se 


dt 


where a and v denote the acceleration and velocity of the object. 
(a) Show that the work done in moving the object from a position so to a position 3) is 
equal to the change in the object’s kinetic energy; that is, show that 


W= He F(s) ds = 4mv? — 5mv¢ 
where vp = v(so) and v,; = v(s,) are the velocities of the object at the positions so 


and s. Hint: By the Chain Rule, 


dv dv ds dv 


DF am ds dram Neds 


(b) How many foot-pounds of work does it take to throw a baseball at a speed of 
90 mi/h? 


AM Graphing calculator or computer required 
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3. (a) An outfielder fields a baseball 280 ft away from home plate and throws it directly to 
the catcher with an initial velocity of 100 ft/s. Assume that the velocity v(t) of the ball 
after t seconds satisfies the differential equation dv/dt = — iv because of air resist- 
ance. How long does it take for the ball to reach home plate? (Ignore any vertical 
motion of the ball.) 
The manager of the team wonders whether the ball will reach home plate sooner if it 
is relayed by an infielder. The shortstop can position himself directly between the 
outfielder and home plate, catch the ball thrown by the outfielder, turn, and throw the 
ball to the catcher with an initial velocity of 105 ft/s. The manager clocks the relay 
time of the shortstop (catching, turning, throwing) at half a second. How far from 
home plate should the shortstop position himself to minimize the total time for the 
ball to reach home plate? Should the manager encourage a direct throw or a relayed 
throw? What if the shortstop can throw at 115 ft/s? 
/4 —(c) For what throwing velocity of the shortstop does a relayed throw take the same time 
as a direct throw? 


(b 


ma 
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CT 


cx WHERE TO SIT AT THE MOVIES 


A movie theater has a screen that is positioned 10 ft off the floor and is 25 ft high. The first row 
of seats is placed 9 ft from the screen and the rows are set 3 ft apart. The floor of the seating area 
is inclined at an angle of a = 20° above the horizontal and the distance up the incline that you sit 
is x. The theater has 21 rows of seats, so 0 < x < 60. Suppose you decide that the best place to 
sit is in the row where the angle @ subtended by the screen at your eyes is a maximum. Let’s also 
suppose that your eyes are 4 ft above the floor, as shown in the figure. (In Exercise 74 in Sec- 
tion 4.7 we looked at a simpler version of this problem, where the floor is horizontal, but this 
project involves a more complicated situation and requires technology.) 


1. Show that 
a’ + b? — 625 
Oar CCOS eee 
2ab 
where 
a’ =(9 + xcos a) + G1 =xsina) 
and 


b* = (9 + xcos a)? + (x sin a — 6) 


2. Use a graph of 0 as a function of x to estimate the value of x that maximizes @. In which 
row should you sit? What is the viewing angle @ in this row? 


3. Use your computer algebra system to differentiate 6 and find a numerical value for the root 
of the equation d6/dx = 0. Does this value confirm your result in Problem 2? 


4. Use the graph of 6 to estimate the average value of 6 on the interval 0 < x < 60. Then use 
your CAS to compute the average value. Compare with the maximum and minimum values 
of 0. 


[cas] Computer algebra system required 
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Concept Check 


1. (a) Draw two typical curves y = f(x) and y = g(x), where 
f(x) = g(x) for a < x < b. Show how to approximate 
the area between these curves by a Riemann sum and 
sketch the corresponding approximating rectangles. Then 
write an expression for the exact area. 

(b) Explain how the situation changes if the curves have 
equations x = f(y) and x = g(y), where f(y) = g(y) 
forc Sy <d. 


2. Suppose that Sue runs faster than Kathy throughout a 
1500-meter race. What is the physical meaning of the area 
between their velocity curves for the first minute of the 
race? 


3. (a) Suppose S is a solid with known cross-sectional areas. 
Explain how to approximate the volume of S by a 
Riemann sum. Then write an expression for the exact 
volume. 


Exercises 


1-6 Find the area of the region bounded by the given curves. 


ee eA Xe 

2-y= f/x oy Hy = 0, x= e 
3. y=1-—2x?, y=(2| 

AU y= 0) t= 923 y 

5. y = sin(ax/2), y=x° — 2x 
6.» = J; yp=x?, x=2 


7-11 Find the volume of the solid obtained by rotating the region 
bounded by the given curves about the specified axis. 


7. y = 2x, y= x’; about the x-axis 


8. x=1+y%, y=x— 3; about the y-axis 


9. x=0, x=9-—y’, aboutx = —1 


l| 


10. y=x? +1, y=9-—-x*, abouty = —1 


11. x2 —y?=a?, x=at+h (wherea > 0,h > 0); 
about the y-axis 


12-14 Set up, but do not evaluate, an integral for the volume of 
the solid obtained by rotating the region bounded by the given 
curves about the specified axis. 

12. y = tan x, y =x, x = 77/3; about the y-axis 

a/2, y= 43 


13. y = cos’x,-|x| = about x = 7/2 


Graphing calculator or computer required 


(b) If S is a solid of revolution, how do you find the cross- 
sectional areas? 


4. (a) What is the volume of a cylindrical shell? 
(b) Explain how to use cylindrical shells to find the volume 
of a solid of revolution. 
(c) Why might you want to use the shell method instead of 
slicing? 


5. Suppose that you push a book across a 6-meter-long table 
by exerting a force f(x) at each point from x = 0 to x = 6. 
What does |° f(x) dx represent? If f(x) is measured in new- 
tons, what are the units for the integral? 


6. (a) What is the average value of a function f on an 
interval [a, b]? 
(b) What does the Mean Value Theorem for Integrals say? 
What is its geometric interpretation? 


14. y= 4/x, y= x7; -abouty = 2 


15. Find the volumes of the solids obtained by rotating the region 
bounded by the curves y = x and y = x” about the following 
lines. 

(a) The x-axis 


(b) The y-axis (c) y=2 


16. Let R be the region in the first quadrant bounded by the 
curves y = x° and y = 2x — x’. Calculate the following 
quantities. 

(a) The area of R 
(b) The volume obtained by rotating % about the x-axis 
(c) The volume obtained by rotating SX about the y-axis 


17. Let R be the region bounded by the curves y = tan(x*), 
x = 1, and y = 0. Use the Midpoint Rule with n = 4 to esti- 
mate the following quantities. 
(a) The area of R 
(b) The volume obtained by rotating % about the x-axis 


Let &R be the region bounded by the curves y = | — x? and 

y =x° — x + 1. Estimate the following quantities. 

(a) The x-coordinates of the points of intersection of the 
curves 

(b) The area of R 

(c) The volume generated when % is rotated about the x-axis 

(d) The volume generated when is rotated about the y-axis 


18. 


19-22 Each integral represents the volume of a solid. Describe 
the solid. 
a 


J0 


( a/2 2 Fh he 
19. |” 2ax cos x dx 20. 27 cos-x dx 
J0 
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i a(2 — sin x)’ dx 


0 


22. {"2m(6 - y)(4y ~ y*) dy 


23. 


24. 


25. 


26. 


27. 


28. 


The base of a solid is a circular disk with radius 3. Find the 
volume of the solid if parallel cross-sections perpendicular to 
the base are isosceles right triangles with hypotenuse lying 
along the base. 


The base of a solid is the region bounded by the parabolas 

y =x? and y = 2 — x’. Find the volume of the solid if the 
cross-sections perpendicular to the x-axis are squares with one 
side lying along the base. 


The height of a monument is 20 m. A horizontal cross-section 
at a distance x meters from the top is an equilateral triangle 
with side +x meters. Find the volume of the monument. 


(a) The base of a solid is a square with vertices located at 
(1, 0), (0, 1), (—1, 0), and (0, — 1). Each cross-section per- 
pendicular to the x-axis is a semicircle. Find the volume of 
the solid. 

(b) Show that by cutting the solid of part (a), we can rearrange it 
to form a cone. Thus compute its volume more simply. 


A force of 30 N is required to maintain a spring stretched from 
its natural length of 12 cm to a length of 15 cm. How much 
work is done in stretching the spring from 12 cm to 20 cm? 


A 1600-lb elevator is suspended by a 200-ft cable that weighs 
10 lb/ft. How much work is required to raise the elevator from 
the basement to the third floor, a distance of 30 ft? 


29. A tank full of water has the shape of a paraboloid of revolution 


30. 


31. 


32. 


as shown in the figure; that is, its shape is obtained by rotating 

a parabola about a vertical axis. 

(a) If its height is 4 ft and the radius at the top is 4 ft, find the 
work required to pump the water out of the tank. 

(b) After 4000 ft-lb of work has been done, what is the depth 
of the water remaining in the tank? 


Find the average value of the function f(t) = t sin(t?) on the 
interval [0, 10]. 


If f is a continuous function, what is the limit as h — 0 of the 
average value of f on the interval [x, x + h]? 


Let R; be the region bounded by y = x*, y = 0, and x = b, 

where b > 0. Let R» be the region bounded by y = x’, 

x =0, and y = b’. 

(a) Is there a value of b such that 2%, and M2 have the same 
area? 

(b) Is there a value of b such that %, sweeps out the same 
volume when rotated about the x-axis and the y-axis? 

(c) Is there a value of b such that R, and Rz sweep out the 
same volume when rotated about the x-axis? 

(d) Is there a value of b such that R, and R2 sweep out the 
same volume when rotated about the y-axis? 


aie 


— Problems Plus 


1. (a) Find a positive continuous function f such that the area under the graph of f from 0 to t 
is A(t) =f for all t > 0. 
(b) A solid is generated by rotating about the x-axis the region under the curve y = f(x), 
where f is a positive function and x => 0. The volume generated by the part of the curve 
from x = 0 to x = b is b’ for all b > O. Find the function f. 


2. There is a line through the origin that divides the region bounded by the parabola y = x — x? 
and the x-axis into two regions with equal area. What is the slope of that line? 


YA 3. The figure shows a horizontal line y = c intersecting the curve y = 8x — 27x°. Find the 
number c such that the areas of the shaded regions are equal. 


yee 4. Acylindrical glass of radius r and height L is filled with water and then tilted until the water 
remaining in the glass exactly covers its base. 
(a) Determine a way to “slice” the water into parallel rectangular cross-sections and then 
set up.a definite integral for the volume of the water in the glass. 
(b) Determine a way to “slice” the water into parallel cross-sections that are trapezoids and 


0 x then set up a definite integral for the volume of the water. 
(c) Find the volume of water in the glass by evaluating one of the integrals in part (a) or 
FIGURE FOR PROBLEM 3 part (b). 


(d) Find the volume of the water in the glass from purely geometric considerations. 

(e) Suppose the glass is tilted until the water exactly covers half the base. In what direction 
can you “slice” the water into triangular cross-sections? Rectangular cross-sections? 
Cross-sections that are segments of circles? Find the volume of water in the glass. 


5. (a) Show that the volume of a segment of height h of a sphere of radius r 1s 


V =$ah?(r — h) 
(See the figure.) 
(b) Show that if a sphere of radius 1 is sliced by a plane at a distance x from the center 
in such a way that the volume of one segment is twice the volume of the other, then 
x is a solution of the equation 


3x7 — 9x +2=0 


where 0 < x < 1. Use Newton’s method to find x accurate to four decimal places. 
FIGURE FOR PROBLEM 5 (c) Using the formula for the volume of a segment of a sphere, it can be shown that the 
depth x to which a floating sphere of radius r sinks in water is a root of the equation 


x? — 3rx? + 4r?s =0 


where s is the specific gravity of the sphere. Suppose a wooden sphere of radius 0.5 m 
has specific gravity 0.75. Calculate, to four-decimal-place accuracy, the depth to which 
the sphere will sink. 


[cas] Computer algebra system required 
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FIGURE FOR PROBLEM 6 


FIGURE FOR PROBLEM 9 
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10. 


“tvs of ee.c 2 eee 


(d) A hemispherical bow] has radius 5 inches and water is running into the bow] at the rate 
of 0.2 in’/s. oc 
(i) How fast is the water level in the bowl rising at the instant the water is 3 inches deep? 
(ii) At a certain instant, the water is 4 inches deep. How long will it take to fill the bowl? 


. Archimedes’ Principle states that the buoyant force on an object partially or fully submerged 


in a fluid is equal to the weight of the fluid that the object displaces. Thus, for an object of 
density po floating partly submerged in a fluid of density py, the buoyant force is given by 
F = prg S°, A(y) dy, where g is the acceleration due to gravity and A(y) is the area of a 
typical cross-section of the object (see the figure). The weight of the object is given by 


L-h 
W = pog [ A(y) dy 


(a) Show that the percentage of the volume of the object above the surface of the liquid is 


1 Pf ~ Po 

ie Pr 

(b) The density of ice is 917 kg/m’ and the density of seawater is 1030 kg/m*. What percent- 
age of the volume of an iceberg is above water? 

(c) An ice cube floats in a glass filled to the brim with water. Does the water overflow when 
the ice melts? 

(d) A sphere of radius 0.4 m and having negligible weight is floating in a large freshwater 
lake. How much work is required to completely submerge the sphere? The density of the 
water is 1000 kg/m’. 


. Water in an open bowl evaporates at a rate proportional to the area of the surface of the water. 


(This means that the rate of decrease of the volume is proportional to the area of the surface.) 
Show that the depth of the water decreases at a constant rate, regardless of the shape of the 
bowl. 


. A sphere of radius 1 overlaps a smaller sphere of radius r in such a way that their intersection 


is a circle of radius r. (In other words, they intersect in a great circle of the small sphere.) 
Find r so that the volume inside the small sphere and outside the large sphere is as large as 
possible. 


. The figure shows a curve C with the property that, for every point P on the middle curve 


y = 2x’, the areas A and B are equal. Find an equation for C. 


A paper drinking cup filled with water has the shape of a cone with height / and semivertical 
angle 6. (See the figure.) A ball is placed carefully in the cup, thereby displacing some of the 
water and making it overflow. What is the radius of the ball that causes the greatest volume of 
water to spill out of the cup? 


11. 


FIGURE FOR PROBLEM 12 


13. 


A clepsydra, or water clock, is a glass container with a small hole in the bottom through 
which water can flow. The “clock” is calibrated for measuring time by placing markings on 
the container corresponding to water levels at equally spaced times. Let x = f(y) be continu- 
ous on the interval [0, b] and assume that the container is formed by rotating the graph of 

f about the y-axis. Let V denote the volume of water and h the height of the water level at 
time ¢. 


(a) Determine V as a function of h. 
(b) Show that 
dV dh 
— = ip)? = 
Ol 
(c) Suppose that A is the area of the hole in the bottom of the container. It follows from 
Torricelli’s Law that the rate of change of the volume of the water is given by 


dV 
ap 7 KAVA 


where k is a negative constant. Determine a formula for the function f such that dh /dt is 
a constant C. What is the advantage in having dh/dt = C? 


12. A cylindrical container of radius r and height L is partially filled with a liquid whose volume 


is V. If the container is rotated about its axis of symmetry with constant angular speed w, then 
the container will induce a rotational motion in the liquid around the same axis. Eventually, 
the liquid will be rotating at the same angular speed as the container. The surface of the liquid 
will be convex, as indicated in the figure, because the centrifugal force on the liquid particles 
increases with the distance from the axis of the container. It can be shown that the surface of 
the liquid is a paraboloid of revolution generated by rotating the parabola 


about the y-axis, where g is the acceleration due to gravity. 

(a) Determine h as a function of o. 

(b) At what angular speed will the surface of the liquid touch the bottom? At what speed will 
it spill over the top? 

(c) Suppose the radius of the container is 2 ft, the height is 7 ft, and the container and liquid 
are rotating at the same constant angular speed. The surface of the liquid is 5 ft below the 
top of the tank at the central axis and 4 ft below the top of the tank | ft out from the 
central axis. 

(i) Determine the angular speed of the container and the volume of the fluid. 
(ii) How far below the top of the tank is the liquid at the wall of the container? 


Suppose the graph of a cubic polynomial intersects the parabola y = x* when x = 0, x = a, 
and x = b, where 0 < a < b. If the two regions between the curves have the same area, how 


is b related to a? 
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AS 14. Suppose we are planning to make a taco from a round tortilla with diameter 8 inches by 
bending the tortilla so that it is shaped as if it is partially wrapped around a circular cylinder. 

We will fill the tortilla to the edge (but no more) with meat, cheese, and other ingredients. 

Our problem is to decide how to curve the tortilla in order to maximize the volume of food it 

can hold. 

(a) We start by placing a circular cylinder of radius r along a diameter of the tortilla and 
folding the tortilla around the cylinder. Let x represent the distance from the center of the 
tortilla to a point P on the diameter (see the figure). Show that the cross-sectional area of 
the filled taco in the plane through P perpendicular to the axis of the cylinder is 


AG Omeeaaae | sn(2 Jie) 
lf 


and write an expression for the volume of the filled taco. 
(b) Determine (approximately) the value of r that maximizes the volume of the taco. (Use a 
graphical approach with your CAS.) 


15. If the tangent at a point P on the curve y = x° intersects the curve again at Q, let A be the 
area of the region bounded by the curve and the line segment PQ. Let B be the area of the 
region defined in the same way starting with Q instead of P. What is the relationship between 
A and B? 
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AP6-1 


; Og AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places 
For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator; 
however, show appropriate calculus notation in your work 
Multiple Choice 
1. The boundaries of a region are the y-axis, the line y = —1, and July 1, 1990. Which of the following best represents the 
the curve y = —x* + 3, x = 0. Find the area of this region by average population in Dallas between July 1, 1995, and 
integrating with respect to x. July 1, 2000? 
(a) 0 (b) 33 
; : P10) = P(5) 
(c) 5 (d) 4! (a) $f 1006877e°°'™" dt Osan ae 
: ; : P(2000) > PUW995 
2. Find the volume of the solid created when the region enclosed (Cals 1006877¢°°'™ dt (d) se Ee 5 : 


by the curves y = x°””, y = /x? + 1, and x = 0 is revolved 
about the y-axis. 
(a) 2.762 
(c) 2.895 


(b) 1.447 
(d) 3.652 


. Determine the volume generated by rotating the region 


bounded by the curves y = 2 — x? (x = 0), x = y, and x = 0 
about y = 2. 


ae aye 

15 vS 
27 OL ai, 

(c) 3 (d) Gee 


. A force of 56 N is required to hold a spring that has been 


stretched from its natural length of 12 cm to a length of 20 cm. 
How much work is required to stretch the spring from 20 cm to 
30 cm? 

(a) 17.5 J 
(@) 17 I 


(b) 350 J 
(CN) aia 


. The population in Dallas, Texas, can be modeled by 


P = 1006877e°"'**" where ft is the number of years since 


Free Response 


9. A solid is produced by rotating the region bounded by y= se 


10. 


x = 8, and y = 0 about the x-axis. 

(a) Sketch the solid generated. 

(b) Define the volume of the solid using shells, without calcu- 
lating the integral. 

(c) Find the volume of this solid using an integral. 


A septic tank is in the shape of a cylinder, 5 meters high and 
radius 1.5 meters. Assume that the density of water is 
1000 kg/m’. 


. What is the integral for the volume of the solid obtained by 


rotating the region bounded by y = sin*x, y = x’, 
0 <x S 7/4, about x = 1? 


(a) an{™ (x? — sin’x) dx 
(b) anf [(1 + x?)? — (1 + sin’x)] dx 
(c) 2a (1 — x)(x? — sin’x) dx 


(d) ae — x”)? — (1 — sin’x)*] dx 


. Determine the approximate volume of a pie that is 10 in. across 


the top, 8 in. across the bottom, and 2 in. deep. 
(a) 128 in? (b) 160 in? 
(c) 157 in* (d) 143 in? 


. Which of the following integrals gives the area of the region 


bounded by the graphs of y = 3°"! + 2, y = 5, and the y-axis? 
Cu = ick: (b) |G - 3") ax 
0 0 


(c) I (637 2) de (d) ta (3 -— 3°) dx 


(a) Find the work required if the tank is full of water and the 
water is to be pumped over the top of the tank. 

(b) Find the work required if the tank is full of water and the 
water must be pumped to a height 1.5 meters above the top 
of the tank. 

(c) Find the work if the depth of the water in the tank is 
2 meters and the water must be pumped over the top of the 
tank. 
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Techniques of Integration 


Shown is a photograph of Omega Cen- 
tauri, which contains several million stars 
and is the largest globular cluster in our 
galaxy. Astronomers use stellar stereog- 


raphy to determine the actual density of 
stars in a star cluster from the (two- 
dimensional) density that can be ana- 
lyzed from a photograph. In Section 7.8 
you are asked to evaluate an integral to 
calculate the perceived density from the 
actual density. 


© 2010 Thomas V. Davis, www.tvdavisastropics.com 
Because of the Fundamental Theorem of Calculus, we can integrate a function if we know an anti- 
derivative, that is, an indefinite integral. We summarize here the most important integrals that we 
have learned so far. 


[xtdx= +C (n¥-1) [rar=in|x| +c 

| edx=e*+C Ja dx = 7 ape. 

| SIN AG c= COS | cos xdx = sinx + C 

| sec’x dx = tanx + C | csce*x dx = —cotx + C 

| sec x tanx dx = secx + C | csc x cot xdx = —cscx + C 
| sinh x dx = cosh x + C | cosh x dx = sinhx + C 

[ tan x dx = In|sec x] + C | cot xdx = In|sinx| + 


x 


age | I x r | 
een | Be SS i= sine +€C, a>0 
(am ae ee a CS ape i) 


In this chapter we develop techniques for using these basic integration formulas to obtain indefinite 
integrals of more complicated functions. We learned the most important method of integration, the 
Substitution Rule, in Section 5.5. The other general technique, integration by parts, is presented in 
Section 7.1. Then we learn methods that are special to particular classes of functions, such as trigono- 
metric functions and rational functions. 

Integration is not as straightforward as differentiation: there are no rules that absolutely guarantee 
obtaining an indefinite integral of a function. Therefore we discuss a strategy for integration in 


Section 7.5. 
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Integration by Parts 


Every differentiation rule has a corresponding integration rule. For instance, the Substitu- 

tion Rule for integration corresponds to the Chain Rule for differentiation. The rule that 

corresponds to the Product Rule for differentiation is called the rule for integration by parts. 
The Product Rule states that if f and g are differentiable functions, then 


= [fool] = Fag") + ol) FW 


In the notation for indefinite integrals this equation becomes 


[ LA@)g'@) + gf’) ax = fO)g) 
or [ FO) 9'@) dx + | 90 /'@) dx = fg) 


We can rearrange this equation as 


1 | FO) g'@) dx = fla) g(x) — | gla) f(a) dx 


Formula | is called the formula for integration by parts. It is perhaps easier to remem- 
ber in the following notation. Let u = f(x) and v = g(x). Then the differentials are 
du = f'(x) dx and dv = g'(x) dx, so, by the Substitution Rule, the formula for integration by 
parts becomes 


[2] 


FEXAMPLE 1 Watt! | xsin x dx. 


SOLUTION USING FORMULA 1 Suppose we choose f(x) = x and g'(x) = sin x. Then 


f'(x) = 1 and g(x) = —cos x. (For g we can choose any antiderivative of g .) Thus, 
using Formula 1, we have 


| x sin x dx = f(x)g(x) — | g(x) f(x) dx 


COS a= | (=. COSat) dx 


= —xcosx + | cos x dx 


Ga(COw a0 a Gh se ap (6 


It’s wise to check the answer by differentiating it. If we do so, we get x sin x, as 
expected. 


It is helpful to use the pattern: 
u=U dv =U 
du = v=0 


It's customary to write { 1 dx as { dx. 


Check the answer by differentiating it. 
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SOLUTION USING FORMULA 2 Let 


Then 


and so 


| xsinx dx = 


I 


| 


u=x dv = sin x dx 


du = dx v = —cos x 


u dv u l I du 
VS ss a a aan <a 


| AS ax —=—%) (COs 0) | (cos x) dx 


=F COS JF ae | cos xdx 


=r (COS Fe -P Sin ss ae (CE ave] 


NOTE Our aim in using integration by parts is to obtain a simpler integral than the one 
we started with. Thus in Example | we started with if x sin x dx and expressed it in terms of 
the simpler integral \) cos x dx. If we had instead chosen u = sin x and dv = x dx, then 
du = cos x dx and v = x*/2, so integration by parts gives 


| x sin 


Although this is true, [ x* cos 


z 1 
x dx = (sin x) > = 5 } xe0s x dx 


x dx is a more difficult integral than the one we started with. 


In general, when deciding on a choice for u and dv, we usually try to choose u = f(x) to be 
a function that becomes simpler when differentiated (or at least not more complicated) as 
long as dv = g'(x) dx can be readily integrated to give ». 


7 Bess Evaluate | In 


if Obie. 


SOLUTION Here we don’t have much choice for u and dv. Let 


Then 


Integrating by parts, we get 


Integration by parts is effe 
f(x) = In x is simpler than f. 


u=Inx dv = dx 
1 
du = — dx v=xX 
iG 
dx 
[ nxdx=xinx ~ | x— 
x 
=xinx — { ax 
= selinge = ze ar CC 


ctive in this example because the derivative of the function 
ae 


 KSCAUEUEE Find | 1c" ar. 


SOLUTION Notice that t? becomes simpler when differentiated (whereas e’ is unchanged 
when differentiated or integrated), so we choose 


Then 


ise dv = e' dt 


Ah, = 2Qirahs Vie 
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An easier method, using complex numbers, is 
given in Exercise 50 in Appendix H. 


Figure 1 illustrates Example 4 by show- 

ing the graphs of f(x) = e* sin x and 

F(x) = $e*(sin x — cos x). Asa visual 
check on our work, notice that f(x) = 0 when 
F has a maximum or minimum. 


FIGURE 1 


Integration by parts gives 


[3] | Petar =pe'—2 | te' dt 

The integral that we obtained, | te‘ dr, is simpler than the original integral but is still not 
obvious. Therefore we use integration by parts a second time, this time with u = t and 
dv = e' dt. Then du = dt, v = e’, and 

| tetdr = te’ — [ear 

=e —e 7 GC 
Putting this in Equation 3, we get 
| Peat = tei — 2 | te dt 
= t’e' — 2(te' — e' + C) 


= t’e' — 2te' + 2e° + C; where C; = —2C 


fd eS Evaluate | e*sin x dx. 


SOLUTION Neither e* nor sin x becomes simpler when differentiated, but we try choosing 
u = e* and dv = sin x dx anyway. Then du = e* dx and v = —cos x, so integration 
by parts gives 


[4] [ e*sin x dx = —e cos x + | e*cos x dx 


The integral that we have obtained, ‘) e*cos x dx, is no simpler than the original one, but 
at least it’s no more difficult. Having had success in the preceding example intesEane 
by parts twice, we persevere and integrate by parts again. This time we use u = e* and 
dv = cos x dx. Then du = e* dx, v = sin x, and 


[5 | | € COS GX 6 SIMs | e*sin x dx 


At first glance, it appears as if we have accomplished nothing because we have arrived at 
J e* sin x dx, which is where we started. However, if we put the expression for i) e*cos x dx 
from Equation 5 into Equation 4 we get 


| e*sin x dx = —e*cos x + e*sinx — | e* sin x dx 


This can be regarded as an equation to be solved for the unknown integral. Adding 
{ e* sin x dx to both sides, we obtain 


p) | e*sin x dx = —e*cos x + e*sin x 
Dividing by 2 and adding the constant of integration, we get 


Are | eases 
| e*sin x dx = 5e*(sin x — cos x) = GC 


Since tan-'x = O for x = O, the integral in 
Example 5 can be interpreted as the area of 
the region shown in Figure 2. 


yA 


y= tan 4 


RY 


FIGURE 2 


Equation 7 is called a reduction formula 
because the exponent n has been reduced to 
n— landn — 2. 
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If we combine the formula for integration by parts with Part 2 of the Fundamental 
Theorem of Calculus, we can evaluate definite integrals by parts. Evaluating both sides of 
Formula | between a and b, assuming f’ and g’ are continuous, and using the Fundamental 
Theorem, we obtain 


G [’ fedg') dx = fod glo)|i — J" gf" ax 


(SUES Calculate | tan7'x dx. 


SOLUTION Let 


Se dv = dx 
Then du = Zt vx 
1+ x’ 
So Formula 6 gives 
|, tan 'xdx = x tan~'x]), = \, at dx 
© ® I) ab xe 


bh Berets a Mar eal ace 
ilo (em "Il Qo am "O) | ae! 


7 
ey i, x) 26 
4 © Sh ae a 


To evaluate this integral we use the substitution t= 1 + x? (since u has another meaning 
in this example). Then dt = 2x dx, so xdx = + dt. When x = 0,7= 1; when x — 1, 
t = 2; so 


0 1+x 
= 3(In2 — In 1) =iln2 

1 5. T | a 7 In 2 
Therefore | tan La | Fe i ase 

0 4 @ il ar axe 4 2 
SVV2"S—" Prove the reduction formula 

s 1 9 Ell Me I Basi ia) 

| sin’x dx = ——cosxsin” xX + | Sin’ e0 ax 
n n 

where n = 2 is an integer. 
SOLUTION Let 

“= sin x dv = sin x dx 
Then du = (n — 1) sin" °*x cos x dx 1) = COS % 
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Exercises 


so integration by parts gives 
. . — . a 2) 
| sin"x dx = —cos x sin” ‘x + (n — 1) i Sin sy COS VLG 
Since cos*x = 1 — sin*x, we have 
| sin"x dx = —cos x sin” ‘x + (n — 1) | sin” *x dx — (n — 1) | sin"x dx 


As in Example 4, we solve this equation for the desired integral by taking the last term 
on the right side to the left side. Thus we have 


A 5 bes 5 =F) 
n i) sin"x dx = —cos x sin” ‘x + (n — 1) sin” “x dx 


; 1 os 1 bane 
or | sin"x dx = —— cos x sin” ‘x + | sin” *x dx a 
n 


nN 


The reduction formula |7] is useful because by using it repeatedly we could eventually 
express | sin"x dx in terms of { sin x dx (if n is odd) or f (sin x)°dx = f dx (if n is even). 


indicated choices of u and dv. 


1. | Pinxdx; n= linse, Cy = ae be 


2. { 6 cos 0 a0: u = 6, dv = cos6d6 


3-36 Evaluate the integral. 


3: x cos Sx dx 
5. | te-* dt 
7h i (x? + 2x) cos x dx 


9, fi In ox dx 


1-2 Evaluate the integral using integration by parts with the 13. | psec med 14 | 52° ds 
15. | (In x)? dx 16. | ¢ sinh mt dt 
17. [ e? sin 36 d0 18. | e~*cos 20d 
19. | z°e? dz 20. [ x tan?x dx 
4. [ veo” dy 
xe 
21. [ ——— dx 22. | (arcsin x)? dx 
J + is : 
6. | Ge 1))isinan. dx (ne oe 
1/2 “j 
' 7h}. x cos 7x dx 24, 7+ 1l)e* dx 
8. { 1? sin Br di \ J, @ + Deas 
1 9 Iny 
oi 25. | tcoshtdt ; == 
10. | sin’ x dx ih 26 {, Gen dy 


11. | arctan 4t dt 


12. | p°Inpdp 21. { rin rdr 28. te 1? sin 2t dt 


az ‘ ; 
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


1 y 3 
29. {, cS dy 30. { arctan(1/x) dx 


Wen es 2 4 
31. ["" cos"'x dx 328) | Geena 
33. { cos x In(sin x) dx 


35. [xn x) dx 36. [‘e* sine — s) ds 


37—42 First make a substitution and then use integration by parts 
to evaluate the integral. 


37. | cos Vx dx 


38. | Pe’ dt 
Nia 2 fear 

39. | 6° cos(62) dé 40. | e°' sin It dt 
v 1/2 0 


M1. | xIn(1 + x) dx 42. | sin(In x) dx 


43-46 Evaluate the indefinite integral. Illustrate, and check that 


your answer is reasonable, by graphing both the function and its 
antiderivative (take C = 0). 


43. (ec dx 44. [eae In x dx 


45. [vi + x2 dx 


46. | x? sin 2x dx 


47. (a) Use the reduction formula in Example 6 to show that 


x sin 2x 
2 4 


| sin’x dx = a € 


(b) Use part (a) and the reduction formula to evaluate 
f sin*x dx. 
48. (a) Prove the reduction formula 


p= il 


n Bs, EL ja) o gan i? d 2 
cos’x dx =— cos’ xsinx COS ax 
n 


(b) Use part (a) to evaluate { cos*x dx. 
(c) Use parts (a) and (b) to evaluate { cos*x dx. 


49. (a) Use the reduction formula in Example 6 to show that 


Dee ip — Mh Pa = 
{ ? sin'x dx = | sin” 2x dx 
0 n 0 


where n = 2 is an integer. 
(b) Use part (a) to evaluate (7 sin’x dx and f7? sin’x dx. 
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(c) Use part (a) to show that, for odd powers of sine, 


)othoyo oon 0 Dp 
3-5+7+ +++ (Qnt 1) 


a/2 , 
{ Sine ake = 
0 


50. Prove that, for even powers of sine, 


1-3°-5-°+--(Qn-1) a 
Doflolgo 060 oD 2 


“ie 
| Sine eda — 
10) 


51-54 Use integration by parts to prove the reduction formula. 
51. | (In xo abe = x(In x)" = n| (In x)" dx 
52. | x"e*dx = x"e* —n | ie de 


tan” 'x 
in = ll 


53. | tan"x dx = | tan" *xdx (n #1) 


{atic SeChe eee 2 3 
——— j | sec" *xdx (n# 1) 


54. secix dx 
i = Sl ia = 


55. Use Exercise 51 to find f (In x)° dx. 


56. Use Exercise 52 to find | x*e* dx. 


57-58 Find the area of the region bounded by the given curves. 


x aK 


5]. y=x’?Inx, y=4Inx SB) Om re ete 


59-60 Use a graph to find approximate x-coordinates of the 


points of intersection of the given curves. Then find (approxi- 
mately) the area of the region bounded by the curves. 


Soy arcsin(3x), y=2— x2 


60. y=xIn(x+ 1), y= 3x — x? 


61-63 Use the method of cylindrical shells to find the volume 
generated by rotating the region bounded by the given curves 
about the specified axis. 


61. y = cos(ax/2), y= 0, O<x <1; about the y-axis 
62. y =e", y=e*, x=1; about the y-axis 


63. y=e*, y=0, x— —1, x =0; about x = 1 


64. Calculate the volume generated by rotating the region 
bounded by the curves y = Inx, y = 0, and x = 2 about each 
axis. 


(a) the y-axis (b) the x-axis 
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65. Calculate the average value of f(x) = x sec*x on the interval 
[0, 7/4]. 


66. A rocket accelerates by burning its onboard fuel, so its mass 
decreases with time. Suppose the initial mass of the rocket at 
liftoff (including its fuel) is m, the fuel is consumed at rate r, 
and the exhaust gases are ejected with constant velocity v (rel- 
ative to the rocket). A model for the velocity of the rocket at 
time f is given by the equation 


m 
v(t) = —gt — ve ln 


where g is the acceleration due to gravity and f is not too 
large. If g = 9.8 m/s’, m = 30,000 kg, r = 160 kg/s, and 
ve = 3000 m/s, find the height of the rocket one minute 
after liftoff. 


67. A particle that moves along a straight line has velocity 
v(t) = t°e ‘ meters per second after t seconds. How far will 
it travel during the first t seconds? 


68. If f(0) = g(0) = 0 and f” and g” are continuous, show that 
['re)9"@ dx = f(a)g(a) — f'(a)ga) + (rg) dx 


69. Suppose that f(1) = 2, f(4) = 7, f’(1) = 5, f'(4) = 3, and f” 
is continuous. Find the value of [* xf"(x) dx. 


70. (a) Use integration by parts to show that 
|r) dx = xf(x) — fxr’) dx 


(b) If f and g are inverse functions and f’ is continuous, prove 
that 


[? F0) dx = bf) — af@ - ["" gy) ay 


a if (a) 


[Hint: Use part (a) and make the substitution y = f().] 
(c) In the case where f and g are positive functions and 
b > a> 0, draw a diagram to give a geometric interpreta- 
tion of part (b). 
(d) Use part (b) to evaluate {f In x dx. 


71. We arrived at Formula 6.3.2, V = ie 27x f(x) dx, by using 
cylindrical shells, but now we can use integration by parts to 
prove it using the slicing method of Section 6.2, at least for the 
case where f is one-to-one and therefore has an inverse func- 
tion g. Use the figure to show that 


V = mb*d — trac — (° ml g(y)} dy 


Make the substitution y = f(x) and then use integration by 
parts on the resulting integral to prove that 


V= I) Qarx f(x) dx 


72. Let I, = ie sin"x dx. 
(a) Show that hy+2 S lon+1 = [De 


(b) Use Exercise 50 to show that 


Ton+2 _ 2n an al 
Ty Dig =e D 


(c) Use parts (a) and (b) to show that 


2n a 1 loa 
< <= 1 
2n cE 2 1B. 


and deduce that lim, ln+1/hn = 1. 
(d) Use part (c) and Exercises 49 and 50 to show that 


D 


: 2 & 4& © © 2n 2n 
lim —_— ei Ole Ol tl SPOS 
9 eS eee eens) 


3, i 


at 
2 


Uhm ne 1 


This formula is usually written as an infinite product: 


i oe 
Be es 


and is called the Wallis product. 

(e) We construct rectangles as follows. Start with a square of 
area | and attach rectangles of area 1 alternately beside or 
on top of the previous rectangle (see the figure). Find the 
limit of the ratios of width to height of these rectangles. 


Trigonometric Integrals 
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Figure 1 shows the graphs of the integrand 
sin>x cos2x in Example 2 and its indefinite inte- 
gral (with C = 0). Which is which? 


OZ 


= 


FIGURE 1 


In this section we use trigonometric identities to integrate certain combinations of trigono- 
metric functions. We start with powers of sine and cosine. 


Seats Evaluate | cos*x dx. 


SOLUTION Simply substituting uw = cos x isn’t helpful, since then du = —sin x dx. In 
order to integrate powers of cosine, we would need an extra sin x factor. Similarly, a 
power of sine would require an extra cos x factor. Thus here we can separate one cosine 
factor and convert the remaining cos’x factor to an expression involving sine using the 
identity sin’x + cos*x = 1: 


3 2B + 2 
COSH COSt an CO Sta (1 a sin-x) COS X 


We can then evaluate the integral by substituting uw = sin x, so du = cos x dx and 


| cos*x dx = | cos’x - cos x dx = | (1 — sin’x) cos x dx 


| G = w)du = EE eve 


. es 
sin x — ;sin°x + C esa 
In general, we try to write an integrand involving powers of sine and cosine in a form 
where we have only one sine factor (and the remainder of the expression in terms of cosine) 
or only one cosine factor (and the remainder of the expression in terms of sine). The iden- 


tity sin’x + cos*x = | enables us to convert back and forth between even powers of sine 
and cosine. 


Iv EXAMPLE 2 | Find | sin®x cos2x dx. 


SOLUTION We could convert cos’x to 1 — sin*x, but we would be left with an expression 
in terms of sin x with no extra cos x factor. Instead, we separate a single sine factor and 
rewrite the remaining sin*x factor in terms of cos x: 
Oh) 2) 2 PEP p fs 22ND, 2 o 5 
sin>x cos2x = (sin’x)? cos*x sin x = (1 — cos*x)” cos“x sin x 


Substituting u = cos x, we have du = —sin x dx and so 


| sin°’x cos*x dx = | (sin2x)? cos*x sin x dx 


= | (1 — cos?x)* cos*x sin x dx 


ie — u’)’u?(—du) = =| (u2 — 2u* + u°)du 


Bis 2 ees \ ae 
guesa Gt 4: 


1 2 5 | a 
= —icos*x + 3cos'x — 7cos x + C Ee 
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Example 3 shows that the area of the region 
shown in Figure 2 is 7/2. 


FIGURE 2 


In the preceding examples, an odd power of sine or cosine enabled us to separate a 
single factor and convert the remaining even power. If the integrand contains even powers 
of both sine and cosine, this strategy fails. In this case, we can take advantage of the fol- 
lowing half-angle identities (see Equations 17b and 17a in Appendix D): 


sin2x = 4(1 — cos 2x) and cos*x = +(1 + cos 2x) 


Vi EXAMPLE 3 Baelurice fi sin*x dx. 


SOLUTION If we write sin’x = 1 — cos*x, the integral is no simpler to evaluate. Using 
the half-angle formula for sin’x, however, we have 


iy" sin?x dx = 3 \h (1 xcos 2x) dx 
0 0 


= [}(x — }sin 2x)]5 


(a — 3 sin 277) — 4( — }sin0) =37 


Notice that we mentally made the substitution vu = 2x when integrating cos 2x. Another 
method for evaluating this integral was given in Exercise 47 in Section 7.1. ise] 


EXAMPLE 4 atte | sin’ dx. 


SOLUTION We could evaluate this integral using the reduction formula for f sin"x dx 
(Equation 7.1.7) together with Example 3 (as in Exercise 47 in Section 7.1), but a better 
method is to write sin*x = (sin*x)° and use a half-angle formula: 


| sin x ax = | (sin?x)? dx 


{ 1 — cos 2x . 
Ps mame | 34% 


“al (1 = 2 cos 2x + cos?2x) dx 


G 2 
Since cos* 2x occurs, we must use another half-angle formula 


cos?2x = 5(1 + cos 4x) 


This gives 


| sin‘ dx ape — 2cos 2x + 3(1 + cos 4x)] dx 


= 1] (3 — 20s 2x + cos 4x) dx 


3 


= 75x — sin2x + }sin 4x) + C Esa 


To summarize, we list guidelines to follow when evaluating integrals of the form 
| sin”x cos"x dx, where m > 0 andn = O are integers. 
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Strategy for Evaluating sin” x cos"x dx 


(a) If the power of cosine is odd (n = 2k + 1), save one cosine factor and use 
cos*x = 1 — sin*x to express the remaining factors in terms of sine: 


| sin"x cos?"* x dx = | sin™x (cos’x)‘cos x dx 
= | sin”x (1 — sin?x)*cos x dx 


Then substitute u = sin x. 


(b) If the power of sine is odd (m = 2k + 1), save one sine factor and use 
sin’x = 1 — cos’x to express the remaining factors in terms of cosine: 


| sin?**!x cos"x dx = | (sin?x)* cos"x sin x dx 
= | (1 — cos’x)kcos"x sin x dx 


Then substitute 1 = cos x. [Note that if the powers of both sine and cosine are 
odd, either (a) or (b) can be used.] 


(c) If the powers of both sine and cosine are even, use the half-angle identities 
sin?x = (1 — cos 2x) cos*x = 3(1 + cos 2x) 
It is sometimes helpful to use the identity 


. Poe 
sin x cos x = 7 sin 2x 


We can use a similar strategy to evaluate integrals of the form f tan”x sec”x dx. Since 
(d/dx) tan x = sec*x, we can separate a sec’x factor and convert the remaining (even) power 
of secant to an expression involving tangent using the identity sec’x = 1 + tan’x. Or, since 
(d/dx) sec x = sec x tan x, we can separate a sec x tan x factor and convert the remaining 


(even) power of tangent to secant. 


2 GS Evaluate | tan°x sec*x dx. 


SOLUTION If we separate one sec’x factor, we can express the remaining sec’x factor in 
terms of tangent using the identity sec2x = 1 + tan*x. We can then evaluate the integral 
by substituting vu = tan x so that du = sec*x dx: 


| tan°x sectx dx = | tan®°x sec?x sec*x dx 
= | tan®x (1 + tan’x) sec*x dx 


= | u°(1 + u?)du= | (u® + u®) du 


+tan’x + 5 tan°x + C SSR 
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EXAMPLE 6 Want | tan°6 sec’6 dé. 


SOLUTION If we separate a sec’6 factor, as in the preceding example, we are left with a 
sec> factor, which isn’t easily converted to tangent. However, if we separate a 

sec 6 tan @ factor, we can convert the remaining power of tangent to an expression 
involving only secant using the identity tan>@ = sec*@ — 1. We can then evaluate the 
integral by substituting u = sec 6, so du = sec @ tan @d@: 


tan°@ sec’0d0 = | tan*@ sec°@ sec 6 tan 6 dé 


= | (sec?@ — 1)?sec°@ sec @ tan@dé 


= | (u'® — 2u® + u°) du 
i ue ul 
2) A ES ee ES 
1 9 7 
= + sec!!@ — § sec°@ + 5 sec’0 + C EE 


The preceding examples demonstrate strategies for evaluating integrals of the form 
i) tan”x sec”x dx for two cases, which we summarize here. 


Strategy for Evaluating [ tan”x sec’x dx 


(a) If the power of secant is even (n = 2k, k = 2), save a factor of sec’x and use 
sec’x = | + tan*x to express the remaining factors in terms of tan x: 


| tan” sec’ x dxi— | tan’”x (sec*x)*! sec?x dx 


= | tan”x (1 + tan?x)*"! sec*x dx 


Then substitute uw = tan x. 


(b) If the power of tangent is odd (m = 2k + 1), save a factor of sec x tan x and 
use tan°x = sec’x — | to express the remaining factors in terms of sec x: 


a ees 
{ans sec ya | (tan2x)‘ sec" |x sec x tan x dx 


wf = 
= | (sec?x — 1)*sec””!x sec x tan x dx 


Then substitute u = sec x. 


For other cases, the guidelines are not as clear-cut. We may need to use identities, inte- 
gration by parts, and occasionally a little ingenuity. We will sometimes need to be able to 


Formula 1 was discovered by James Gregory in 
1668. (See his biography on page 199.) Gregory 
used this formula to solve a problem in construct- 
ing nautical tables. 
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integrate tan x by using the formula established in (5.5.5): 


| tan x dx = In |sec x| FE: 


We will also need the indefinite integral of secant: 


[1] | see xdx = In |sec x + tan x| + C 


We could verify Formula 1 by differentiating the right side, or as follows. First we multi- 
ply numerator and denominator by sec x + tan x: 


QE Ze sr isin 3¢ 
saree Se 
SCCH ai Lals 


{ sec’x + sec x tan x 
= x 
SeCrGa lane 


If we substitute u = sec x + tan x, then du = (sec x tan x + sec*x) dx, so the integral 
becomes | (1/u) du = In |u| + C. Thus we have 


| sec xdx = In|sec x + tan x| + C 


STEER Find | tan2x dx. 


SOLUTION Here only tan x occurs, so we use tan’x = sec*x — | to rewrite a tan*x factor 
in terms of sec*x: 


| tan°x dx = | tan x tan?x dx = | tan x (sec*x — 1) dx 


I 


| tan x sec’x dx — | tan x dx 


tan°x 
= = Inuisec xt 
2 
In the first integral we mentally substituted « = tan x so that du = sec*x dx. SEE 


If an even power of tangent appears with an odd power of secant, it is helpful to express 
the integrand completely in terms of sec x. Powers of sec x may require integration by parts, 
as shown in the following example. 


EXAMPLE 8 Watt! | qocadh: 


SOLUTION Here we integrate by parts with 


u = sec x dv = sec*x dx 


dis SeCeutanewa. y = tan x 
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These product identities are discussed in 
Appendix D. 


Then | sec’x dx = sec x tan x — | sec x tan*x dx 


I 


sec x tan x — | sec x (sec*x — 1) dx 


sec x tan x — | sec*x dx + | sec x dx 
Using Formula | and solving for the required integral, we get 


| sec’x dx = (sec x tan x + In|sec x + tan x|) + C Eee 


Integrals such as the one in the preceding example may seem very special but they 
occur frequently in applications of integration, as we will see in Chapter 8. Integrals of 
the form ip cot™x csc"x dx can be found by similar methods because of the identity 
1 + cot?x = csc?x. 

Finally, we can make use of another set of trigonometric identities: 


[2] To evaluate the integrals (a) [ sin mx cos nx dx, (b) { sin mx sin nx dx, or 
(c) ( cos mx cos nx dx, use the corresponding identity: 


(a) sinA cos B =3[sin(A — B) + sin(A + B)] 
(b) sinA sin B = 3[cos(A — B) — cos(A + B)] 
(c) cos A cos B = 3[cos(A — B) + cos(A + B)] 


EB ae 


aGiaheck Evaluate | sin 4x cos 5x dx. 


SOLUTION This integral could be evaluated using integration by parts, but it’s easier to use 
the identity in Equation 2(a) as follows: 


| sin 4x cos 5x dx = | +[sin(—x) + sin 9x] dx 


= | (—sin x + sin 9x) dx 


3. 


Oo 


rk 


= }(cos x — }cos 9x) + C ae 
ize Exercises 
1-49 Evaluate the integral. aw 7 
g 9. {, cos*(2t) dt 10. {, sin’ t cos*t dt 
1. { sin? x cos*x dx 2. | sin’ cos*6 dé 
71/2 7 a/2 
ee 11. [ sin*x cos2x dx 12. | ; (2 — sin 6)? d@ 
ihe * sin’6 cos°6 dé 4. { ~ sin?x dx j i 
0 
mpeliin 13. | ¢sin*r dt 14. | cos 6 cos*(si 
4, | sin?(n: ) cos? (ax) dx 6. | sin(Vx) | | sm Gah 
JX 
2a ee cos°a 
ie cos’6 dé 8. \, sin? (40) d0 15. | Aes da 16. | x sin’x dx 


WA . . 
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


17. | cos?x tan*x dx 18. | cot’@ sin*@ dé 
COSeiug ESN 
19. | ———— dx 20. | cos*x sin 2x dx 
sin x 
21. | tan x sec*x dx 22. | tan?@ sec*@ d@ 
23. | tan?x dx 24. | (tan?x + tan*x) dx 
25. | tan*x sec®x dx 26. (aa sec*@ tan*@ dé 
0 
2h ie tan°x sec*x dx 28. | tan’x sec*x dx 
29. | tan*x sec x dx 30. | tant dt 
0 
31. | tan°x dx 32. | tan’x sec x dx 
33 | xsec x tan x dx 34 | eee 
, : ‘J cos? 
35. es cot*x dx 36. Ne cot*x dx 
7/6 1/4 
/2 5 3 4 6 
37. | cot’d csc-h db 38. | ese Ze CO se whe 
a/4 
39, | ese x dx 40. 7 esc3x dx 
1/6 
41. | sin 8x cos 5x dx 42. | cos mx cos 47x dx 
; : cos x + sin x 
43. | sin 50 sin 0 d0 44. | pee a 
sin 2x 


45. e </I> cos 2x dx 46. (ja = cos AGrd6 


{ 1 — tan*x mn) j dx 


47. dx TTT 
COSMG taal 


sec?x 


49. | x tan’x dx 


50. If (”* tan°x sec x dx = , express the value of 


he tan®x sec x dx in terms of J. 


51-54 Evaluate the indefinite integral. Illustrate, and check that 


your answer is reasonable, by graphing both the integrand and its 


antiderivative (taking C = 0). 


51. | x sin?(x*) dx 52. i sin’x cos*x dx 
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53. | sin 3x sin 6x dx 54. | sec? 7 dx 


55. Find the average value of the function f(x) = sin*x cos*x on 
the interval [— 7, zr]. 


56. Evaluate | sin x cos x dx by four methods: 
(a) the substitution wu = cos x 
(b) the substitution uv = sin x 
(c) the identity sin 2x = 2 sin x cos x 
(d) integration by parts 
Explain the different appearances of the answers. 


57-58 Find the area of the region bounded by the given curves. 


57. y=sin*x, y=cos’x, —7/4sx< 7/4 


58. y 


sinx, y=cos’x, w/4sx<5n/4 


59-60 Use a graph of the integrand to guess the value of the 


integral. Then use the methods of this section to prove that your 
guess 1s correct. 


59. he cos*x dx 60. {, sin 27rx cos Sax dx 


61-64 Find the volume obtained by rotating the region bounded 
by the given curves about the specified axis. 


61. y=sinx, y=0, 7/2 <x <7; about the x-axis 
62. y = sin’x, y= 0, 0 <x <7; _ about the x-axis 
63. y =sinx, y=cosx, 0<x < 7/4, abouty = 1 


64. y = secx, y=cosx, 0<x< 7/3; abouty = —1 


65. A particle moves on a straight line with velocity function 
v(t) = sin wt coset. Find its position function s = f(¢) 
if f(0) = 0. 


66. Household electricity is supplied in the form of alternating 
current that varies from 155 V to —155 V with a frequency 
of 60 cycles per second (Hz). The voltage is thus given by 
the equation 


E(t) = 155 sin(1207rt) 


where f is the time in seconds. Voltmeters read the RMS 

(root-mean-square) voltage, which is the square root of the 

average value of [E(1)|* over one cycle. 

(a) Calculate the RMS voltage of household current. 

(b) Many electric stoves require an RMS voltage of 220 V. 
Find the corresponding amplitude A needed for the volt- 
age E(t) = A sin(12077). 
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67-69 Prove the formula, where m and n are positive integers. 70. A finite Fourier series is given by the sum 
N 
67. (" sin mx cos nx dx = 0 aey= psn 
o. n=1 
68 " sin mx sinnx dx = Diath 13 Soe = a,sinx + a,sin2x + °-- + aysin Nx 
| dan : , 7 ifm=n 


Show that the mth coefficient a,, is given by the formula 
0 tkmF#n 


1 x ; 
aw if m=n dm = {' f(x) sin mx dx 


Tv 
69. | cos mx cos nx dx = 
Cots | ig 


Trigonometric Substitution 


In finding the area of a circle or an ellipse, an integral of the form i) 07 => OS alises, 
where a > 0. If it were { xa? — x? dx, the substitution u = a’ — x* would be effective 
but, as it stands, { Ja — x? dx is more difficult. If we change the variable from x to @ by 
the substitution x = a sin 6, then the identity 1 — sin*@ = cos’ allows us to get rid of the 
root sign because 


Ja? — x? = Ja? — a? sin?@ = ./a(1 — sin?@) = /a?cos?0 = a|cos 6| 


Notice the difference between the substitution u = a> — x* (in which the new variable is a 
function of the old one) and the substitution x = a sin 6 (the old variable is a function of 
the new one). 

In general, we can make a substitution of the form x = g(t) by using the Substitution 
Rule in reverse. To make our calculations simpler, we assume that g has an inverse function; 
that is, g is one-to-one. In this case, if we replace u by x and x by ¢ in the Substitution Rule 
(Equation 5.5.4), we obtain 


| £00) dx = | f(g) 9'@ at 


This kind of substitution is called inverse substitution. 

We can make the inverse substitution x = a sin @ provided that it defines a one-to-one 
function. This can be accomplished by restricting @ to lie in the interval [— 7/2, 7/2]. 

In the following table we list trigonometric substitutions that are effective for the given 
radical expressions because of the specified trigonometric identities. In each case the restric- 
tion on @ is imposed to ensure that the function that defines the substitution is one-to-one. 
(These are the same intervals used in Section 1.6 in defining the inverse functions.) 


Table of Trigonometric Substitutions 


Expression | Substitution Identity 


7 2 : a 7 
Oe = 3 x=asnd, -—=§95s— 1 — sin?@ = cos2@ 
2 2 
9 } TT T 4) 
a2 + x? x = atan 6, aes Psa 1 + tan?6 = sec?@ 
~ ; 7 30 
Ae = a x = asec 0, ee Ol us )< 


sec’@ — 1 = tan’6 
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2 GEE Evaluate | Renee aig. 
Xa 


SOLUTION Let x = 3 sin 0, where —7r/2 < 0 S 7/2. Then dx = 3 cos 6 d@ and 


V9 — x? = /9 — 9sin?@ = /9cos?6 = 3|cos 0| = 3 cos 0 


(Note that cos 6 = 0 because — 71/2 < 0 S 77/2.) Thus the Inverse Substitution Rule 


gives 
(ea = [PS 3.05 6d0 
x 9 sin°é 
~ #POISO ; 
= | a do = | cot’9.d0 


= | (csc — 1) d6 


== — O27 C 


Since this is an indefinite integral, we must return to the original variable x. This can be 

3 done either by using trigonometric identities to express cot @ in terms of sin 6 = x/3 or 
i by drawing a diagram, as in Figure 1, where 6 is interpreted as an angle of a right tri- 

angle. Since sin 86 = x/3, we label the opposite side and the hypotenuse as having lengths x 


z —— and 3. Then the Pythagorean Theorem gives the length of the adjacent side as 9 — x’, 
oS sO we can simply read the value of cot 6 from the figure: 
FIGURE 1 Vor 
ayes i 
sin 0 = 3 x 
(Although 6 > 0 in the diagram, this expression for cot 6 is valid even when 6 < 0.) 
Since sin 6 = x/3, we have 6 = sin '(x/3) and so 
/9 yee /9 a 2 
| = dx =F — sf) + See 
ie os 2 
(2 GSCES2 Find the area enclosed by the ellipse 
S41 
am b- 
SOLUTION Solving the equation of the ellipse for y, we get 
iy 
{ y? x? az = x? b 
(0, b) Sa he SS or VES eo) deve 
b° oe ae a 
: us Because the ellipse is symmetric with respect to both axes, the total area A is four times 
x F 6 . : 
‘ the area in the first quadrant (see Figure 2). The part of the ellipse in the first quadrant is 
given by the function 
b 
ae Se 0 = x=a 
a 
FIGURE 2 
2 ad b 5 
mae and so : =e a 0s, 
2 Dame? oa 
ie 
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To evaluate this integral we substitute x = a sin 6. Then dx = a cos 6 dé. To change 
the limits of integration we note that when x = 0, sin 6 = 0, so 6 = 0; when x = a, 
sin 0 = 1, so 0 = 7/2. Also 


Ja? — x2 = Ja? — a? sin?@ = fa? cos?6 = a|cos 0| = acos 0 


since 0 S$ 9 S 7/2. Therefore 
Db a = 1) ar/2 
A=4—| Ja? =x? dx = 4—| acos @: acos 6d@ 
a v0 a 0 


= = 4ab |” cos*°6 dé = 4ab |" 5 >(1 + cos 26) d 
= 2ab| 6 + 5sin 26)" = 2a0(Z 50 Bs ). = tab 


We have shown that the area of an ellipse with semiaxes a and b is zrab. In particular, 
taking a = b = r, we have proved the famous formula that the area of a circle with 
radius r is mr’. ed 


NOTE Since the integral in Example 2 was a definite integral, we changed the limits of 
integration and did not have to convert back to the original variable x. 


1 
Pind. = 
0 GSU Find | ae a 
SOLUTION Let x = 2 tan 0, —a/2 < 6 < 7/2. Then dx = 2 sec*6 dé and 


Vx? +4 = /4(tan26 + 1) = /4 sec?2@ = 2|sec 6| = 2 sec 0 


Thus we have 


2 sec?6 dé 7 ib sec 0 
tan26 


dx 
|S SNP rer fae A, 


To evaluate this trigonometric integral we put everything in terms of sin @ and cos @: 


SCC Usa! cos*@ cos @ 


tan?@ cos@_ sin’0 sin’@ 


Therefore, making the substitution u = sin 0, we have 


cos 0 Ireda 


|S Ss -{|/Spe- 


csc @ 
4 


Xx =— — 


We use Figure 3 to determine that csc 6 = \/x? + 4/x and so 


FIGURE 3 

dx Vx? + 4 
X. | ) . € ne Cc EES 
tan 6 = 7 x/x2 + 4 4x 


FIGURE 4 


x 
sec 0 = — 
a 


2_ gq? 
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ae 
T EXAMPLE 4 att | ee 
Vx2 +4 ‘ 


SOLUTION It would be possible to use the trigonometric substitution x = 2 tan @ here 


(as in Example 3). But the direct substitution u = x* + 4 is simpler, because then 
du = 2x dx and 


ie 1 du 
wa = —_— ————_—_ = =< 2 
| om ns sive wii ar whose op AY SEC P| 


NOTE Example 4 illustrates the fact that even when trigonometric substitutions are pos- 
sible, they may not give the easiest solution. You should look for a simpler method first. 


dx 
EXAMPLE 5 Evaluate | SSS =, wines @ > 
[x2 = a2 


SOLUTION 1 We let x = asec 0, where 0 < 6< m/20ra7< 0 < 3a/2. Then 
dx = asec @ tan 6 d@ and 


Vx? — a? = Ja%(sec?@ — 1) = Va*tan?6 = a|tan 6| = a tan 0 


Therefore 
asec @ tan 0 


d. 
leas a tan 6 


The triangle in Figure 4 gives tan 6 = ./x? — a?/a, so we have 


do = | sec 6d = In|sec 6 + tan 6| + C 


{ dx 1 2 eo = OF eC 
it 
Nae — GC a a 

SN baneeoe <= wer eg igean Ke 


Writing C; = C — Ina, we have 


i] [er ns + Pe + 


SOLUTION 2 For x > 0 the hyperbolic substitution x = a cosh t can also be used. Using 
the identity cosh*y — sinh’y = 1, we have 


x2 — a? = Ja?(cosh?t — 1) = Va? sinh’?t = a sinht 

Since dx = asinh t dt, we obtain 
{ dx { a sinh t dt 
Ai ee toe a sinh t 


Since cosh t = x/a, we have t = cosh '(x/a) and 


dx a 
[2] eee oct (2)+¢ 


Although Formulas | and 2 look quite different, they are actually equivalent by 
Formula 3.11.4. REESE 


=[dr=1+C 
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As Example 6 shows, trigonometric substitution 
is sometimes a good idea when (x? + a?)’” 
occurs in an integral, where n is any integer. 
The same is true when (a? — x?)"/ or 

(x? — a’)"” occur. 


NOTE As Example 5 illustrates, hyperbolic substitutions can be used in place of trigo- 
nometric substitutions and sometimes they lead to simpler answers. But we usually use 
trigonometric substitutions because trigonometric identities are more familiar than hyper- 
bolic identities. 


3/2 


| ds 
ind (Gyr oy 


SOLUTION First we note that (4x? + 9)?” = (4x? + 9 ) so trigonometric substitution 
is appropriate. Although /4x? + 9 is not quite one of the expressions in the table of 
trigonometric substitutions, it becomes one of them if we make the preliminary substitu- 
tion u = 2x. When we combine this with the tangent substitution, we have x = 3 > tan 6, 
which gives dx = > sec d@ and 


V4x2 +9 =./9 tan?6 + 9 = 3 sec 0 
When x = 0, tan 6 = 0, so 6 = 0; when x = 33/2, tan 6 = /3, 80 0 = 17/3. 


27 
3 tan°@ 


3./3/2 x n/3 ‘ ; 
—§{§_—— dx = ae aera, 2 
\ (4x? + 9)3? “ { 7 sec 2 sec“ 0d0 


ae (ee tan°6 3 (7/3 sin’ 6 
SOW sec 6 a) cos?@ 
=3(" 1—cos’é , ae 
ons 60820 ys 
Now we substitute w = cos @ so that du = —sin 6d. When @ = 0, vu = 1; when 
6 = 7/3, u = 5. Therefore 
33/2 x 3 p21 — wv 
FT FTG 
| (4x? + 9)?/? ‘ ner ue au 


1/2 


3 (1/2 = 1 
=i | (=e jau=3[ur4| 
1 u 


Sheela *e Loaehy 
has 3c teil = 


1 


iC itaiave Evaluate | = dx 
ep 


SOLUTION We can transform the integrand into a function for which trigonometric substi- 
tution is appropriate by first completing the square under the root sign: 


3-23. > 2? = 3 — @? 42x) = 3 T= ( 


= 4-—(x+ 1) 


x? + 2x 4+ 1) 


This suggests that we make the substitution u = x + 1. Then du = dx andx = u — 1,s0 


Peeper lao" 


Figure 5 shows the graphs of the integrand 
in Example 7 and its indefinite integral (with 


C = 0). Which is which? 


FIGURE 5 


73 if Exercises 
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We now substitute u = 2 sin 6, giving du = 2 cos 6d@ and /4 — u? = 2cos 4, so 


liga; =a 


| @sin 6 - 1) do 


2 SiG) = || 


= —2) 89 = Oa C 


2 cos 8 


2 cos 6dé@ 


= -J4- Ww? - sn(4) + C 


I 
wo 
to 
a 
a 

Nw 
Z 
5 

L 

| 

ea 
+ 
ea) 


1-3 Evaluate the integral using the indicated trigonometric substitu- 


tion. Sketch and label the associated right triangle. 


a 
—— x =2sin0 
ears 
3 
2 |e = oan) 
aA 
2 || Sak ae 
DE 


4-30 Evaluate the integral. 


4. I x°/1 — x? dx 


2 1 
' SSSS== i 
: i: 634/02 al ; 


a dx 
Cre >0 
7 i (a* + x2)? a 


dx 
2. | EG 
11. jv — Ax? dx 
13. ae 


x 


Graphing calculator or computer required 


| du 

il = ih? 
1 dx 

0 (x? + 1) 


ie dx 


dx = 
a | [(ax) S&S. pe? 


; i «coe dx 


Ai ae x2 


DE se = Tl 


22. if Vx + 1 dx 


24. i g 


wie = Or se IB 


x? 
26. —— aaa 
| (3 + 4x — 4x7)3/? ¢ 
98 | xe +) d 
. | ax 
(x? — 2x + 2)° 


ie cos f 
0 


ar 
wil se sumer 


31. (a) Use trigonometric substitution to show that 


i dx 


= In(x + Jx? +a?) +C 


(b) Use the hyperbolic substitution x = a sinh f to show that 


j dx 


ree se a? 


= son(=) ae 
a 


These formulas are connected by Formula 3.11.3. 


32. Evaluate 


(x? + a’)? 


dx 


(a) by trigonometric substitution. 
(b) by the hyperbolic substitution x = a sinh t. 


33. Find the average value of f(x) = Vx? — I/x,1 <x <7. 


34. Find the area of the region bounded by the hyperbola 
9x? — 4y* = 36 and the line x = 3. 


1. Homework Hints available at stewartcalculus.com 
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35. 


36. 


37. 


38. 


39. 
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Prove the formula A = 4776 for the area of a sector of 

a circle with radius r and central angle 6. [Hint: Assume 

0 < 6 < m/2 and place the center of the circle at the origin 
so it has the equation x* + y* = r’. Then A is the sum of the 
area of the triangle POQ and the area of the region PQR in 
the figure. ] 


Evaluate the integral 


{ dx 
ca Doe aa) 
Graph the integrand and its indefinite integral on the same 


screen and check that your answer is reasonable. 


Find the volume of the solid obtained by rotating about the 
x-axis the region enclosed by the curves y = 9/(x* + 9), 
y = 0, x = 0, and x = 3. 


Find the volume of the solid obtained by rotating about the 
line x = 1 the region under the curve y = x1 — x?, 


= =a 
(a) Use trigonometric substitution to verify that 
| v@ — 72 dt =}a? sin (x/a) + 3x Va? — x? 


(b) Use the figure to give trigonometric interpretations of 
both terms on the right side of the equation in part (a). 


40. 


41. 


42. 


43. 


44. 


The parabola y = 4x? divides the disk x* + y* < 8 into two 
parts. Find the areas of both parts. 


A torus is generated by rotating the circle 
x? + (y — R) =r? about the x-axis. Find the volume 
enclosed by the torus. 


A charged rod of length L produces an electric field at point 
P(a, b) given by 
L-a Ab 


E( P= le Amex? + b2)? dx 


where A is the charge density per unit length on the rod and 
& is the free space permittivity (see the figure). Evaluate the 
integral to determine an expression for the electric field E(P). 


Find the area of the crescent-shaped region (called a /une) 
bounded by arcs of circles with radii r and R. (See the figure.) 


Len 
Ge 


A water storage tank has the shape of a cylinder with diam- 
eter 10 ft. It is mounted so that the circular cross-sections 
are vertical. If the depth of the water is 7 ft, what percentage 
of the total capacity is being used? 


Integration of Rational Functions by Partial Fractions 


In this section we show how to integrate any rational function (a ratio of polynomials) by 
expressing it as a sum of simpler fractions, called partial fractions, that we already know 
how to integrate. To illustrate the method, observe that by taking the fractions 2/(x — 1) 
and 1/(x + 2) to acommon denominator we obtain 


a 1 


2+ 9- 6-1) | 
i ap 2 


(xt) (x2) 


Bear 5 
xvt+x-2 


w= Il 


If we now reverse the procedure, we see how to integrate the function on the right side of 


ie enseee 

r-1)x3 + x 
ye — x? 

Garstoey 

> — x 

pis 

re 
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this equation: 


| ye ae S Ae \ Dy a 1 1 
vr+x-2 je = ye ae 2 ‘ 
SM ih lorc bil etal eee 2 ae (Ce 


To see how the method of partial fractions works in general, let’s consider a rational 
function 


where P and Q are polynomials. It’s possible to express f as a sum of simpler fractions pro- 
vided that the degree of P is less than the degree of Q. Such a rational function is called 
proper. Recall that if 


PG) Sane eee PE a Geer ag 


where a, ¥ 0, then the degree of P is n and we write deg(P) = n. 

If f is improper, that is, deg(P) = deg(Q), then we must take the preliminary step of 
dividing Q into P (by long division) until a remainder R(x) is obtained such that 
deg(R) < deg(Q). The division statement is 


_ Pl) _ R(x) 
iy im toG@men 8 0G) 


where S and R are also polynomials. 
As the following example illustrates, sometimes this preliminary step is all that is 
required. 


3 

ete 
dx. 

je = I 


VILEXAMPLE 1 Bang] 


SOLUTION Since the degree of the numerator is greater than the degree of the denomina- 
tor, we first perform the long division. This enables us to write 


Xo tg 2 
= = dx = | xtxt2+ dx 
y= Il = Il 


se 
2 


Sp Opa ON eat =. iin (6 aie) 


The next step is to factor the denominator Q(x) as far as possible. It can be shown that 
any polynomial Q can be factored as a product of linear factors (of the form ax + b) 
and irreducible quadratic factors (of the form ax* + bx + c, where b? — 4ac < 0). For 
instance, if Q(x) = x* — 16, we could factor it as 


Oni (> sa ae 4) = = 2) + 2)(x? + 4) 


The third step is to express the proper rational function R(x)/Q(x) (from Equation 1) as a 
sum of partial fractions of the form 


A ; ANge ar 1b 
(ax + b)' ve (ax? + bx + c)! 
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Another method for finding A, B, and C is 
given in the note after this example. 


A theorem in algebra guarantees that it is always possible to do this. We explain the details 
for the four cases that occur. 


CASE | The denominator Q(x) is a product of distinct linear factors. 
This means that we can write 


O(x) = (ax + by)(Qox + b2) +--+ (aux + di) 


where no factor is repeated (and no factor is a constant multiple of another). In this case the 


partial fraction theorem states that there exist constants Aj, Ao, ..., Ax such that 
A A» Ax 
[2] RG) UTA Rd UN PAs, SAE pee ere 
O(x) a,x + b, aox + by apx + by 


These constants can be determined as in the following example. 


x? +2x-1 


Md Bes Evaluate | —.—_,—— ax. 


2x? + 3x? — 2x 


SOLUTION Since the degree of the numerator is less than the degree of the denominator, 
we don’t need to divide. We factor the denominator as 


2x3 + 3x? — 2x = x(2x? + 3x — 2) = x(2x — 1)(x + 2) 


Since the denominator has three distinct linear factors, the partial fraction decomposition 
of the integrand has the form 


x?>+2x-1 A B re 
[3] =—+——— + 
AV ee = Nes ce 2) x 2x-— 1 x+2 


To determine the values of A, B, and C, we multiply both sides of this equation by the 
product of the denominators, x(2x — 1)(x + 2), obtaining 


[4] x? + 2x — 1 =A(2x — 1)(x + 2) + Bx(x + 2) + Cx(2x — 1) 


Expanding the right side of Equation 4 and writing it in the standard form for poly- 
nomials, we get 


[5 Kinde 2i ao leat (2A) aa B Ghe2G)ay = (GAR 2B = C)x oA 


The polynomials in Equation 5 are identical, so their coefficients must be equal. The 
coefficient of x* on the right side, 2A + B + 2C, must equal the coefficient of x? on the 
left side—namely, 1. Likewise, the coefficients of x are equal and the constant terms are 
equal. This gives the following system of equations for A, B, and C: 


2A" AEB 2 G =" 
SAV Bea aa 


—2A =-1 


We could check our work by taking the terms 
to a common denominator and adding them. 


Figure 1 shows the graphs of the integrand in 
Example 2 and its indefinite integral (with 
K = 0). Which is which? 


FIGURE 1 
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Solving, we get A = 3, B = +, and C = —;5, and so 


it 2s ae | Lily apt aa Lele) 
eae mk ee (| AT col pe 
Vs ee = oe Ap ren yok 


=5In|x| + qgln|2x —1| —yln|x+2|+K 


In integrating the middle term we have made the mental substitution uw = 2x — 1, which 
gives du = 2 dx and dx = + du. pactee) 


NOTE Wecan use an alternative method to find the coefficients A, B, and C in Exam- 
ple 2. Equation 4 is an identity; it is true for every value of x. Let’s choose values of x that 
simplify the equation. If we put x = 0 in Equation 4, then the second and third terms on the 
right side vanish and the equation then becomes —2A = —1, or A = +. Likewise, x = 5 
gives 5B/4 =; and x = —2 gives 10C = —1, soB= t and C = — 4p. (You may object 
that Equation 3 is not valid for x = 0, +, or —2, so why should Equation 4 be valid for those 
values? In fact, Equation 4 is true for all values of x, even x = 0, 5, and —2. See Exercise 71 
for the reason.) 


dx 
SUUGEEY Find | =—,, where a # 0. 
Ko G9 
SOLUTION The method of partial fractions gives 


1 A B 
+ 


w~—a (x—al(xt+a) x-a x+a 


and therefore 


A(x + a) + B(x — a) = 1 


Using the method of the preceding note, we put x = a in this equation and get 
A(2a) = 1, so A = 1/(2a). If we put x = —a, we get B(—2a) = 1, so B = —1/(2a). 


Thus 
1 1 
[ae-z | = dx 
eo = a 2a eH @ a8 ae Gl 


l 
= pelielpe il aes aatal ane 


Since In x — In y = In(x/y), we can write the integral as 


[6] | Es eee We 
Set ges Ne Bn Sea! 
See Exercises 57-58 for ways of using Formula 6. eas 


CASE II Q(x) is a product of linear factors, some of which are repeated. 
Suppose the first linear factor (a,x + b;) is repeated r times: that is, (a,x + b,)’ occurs in 
the factorization of Q(x). Then instead of the single term A,/(a,;x + b;) in Equation 2, we 
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would use 
A Ad A; 
+ ———_ gE 550 de ae 
Ghee a b, (a,x ar b,)? (a,x oF b;) 


_ By way of illustration, we could write 


Xx ee ee Ui C D E 


x(x — 1)? x x? 1 Ge YP , Cee 


but we prefer to work out in detail a simpler example. 


4_ 9x? + 4x +1 


a6 
EXAMPLE 4 Watt! | Ce eee 


w-x-—x4+1 


SOLUTION The first step is to divide. The result of long division is 


xt — 2x? + 4x41 ig taht 4x 
=, Se Se 
w—-x-xt 1 xw-—x?-x4+1 


The second step is to factor the denominator Q(x) = x* — x* — x + 1. Since Q(1) = 0, 
we know that x — 1 is a factor and we obtain 


wP—-x-—x4t1=(@- DX? -D=(C- 1D(x- I(x 4+ 1) 
=(x — 1)°(x + 1) 


Since the linear factor x — 1 occurs twice, the partial fraction decomposition is 


Ax A B C 


a Via Vike On be ae’ 
(CeSwi ere tah Sasol (ooo) ant 
Multiplying by the least common denominator, (x — 1)*(x + 1), we get 


4x = A(x — 1)(x + 1) + Bix + 1) + C(x — 1° 
= (A + C)x? + (B— 2C)x + (-A+B+C) 


Another method for finding the coefficients: Now we equate coefficients: 

Pia = lini 7=2 A cena) 
Putx = 1; C= —1. 

Putx =0:A=B+C=1. Bue Gd 


-A+B+ C=0 


Solving, we obtain A = 1, B = 2, and C = —1, so 


ee adi 1 2) 1 
xe-—x?—-x4+] x= | i 5 Sea ae TG OX 


= 1 a) ee 


oe vi 
ay et ee an ca K 
bare | 


af ~ + 
=e VSS 
D = Il 
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CASE III Q(x) contains irreducible quadratic factors, none of which is repeated. 
If Q(x) has the factor ax? + bx + c, where b? — 4ac < 0, then, in addition to the partial 
fractions in Equations 2 and 7, the expression for R(x)/Q(x) will have a term of the form 


[9] amine 


OBE =P (be se EC 


where A and B are constants to be determined. For instance, the function given by 
f(x) = x/[(x — 2)(x? + 1)(x? + 4)] has a partial fraction decomposition of the form 


3 mye A 5 Bea, ee 
(= 2) (> are) act ee x4+1 x7 +4 


The term given in [9] can be integrated by completing the square (if necessary) and using 
the formula 


—x +4 
x? + 4x 


x. 


ax Zz 
Iv EXAMPLE 5 Baer | 


SOLUTION Since x° + 4x = x(x? + 4) can’t be factored further, we write 


Qx*>-x+4 A lave ap C 
x(x? + 4) x xt+4 


Multiplying by x(x* + 4), we have 
Dx? =x + A = A(x? + 4) (Bx + C)x 
(AmB) i CK A 
Equating coefficients, we obtain 
A+B=2 C=-1 4A=4 


Thus A = 1, B = 1, and C = —1 and so 


Qx* -—x+4 1 r= Ml 
ee ss = ap == d 
x3 + 4x i (2 st) af 


In order to integrate the second term we split it into two parts: 


-1 _ we 
leer Pome bere 


We make the substitution u = x? + 4 in the first of these integrals so that du = 2x dx. 
We evaluate the second integral by means of Formula 10 with a = 2 


ie x i 
ja ae :=[- ahs te | \Soreeg 2 


ancien 4) stan '(x/2) + K a 
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ye = Bee ae 2 


Eval e| ae 
aN Vinkeom Lvaluate Ae Ape 


SOLUTION Since the degree of the numerator is not less than the degree of the denom1- 
nator, we first divide and obtain 


AX Okt Fi x-1 
4x? — 4x + 3 4x? — 4x 4+ 3 


Notice that the quadratic 4x* — 4x + 3 is irreducible because its discriminant is 
b* — 4ac = —32 < 0. This means it can’t be factored, so we don’t need to use the 


partial fraction technique. 
To integrate the given function we complete the square in the denominator: 


4x? — 4x +3 = (2x — 1)? +2 


This suggests that we make the substitution u = 2x — 1. Then du = 2 dx and 
x =3(u + 1), so 


ee =| i x-1 
a ea Ag eae eas) 
Het, 


=x+} 
= ae Se) 


I 
& 
+ 
S 
i 
= 
+ | 
si- 
a 
at 
ee 
-- 
Q 


: 1 25a 
=x + ¢In(4x? — 4x + 3) - tan '| ——=— ] + C 
4/2 7 V2 exeee 


NOTE Example 6 illustrates the general procedure for integrating a partial fraction of 
the form 
Ax + B 


> where b* — 4ac < 
ax? + bx +c eg NY 


We complete the square in the denominator and then make a substitution that brings the 
integral into the form 


=du= Cf —“— du + D{ —— > du 


(Cin se 1D) 
| Oe as Qe 


u+a 
Then the first integral is a logarithm and the second is expressed in terms of tan7!. 


CASE IV Q(x) contains a repeated irreducible quadratic factor. 
If Q(x) has the factor (ax? + bx + c)', where b? — 4ac < 0, then instead of the single 
partial fraction [9], the sum 


[11] Aix = B, Aox ar By i AGG =- B,. 
ax? + bx +c (ax? + bx + c) (ax* + bx +c)’ 


It would be extremely tedious to work out by 
hand the numerical values of the coefficients 
in Example 7. Most computer algebra systems, 
however, can find the numerical values very 
quickly. For instance, the Maple command 
convert(£, parfrac, x) 
or the Mathematica command 
Apart [f] 
gives the following values: 
A (Ne, 


Tec) il, 


B 
BES 2 F 


* G=H=i, 


In the second and fourth terms we made the 
mental substitution w = x° + 1. 
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occurs in the partial fraction decomposition of R(x)/Q(x). Each of the terms in |II] can be 
integrated by using a substitution or by first completing the square if necessary. 


SVZISA Write out the form of the partial fraction decomposition of the function 


ee 
x(x — 1)\(x? + x + 1)(x? + 19 


SOLUTION 


x + x? + I 
x(x — 1)(x? + x + 1)(x? + 1) 


A B 
= 4 — + ——_ + —_ + 
x x = St ie” se ge ce Ml eo ar ll 


(Gee ae Jal 


(x? + 1) 


ibe se df 


(7 1) 


1—x+2x?-x? 


STW GEE Evaluate | ie 


x(x? + 1) 


SOLUTION The form of the partial fraction decomposition is 


[exe ae (C 
x? +1 


IDee ae Ne, 
(x? + 1) 


t= 2xt — x A 
x(x? + 1)? x 


Multiplying by x(x? + 1)’, we have 
Sa eee eA ye (Bx Ox 4 1) + Dx Ex 
= A(x* + 2x? + 1) + B(x* + x?) + C(x? +x) + Dx? + Ex 
=(A+B)xt+ C+ (QAt+Bt+D)x’?+(C+Ex+A 


If we equate coefficients, we get the system 


A+B=0 C= =I 2A +B+D=2 C+E=-!1 A=1 
which has the soluiion A = 1. B="—1l, C= 17D = 1, and E = 0. Thus 
# 2 aes ait 
{- osu ax=((4--"*+ Lk -) a 
a ee ce Mlle Wacoal inn Sear il: (Ge rrs h)a 
d Gal 
= ies a = =| eet ar ha 5 
eG se Sr x Fl (Gaal) 
eee) acne = 
; 4 : 2x? + 1) 


We note that sometimes partial fractions can be avoided when integrating a rational func- 
tion. For instance, although the integral 


al 
| errreneie 
(eb e3) 
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could be evaluated by the method of Case III, it’s much easier to observe that if 
u = x(x? + 3) =x? + 3x, then du = (3x? + 3) dx and so 


Sap 
See alia reek eK 
alee ae 3) 


ME Rationalizing Substitutions 


Some nonrational functions can be changed into rational functions by means of appro- 
priate substitutions. In particular, when an integrand contains an expression of the form 
g(x), then the substitution uv = ~/g(x) may be effective. Other instances appear in the 
exercises. 


Pe) Evaluate 


SOLUTION Letu = /x + 4.Thenu? =x + 4,sox =u’ — 4and dx = 2uadu. 
Therefore 


)a 
Tepe 


We can evaluate this integral either by factoring u* — 4 as (u — 2)(u + 2) and using 
partial fractions or by using Formula 6 with a = 2: 


(a 2\d +8{ TUS Pas ene fy ees ye 
et Uu 5 = 2u ° n 
x 7 = al 212, i ap 2 
VOLT a oe 
=2J/x +4 + 21h |—-— G Bes 
NC Or igi ia 
7 Exercises 
1-6 Write out the form of the partial fraction decomposition of the x? x+ 
function (as in Example 7). Do not determine the numerical values 5. (a) G 79 (b) 2 2 
of the coefficients. E : ie Rei a 
6 5 
1 + 6x 10 bea xr 
1. 6. (a) b) ———_————- 
x — Qx + 5) OME a2 a3 feet ©) = WF + 2+ 1) 
BG 2 : 
2. (a) =——— (>) == : 
2 ea) ee + 2 7-38 Evaluate the integral. 
xe 1 1 ha 3r — 2 
) are ©) Ce Sp Pes ‘ a | ml oe 
xe = Dee ab oe tL Oe = x? - | , 5x +1 
4. (a) ee, (Oa 9. | a 10. |\—— » 
x ae ae Il Be ae pet SE ay (2321) Ge" 1)  4)ey — 1) = 


Graphing calculator or computer required 


Innol . 
(CAS Computer algebra system required 1. Homework Hints available at stewartcalculus.com 


SECTION 7.4 


1. as 12. [Sa 

13. | Seats 14. Sere 

15. —— 16. ee 

17. lng aa ® 18. se 

19. Soo 20. see IX 

an. (tS ax 2 ae 

23. Saye 24. | aS ix 

2. | x 26. a te 

# eS 28. | Sa mee 

2 aeereants Moe ee 

a1. | ee dx 32. | eae ee 
x 1 ox? + 4x+ 13 

33, ee % 34. | ret 

8 [ae a orors ta 


dx 


39-52 Make a substitution to express the integrand as a rational 
function and then evaluate the integral. 


3 air Ml dx 

vx th 40, | ———_ 

39. | hes |S 

Ao eee 
rears A 

a4. | ve 


3x? +x 


41 (i 
a oe wie 


dx 


“3 
Saw 
43 | ar a0 


dx [Hint: Substitute u = a) 


I 
6 | aE 
eee 


q 
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a jos ee cn a . 
et +3e7+2 ~ Ni =e 
sect e* 
49. = dt ————— 
J (iar ae Sie ae 2 2 J (e* — 2)(e** + 1) e 


| cosh ¢ 
sinh*t + sinh*t 


a j 1 - 


53-54 Use integration by parts, together with the techniques of this 
section, to evaluate the integral. 


53. | In(x? — x + 2) dx 54. ie tan ‘x dx 


55. Use a graph of f(x) = 1/(x* — 2x — 3) to decide whether 
i f(x) dx is positive or negative. Use the graph to give a rough 
estimate of the value of the integral and then use partial 
fractions to find the exact value. 


56. Evaluate 


laa 


by considering several cases for the constant k. 


57-58 Evaluate the integral by completing the square and using 
Formula 6. 


57. | ar a 58. i re EP aee 


aa ee 
ap W2se = 7 


59. The German mathematician Karl Weierstrass (1815-1897) 
noticed that the substitution t = tan(x/2) will convert any 
rational function of sin x and cos x into an ordinary rational 
function of f. 

(a) If ¢ = tan(x/2), —7 < x < 7, sketch a right triangle or use 
trigonometric identities to show that 


x 1 5 t 
— | = ————— and Sia| = |) = SS 
cos(+) lb i? 3 : (+) ap 7 


(b) Show that 


sid beaks F oe tl 
cos x = wae? an sin x ee 
(c) Show that 
D 
dx = d 
il ae fe 


60-63 Use the substitution in Exercise 59 to transform the inte- 
grand into a rational function of ¢ and then evaluate the integral. 


dx 
eg 
1 ACOSeY 
1 ? 47/2 1 
61. d 62 dx 
| Cisinh ire COSEG 2 


' Jr/3 1 - sin x — Cos x 
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rn/2 Sin 2x (b) Use part (a) to find | f(x) dx (by hand) and compare 
OME OR ICOSEY with the result of using the CAS to integrate f directly. 
— = Comment on any discrepancy. 
64—65 Find the area of the region under the given curve from CAS| 70. (a) Find the partial fraction decomposition of the function 
il Wo 2. 
Bi, eas 2 
l 7 x? + 1 iy 124? = 1x re Pes 

64. y = RoE 65. y= aes 100x*® — 80x° + 116x* — 80x? + 41x* — 20x + 4 


=P 36 


66. Find the volume of the resulting solid if the region under the 
curve y = 1/(x* + 3x + 2) from x = 0 to x = 1 is rotated 
about (a) the x-axis and (b) the y-axis. 


(b) Use part (a) to find { f(x) dx and graph f and its indefi- 
nite integral on the same screen. 

(c) Use the graph of f to discover the main features of the 
graph of { f(x) dx. 


67. One method of slowing the growth of an insect population 


without using pesticides is to introduce into the population 71. Suppose that F, G, and Q are polynomials and 
a number of sterile males that mate with fertile females 
but produce no offspring. If P represents the number of F(x) G(x) 
female insects in a population, S the number of sterile males O(x) re O(x) 
introduced each generation, and r the population’s natural 
growth rate, then the female population is related to time ¢ for all x except when Q(x) = 0. Prove that F(x) = G(x) for 
by P+S all x. [Hint: Use continuity. ] 
‘ SCPriGerP Ss] 


72. If f is a quadratic function such that f(0) = 1 and 


Suppose an insect population with 10,000 females grows at 


a rate of r = 0.10 and 900 sterile males are added. Evaluate nieo) 
the integral to give an equation relating the female popula- | 


—_g 
x?(x + 1) 2 


tion to time. (Note that the resulting equation can’t be solved 


explicitly for P.) 


is a rational function, find the value of f’(0). 


68. Factor x* + 1 as a difference of squares by first adding and 


subtracting the same quantity. Use this factorization to eval- 73. Ifa ¥ 0 and n is a positive integer, find the partial fraction 
uate { 1/(x* + 1) dx. decomposition of 
[cas] 69. (a) Use a computer algebra system to find the partial Fee 1 
fraction decomposition of the function Fa a) 
Hoy = AN 9 WAN ny ean Hint: First find the coefficient of 1/(x — a). Then subtract 


30x° — 13x* + 50x? 


7.5 | Strategy for Integration 


— 286x7 — 299x — 70 the resulting term and simplify what is left. 


As we have seen, integration is more challenging than differentiation. In finding the deriv- 
ative of a function it is obvious which differentiation formula we should apply. But it may 
not be obvious which technique we should use to integrate a given function. 

Until now individual techniques have been applied in each section. For instance, we usu- 
ally used substitution in Exercises 5.5, integration by parts in Exercises 7.1, and partial frac- 
tions in Exercises 7.4. But in this section we present a collection of miscellaneous integrals 
in random order and the main challenge is to recognize which technique or formula to use. 
No hard and fast rules can be given as to which method applies in a given situation, but we 
give some advice on strategy that you may find useful. 

A prerequisite for applying a strategy is a knowledge of the basic integration formulas. 
In the following table we have collected the integrals from our previous list together with 
several additional formulas that we have learned in this chapter. Most of them should be 
memorized. It is useful to know them all, but the ones marked with an asterisk need not be 
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memorized since they are easily derived. Formula 19 can be avoided by using partial frac- 
tions, and trigonometric substitutions can be used in place of Formula 20. 


Table of Integration Formulas Constants of integration have been omitted. 


n+1 
1 
il | x"ax = n#—\| 2. {e = 
= Ser ( ) oe In | x| 
3. [ e*dx = e* 4. | avax ees 
J na 
5. | sin xdx = —cos x 6. | cos xdx = sin x 
ip | sec’x dx = tan x 8. | esc’x dx = —cot x 
9. | see x ENN FADS SON ¢ 10. | csc x cot x dx = —csc x 
11. | sec x dx = In|sec x + tan x 12. | ese Ka = |n iesex corn 
13, { tan xdx = In| sec x| 14. { cot x dx = In| sin x| 
; | sinh x dx = cosh x 16. | cosh x dx = sinh x 


18. | a in-1{ = >0 
F, ii a 
MGR oe rap 22 

dx ~) y 
*20. | ease he Ay fa es Sue (oe 


Once you are armed with these basic integration formulas, if you don’t immediately see 
how to attack a given integral, you might try the following four-step strategy. 


1. Simplify the Integrand if Possible Sometimes the use of algebraic manipulation 
or trigonometric identities will simplify the integrand and make the method of 
integration obvious. Here are some examples: 


| ve ( + Vx) dx = | (vx + x) dx 


- sin 6 ; 
| ne 6 | ae cos? dd 
cos 0 


sec’6 


= | sin @ cos 9d0 = 2 | sin 20d0 


| (sin x + cos x)’ dx = | (sin2x + 2 sin x cos x + cos*x) dx 


I 


| (1 + 2 sin x cos x) dx 
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2. Look for an Obvious Substitution Try to find some function u = g(x) in the 
integrand whose differential du = g'(x) dx also occurs, apart from a constant fac- 
tor. For instance, in the integral 


we notice that if u = x’ — 1, then du = 2x dx. Therefore we use the substitu- 
tion u = x? — | instead of the method of partial fractions. 


3. Classify the Integrand According to Its Form If Steps 1 and 2 have not led to the 

solution, then we take a look at the form of the integrand f(x). 

(a) Trigonometric functions. If f(x) is a product of powers of sin x and cos x, 
of tan x and sec x, or of cot x and csc x, then we use the substitutions recom- 
mended in Section 7.2. 

(b) Rational functions. If f is a rational function, we use the procedure of Sec- 
tion 7.4 involving partial fractions. 

(c) Integration by parts. If f(x) is a product of a power of x (or a polynomial) and 
a transcendental function (such as a trigonometric, exponential, or logarithmic 
function), then we try integration by parts, choosing u and dv according to the 
advice given in Section 7.1. If you look at the functions in Exercises 7.1, you 
will see that most of them are the type just described. 

(d) Radicals. Particular kinds of substitutions are recommended when certain 
radicals appear. 

(i) If +x? + a? occurs, we use a trigonometric substitution according to the 
table in Section 7.3. 

(ii) If Vax + b occurs, we use the rationalizing substitution u = ‘lax +b. 
More generally, this sometimes works for x/g(x) : 


4. Try Again If the first three steps have not produced the answer, remember that 

there are basically only two methods of integration: substitution and parts. 

(a) Try substitution. Even if no substitution is obvious (Step 2), some inspiration 
or ingenuity (or even desperation) may suggest an appropriate substitution. 

(b) Try parts. Although integration by parts is used most of the time on products 
of the form described in Step 3(c), it is sometimes effective on single func- 
tions. Looking at Section 7.1, we see that it works on tan™!x, sin ‘x, and In x, 
and these are all inverse functions. 

(c) Manipulate the integrand. Algebraic manipulations (perhaps rationalizing the 
denominator or using trigonometric identities) may be useful in transforming 
the integral into an easier form. These manipulations may be more substantial 
than in Step 1 and may involve some ingenuity. Here is an example: 


| dx 1 peas Cos Serre {SS 


‘Il = COB x l= Coss il + easy x 1 — cos?x 


i aCOSRY : COS x 
= dx = CSE se —<— == }) chy 
sin? x sin-x 


(d) Relate the problem to previous problems. When you have built up some expe- 
rience in integration, you may be able to use a method ona given integral that 
is similar to a method you have already used on a previous integral. Or you 
may even be able to express the given integral in terms of a previous one. For 
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instance, { tan*x sec x dx is a challenging integral, but if we make use of the 
identity tan?x = sec*x — 1, we can write 


| tan*x sec x dx = | sec*x dx — | sec x dx 


d 


and if ‘l sec*x dx has previously been evaluated (see Example 8 in Section 7.2), 
then that calculation can be used in the present problem. 

(e) Use several methods. Sometimes two or three methods are required to evalu- 
ate an integral. The evaluation could involve several successive substitutions 
of different types, or it might combine integration by parts with one or more 
substitutions. 


In the following examples we indicate a method of attack but do not fully work out the 
integral. 


In Step | we rewrite the integral: 


3 

tan x 

| dk | tan*x sec*x dx 
cos*x 


The integral is now of the form J tan”x sec”x dx with m odd, so we can use the advice in 
Section 7.2. 
Alternatively, if in Step 1 we had written 


. tan’x sin*x sin*x 
| A = v= | dx = | en (UB 
cos oes cos*x cos*x cos°x 


then we could have continued as follows with the substitution u = cos x: 


sin°x — cos’x l-w 
= = a —d 
eee ae 2 [Roe cos°x Sa | we a 
tee a) $: 
= {au = | —u °)du SSE 
u 


VEXAMPLE 2 I at 


According to (ii) in Step 3(d), we substitute u = Ve. Then x = u’, so dx = 2u du and 
| Cd 2 | ue“du 


The integrand is now a product of u and the transcendental function e“ so it can be inte- 
grated by parts. ESE 
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neal 
rrerrmrne 
No algebraic simplification or substitution is obvious, so Steps | and 2 don’t apply here. 
The integrand is a rational function so we apply the procedure of Section 7.4, remember- 


ing that the first step is to divide. ae 


d 
yi EXAMPLE 4 | OEE 
26 rex 


Here Step 2 is all that is needed. We substitute v = In x because its differential is 
du = dx/x, which occurs in the integral. pe) 


“a % 


Vi exaur.es a 


Although the rationalizing substitution 


e Il = se 
‘ i) se 3 


works here [(ii) in Step 3(d)], it leads to a very complicated rational function. An easier 
method is to do some algebraic manipulation [either as Step 1 or as Step 4(c)]. Multiply- 
ing numerator and denominator by 1 — x, we have 


Ih Sie ae 


| ae 2 ayy cee 
ll se Be vl — x? 
—er a (Sa 
hae Jy 1 
sin'x + /1 —x?2? +C Ese 


I 


MH Can We Integrate All Continuous Functions? 


The question arises: Will our strategy for integration enable us to find the integral of every 
continuous function? For example, can we use it to evaluate f e* dx? The answer is No, at 
least not in terms of the functions that we are familiar with. 

The functions that we have been dealing with in this book are called elementary func- 
tions. These are the polynomials, rational functions, power functions (x“), exponential func- 
tions (a*), logarithmic functions, trigonometric and inverse trigonometric functions, 
hyperbolic and inverse hyperbolic functions, and all functions that can be obtained from 
these by the five operations of addition, subtraction, multiplication, division, and composi- 
tion. For instance, the function 


x 1 


IN Ee ea, 


7 In(cosh x) — xe sin2x 


is an elementary function. 


If f is an elementary function, then f’ is an elementary function but i f(x) dx need not 


be an elementary function. Consider f(x) = e*. Since f is continuous, its integral exists, 
and if we define the function F by 


F(x) = iF e' dt 
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then we know from Part | of the Fundamental Theorem of Calculus that 
F'(x) = e* 


Thus f(x) = e* has an antiderivative F, but it has been proved that F is not an elementary 
function. This means that no matter how hard we try, we will never succeed in evaluating 
j e* dx in terms of the functions we know. (In Chapter 11, however, we will see how to 
express | e* dx as an infinite series. ) The same can be said of the following integrals: 


x 


| 2p | sin(x*) dx | cos(e") dx 


Xx 


| Ve Tar [oa [a 


Xx 


In fact, the majority of elementary functions don’t have elementary antiderivatives. You may 
be assured, though, that the integrals in the following exercises are all elementary functions. 


75 | Exercises 


1—82 Evaluate the integral. d. 
aos Ab \\s = : 28, | sin vat dt 
= 
1: | cos x (1 + sin?x) dx 2 i. (3x + 1) 
| 29, | In(x + x? — 1) dx 30 {| en = tax 
sin x + sec x sin’x = 
3 | 5 ee 
tan x Cos x ee eS 
xX Xs 
‘ d: 32. 
4) gt @ oe 2 eer faa 
iat? (2x + ay 
oo a Il ae 4) @Oi.se 
i exany Sih a eee 34. i is 
ml ips = dy 8. | # sin cos rat 4 — cotx 
EA a 
36. | cos 2x cos 6xd 36. |" a Fp 
‘es I COS ZX COS OX Ax SS ea 
9. tr r?Inrdr 10. eerey et 7/4 1 + cos*x 
P at 3 r7/3 sin @ cot é 
al x 37. | * tan sec?6 dO 330) =o 
Th eee 1a ee re 0 Ins sec 0 
ye? = Abe oe S 36° ae 3e- e Il 
- sec 6 tané | 
: 39. | —————— do 40. ——_—— (ly 
13. { sin’: cos‘t dt 14. \jae ® | see) = see | V4y2 — 4y = 3 
3 * tan ‘x 
Aas: a rep nal ai. | @tan°9 dé 8 eee 
15. | qos ae 
fi : 
7 2 eg i ( 44, il te @ abe 
17. { t cos?t dt 18. | F dt #3. | sax | v 
3 (Ge = l)e* 
Dae - 
19. [ eax 29, | e?dx a5. [ x°e “dx 46. | 5 de 


In x F Saves ail ihe, he eH bas =) , 
21. | arctan /x dx 2 eg ed ia ae e 47. eae 1)-4 dx 48. it Ae ore 


Py rf 1 
: duCeaie Eisish sai 50. ( ————— dx 
23. {' (1 + yx Pax Dl recrera ®. (ae (Ss 
2 * - 1x 
3x? — 2 ee = ; 51 l is 59. C 
cs J a eee ze | oe at | URGE Ie Meee) 


1. Homework Hints available at stewartcalculus.com 
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53. 


55. 


67. 


69. 
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| x? sinh mx dx 


r dx 
| Kats xJx 


5 [xi Fe ax 


g | cos x cos*(sin x) dx 


Omer: 


: | Jx ev dx 


sin 2x 
1 + cos*tx 


1 
ae 
=== 2 
3 </ L + x2 
I SS aN 


2 
xX 


ai = = (ahs 


lar @* 


hy LAV 3 Sr aresin x ale ae TOY" 
i ——— || SS 0H 
54. | (Ge ae Sin Pr abs 73. = = 7 i rr 
dx 1 dx 
56. SSS th  —=————$ av 
terres 8. | Tae H heme 
xe lhav 9 Be" easing 
rd 78. 
se [Se a = i eee 
25% 
dx a sec X COS ae 
60 —————<—<$——— 79. | x sin°x cos x dx ——$—— 
J een Agee | J sin x + sec x 
sin x COS x 
62 pe bc dite 81. {vi = Gina wbe ern 
" J 1+ cos? : 
64. | Late dx 83. The functions y = e* andy = xe" don’t have elementary 
V ve, ah antiderivatives, but y = (2x7 + 1)e* does. Evaluate 
las ( (2a Det dx: 
7/3 In(tan x : aloes a 
66. le Sinica ake dx 84. We know that F(x) = |; e° dt is a continuous function by 
FTC1, though it is not an elementary function. The functions 
ie é \ 
S| Se é 
68 | NO ete eae and Ce dx 
70. pastes dx are not elementary either, but they can be expressed in terms 
pe Ee of F. Evaluate the following integrals in terms of F. 
ikn(xe se il) POs 5 il 
72. | ay (a) | =o (b) | ee 


AF integration Using Tables and Computer Algebra Systems 


In this section we describe how to use tables and computer algebra systems to integrate 
functions that have elementary antiderivatives. You should bear in mind, though, that even 
the most powerful computer algebra systems can’t find explicit formulas for the antideriv- 
atives of functions like e* or the other functions described at the end of Section 7.5. 


MH Tables of Integrals 


Tables of indefinite integrals are very useful when we are confronted by an integral that is 
difficult to evaluate by hand and we don’t have access to a computer algebra system. A rela- 
tively brief table of 120 integrals, categorized by form, is provided on the Reference Pages at 
the back of the book. More extensive tables are available in the CRC Standard Mathematical 
Tables and Formulae, 31st ed. by Daniel Zwillinger (Boca Raton, FL, 2002) (709 entries) or 
in Gradshteyn and Ryzhik’s Table of Integrals, Series, and Products, Je (San Diego, 2007), 
which contains hundreds of pages of integrals. It should be remembered, however, that 
integrals do not often occur in exactly the form listed in a table. Usually we need to use the 


Substitution Rule or algebraic manipulation to transform a given integral into one of the 
forms in the table. 


(SCQ7Z2D The region bounded by the curves y = arctan x, y = 0, and x = 1 is rotated 
about the y-axis. Find the volume of the resulting solid. 


SOLUTION Using the method of cylindrical shells, we see that the volume is 


1 
V= 27x arctan x dx 


The Table of Integrals appears on Reference 


Pages 6-10 at the back of the book. 


85. i u" cos u du 


=u" sinu—n| u 


Thi 


sin u du 
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In the section of the Table of Integrals titled Inverse Trigonometric Forms we locate 
Formula 92: 


y 


é Uu ] U 
| wtan i du = tan u-Z+C 


Thus the volume is 


pare | 
Va 2m |’ ele eee = 2a * 5 tan ‘x — 4] 


0 


ar[(x? + 1)tan™'x — x|, =!77(2 tan +1) — 1) 


I 


= 7[2(a/4) — 1) =30? - 7 ee 


2 
(2 ESGWEA Use the Table of Integrals to find | Beta 7 
a = 4x? 


SOLUTION If we look at the section of the table titled Forms Involving a* — u*, 
we see that the closest entry is number 34: 


(a= 4 eae +S sine ()+e 


This is not exactly what we have, but we will be able to use it if we first make the substi- 
tution u = 2x: 


x= | (ya? | u ah 
A S22 MD Sd wi = vA 


Then we use Formula 34 with a* = (so = VOD 


ae J5 — 4x2 


a I u- 1 5 Uu 
——_—____—. Jy = — —_—___—. Jy = a — y2 + —sin7-! J] + 
| SEES: dx al ee u L( , Seat 5 +) C 


is at es 
ye AX ee sin || aa aa, © Sar 
8 16 


HSCEI Use the Table of Integrals to evaluate | x? sin x dx. 


SOLUTION If we look in the section called Trigonometric Forms, we see that none of 
the entries explicitly includes a u> factor. However, we can use the reduction formula 
in entry 84 with n = 3: 


| x°sin x dx = —x*cos x + 3 | x? cos x dx 


We now need to evaluate il x? cos x dx. We can use the reduction formula in entry 85 
with n = 2, followed by entry 82: 


| x? cos xdx =x’sinx — 2 | x sin x dx 


= x’sin x — 2(sinx — xcosx) + K 
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21, | va TD bi = 


+ 


a 


5 In(u aR 


u 


2 


a2+uz)+C 


Combining these calculations, we get 


| 2?sin x dx = —x3cos x + 3x?sinx + 6xcosx — 6sinx+C 
where C = 3K. ee 


(2 (SCRE Use the Table of Integrals to find | Ryko + Dae 4 ax, 
SOLUTION Since the table gives forms involving Va? + x’, IG ax, and 4/ X03 


but not ax? + bx + c, we first complete the square: 
x? +2x+4=(4¢+4+ 17 +3 


If we make the substitution u = x + 1 (sox = u — 1), the integrand will involve the 


pattem 4/a- 4 U7 
[Oyen un | Gi As 73. du 


= | uyut¥3 du — | Ju? +3 du 
The first integral is evaluated using the substitution t = u* + 3: 
[uli® 3 du = 3] Ve dr= 3-302 =u + 3)” 


For the second integral we use Formula 21 with a = Vs 


| Vi® FS du == Ua + 3In(u + Ju? +3) 


D 
Thus 


[xv 2% -- 4 dx 


Rae Il 


Bee gh 2x tA) — [x2 + 974+ 4 — $In(x + i| +e sxe2+2x+4)4+C 


MQ Computer Algebra Systems 


We have seen that the use of tables involves matching the form of the given integrand with 
the forms of the integrands in the tables. Computers are particularly good at matching pat- 
terns. And just as we used substitutions in conjunction with tables, a CAS can perform sub- 
stitutions that transform a given integral into one that occurs in its stored formulas. So it isn’t 
surprising that computer algebra systems excel at integration. That doesn’t mean that inte- 
gration by hand is an obsolete skill. We will see that a hand computation sometimes produces 
an indefinite integral in a form that is more convenient than a machine answer. 

To begin, let’s see what happens when we ask a machine to integrate the relatively 


simple function y = 1/(3x — 2). Using the substitution u = 3x — 2, an easy calculation by 
hand gives 


I 
| 5 de = sin +2 


d 


This is Equation 3.11.3. 
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whereas Derive, Mathematica, and Maple all return the answer 
+In(3x — 2) 


The first thing to notice is that computer algebra systems omit the constant of integra- 
tion. In other words, they produce a particular antiderivative, not the most general one. 
Therefore, when making use of a machine integration, we might have to add a constant. 
Second, the absolute value signs are omitted in the machine answer. That is fine if our prob- 
lem is concerned only with values of x greater than ;. But if we are interested in other val- 
ues of x, then we need to insert the absolute value symbol. 

In the next example we reconsider the integral of Example 4, but this time we ask a 
machine for the answer. 


(CURIS Use a computer algebra system to find | Kin Moo ee aad % 


SOLUTION Maple responds with the answer 
2 2 3 
T(x? + 2x + 4)9? — 5 (2x + 2)Vx2 + 2x +4 - 3 sresinn (Gh 4B 33) 


This looks different from the answer we found in Example 4, but it is equivalent because 
the third term can be rewritten using the identity 


arcsinh x = In(x cant 1) 


Thus 
aresinh > ( + x)= in| 4x) + 31 + x)? + | 
=n hi Ee (eye | 


l 
Sin ot nal yeas) 


The resulting extra term — 5 In( 1//3 ) can be absorbed into the constant of integration. 
Mathematica gives the answer 


2 3 il ae 3 
(3 ML =) Ca Pair | 3 arsinn( =) 


Oe 3 


Mathematica combined the first two terms of Example 4 (and the Maple result) into a 
single term by factoring. 
Derive gives the answer 


Lf? + Ox + 4 (2x2 + x + 5) — Zlm( Vx? + 2x +4 +x + 1) 


The first term is like the first term in the Mathematica answer, and the second term is 
identical to the last term in Example 4. eae 


Seiaiacd Use a CAS to evaluate i x(x? + 5)%dx. 


SOLUTION Maple and Mathematica give the same answer: 


390625 9 


A p18 4 S16 4 Sox 4 2x 4 4375x!0 + 21875x% + Mem x® + 156250x" + “7 x 
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It’s clear that both systems must have expanded (x* + 5)* by the Binomial Theorem and 


then integrated each term. 
If we integrate by hand instead, using the substitution u = x? + 5, we get 


Derive and the Tl-89 and TI-92 also give [x0 He 5)§ dx " 4 (x? a0 5) CG 
this answer. 


For most purposes, this is a more convenient form of the answer. ages | 


fae\iatave Use a CAS to find | sin°x cos?x dx. 


SOLUTION In Example 2 in Section 7.2 we found that 


Q 1 2 1 
[1] | sin’x cos?x dx = —3; cos*x + 3cos°*x — 7cos’x + C 


Derive and Maple report the answer 
me ena eee eee) eee 3 
= SIX. COS x) —= se Sill COS Xn ge COS 
whereas Mathematica produces 
5 i 3 1 
77 COS 4 165 COS O12 tetany COS O01 aug (COSTA. 


We suspect that there are trigonometric identities which show that these three answers 
are equivalent. Indeed, if we ask Derive, Maple, and Mathematica to simplify their 
expressions using trigonometric identities, they ultimately produce the same form of the 
answer as in Equation 1. eZ] 


say) Exercises 


1-4 Use the indicated entry in the Table of Integrals on the 


Reference Pages to evaluate the integral. 10. 


V4x2 +9 


pos dy 


1. ie cos 5x cos 2x dx; entry 80 
0 a 12. [= esch(x? + 1) dx 


1 
2. { wae = 3° Whe, Critiay IS} a tan? ele) ) 


14. | sin'Vx dx 
3: ih V4x? — 3 dx; entry 39 


4. ' tan'(ax/6) dx; entry 69 
K My 


ale hroaea 
ee 
nena 
15. | e** arctan(e*) dx 16. { xsin(x*) cos(3x°) dx 
J 
| 
ee 


17. | yV6 + 4y — 4y? dy 18. keane FERS 
Nee Xs 
5—32 Use the Table of Integrals on Reference Pages 6—10 to evalu- 19. | sin2x cos x In(sin x) dx 20. ——-= sin 26 
ate the integral. ane 
? a7/8 2a 5 
5, |," arctan 2x dx 6. [, qa Ake da 21. 22. (, x3V/4x2 = x4 dx 
pie COSEs ; In(1 + x ) ' 
de | ain x 9 a Ms | Vx ax 23. | sec*x dx 24. | sin® 2x dx 
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25 


| /4 + (In x)? ve 
% 


26. { xe dx 


COs (x) 
27. Neen 2 2. [ (r+ I= 21 at 


29. | Were dx 30. | e' sin(at — 3) dt 


a xt dx 22. | sec’@ tan? 


viel = 2 Al) = (ene@) 


33. The region under the curve y = sin’x from 0 to 7 is rotated 
about the x-axis. Find the volume of the resulting solid. 


34. Find the volume of the solid obtained when the region under 
the curve y = arcsin x, x = O, is rotated about the y-axis. 


35. Verify Formula 53 in the Table of Integrals (a) by differentia- 
tion and (b) by using the substitution t = a + bu. 


36. Verify Formula 31 (a) by differentiation and (b) by substi- 


tuting u = asin 0. 


37—44 Use a computer algebra system to evaluate the integral. 
Compare the answer with the result of using tables. If the 
answers are not the same, show that they are equivalent. 


37. | sec’x dx 38. | esc>x dx 


39. 


41. 


43. 
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; dx 
Se aylae” aie Ah Gl Qh |) ——— === 
j 4 \ Ose" 47 2D) 
| cos*x dx 42. {v1 — x? dx 


| tan°x dx 


1 
44. | Seine dx 


(CAS) 45. 


[CAS] 46. 


(a) Use the table of integrals to evaluate F(x) = J f(x) dx, 
where 


1 


Ds em ee 


What is the domain of fand F'? 

(b) Use a CAS to evaluate F(x). What is the domain of the 
function F that the CAS produces? Is there a discrepancy 
between this domain and the domain of the function F 
that you found in part (a)? 


Computer algebra systems sometimes need a helping hand 
from human beings. Try to evaluate 


fa + In x)./1 + Gln x)* ax 


with a computer algebra system. If it doesn’t return an 
answer, make a substitution that changes the integral into 
one that the CAS can evaluate. 


cas) PATTERNS IN INTEGRALS 


Tope | 


1 


1 


(i) | (x + 2)(x + 3) 


dx 


(iii) | (a neEa ax 


(b) Based on the pattern of your responses in part (a), guess the value of the integral 


if a # b. What if a = b? 
(c) Check your guess by asking your CAS to evaluate the integral in part (b). Then prove it 
using partial fractions. 


[cas| Computer algebra system required 


In this project a computer algebra system is used to investigate indefinite integrals of families of 
functions. By observing the patterns that occur in the integrals of several members of the family, 
you will first guess, and then prove, a general formula for the integral of any member of the family. 


1. (a) Use a computer algebra system to evaluate the following integrals. 


a 1 
GQ | Gea 1) f 5) oe 


‘ 1 f 
(1v) era +2) dx 


1 
| cs res 
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2. (a) Use a computer algebra system to evaluate the following integrals. 


(i) | sin x cos 2x dx (ii) | sin 3x cos 7x dx (ili) | sin 8x cos 3x dx 
(b) Based on the pattern of your responses in part (a), guess the value of the integral 


| sin ax cos bx dx 
(c) Check your guess with a CAS. Then prove it using the techniques of Section 7.2. 
For what values of a and 5 is it valid? 


3. (a) Use a computer algebra system to evaluate the following integrals. 
(i) [ nxdx (ii) | xInxdx (ii) [ x? nxdx 


(iv) [Pinsdx (v) lee In x dx 


(b) Based on the pattern of your responses in part (a), guess the value of 


fx In x dx 


(c) Use integration by parts to prove the conjecture that you made in part (b). For what 
values of n is it valid? 


4. (a) Use a computer algebra system to evaluate the following integrals. 
(i) xe* dx (ii) | x°e* dx (iii) xte* dx 
(iv) | xe dx (v) | x*e" dx 


(b) Based on the pattern of your responses in part (a), guess the value of J x°e* dx. Then 
use your CAS to check your guess. 


(c) Based on the patterns in parts (a) and (b), make a conjecture as to the value of the 
integral 


{ NuCmCX 


when 7 is a positive integer. 
(d) Use mathematical induction to prove the conjecture you made in part (c). 


Approximate Integration 


There are two situations in which it is impossible to find the exact value of a definite 
integral. 

The first situation arises from the fact that in order to evaluate iP f(x) dx using the Fun- 
damental Theorem of Calculus we need to know an antiderivative of f. Sometimes, how- 
ever, it is difficult, or even impossible, to find an antiderivative (see Section 7.5). For 
example, it is impossible to evaluate the following integrals exactly: 


{, e* dx ie J1 + x3 dx 


v4 


Ol aay Sh ae Bh G 


(a) Left endpoint approximation 


yA 


DY Sym ee SH Bey Beh x 


(b) Right endpoint approximation 


yA 


(c) Midpoint approximation 


FIGURE 1 
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The second situation arises when the function is determined from a scientific experiment 
through instrument readings or collected data. There may be no formula for the function (see 
Example 5). 

In both cases we need to find approximate values of definite integrals. We already know 
one such method. Recall that the definite integral is defined as a limit of Riemann sums, so 
any Riemann sum could be used as an approximation to the integral: If we divide [a, b] into 
n subintervals of equal length Ax = (b — a)/n, then we have 


FG) ax ~ ¥ ft) Ax 


where x;* is any point in the ith subinterval [x;-1, x;]. If x* is chosen to be the left endpoint 
of the interval, then x;* = x;-; and we have 


[1] [re dx = L, = D flr) Aa 


If f(x) = 0, then the integral represents an area and |1| represents an approximation of this 
area by the rectangles shown in Figure 1(a). If we choose x;* to be the right endpoint, then 
xj}* = x; and we have 


[2] [FG ar ~ Re = Y fles) Aw 


[See Figure 1(b).] The approximations L,, and R,, defined by Equations | and 2 are called the 
left endpoint approximation and right endpoint approximation, respectively. 

In Section 5.2 we also considered the case where x;* is chosen to be the midpoint x; of 
the subinterval [.x;-), x; ]. Figure 1(c) shows the midpoint approximation M,,, which appears 
to be better than either L,, or Rn. 


Midpoint Rule 


Ms f(x) dx ~ My, = Ax[ f(a) + fG) +--+ + fOr] 


Another approximation, called the Trapezoidal Rule, results from averaging the approx- 
imations in Equations | and 2: 


i=] 


[70 dx ~ 5 [3 fos-apas i > A(x) as] Ber [3 (F(xi-1) + res) 


(Cfo) + f0c)) + (fn) + fa) + +++ + FOn-1) + £Oe)] 


I 


ad 
2 

sas 
Z 


[f(xo) + 2f(x1) + 2f (2) + +++ + 2f(%n-1) + FOn)] 
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YA 


FIGURE 2 
Trapezoidal approximation 


FIGURE 4 


| f(x) dx = approximation + error 


0 Xo x; Xy Xs Xa ee 


Trapezoidal Rule 


* pla) de = T=“ [flos) + 2fler) + 2flee) +--+ + 2flmr) + £00) 


where Ax = (b — a)/n and x; =a + i Ax. 


The reason for the name Trapezoidal Rule can be seen from Figure 2, which illustrates 
the case with f(x) = 0 and n = 4. The area of the trapezoid that lies above the ith sub- 


interval is 
ine ( iy (eT) Aa) = Leia se = 7 (xe))| 


#4 Bs 
and if we add the areas of all these trapezoids, we get the right side of the Trapezoidal Rule. 
{S23 "F Use (a) the Trapezoidal Rule and (b) the Midpoint Rule with n = 5 to 
approximate the integral {7 (1/x) dx. 


SOLUTION 
(a) With n = 5,a = 1, and b = 2, we have Ax = (2 — 1)/5 = 0.2, and so the Trape- 
zoidal Rule gives 


[a ~T;= A= tf) +2 f (1.2) tf (14) 2s LO ere2 Bye) 
(: kid i ie td ee 7 
Oe aGiica ba Saket oe 
iMae emecie Stir Tie 
~ 0.695635 


This approximation is illustrated in Figure 3. 


(b) The midpoints of the five subintervals are 1.1, 1.3, 1.5, 1.7, and 1.9, so the Midpoint 
Rule gives 


[ax = Ax | f(U1) fC) FS) fdr) eg 0.9) 


1 1 1 i 1 1 
=— ~ + — + — +— 
Sele 13 eS) lai 19 


=~ 0.691908 


This approximation is illustrated in Figure 4. = 


In Example | we deliberately chose an integral whose value can be computed explicitly 
so that we can see how accurate the Trapezoidal and Midpoint Rules are. By the Funda- 
mental Theorem of Calculus, 


Ak 9 
i — dx = In x}; = In 2 = 0.693147... 


The error in using an approximation is defined to be the amount that needs to be added to 
the approximation to make it exact. From the values in Example 1 we see that the errors in 
the Trapezoidal and Midpoint Rule approximations for n = 5 are 


Er ~ —0.002488 and Eu ~ 0.001239 


\ 


Module 5.2/7.7 allows you to 


compare approximation methods. 


ia tt 
Approximations to | — dx 
A bes 9 


Corresponding errors 


It turns out that these observations are true 


in most cases. 


FIGURE 5 
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In general, we have 


Er = ['r0) Oxi ole and Ey = [re dca; 


The following tables show the results of calculations similar to those in Example 1, but 
forn = 5, 10, and 20 and for the left and right endpoint approximations as well as the Trape- 
zoidal and Midpoint Rules. 


n lEe Res Ts M, 

B 0.745635 0.645635 0.695635 0.691908 
10 0.718771 0.668771 0.693771 0.692835 
by 0.705803 0.680803 0.693303 0.693069 
n Ex ER Er Ev 

5 —0.052488 0.047512 —0.002488 0.001239 
10 —0.025624 0.024376 —0.000624 0.000312 
20 —0.012656 0.012344 —0.000156 0.000078 


We can make several observations from these tables: 


1. 


In all of the methods we get more accurate approximations when‘we increase the 
value of n. (But very large values of n result in so many arithmetic operations that 
we have to beware of accumulated round-off error.) 

The errors in the left and right endpoint approximations are opposite in sign and 
appear to decrease by a factor of about 2 when we double the value of n. 

The Trapezoidal and Midpoint Rules are much more accurate than the endpoint 
approximations. 

The errors in the Trapezoidal and Midpoint Rules are opposite in sign and appear 
to decrease by a factor of about 4 when we double the value of n. 

The size of the error in the Midpoint Rule is about half the size of the error in the 
Trapezoidal Rule. 


Figure 5 shows why we can usually expect the Midpoint Rule to be more accurate than 
the Trapezoidal Rule. The area of a typical rectangle in the Midpoint Rule is the same as the 
area of the trapezoid ABCD whose upper side is tangent to the graph at P. The area of this 
trapezoid is closer to the area under the graph than is the area of the trapezoid AQRD used 
in the Trapezoidal Rule. [The midpoint error (shaded red) is smaller than the trapezoidal 
error (shaded blue). ] 


G C 


510 CHAPTER7 TECHNIQUES OF INTEGRATION 


K can be any number larger than all the 
values of | f”(x) |, but smaller values of K 
give better error bounds. 


It's quite possible that a lower value for n 
would suffice, but 41 is the smallest value for 
which the error bound formula can guarantee 
us accuracy to within 0.0001. 


These observations are corroborated in the following error estimates, which are proved 
in books on numerical analysis. Notice that Observation 4 corresponds to the n° in each 
denominator because (2n)? = 4n?. The fact that the estimates depend on the size of the 
second derivative is not surprising if you look at Figure 5, because f"(x) measures how 
much the graph is curved. [Recall that f”(x) measures how fast the slope of y = f(x) changes. ] 


[3] Error Bounds Suppose | f"(x)| < K for a < x < b. If Ey and Ey are the errors 
in the Trapezoidal and Midpoint Rules, then 


K(b — a) 
12n? 


|Er| < 


Let’s apply this error estimate to the Trapezoidal Rule approximation in Example 1. If 
f(x) = 1/x, then f'(x) = —1/x? and f"(x) = 2/x°. Since 1 < x = 2, we have 1/x <= 1, so 


Z 


x3 


2 
I@l=|4|<a=2 


Therefore, taking K = 2, a = 1, b = 2, and n = 5 in the error estimate [3], we see that 


| Er| < please sa OTT 0 EET 
1265 —«:150 


Comparing this error estimate of 0.006667 with the actual error of about 0.002488, we see 
that it can happen that the actual error is substantially less than the upper bound for the error 


given by [3]. 


(% (SQW) How large should we take n in order to guarantee that the Trapezoidal 
and Midpoint Rule approximations for ia (1/x) dx are accurate to within 0.0001? 


SOLUTION We saw in the preceding calculation that | f"(x) | < 2 for 1 < x < 2,s0 we 
can take K = 2,a = 1, and b = 2 in [3]. Accuracy to within 0.0001 means that the size 
of the error should be less than 0.0001. Therefore we choose n so that 


els < 0.0001 
12n? ; 


Solving the inequality for n, we get 


—_ 2 
12(0.0001) 


or i = 


—— ~ 408 
0.0006 


Thus n = 41 will ensure the desired accuracy. 


FIGURE 6 


Error estimates give upper bounds for the 
error. They are theoretical, worst-case 
scenarios. The actual error in this case turns 


out to be about 0.0023. 


Po 


P, 
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For the same accuracy with the Midpoint Rule we choose n so that 


20). 1 
< 0.0001 and so n > —————- = 29 eae 


24n? 0.0012 


Vt EXAMPLE 3 | 


(a) Use the Midpoint Rule with n = 10 to approximate the integral i e* dx. 
(b) Give an upper bound for the error involved in this approximation. 


SOLUTION 
(a) Since a = 0, b = 1, and n = 10, the Midpoint Rule gives 
1 2 
{, e* dx ~ Ax[f(0.05) + f(0.15) + --- + f(0.85) + £(0.95)] 


0025 .0225 062 
= O.1fex” a e0.0225 ae 0.0825 a @0-1225 aL @ 0:2025 aL @ 93025 
ate Quieres ale E83 = tee) IE Ee | 


1.460393 


v 


Figure 6 illustrates this approximation. 


(b) Since f(x) = e*, we have f(x) = 2xe* and £f@=Q+ 4x?)e*. Also, since 
0 < x < 1, we have x” < 1 and so 


Os f"(x) =(2+ Ax2)e* < 6e 


Taking K = 6e, a = 0, b = 1, and n = 10 in the error estimate [3], we see that an upper 
bound for the error is 
6e(1)° e 
Set te ORY eae 
24(10)? 400 


Mi Simpson's Rule 


Another rule for approximate integration results from using parabolas instead of straight 
line segments to approximate a curve. As before, we divide [a, b] into n subintervals of 
equal length h = Ax = (b — a)/n, but this time we assume that n is an even number. Then 
on each consecutive pair of intervals we approximate the curve y = f (x) = 0 by a parabola 
as shown in Figure 7. If y; = f(x:), then Pi(xi, y:) is the point on the curve lying above x;. 
A typical parabola passes through three consecutive points P;, P41, and Pi+2. 


YA 


Po(—h, yo) P, (0, y,) 


P,(h, y>) 


; a=Xo 


FIGURE 7 


> 
Ma A Re X,=b 3 —h 0 h x 
FIGURE 8 
To simplify our calculations, we first consider the case where xo = —/, x; = 0, and 


x» = h. (See Figure 8.) We know that the equation of the parabola through Po, Pi, and P2 is 
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of the form y = Ax? + Bx + C and so the area under the parabola from x = =hiox —h 


1S 


(Ax? Bx HG) dx = 2 iL (Ax? + C) dx 
—h 


3 h 
Here we have used Theorem 5.5.7. Fl “4 sae Org 
Notice that Ax? + C is even and Bx is odd. 3 


h3 hose ® 
= 2\A—- + Ch) = = (24h? + 6C) 


But, since the parabola passes through Po(—h, yo), Pi(0, y:), and P2(h, y2), we have 
May = A(—h)* ar a) ae C — Ah? =a Bh + G 
Yaaee 

and therefore yo + 4y, + y2 = 2AM? + 6C 


Thus we can rewrite the area under the parabola as 
h 
ba. (yo + 4y1 + yo) 


Now by shifting this parabola horizontally we do not change the area under it. This means 
that the area under the parabola through Po, P;, and P2 from x = xo to x = x2 in Figure 7 is 
still 


h 
ms (yo + 491 + y2) 
Similarly, the area under the parabola through P2, P3, and P, from x = x. to x = x4is 
h 
3 + 4y3 + ya) 
If we compute the areas under all the parabolas in this manner and add the results, we get 
b h h 
[P0) dx ~ 5 (v0 + ay, + ya) + 22 + As + 8) 
h 
ar ORG sp 3 (We a 4yn-1 a Yn) 
h 
= (yo Aye 2y2 4 Aya ce Dyg es ee Dyan Pedy aye) 


5) 


Although we have derived this approximation for the case in which f(x) = 0, it is a rea- 
sonable approximation for any continuous function f and is called Simpson’s Rule after 


the English mathematician Thomas Simpson (17 10-1761). Note the pattern of coefficients: 
VAS 2 FA 4 29) Wa SPAS ie 


Simpson 


Thomas Simpson was a weaver who taught 
himself mathematics and went on to become 
one of the best English mathematicians of the 
18th century. What we call Simpson's Rule was 
actually known to Cavalieri and Gregory in the 
17th century, but Simpson popularized it in his 
book Mathematical Dissertations (1743). 


FIGURE 9 
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Simpson's Rule 


[re dx = Sn => *Lple) af 4 f (x1) ae 2 f (x2) sip 4 f (x3) ap OD 


ai 2 f\Xnes) oF A f(Xn-1) ar ce) 


where n is even and Ax = (b — a)/n. 


(SEUEEZT Use Simpson’s Rule with n = 10 to approximate {? (1/x) dx. 
SOLUTION Putting f(x) = 1/x,n = 10, and Ax = 0.1 in Simpson’s Rule, we obtain 


[’ —ax ~ Si 


Xx 


= AZ Ep) + 4f(lt) + 2/012) + 4 F013) +--+ + 2f0L.8) + 4 F019) +f] 


OTF es 4 2 4 2 4 2 4 y + 1 
=——|(—+—+—+—+ + + + + pas eae 


Sh hl i 2 ihe} 1.4 iN) 1.6 Le 1.8 19 
~ 0.693150 am 


Notice that, in Example 4, Simpson’s Rule gives us a much better approximation 
(Sip ~ 0.693150) to the true value of the integral (In 2 ~ 0.693147. . .) than does the Trape- 
zoidal Rule (Tio ~ 0.693771) or the Midpoint Rule (Mio ~ 0.692835). It turns out (see 
Exercise 50) that the approximations in Simpson’s Rule are weighted averages of those in 
the Trapezoidal and Midpoint Rules: 


Son aa 57 ar =M, 


(Recall that Ey and Ey usually have opposite signs and | Ey | is about half the size of | Er |.) 

In many applications of calculus we need to evaluate an integral even if no explicit for- 
mula is known for y as a function of x. A function may be given graphically or as a table of 
values of collected data. If there is evidence that the values are not changing rapidly, then 
the Trapezoidal Rule or Simpson’s Rule can still be used to find an approximate value for 
ie y dx, the integral of y with respect to x. 


MV Figure 9 shows data traffic on the link from the United States to SWITCH, 
the Swiss academic and research network, on February 10, 1998. D(t) is the data through- 
put, measured in megabits per second (Mb/s). Use Simpson’s Rule to estimate the total 
amount of data transmitted on the link from midnight to noon on that day. 


DA 
ap 


SOLUTION Because we want the units to be consistent and D(1) is measured in megabits 
per second, we convert the units for ¢ from hours to seconds. If we let A(t) be the 
amount of data (in megabits) transmitted by time t, where f is measured in seconds, then 
A'(t) = D(t). So, by the Net Change Theorem (see Section 5.4), the total amount of data 
transmitted by noon (when tf = 12 X 607 = 43,200) is 


43,200 


A(43,200) = | D(t) dt 


0 


We estimate the values of D(t) at hourly intervals from the graph and compile them in 
the table. 


t (hours) t (seconds) D(t) t (hours) t (seconds) D(t) 
0 0) 32 7 25,200 ib} 
1 3,600 Doll 8 28,800 2.8 
2 7,200 1.9 9 32,400 si) 
3 10,800 led 10 36,000 el 
4 14,400 iL.3} 11 39,600 Wall 
5 18,000 1.0 i 43,200 7.9 
6 21,600 il 1! 


Then we use Simpson’s Rule with n = 12 and At = 3600 to estimate the integral: 


: At 
[or aw dt ~ a [D(0) + 4D(3600) + 2D(7200) + --- + 4D(39,600) + D(43,200)] 


0 


= a (3.2 + 4(2.7) + 2(1.9) + 4(1.7) + 2(1.3) + 4(1.0) 
21.1) 4(153) 2278) -4 6). + 2071) + 407-7) +79] 


= 143,880 


Thus the total amount of data transmitted from midnight to noon is about 144,000 mega- 
bits, or 144 gigabits. as 


The table in the margin shows how Simpson’s Rule compares with the Midpoint Rule for 
the integral ibe (1/x) dx, whose value is about 0.69314718. The second table shows how the 
error Es in Simpson’s Rule decreases by a factor of about 16 when n is doubled. (In Exer- 
cises 27 and 28 you are asked to verify this for two additional integrals.) That is consistent 
with the appearance of n* in the denominator of the following error estimate for Simpson’s 


Rule. It is similar to the estimates given in [3] for the Trapezoidal and Midpoint Rules, but 
it uses the fourth derivative of /f. 


[4] Error Bound for Simpson‘s Rule Suppose that | f(x) | < K fora < x <b. If Es 
is the error involved in using Simpson’s Rule, then 


514 CHAPTER7 TECHNIQUES OF INTEGRATION 

n M, Se 
4 0.69121989 0.693 15453 
8 0.69266055 0.693 14765 

16 0.69302521 0.693 14721 
n Eu Es 
4 0.00192729 | —0.00000735 
8 0.00048663 | —0.00000047 

16 0.00012197 | —0.00000003 


Many calculators and computer algebra sys- 
tems have a built-in algorithm that computes an 
approximation of a definite integral. Some of 
these machines use Simpson's Rule; others use 
more sophisticated techniques such as adaptive 
numerical integration. This means that if a func- 
tion fluctuates much more on a certain part of 
the interval than it does elsewhere, then that 
part gets divided into more subintervals. This 
strategy reduces the number of calculations 
required to achieve a prescribed accuracy. 


Figure 10 illustrates the calculation in 
Example 7. Notice that the parabolic arcs are 
so close to the graph of y = e* that they are 
practically indistinguishable from it. 


FIGURE 10 
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SQVTIF How large should we take n in order to guarantee that the Simpson’s Rule 
approximation for i} (1/x) dx is accurate to within 0.0001? 


SOLUTION If f(x) = 1/x, then f(x) = 24/x°. Since x = 1, we have 1/x < 1 and so 


7A) 04 
Pais 


ie ta) = 


Therefore we can take K = 24 in [4]. Thus, for an error less than 0.0001, we should 
choose n so that 


24(1)° 
ie < 0.0001 
24 
This gives 4 > —_—__. 
180(0.0001) 
1 
or he = 6.04 


0.00075 


Therefore n = 8 (n must be even) gives the desired accuracy. (Compare this with 
Example 2, where we obtained n = 41 for the Trapezoidal Rule and n = 29 for the 
Midpoint Rule.) ee 


EXAMPLE 7 
(a) Use Simpson’s Rule with n = 10 to approximate the integral (, e* dx. 
(b) Estimate the error involved in this approximation. 


SOLUTION 
(a) If n = 10, then Ax = 0.1 and Simpson’s Rule gives 


if e dx = Tr AT (OW ee O.2)) oper O.8 er 4 f(0.9) + f()] 


= fee det peel aAe eae Aes eo 
+ 46°? 4+ Jett deter et] 
= 1.462681 
(b) The fourth derivative of f(x) = e* is 
f(x) = (12 + 48x? + 16x4)e" 
and so, since 0 S x < 1, we have 
Qi fw) (1248 allen — 16e 


Therefore, putting K = 76e,a = 0,b = 1, and n = 10 in [4], we see that the error is at 


most 
76e(1)° 


Rot 


(Compare this with Example 3.) Thus, correct to three decimal places, we have 


| Dee 10463 mes 
10) 
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Exercises 


ib Ibe = la (x) dx, where f is the function whose graph is 
shown. 
(a) Use the graph to find Lo, Ro, and M). 
(b) Are these underestimates or overestimates of /? 
(c) Use the graph to find 7). How does it compare with J? 
(d) For any value of n, list the numbers L,, Rn, Mn, Tn, and [ 
in increasing order. 


ya 
3 
f 
2 
I 
>» 
0 1 ®) 3 4 x 


2. The left, right, Trapezoidal, and Midpoint Rule approxi- 
mations were used to estimate tee f(x) dx, where f is the 
function whose graph is shown. The estimates were 0.7811, 
0.8675, 0.8632, and 0.9540, and the same number of sub- 
intervals were used in each case. 

(a) Which rule produced which estimate? 
(b) Between which two approximations does the true value 
of {> f(x) dx lie? 


RY 


2 


. Estimate {} cos(x*) dx using (a) the Trapezoidal Rule and 
(b) the Midpoint Rule, each with n = 4. From a graph of the 
integrand, decide whether your answers are underestimates or 
overestimates. What can you conclude about the true value of 
the integral? 


[] 
LI 
w 


4. Draw the graph of f(x) = sin($x’) in the viewing rectangle 
[0, 1] by [0, 0.5] and let J = f} f(x) dx. 
(a) Use the graph to decide whether L2, Ro, M>, and T> under- 
estimate or overestimate J. 
(b) For any value of n, list the numbers L,,, R,, M,,, T,, and 
/ in increasing order. 


Graphing calculator or computer required 


(c) Compute Ls, Rs, Ms, and Ts. From the graph, which do 
you think gives the best estimate of /? 


5-6 Use (a) the Midpoint Rule and (b) Simpson’s Rule to 
approximate the given integral with the specified value of n. 
(Round your answers to six decimal places.) Compare your 
results to the actual value to determine the error in each 
approximation. 
x 


5. |. 
o 1+ x? 


dx, n= 10 6. le COS X.ax, 4: 


7-18 Use (a) the Trapezoidal Rule, (b) the Midpoint Rule, and 
(c) Simpson’s Rule to approximate the given integral with the 
specified value of n. (Round your answers to six decimal places.) 


7. is wise? = il Gb, ig = 10 


2 1 
8. lk ieee n=8 


x 


gh 
® il 4b se 


dx, n= 10 10. desl +cosx, n=4 


11. | vinx diesen 12. if sin(x?) dx, n= 10 
13. [eae sintdt, n=8 14. ik Jze7dz, n=10 
0 
5 COS 
15. iE = ne es 16. i: ING) de 
1 x 4 
17. fe e° dx, n= 10 18. i cos /x dx, n= 10 


[cas] Computer algebra system required 


T 


19. (a) Find the approximations 7; and Mg for the integral 
fj cos(x?) dx. 
(b) Estimate the errors in the approximations of part (a). 
(c) How large do we have to choose n so that the approxima- 


tions T,, and M,, to the integral in part (a) are accurate to 
within 0.0001? 


20. (a) Find the approximations To and Mj for ite eFax, 
(b) Estimate the errors in the approximations of part (a). 
(c) How large do we have to choose n so that the approxima- 


tions 7, and M,, to the integral in part (a) are accurate to 
within 0.0001? 


21. (a) Find the approximations Tio, Myo, and So for {” sin x dx 
and the corresponding errors Ey, Ey, and Es. 


1. Homework Hints available at stewartcalculus.com 


[cas] 


(b) Compare the actual errors in part (a) with the error esti- 
mates given by and [4]. 

(c) How large do we have to choose n so that the 
approximations 7, M,, and S, to the integral in part (a) 
are accurate to within 0.00001? 


22. How large should n be to guarantee that the Simpson’s Rule 
approximation to ik e* dx is accurate to within 0.00001? 


23. The trouble with the error estimates is that it is often very 
difficult to compute four derivatives and obtain a good upper 
bound K for | f(x) | by hand. But computer algebra 
systems have no problem computing f’ and graphing it, 
so we can easily find a value for K from a machine graph. 
This exercise deals with approximations to the integral 
t= aes dx, where f(x) = e°°*. : 

(a) Use a graph to get a good upper bound for | f"(x) |. 

(b) Use Mjo to approximate /. 

(c) Use part (a) to estimate the error in part (b). 

(d) Use the built-in numerical integration capability of your 
CAS to approximate J. 

(e) How does the actual error compare with the error esti- 
mate in part (c)? 

(f) Use a graph to get a good upper bound for | f(x) |. 

(g) Use Sio to approximate /. 

(h) Use part (f) to estimate the error in part (g). 

(i) How does the actual error compare with the error esti- 
mate in part (h)? 

(j) How large should n be to guarantee that the size of the 
error in using S,, is less than 0.0001? 


CAS) 24. Repeat Exercise 23 for the integral ie VA XP dx. 


25-26 Find the approximations L,,, Rn, Tn, and M,, for n = 5, 10, 
and 20. Then compute the corresponding errors E/, Er, Er, and 
Ey. (Round your answers to six decimal places. You may wish 
to use the sum command on a computer algebra system.) What 
observations can you make? In particular, what happens to the 
errors when n is doubled? 


25. i xe*dx 26. [ax 


27-28 Find the approximations 7,, M,, and S,, for n = 6 and 12. 
Then compute the corresponding errors E7, Ev, and Es. (Round 
your answers to six decimal places. You may wish to use the 
sum command on a computer algebra system.) What observations 
can you make? In particular, what happens to the errors when n 
is doubled? 


27. ip se aks 


A. Ih 
28. I hire 


29, Estimate the area under the graph in the figure by using 
(a) the Trapezoidal Rule, (b) the Midpoint Rule, and 
(c) Simpson’s Rule, each with n = 6. 
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30. The widths (in meters) of a kidney-shaped swimming pool 
were measured at 2-meter intervals as indicated in the 
figure. Use Simpson’s Rule to estimate the area of the pool. 


31. (a) Use the Midpoint Rule and the given data to estimate the 
value of the integral [? f(x) dx. 


a f(x) a f(x) 


1.0 2.4 35 4.0 
is) 2) 4.0 4.1 
2.0 33) 4.5 3.9 
pe) 3.6 5.0 3)2) 
3.0 3.8 


ut 


(b) If it is known that —2 < f"(x) S 3 for all x, estimate the 
error involved in the approximation in part (a). 


32. (a) A table of values of a function g is given. Use Simpson’s 
Rule to estimate {}° g(x) dx. 


x g(x) x g(x) 


0.0 II 1.0 2 
0.2 11.6 ey 12.6 
0.4 11.3 1.4 13.0 
0.6 11.1 1.6 1322 
0.8 (eH 


(b) If —5 < g(x) < 2 for 0 < x < 1.6, estimate the error 
involved in the approximation in part (a). 


33. A graph of the temperature in New York City on Septem- 
ber 19, 2009 is shown. Use Simpson’s Rule with n = 12 to 
estimate the average temperature on that day. 


ECE) 
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34. A radar gun was used to record the speed of a runner during 
the first 5 seconds of a race (see the table). Use Simpson’s 
Rule to estimate the distance the runner covered during those 


5 seconds. 

t (Ss) v (m/s) t (Ss) v (m/s) 
0 0 3.0 10.51 
0.5 4.67 3.5) 10.67 
1.0 7.34 4.0 10.76 
1.5 8.86 4.5 10.81 
2.0 9.73 5.0 10.81 
DS) 10.22 


35. The graph of the acceleration a(t) of a car measured in ft/s” 
is shown. Use Simpson’s Rule to estimate the increase in the 
velocity of the car during the 6-second time interval. 


a 
pt 


> 
6 t(seconds) 


36. Water leaked from a tank at a rate of r(t) liters per hour, 
where the graph of r is as shown. Use Simpson’s Rule to 
estimate the total amount of water that leaked out during 
the first 6 hours. 

rf 
4 


de 


> 
6 t (seconds) 


37. The table (supplied by San Diego Gas and Electric) gives the 
power consumption P in megawatts in San Diego County from 
midnight to 6:00 AM on a day in December. Use Simpson’s 
Rule to estimate the energy used during that time period. (Use 
the fact that power is the derivative of energy.) 


ae 
t ip t 12 

0:00 1814 3:30 1611 
0:30 1735 4:00 1621 
1:00 1686 4:30 1666 
1:30 1646 5:00 1745 
2:00 1637 5:30 1886 
2:30 1609 6:00. 2052 
3:00 1604 


38. Shown is the graph of traffic on an Internet service provider’s 
T1 data line from midnight to 8:00 AM. D is the data through- 
put, measured in megabits per second. Use Simpson’s Rule to 


[cas] 42. 


estimate the total amount of data transmitted during that time 
period. 


> 
8 t (hours) 


39. Use Simpson’s Rule with n = 8 to estimate the volume of the 
solid obtained by rotating the region shown in the figure about 
(a) the x-axis and (b) the y-axis. 


YA | 


4 
2 
— 4 6 8 


40. The table shows values of a force function f(x), where x is 
measured in meters and f(x) in newtons. Use Simpson’s Rule 
to estimate the work done by the force in moving an object a 
distance of 18 m. 


eee 3 6 9 12 


ve7 


f(x) | 68 | ime sate 


41. The region bounded by the curves y = e7'*, y = 0, x = 1, and 
x = 5 is rotated about the x-axis. Use Simpson’s Rule with 
n = 8 to estimate the volume of the resulting solid. 


The figure shows a pendulum with length L that makes a maxi- 
mum angle 6 with the vertical. Using Newton’s Second Law, 
it can be shown that the period T (the time for one complete 
swing) is given by 


L. (7/2 
ra ale f Lutein oe 
Joy yy) ee sine 


where k = sin(4 4) and g is the acceleration due to gravity. 
If L = | mand 4 = 42°, use Simpson’s Rule with n = 10 to 


find the period. 
| ‘ 
| O% 
| 
| ; 
| . 
\ | IO) 
aS | es 
See | eee oe 


43. The intensity of light with wavelength A traveling through 
a diffraction grating with N slits at an angle 6 is given by 
1(@) = N? sin’k/k*, where k = (aNd sin 9)/X and d is the 
distance between adjacent slits. A helium-neon laser with 
wavelength A = 632.8 X 10° m is emitting a narrow band 
of light, given by —10°° < 6 < 10°, through a grating with 
10,000 slits spaced 10 * m apart. Use the Midpoint Rule 
with n = 10 to estimate the total light intensity ea I(@) dé 
emerging from the grating. 


44. Use the Trapezoidal Rule with n = 10 to approximate 
ies cos(7x) dx. Compare your result to the actual value. 
Can you explain the discrepancy? 


45. Sketch the graph of a continuous function on [0, 2] for which 
the Trapezoidal Rule with n = 2 is more accurate than the 
Midpoint Rule. . 


Improper Integrals 


46. 


47. 


48. 


49. 


50. 
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Sketch the graph of a continuous function on [0, 2] for which 
the right endpoint approximation with n = 2 is more accurate 


than Simpson’s Rule. 


If f is a positive function and f"(x) < 0 fora < x S b, show 
that 


Ti< | ” F(x) dx < My 


Show that if f is a polynomial of degree 3 or lower, then 
Simpson’s Rule gives the exact value of lb ilss) eb. 


Show that + (T> af M,,) aaa lone 


Show that 47, + |My, = Son. 


In defining a definite integral lis f(x) dx we dealt with a function f defined on a finite inter- 
val [a, b] and we assumed that f does not have an infinite discontinuity (see Section 5.2). 
In this section we extend the concept of a definite integral to the case where the interval is 
infinite and also to the case where f has an infinite discontinuity in [a, b]|. In either case the 
integral is called an improper integral. One of the most important applications of this idea, 
probability distributions, will be studied in Section 8.5. 


ME Type 1: Infinite Intervals 


Consider the infinite region S that lies under the curve y = 1/x°, above the x-axis, and to 
the right of the line x = 1. You might think that, since S is infinite in extent, its area must 
be infinite, but let’s take a closer look. The area of the part of S that lies to the left of the line 
x = t (shaded in Figure 1) is 


Al in|: I 
a= ara -+| =|-— 


Sali 


FIGURE 1 Notice that A(t) < 1 no matter how large ris chosen. 


We also observe that 


] 
lim A(t) = lim (: = 1) =] 


The area of the shaded region approaches | as t — ~ (see Figure 2), so we say that the area 
of the infinite region S is equal to 1 and we write 


Il 


il 
ae um ahs 


ICA VE 


ake = 
aa 


FIGURE 2 
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Using this example as a guide, we define the integral of f (not necessarily a positive 
function) over an infinite interval as the limit of integrals over finite intervals. 


[1] Definition of an Improper Integral of Type 1 
(a) If {* f(x) dx exists for every number ¢ > a, then 


f[ £0) ae tim | 7G) 


provided this limit exists (as a finite number). 
(b) If {” f(x) dx exists for every number rt < b, then 


[° fla) dx = lim [709 dx 


provided this limit exists (as a finite number). 


The improper integrals {* f(x) dx and {”., f(x) dx are called convergent if the 
corresponding limit exists and divergent if the limit does not exist. 


(c) If both |” f(x) dx and |“, f(x) dx are convergent, then we define 


ib f(x) dx = he f(x) dx + [re dx 


In part (c) any real number a can be used (see Exercise 74). 


Any of the improper integrals in Definition 1 can be interpreted as an area provided that 
f is a positive function. For instance, in case (a) if f(x) > 0 and the integral {* f(x) dx 
is convergent, then we define the area of the region S = {(x, y) |x =a,0<y <f(x)} in 
Figure 3 to be 


This is appropriate because |” f(x) dx is the limit as t > © of the area under the graph of f 
from a to t. 


YA 


FIGURE 3 0 


(%) (SENT Determine whether the integral J; C/x) dx is convergent or divergent. 
SOLUTION According to part (a) of Definition 1, we have 
(* 00 1 5 i 
| <x = lim | — dx = tim in| x|]} 
nh XY toa Jl Xx t> 0 


= lim (Int — In 1) = limInt = « 


t—> 0 


In Module 7.8 you can investigate 
visually and numerically whether several 
improper integrals are convergent or divergent. 
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The limit does not exist as a finite number and so the improper integral ‘i | Oca eh otks 
divergent. [ss] 


Let’s compare the result of Example | with the example given at the beginning of this 
section: 


o | «o | 
| —; dx converges | —dx diverges 
i) 5e 1 x 


Geometrically, this says that although the curves y = 1/x* and y = 1/x look very similar for 
x > 0, the region under y = 1/x’ to the right of x = 1 (the shaded region in Figure 4) has 
finite area whereas the corresponding region under y = 1/x (in Figure 5) has infinite area. 
Note that both 1/x? and 1/x approach 0 as x — © but 1/x* approaches 0 faster than 1/x. The 
values of 1/x don’t decrease fast enough for its integral to have a finite value. 


yA yA 
32 
finite area infinite area 
u 1 x 0 1 ae? 
FIGURE 4 is (1/x?) dx converges FIGURE 5 (he (1/x) dx diverges 


ae Vieere Evaluate C en ax. 


SOLUTION Using part (b) of Definition 1, we have 


t>—-0 Jt 


ire ; hee 
| xe*dx = lim | xe*dx 
We integrate by parts with u = x, dv = e* dx so that du = dx, v = e*: 


ron yy. Jo Om 
| Ke: dx = xe}! el eax 
t 


t 


a aaa = as 
We know that e' > 0 as t > —%, and by I’ Hospital’s Rule we have 


, ' t ; 1 
lim te’ = lim — = lim 
t--« t>-% @ t>-~ —@ 


ak 


lim (-e') =0 
Therefore 


(r xe*ax = lim (—te’— 1+ e’) 
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FIGURE 6 


0 


ee 
x 


be. 


oo 
—o 


Petey Evaluate | 


SOLUTION It’s convenient to choose a = 0 in Definition 1(c): 


1+ x? 


dx 


ee) 0 
= + 
|e yaa aes 


We must now evaluate the integrals on the right side separately: 


(oe) | ; t dx c 24 t 
| Sah al | eae TT x], 
o 1+ x? roJo 1+ x7 tow 


x 7 
= lim (tan-‘t — tan’!0) = lim tan"'t = a 
t—>00 


to ~ 


0 1 ; mcs 2 0 
| Ob eet Nini) |) oe ee a ital Re x], 
=3 || ar se PSeean ll ae se i 2 


= lim (tan'0 — tan7'2) 
t—> —2 


eo 


Since both of these integrals are convergent, the given integral is convergent and 


& 1 T T 
| Oh = —— ap a 
o |] + x” 2, D 


Since 1/(1 + x*) > 0, the given improper integral can be interpreted as the area of 
the infinite region that lies under the curve y = 1/(1 + x*) and above the x-axis (see 
Figure 6). as 


S\iidh3o8 For what values of p is the integral 


“1 


he ree 
convergent? 


SOLUTION We know from Example | that if p = 1, then the integral is divergent, so let’s 
assume that p # 1. Then 


If p > 1, then p — 1 > 0, so as t—> ~, t?-! > & and 1/t?-! — 0. Therefore 


2 1 
ee ee Ty itp al 


FIGURE 7 


Parts (b) and (c) of Definition 3 are illustrated in 
Figures 8 and 9 for the case where f(x) > 0 
and f has vertical asymptotes at a and c, 
respectively. 


yh 


tad 


0 at 1) 


FIGURE 8 


YA 


=Y 


Olea Cc b 


FIGURE 9 


0 a tb x 
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and so the integral converges. But if p < 1, then p — | < 0 and so 
— =f 750 ast—>a 
HO 


and the integral diverges. 


We summarize the result of Example 4 for future reference: 


o | 
[2] | Ree is convergent if p > | and divergent if p < 1. 
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MN Type 2: Discontinuous Integrands 


Suppose that f is a positive continuous function defined on a finite interval [a, b) but has a 
vertical asymptote at b. Let S be the unbounded region under the graph of f and above 
the x-axis between a and b. (For Type 1 integrals, the regions extended indefinitely in a 
horizontal direction. Here the region is infinite in a vertical direction.) The area of the part 


of S between a and ¢ (the shaded region in Figure 7) is 


A(t) = | ‘fa) dx 


If it happens that A(r) approaches a definite number A as t — D_, then we say that the area 


of the region S is A and we write 


[ f(x) dx = jim I f(x) dx 


We use this equation to define an improper integral of Type 2 even when f 1s nota positive 


function, no matter what type of discontinuity f has at b. 


p [3] Definition of an Improper Integral of Type 2 


(a) If f is continuous on [a, b) and is discontinuous at b, then 
b ‘ t 
| f(x) dx = lim (. f(x) dx 


if this limit exists (as a finite number). 


(b) If f is continuous on (a, b] and is discontinuous at a, then 


[£09 dx = lim [fo dx 


if this limit exists (as a finite number). 


The improper integral i f(x) dx is called convergent if the corresponding limit 
exists and divergent if the limit does not exist. 


(c) If f has a discontinuity at c, where a < c < b, and both {* f(x) dx and 
i f(x) dx are convergent, then we define 


['F0) dx = fof) dx + [FO ax 
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area = 2 
t 


/3 


0 | 


FIGURE 10 


5 1 
hinds |<< 
EXAMPLE 5 BORO —; 
SOLUTION We note first that the given integral is improper because f(x) = 1/Vx — 2 


has the vertical asymptote x = 2. Since the infinite discontinuity occurs at the left end- 
point of [2, 5], we use part (b) of Definition 3: 


*§_@ tim (? 
| Sa ete ea 
= lim 2vx- 2], 
lim 20/3 — yt — 2) 
=9,/3. 


Thus the given improper integral is convergent and, since the integrand is positive, we 
can interpret the value of the integral as the area of the shaded region in Figure 10. [ll 


4 ESQ Determine whether [ee sec x dx converges or diverges. 


SOLUTION Note that the given integral is improper because lim,—(7/2)- sec x = ©. Using 
part (a) of Definition 3 and Formula 14 from the Table of Integrals, we have 


a/2 x t : t 
| secxdx= lim | secxdx= lim In|sec x + tan x], 
(0) t—(/2)— JO t—(2/2)— 


= lim _ [In(see ¢ + tan ft) — In1] = 


because sec t + © and tan tf > © as t — (7/2) . Thus the given improper integral is 
divergent. et 


ewe Evaluate | 


CLG 
O 53 Sil 


if possible. 


SOLUTION Observe that the line x = | is a vertical asymptote of the integrand. Since it 
occurs in the middle of the interval [0, 3], we must use part (c) of Definition 3 with c = 1: 


ii 5 dx 
(eee 


dx ‘ t 
= lim 
= | ie JON gn 


1 > t 
where { = lim In|x — 1 Ic 


lim (In |t — 1] — In| 1) 


I 


lim Ini — t) = —o 


because 1 —t—0* ast—1-. Thus {, dx/(x — 1) is divergent. This implies that 
|, dx/(x — 1) is divergent. [We do not need to evaluate \; ax/@ = 1 i 


WARNING If we had not noticed the asymptote x = | in Example 7 and had instead 
confused the integral with an ordinary integral, then we might have made the following 


FIGURE 11 
yA 

g 
0| P 


FIGURE 12 
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erroneous calculation: 


{ ie lp SD) — tat thi 
Neca ils >= ln nl=In 


This is wrong because the integral is improper and must be calculated in terms of limits. 
From now on, whenever you meet the symbol i f(x) dx you must decide, by look- 


ing at the function f on [a, b], whether it is an ordinary definite integral or an improper 
integral. 


SUE Evaluate { tnx dx. 


SOLUTION We know that the function f(x) = In x has a vertical asymptote at 0 since 
lim,—9+ In x = —%, Thus the given integral is improper and we have 


i} In x dx = iim (\ In x dx 


Now we integrate by parts with u = In x, dv = dx, du = dx/x, and v = x: 


[in xdx = xin a}, aN ahs 


Vine = lo a) 
Socialites kart 
To find the limit of the first term we use |’ Hospital’s Rule: 


Int 1/t 
fim fine in pe eee (-—t) =0 
10+ 0+ 1/t 0+ —]/t? t>0+ 


Therefore Hitler dist or 7 ne hcg) =o ee Oa 


Figure 11 shows the geometric interpretation of this result. The area of the shaded region 
above y = In x and below the x-axis is 1. | 


ME A Comparison Test for Improper Integrals 


Sometimes it is impossible to find the exact value of an improper integral and yet it is 
important to know whether it is convergent or divergent. In such cases the following theo- 
rem is useful. Although we state it for Type 1 integrals, a similar theorem is true for Type 2 
integrals. 


Comparison Theorem Suppose that f and g are continuous functions with 
f(x) = g(x) = 0 for x 2 a. 


(a) If |” f(x) dx is convergent, then |, g(x) dx is convergent. 


(b) If | g(x) dx is divergent, then |, f(x) dx is divergent. 


We omit the proof of the Comparison Theorem, but Figure 12 makes it seem plausible. 
If the area under the top curve y = f(x) is finite, then so is the area under the ae curve 
y = g(x). And if the area under y = g(x) is infinite, then so is the area under y = f(x). [Note 
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FIGURE 13 
TABLE 1 
t (ver dx 
I 0.7468241328 
2 0.8820813908 
3 0.8862073483 
4 0.8862269118 
5 0.8862269255 
6 0.8862269255 


that the reverse is not necessarily true: If |” g(x) dx is convergent, fe f(x) dx may or may 
not be convergent, and if {* f(x) dx is divergent, |° g(x) dx may or may not be divergent. ] 


2 ESE Show that i) e * dx is convergent. 


x 


SOLUTION We can’t evaluate the integral directly because the antiderivative of e- is not 


an elementary function (as explained in Section 7.5). We write 
% 2 1 2 CO” ed) 
| e*dx = | e*dx + | e* dx 
0 0 1 


and observe that the first integral on the right-hand side is just an ordinary definite inte- 
gral. In the second integral we use the fact that for x > 1 we have x? => x, so —x? < —x 
and therefore e * < e *. (See Figure 13.) The integral of e “ is easy to evaluate: 


i} e-*dx = lim |e“ dx = lim (e"! — et) =e! 
1 


t>~ Jl to 


Thus, taking f(x) = e * and g(x) = e-* in the Comparison Theorem, we see that 
{7 e* dx is convergent. It follows that |; e * dx is convergent. =a 


In Example 9 we showed that ‘5 e* dx is convergent without computing its value. In 
Exercise 70 we indicate how to show that its value is approximately 0.8862. In probability 
theory it is important to know the exact value of this improper integral, as we will see in 
Section 8.5; using the methods of multivariable calculus it can be shown that the exact value 
is \/7/2. Table 1 illustrates the definition of an improper integral by showing how 
the (computer-generated) values of ik e* dx approach ./7 /2 as t becomes large. In fact, 
these values converge quite quickly because 0) very rapidly as x — ©, 


coll So hema py 
(ECE The integral | —— dx is divergent by the Comparison Theorem 
because 


i ae 1 
x x 
and i (1/x) dx is divergent by Example | [or by with p = 1]. ER] 


Table 2 illustrates the divergence of the integral in Example 10. It appears that the 
values are not approaching any fixed number. 


TABLE 2 

t Md + ex] dx 
2 0.8636306042 
5 1.8276735512 
10 2.5219648704 
100 4.8245541204 
1000 71271392134 
10000 9.4297243064 


78 


Va 
[J 


Graphing calculator or computer required 


1. 


5-40 Determine whether each integral is convergent or divergent. 


Exercises 
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Explain why each of the following integrals is improper. 


w) ae 1 
ON rae (b) oneres © 
(c) IL Re as (d) (aa cot x dx 


. Which of the following integrals are improper? Why? 


? 77/4 7 
(a) \, tan x dx (b) { tan x dx 
dx oof Ea 
() f peaige) (d) [ve dx 


. Find the area under the curve y = 1/x* from x = ltox =t 
and evaluate it for t = 10, 100, and 1000. Then find the total 


area under this curve for x => 1. 


. (a) Graph the functions f(x) = 1/x"! and g(x) = 1/x°° in the 
viewing rectangles [0, 10] by [0, 1] and [0, 100] by [0, 1]. 


(b) Find the areas under the graphs of f and g from x = 1 
to x = t and evaluate for t = 10, 100, 10%, 10°, 10°, 
and 10”. 


(c) Find the total area under each curve for x = 1, if it exists. 


Evaluate those that are convergent. 


oo 1 P20 1 
5. I, GupE” 6. | 
I gona 
7. an dx 8. i Genet 
9. ["e dp 10. [° 2°dr 
ies Ke m Bae oe 
n. |. ae 12. {" (9 — 3y*) dy 


i xe* dx 14. ih, = dx 


| sin-ada 16. | cos mt dt 

x x0 d 
[ae 18. |, a 
eee az 20. | ye” dy 
ale ae ax 7a: I een eae 
pane uaa 


FX 48 


oc 1 «2 X arctan x 
75, || === a ; a 
\ x(n x) e ab m (UL se se A 
ri 3 : 1 
A en 28. | eS ta 


4 
2s. |", Ss 0 | Ge 


3 Il | dx 
31. \geeee 32. { == 


33, — uw 
35. — 36. (a csc x dx 
ah | < dx 38. |’ ae dx 
9. [°2? In zdz 40. [eas 


41-46 Sketch the region and find its area (if the area is finite). 
41. S={(x,y)|x21,0<yse%} 

42. S = {(x,y) |x=0, O<y<e*} 

43-8 = {(x,y) |x2e1, OS y =1/Q* + x)} 

44. S = {(x, y) |x20, OS y = xe} 

45. S ={(x,y) |0<x < a/2, 0<y < sec*x} 


ag. S = {(x,y) | -2<x<0, 0<y<1/yx+2} 


> 


7. (a) If g(x) = (sin?x)/x’, use your calculator or computer to 

make a table of approximate values of / g(x) dx for 
t = 2,5, 10, 100, 1000, and 10,000. Does it appear that 
fy g(x) dx is convergent? 

(b) Use the Comparison Theorem with f(x) = 1/x? to show 
that |* g(x) dx is convergent. 

(c) Illustrate part (b) by graphing f and g on the same screen 
for 1 < x < 10. Use your graph to explain intuitively 
why |," g(x) dx is convergent. 


8. (a) If g(x SHyi(a/e = 1), use your calculator or computer 
to a a table of approximate values of Ie g(x) dx for 
t = 5, 10, 100, 1000, and 10,000. Does it appear that 
{y g(x) dx is convergent or divergent? 


1. Homework Hints available at stewartcalculus.com 
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(b) Use the Comparison Theorem with f(x) = 1/./x to show 
that |-° g(x) dx is divergent. 

(c) Illustrate part (b) by graphing f and g on the same screen 
for 2 < x < 20. Use your graph to explain intuitively why 
{F g(x) dx is divergent. 


49-54 Use the Comparison Theorem to determine whether the inte- 
gral is convergent or divergent. 


x 


2 ar @ 
Ol aac ay | ea, 
O) ae Sie Al 1 3% 
ro «OX + I ro arctan x 
51. | a x i gL 
ri sec7x 7 sin?x 
: 4. d: 
53 \, Kd 54. |. Te a 


55. The integral 


is improper for two reasons: The interval [0, ©) is infinite and 
the integrand has an infinite discontinuity at 0. Evaluate it by 
expressing it as a sum of improper integrals of Type 2 and 
Type | as follows: 


5 ] 1 1 oo 1 

————_ dx = | ———- dx + | ——— 
Neti of as xt pee 
56. Evaluate 


dx 


es 1 
|, Kn) Xe = 4 
by the same method as in Exercise 55. 


57-59 Find the values of p for which the integral converges and 
evaluate the integral for those values of p. 

ie Pos 1 

LE | ene 58. | ee 

\ x? ‘ x(In x)? 


59. ih x? In x dx 


60. (a) Evaluate the integral li x"e *dx for n = 0, 1, 2, and 3. 


(b) Guess the value of {,° x"e *dx when n is an arbitrary posi- 
tive integer. 
(c) Prove your guess using mathematical induction. 


61. (a) Show that |", x dx is divergent. 
(b) Show that 


lim {ix dx = 0 


ton J— 


This shows that we can’t define 


(s f(x) dx = lim {" f(x) dx 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


The average speed of molecules in an ideal gas is 


ete rier pea i pavte tee? dv 
Ja \2RT) 0 


where M is the molecular weight of the gas, R is the gas con- 
stant, T is the gas temperature, and v is the molecular speed. 


Show that 
oles 8RT 
4 aM 


We know from Example | that the region 

R = {(x, y) | x = 1, 0 <y < 1/x} has infinite area. Show 
that by rotating R about the x-axis we obtain a solid with 
finite volume. 


Use the information and data in Exercise 29 of Section 6.4 to 
find the work required to propel a 1000-kg space vehicle out 
of the earth’s gravitational field. 


Find the escape velocity vo that is needed to propel a rocket 
of mass m out of the gravitational field of a planet with mass 
M and radius R. Use Newton’s Law of Gravitation (see Exer- 
cise 29 in Section 6.4) and the fact that the initial kinetic 
energy of ;mvé supplies the needed work. 


Astronomers use a technique called stellar stereography 

to determine the density of stars in a star cluster from the 
observed (two-dimensional) density that can be analyzed from 
a photograph. Suppose that in a spherical cluster of radius R 
the density of stars depends only on the distance r from the 
center of the cluster. If the perceived star density is given by 
y(s), where s is the observed planar distance from the center of 
the cluster, and x(r) is the actual density, it can be shown that 


Oe ( 2r 


If the actual density of stars in a cluster is x(r) = 3(R — r)*, 
find the perceived density y(s). 


A manufacturer of lightbulbs wants to produce bulbs that last 

about 700 hours but, of course, some bulbs burn out faster than 

others. Let F(t) be the fraction of the company’s bulbs that 

burn out before ¢ hours, so F(t) always lies between 0 and 1. 

(a) Make a rough sketch of what you think the graph of F 
might look like. 

(b) What is the meaning of the derivative r(t) = F(t)? 

(c) What is the value of |} r(t) dt? Why? 


As we saw in Section 3.8, a radioactive substance decays expo- 
nentially: The mass at time t is m(t) = m(O)e“’, where m(0) is 
the initial mass and k is a negative constant. The mean life M 
of an atom in the substance is 


M = —k |, te™ dt 


69. 


70. 


71. 


12. 


73. 


For the radioactive carbon isotope, '*C, used in radiocarbon 


dating, the value of k is —0.000121. Find the mean life of a 
4C atom. 


Determine how large the number a has to be so that 


Je un 
| ee C004 
a Fe ae Ih 


Foo) ene 


Estimate the numerical value of |, e 
the sum of {'e* dx and eras, Approximate the first inte- 
gral by using Simpson’s Rule with n = 8 and show that the 
second integral is smaller than ;° e **dx, which is less than 


0.0000001. 


dx by writing it as 


If f(t) is continuous for t = 0, the Laplace transform of f is 
the function F defined by 


F(s) = | “fear 


and the domain of F is the set consisting of all numbers s for 
which the integral converges. Find the Laplace transforms of 
the following functions. 

(Ce 63 Ce — Vora 
Show that if 0 S f(t) < Me” for t = 0, where M and a are 
constants, then the Laplace transform F(s) exists for s > a. 


Suppose that 0 < f(t) < Me“ and 0 < f'(t) < Ke” for t > 0, 
where f’ is continuous. If the Laplace transform of f(t) is F(s) 
and the Laplace transform of f'(t) is G(s), show that 


G(s) = sF(s) — f(0) See 


WED Review 


Concept Check 


1. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 
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If ie f(x) dx is convergent and a and b are real numbers, 
show that 


tes f(x) dx + [ f(x) dx = ihe f(x) dx + i f(x) dx 


pee 


Show that "xe" dx =} [” e* dx. 


Pry . a 7 
Show that |, e* dx = iF —Iny dy by interpreting the 
integrals as areas. 


Find the value of the constant C for which the integral 


2 1 Cc 
ee d. 
\ (— 7 is 
converges. Evaluate the integral for this value of C. 


Find the value of the constant C for which the integral 


i, a wie G ie 
@ ae? ar I Bye se Il 


converges. Evaluate the integral for this value of C. 


Suppose f is continuous on [0, %) and lim, f(x) = 1. Is it 
possible that i f(x) dx is convergent? 


Show that if a > —1 and b > a + 1, then the following inte- 
gral is convergent. 


State the rule for integration by parts. In practice, how do you 
use it? 


. How do you evaluate { sin”x cos"x dx if m is odd? What if n is 


odd? What if m and n are both even? 


. If the expression a? — x? occurs in an integral, what substi- 


tution might you try? What if Va? + x? occurs? What if 


/x2 — a? occurs? 


. What is the form of the partial fraction decomposition of a 


rational function P(x)/Q(x) if the degree of P is less than the 
degree of Q and Q(x) has only distinct linear factors? What if 
a linear factor is repeated? What if Q(x) has an irreducible 
quadratic factor (not repeated)? What if the quadratic factor 

is repeated? 


5. State the rules for approximating the definite integral 
i f(x) dx with the Midpoint Rule, the Trapezoidal Rule, and 
Simpson’s Rule. Which would you expect to give the best 
estimate? How do you approximate the error for each rule? 


6. Define the following improper integrals. 


(a) [ fiydx — (b) ( fiddx — (c) [- fe) dx 


7. Define the improper integral ne) dx for each of the 
following cases. 
(a) f has an infinite discontinuity at a. 
(b) f has an infinite discontinuity at b. 
(c) f has an infinite discontinuity at c, where a < c < b. 


8. State the Comparison Theorem for improper integrals. 
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True-False Quiz 


Determine whether the statement is true or false. If it is true, explain why. 8. The Midpoint Rule is always more accurate than the 
If it is false, explain why or give an example that disproves the statement. Trapezoidal Rule. 
ts a4) can be put in the form A B 9. (a) Every elementary function has an elementary derivative. 
te A Rg eg (b) Every elementary function has an elementary anti- 
pte: ; i B C derivative. 
2. ——,_ can be put in the form — + : ; 
i (eee 4) x er OE ies 10. If f is continuous on [0, ) and |," f(x) dx is convergent, then 
un aA A B fo. f(x) dx is convergent. 
3. ———x can be put in the form —> + ; 
x(x — 4) a iia 11. If f is a continuous, decreasing function on [1, 2) and 
Py A B lim, f(x) = 0, then {” f(x) dx is convergent. 
4. ane can be put in the form — + Sad J h ‘i 
pase eae 12. If {* f(x) dx and J, g(x) dx are both convergent, then 
5 i = . eis { L£(x) + g(x)] dx is convergent. 
Oe == 
13. If |* f(x) dx and |* g(x) dx are both divergent, then 
2 ih 4S dx is convergent. Ir L£G) + g(x)] dx is divergent. 
x 
14. If f(x) < g(x) and |* g(x) dx diverges, then [> f(x) dx also 
7. If f is continuous, then {*, f(x) dx = lim,.. |", f(x) dx. diverges. 
Exercises 
Note: Additional practice in techniques of integration is provided x ie 
: : 4 | ———— 22. [ tev’ dt 
in Exercises 7.5. Vx? — 4x. ] 
1-40 Evaluate the integral. 
5 23 — 24 | e* cos x dx 
a8 ae 1 2 ‘ [2 ; : 
1. | aaa as 2. i ee xyxi td 
Ji $F 1 (Ges 1s 


‘, ir pea eS 2 
3. |" sin edo 4. |" rsin 2e dt gern Npore) = | xsinx Cosas 


vx +1 
wei" 


| | (eS Tea 29. Reece 30. ea 
2 | sin(In f) a i, Varetan x 

| 

| 


dt 
2r-+3r4+ 1 


5 


| : eo linceaes 27. 1. cos’ Sin 2x dx 28. | 


afd, 
sin°6 cos’6 dé 
0 


10, nino e*er = I vn/4 x sin x 
; 1+ x a, (°° SYS ay DP 
Jo ee+8 ® S.cos?x 
A alse = Il 
Wal a en 12 sae thoes; 
33. | Gow e 34. | (arcsin x)°dx 
13. ( e* dx 14. | a: dx 1 \ 9 
x gl = ean) 
00 ————— a, | ———— = 
\ Varnes ite tan 0 
>see ail sec’@ 
ES A ie reer 16. | =E/) 
3 Se Da J tan°é { (22 
: 37. | (cosx + sin x)*cos2xdx 38. | —~dx 
17. | x sec x tan x dx 18. | ax pe 
7 x” Xe 
F ; peines’ 7/3 s/tan 0 
| esis eater 20. [ tan* sec°9 d0 8. |, (aan a de a mernea! 
Spee a Kee ae. 5, fs x 7/4 sin 20 


az F : 
Graphing calculator or computer required (CAS) Computer algebra system required 


41-50 Evaluate the integral or show that it is divergent. 


2 1 » nx 
41. —__—. 
| PET as 42. | ath 


2 ge Min ae 
45. [ee 46. j é = mae 
a7. |’ a dx 48. (iS 
Sui rrts so [ae 


51-52 Evaluate the indefinite integral. Illustrate and check that 


your answer is reasonable by graphing both the function and its 
antiderivative (take C = 0). 


x3 


Bt. { In(x? + 2x + 2) de 52. | ——— dx 
vx" 
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63-64 Use (a) the Trapezoidal Rule, (b) the Midpoint Rule, 
and (c) Simpson’s Rule with n = 10 to approximate the given 
integral. Round your answers to six decimal places. 


64. i Vi cos x dx 


53. Graph the function f(x) = cos*x sin’x and use the graph to 


guess the value of the integral eo (x) dx. Then evaluate the 
integral to confirm your guess. 


CAs] 54. (a) How would you evaluate | x°e **dx by hand? (Don’t 


actually carry out the integration.) 

(b) How would you evaluate { x°e *‘dx using tables? 
(Don’t actually do it.) 

(c) Use a CAS to evaluate | x°e **dx. 

(d) Graph the integrand and the indefinite integral on the 
same screen. 


55-58 Use the Table of Integrals on the Reference Pages to 
evaluate the integral. 


55. | 4x = alse = 3) ahs 


56. | cse°t dt 


4/ in? ; SSS = fi) 
57. | cos x 4+ sin2x dx omens x 


58. | cot x 


59. Verify Formula 33 in the Table of Integrals (a) by differen- 
tiation and (b) by using a trigonometric substitution. 


60. Verify Formula 62 in the Table of Integrals. 


61. Is it possible to find a number n such that ist I OBES 
convergent? 


62. For what values of a is |; e“* cos x dx convergent? Evaluate 
the integral for those values of a. 


65. Estimate the errors involved in Exercise 63, parts (a) and 
(b). How large should n be in each case to guarantee an 
error of less than 0.00001? 


66. Use Simpson’s Rule with n = 6 to estimate the area under 
the curve y = e*/x from x = | tox = 4. 


67. The speedometer reading (v) on a car was observed at 
1-minute intervals and recorded in the chart. Use Simpson’s 
Rule to estimate the distance traveled by the car. 


t (min) v (mi/h) t (min) v (mi/h) 
0 40 6 56 
1 42 i S7/ 
2 45 8 Sil 
3 49 9 55 
4 Sy 10 56 
5 54 


68. A population of honeybees increased at a rate of r(t) bees 
per week, where the graph of r is as shown. Use Simpson’s 
Rule with six subintervals to estimate the increase in the bee 
population during the first 24 weeks. 


i \ 

12000 
: a) 

8000 

4000 
+— ip = > 
0 PS a bie ise VEL DVR 

(weeks) 


CAs] 69. (a) If f(x) = sin(sin x), use a graph to find an upper bound 


for | f(x)|. 

(b) Use Simpson’s Rule with n = 10 to approximate 
{7 f(x) dx and use part (a) to estimate the error. 

(c) How large should n be to guarantee that the size of the 
error in using S, is less than 0.00001? 


70. Suppose you are asked to estimate the volume of a football. 
You measure and find that a football is 28 cm long. You use 
a piece of string and measure the circumference at its widest 


532 


71. 


72. 


73. 


74. 


75. 


76. 
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point to be 53 cm. The circumference 7 cm from each end is 
45 cm. Use Simpson’s Rule to make your estimate. 


98 Grea 


Use the Comparison Theorem to determine whether the 
integral is convergent or divergent. 
{ Da aS Xx 


ca 1 
(a) ; ask Tiss (b) i Aiea 


Find the area of the region bounded by the hyperbola 
y? — x* = 1 and the line y = 3. 


Find the area bounded by the curves y = cos x and y = cos*x 
between x = 0 and x = 7. 


Find the area of the region bounded by the curves 


y=1/(2 + Vx), y = 1/(2 — Vx), and x = 1. 


The region under the curve y = cos*x,0 < x < 77/2, is rotated 
about the x-axis. Find the volume of the resulting solid. 


The region in Exercise 75 is rotated about the y-axis. Find the 
volume of the resulting solid. 


71. 


78. 


79. 


If f’ is continuous on [0, ~) and lim, f (x) = 0, show that 
[£@ ax = FO) 


We can extend our definition of average value of a continuous 
function to an infinite interval by defining the average value of 
f on the interval [a, ©) to be 


4 1 
lim 
isa t— @ 


i f(x) dx 


(a) Find the average value of y = tan ‘x on the interval [0, ©). 

(b) If f(x) = 0 and {” f(x) dx is divergent, show that the aver- 
age value of f on the interval [a, ©) is lim,—. f(x), if this 
limit exists. 

(c) If fs f(x) dx is convergent, what is the average value of f 
on the interval [a, %)? 

(d) Find the average value of y = sin x on the interval [0, %). 


Use the substitution vu = 1/x to show that 


eo Inx 
| -dx =0 
Ib ae or 


The magnitude of the repulsive force between two point 
charges with the same sign, one of size 1 and the other of size 


q, 1S 
q 
Ameor? 


where r is the distance between the charges and & is a 
constant. The potential V at a point P due to the charge q is 
defined to be the work expended in bringing a unit charge to P 
from infinity along the straight line that joins g and P. Find a 
formula for V. 


—_ Problems Plus 


Cover up the solution to the example and try it 
yourself first. 


The principles of problem solving are 
discussed on page 75. 


The computer graphs in Figure 1 make it 

seem plausible that all of the integrals in the 
example have the same value. The graph of each 
integrand is labeled with the corresponding 
value of n. 


0 


wy 


FIGURE 1 


(a) Prove that if f is a continuous function, then 


(70) dx = [*r(a EN) ax 
(b) Use part (a) to show that 


(fe sin"x 7 
silts 4 Gos sr 4 


for all positive numbers n. 


SOLUTION 
(a) At first sight, the given equation may appear somewhat baffling. How is it possible 
to connect the left side to the right side? Connections can often be made through one of 
the principles of problem solving: introduce something extra. Here the extra ingredient 
is a new variable. We often think of introducing a new variable when we use the Substi- 
tution Rule to integrate a specific function. But that technique is still useful in the pres- 
ent circumstance in which we have a general function f. 

Once we think of making a substitution, the form of the right side suggests that it 
should be u = a — x. Then du = —dx. When x = 0, u = a; when x = a, u = 0. So 


{i fla—x)dx=- hy flu) du = (\ fu) du 


But this integral on the right side is just another way of writing {/ f(x) dx. So the given 
equation is proved. 


(b) If we let the given integral be J and apply part (a) with a = 7/2, we get 


ie — = sin"x bo c= (” sin”(a/ 2 — x) oe 


@ ysin’x 4, COS’ ine sin"(ar/2 — x) + cos"(a/2 — x) 


A well-known trigonometric identity tells us that sin(/2 — x) = cos x and 
cos(7r/2 — x) = sin x, so we get 


mf cos"x 
I - { n Beis dx 
ONNICOS engin SIG 0 


Notice that the two expressions for / are very similar. In fact, the integrands have the 
same denominator. This suggests that we should add the two expressions. If we do so, 
we get 


ip, Sibal'xe ae COR a2 7 
a= |" an dx = | ldx == 
ol) giin’se <P COS se 0 2 


Therefore 1 = 77/4. SSeS 


533 


dy 5 a ae ne 
ee SO. eet 


pr eithicms. oa 1. Three mathematics students have ordered a 14-inch pizza. Instead of slicing it in the tradi- 


te A ee” A me 


tional way, they decide to slice it by parallel cuts, as shown in the figure. Being mathematics 
majors, they are able to determine where to slice so that each gets the same amount of pizza. 
Where are the cuts made? 


2. Evaluate 


(a 


The straightforward approach would be to start with partial fractions, but that would be 
brutal. Try a substitution. 


|< 14 in -| 
FIGURE FOR PROBLEM 1 3. Evaluate {; (/1 =x) 4/1 x3) dx. 


4. The centers of two disks with radius 1 are one unit apart. Find the area of the union of the 
two disks. 


5. An ellipse is cut out of a circle with radius a. The major axis of the ellipse coincides with a 
diameter of the circle and the minor axis has length 2b. Prove that the area of the remaining 
part of the circle is the same as the area of an ellipse with semiaxes a and a — b. 


6. A man initially standing at the point O walks along a pier pulling a rowboat by a rope of 
length L. The man keeps the rope straight and taut. The path followed by the boat is a curve 
called a tractrix and it has the property that the rope is always tangent to the curve (see the 
figure). 

(a) Show that if the path followed by the boat is the graph of the function y = f(x), then 


dy us SWilLe = 57 


dx x 


f'o)= 


FIGURE FOR PROBLEM 6 (b) Determine the function y = f(x). 


7. A function f is defined by 
f(x) = i cos t cos(x — ft) dt 0S$%=277 


Find the minimum value of f. 


8. Ifn is a positive integer, prove that 


i (In x)"dx = (—1)"n! 


9. Show that 
u 72m ! 2 
[, a a sail 
0 (Qn + 1)! 


Hint: Start by showing that if J, denotes the integral, then 


_ 2k+2 
2k + 3 


Th k 


AY Graphing calculator or computer required 
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10. 


FIGURE FOR PROBLEM 15 


Suppose that f is a positive function such that f’ is continuous. 


(a) How is the graph of y = f(x) sin nx related to the graph of y = f(x)? What happens 
as n —> 0? 


(b) Make a guess as to the value of the limit 


lim ' f(x) sin nx dx 


no 


based on graphs of the integrand. 
(c) Using integration by parts, confirm the guess that you made in part (b). [Use the fact that, 
since f’ is continuous, there is a constant M such that | f'(x)| < M for 0 < x < 1.] 


1/t 
. 1f0 <a <b, find lim iL [bx + a(t — onar} 
i 


. Graph f (x) = sin(e*) and use the graph to estimate the value of f such that ipo f(x) dx isa 


maximum. Then find the exact value of t that maximizes this integral. 


fo) x? ‘ 

: Evaluate {| ( = ) dx. 
= 5 

. Evaluate | 4/tan x dx. 


. The circle with radius 1 shown in the figure touches the curve y = | 2x| twice. Find the area 


of the region that lies between the two curves. 


. Arocket is fired straight up, burning fuel at the constant rate of b kilograms per second. Let 


v = v(t) be the velocity of the rocket at time t and suppose that the velocity u of the exhaust 
gas is constant. Let M = M(t) be the mass of the rocket at time ¢ and note that M decreases 
as the fuel burns. If we neglect air resistance, it follows from Newton’s Second Law that 


dv 
F = M—-— ub 
de ae 
where the force F = —Mg. Thus 
dv 
= = = Al 
ol fo p= —Mg 


Let M, be the mass of the rocket without fuel, M> the initial mass of the fuel, and 

My = M, + Mo. Then, until the fuel runs out at time t = M;/b, the mass is M = Mo — Dt. 

(a) Substitute M = My — bt into Equation | and solve the resulting equation for v. Use the 
initial condition v(0) = O to evaluate the constant. 

(b) Determine the velocity of the rocket at time t = M,/b. This is called the burnout velocity. 

(c) Determine the height of the rocket y = y(t) at the burnout time. 

(d) Find the height of the rocket at any time f. 
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AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places. 


For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator; 


however, show appropriate calculus notation in your work. 


Multiple Choice 

1. Evaluate if wah = a ibe 
(a) 1 (b) 7 
(c) a/2 (d) 27 


| Dileg 

(Be > IN Ge = 2) 
(ayers onan) C 
(b) 3In|3x+1|+In|x-—2|)+C 


2. Evaluate dx. 


age Be ee ae 
(Pee) (Dy 

3 2 
(d) + C 


Gx+1? (x-2/ 
3. Evaluate | x sin(2x) dx. 
(a) 5x COSE2 acts ‘sin Dee ae C 
(b) —4x cos 2 i Gin Dre sr CG 


(c) —4x sin 2x + 7cos 2x + C 
(d) 5x sin 2x — ;sin2x + C 


4. Evaluate I Qxe™ dx. 


(a) 0 (b) e* 
(c) —se* (d) 


5. The infinite region beneath the curve y = in the first 


quadrant is revolved about the x-axis to Peer a solid. The 
volume of the solid is 

(a) 3 (b) 9a 

(c) Sa . (d) © 


6. If a trapezoidal sum underapproximates ifs f(x) dx and a left 


Riemann sum overapproximates ie f(x) dx, which of the 
following could be the graph of y = f(x)? 


(a) Yh (b) YA 


v 
ie —— 
+ 
a 
v 


(c) Yh (d) 4 
| 
+ 
Ve + 
‘i ant ak eae — ee 
ead! 
7. What are all values of p for which | dx? 
(a) p<-3 (b) p>0 
()p>3 (d) p>1 


8. The area of the region bounded by the graphs of y = 3xe", 
x = 0, x = In3, and the x-axis is 


(a) Dln3 = © (b) 91In3 
(c) 9In3 —9 (d) [In 3]? 


AP7-2 


Free Response 


9. Let F(x) = |} te‘ dt for t > 0 and x > 0. 


(a) Find an expression for F(x), in terms of x only, that does 
not involve an integral. 
(b) Determine whether or not lim F(x) converges. If it 
converges, give its value. a: 
(c) Using your answer to (b), explain what is meant by the 
expression lim F(x). 
ae 


10. Refer to the table to answer the given questions. 


BG 8 12 16 20 24 | 28 | 32 36 40 


g(x) 2 il 1.6 ih) 1.4 | 1.3 | IN 3) We | i? 


(a) Use a midpoint Riemann sum with four subintervals of 
equal length and values from the table to approximate 
{8° g(x) dx. Show the computations that lead to your 
answer. 4 

(b) Let g be the function given by g(x) = net Show that the 
improper integral i g(x) dx is divergent. 

(c) The average value of a function f on the unbounded interval 
[a, ©) is defined to be 


: {? F(x) dx 
ea re 


Show that the average value of g on the interval [8, ~) is 
finite by finding the average value. 


Further Applications of 
Integration 


Hoover Dam spans the Colorado River between Nevada‘and Arizona: Constructed from 1931 to 

1936. it is 726 ft high and provides irrigation, flood control, and hydro-electric power generation. 

in Section 8.3 you will learn how to Set up and evaluate an integral to calculate the force ona Fook)! ME ake ae 
© iofoto / Shutterstock 

dam exerted by water pressure: 


We looked at some applications of integrals in Chapter 6: areas, volumes, work, and average values. Here 
we explore some of the many other geometric applications of integration—the length of a curve, the area 
of a surface—as well as quantities of interest in physics, engineering, biology, economics, and statistics. 
For instance, we will investigate the center of gravity of a plate, the force exerted by water pressure on a 
dam. the flow of blood from the human heart, and the average time spent on hold during a customer 


support telephone call. 
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8.1 | Arc Length 


FIGURE 1 


Visual 8.1 shows an animation of 


Figure 2. 
FIGURE 2 
FIGURE 3 

P 

lie 
reac P, 
le P. 
Pej 
Pay 
FIGURE 4 


What do we mean by the length of a curve? We might think of fitting a piece of string to the 
curve in Figure 1 and then measuring the string against a ruler. But that might be difficult 
to do with much accuracy if we have a complicated curve. We need a precise definition for 
the length of an arc of a curve, in the same spirit as the definitions we developed for the con- 
cepts of area and volume. 

If the curve is a polygon, we can easily find its length; we just add the lengths of the line 
segments that form the polygon. (We can use the distance formula to find the distance 
between the endpoints of each segment.) We are going to define the length of a general curve 
by first approximating it by a polygon and then taking a limit as the number of segments of 
the polygon is increased. This process is familiar for the case of a circle, where the cir- 
cumference is the limit of lengths of inscribed polygons (see Figure 2). 

Now suppose that a curve C is defined by the equation y = f(x), where f is continuous 
and a < x < b. We obtain a polygonal approximation to C by dividing the interval [a, b] 
into n subintervals with endpoints xo, x1,..., Xn and equal width Ax. If y; = f(x;), then 
the point P;(x;, y;) lies on C and the polygon with vertices Po, P:, . . . , Pn, illustrated in Fig- 
ure 3, is an approximation to C. 


The length L of C is approximately the length of this polygon and the approximation 
gets better as we let n increase. (See Figure 4, where the arc of the curve between P;_, and 
P; has been magnified and approximations with successively smaller values of Ax are 
shown.) Therefore we define the length L of the curve C with equation y = f(x), 
a < x Sb, as the limit of the lengths of these inscribed polygons (if the limit exists): 


[1] L = lim > | P.-P,} 
i=1 


Ti? O95 = 


Notice that the procedure for defining arc length is very similar to the procedure we used 
for defining area and volume: We divided the curve into a large number of small parts. We 
then found the approximate lengths of the small parts and added them. Finally, we took the 
limit as n —> %, 

The definition of arc length given by Equation 1 is not very convenient for computational 
purposes, but we can derive an integral formula for L in the case where f has a contin- 
uous derivative. [Such a function f is called smooth because a small change in x produces 
a small change in f'(x).] 

If we let Ay; = y; — y,-1, then 


| Pi-1P;| = 


(Apia; Pe Gn = Yi)? = V(Ax)? + (Ay;)? 


FIGURE 5 
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By applying the Mean Value Theorem to f on the interval [x;-1, x; ], we find that there is a 
number x;* between x;-; and x; such that 


f(x) = fi) = fl (xi = eS) 
that is, Ay; = f'(xi*) Ax 


Thus we have 
| P:-1P;| ery (AX)? a (Ay)? = (AX) ae te (ea) Axle 
= J/1+ GMeraie VJ (Ax)? = /1 + Reeraie Ax (since Ax > 0) 


Therefore, by Definition 1, 


L= lim > | P:-1P;| = bm » vleee yGe Ax 
NO joy 


co. 
Tei =| 


We recognize this expression as being equal to 


{ J1 + [fOr ax 


by the definition of a definite integral. This integral exists because the function 
g(x) = V1 + [f'(x)F is continuous. Thus we have proved the following theorem: 


[2] The Arc Length Formula If f’ is continuous on [a, b], then the length of the 


curve y = f(x),a <x <b,is 


L= iL v ei) ax 


If we use Leibniz notation for derivatives, we can write the arc length formula as follows: 


b dy 2 
ibe 1+(—]d 
[3] I i) : 


SV GURY Find the length of the arc of the semicubical parabola y* = x? between the 
points (1, 1) and (4, 8). (See Figure 5.) 


SOLUTION For the top half of the curve we have 
3/2 Se ye 


Views 


and so the arc length formula gives 


4 ) 2 hd 
L={ + (2) Bee ha eek 
1 dx Jl 


9 3 
If we substitute vu = 1 + 7x, then du = Zdx Whens = li *; when x = 4, u = 10. 


540 


As a check on our answer to Example 1, notice 
from Figure 5 that the arc length ought to be 
slightly larger than the distance from (1, 1) to 
(4, 8), which is 


V58 ~ 7.615773 


According to our calculation in Example 1, we 
have 


L=3(80/10 — 13/13 ) ~ 7.633705 
Sure enough, this is a bit greater than the length 
of the line segment. 


Figure 6 shows the arc of the parabola whose 
length is computed in Example 2, together with 
polygonal approximations having n = 1 and 

n = 2 line segments, respectively. Forn = 1 
the approximate length is L; = ./2, the diago- 
nal of a square. The table shows the approxima- 
tions L,, that we get by dividing [0, 1] into n 
equal subintervals. Notice that each time we 
double the number of sides of the polygon, we 
get closer to the exact length, which is 


v5_, In(¥5 +2) 
4 


5 


= ~ 1.478943 
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Therefore 
La 5 f° Vie du=$- 40h 
= sf10* - (8)] = h(80V0 - 1375) 


If a curve has the equation x = g(y), c < y < d, and g’(y) is continuous, then by inter- 
changing the roles of x and y in Formula 2 or Equation 3, we obtain the following formula 
for its length: 


{% [S—2524 Find the length of the arc of the parabola y* = x from (0, 0) to (1, 1). 
SOLUTION Since x = y’, we have dx/dy = 2y, and Formula 4 gives 


L-[\ Ji+($) @ =| V1 + 4y? dy 


We make the trigonometric substitution y = 4 tan 6, which gives dy = 5 sec?@d6 and 
V1 + 4y? = V1 + tan?@ = sec 0. When y = 0, tan 0 = 0, so 6 = 0; when y = 1, 


tan 0 = 2, so @ = tan '2 = a, say. Thus 


L=|"sec 0: 5 sec "dd = 5 |" sec* dd 


. 


s[sec @ tan @ + In |sec 6 + tan 6|], 


Nie 


(from Example 8 in Section 7.2) 
1 
= ;(sec a tana + In|sec a + tan a) 


(We could have used Formula 21 in the Table of Integrals.) Since tan a = 2, we have 
seca = | + tan?a = 5, so sec a = 4/5 and 


= 
5 5 eas 

n ie 
| 1.414 
2 1.445 
4 1.464 
8 1.472 
16 1.476 

> 32 1.478 

ef 64 1.479 


FIGURE 6 


Checking the value of the definite integral with 
a more accurate approximation produced by a 
computer algebra system, we see that the 
approximation using Simpson's Rule is accurate 
to four decimal places. 
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Because of the presence of the square root sign in Formulas 2 and 4, the calculation of 
an arc length often leads to an integral that is very difficult or even impossible to evaluate 
explicitly. Thus we sometimes have to be content with finding an approximation to the 
length of a curve, as in the following example. 


lvl EXAMPLE 3 


(a) Set up an integral for the length of the arc of the hyperbola xy = | from the 
point (1, 1) to the point (2; ), 
(b) Use Simpson’s Rule with n = 10 to estimate the arc length. 


SOLUTION 
(a) We have 


and so the arc length is 


2 dy \? 2 2 ./x4 + 
L=| fe |= ax = | Ltd fx 
1 dx 1 BS 1 ya 


(b) Using Simpson’s Rule (see Section 7.7) with a = |, b= 2, 77 = NO, Ave = O-1, ain 


f(x) = ¥1 + 1/x*, we have 


Ax 
= ame 4 PL Ute 2h hee AGA UE ES Bas ae TOG ele 4 f(1.9) Sea 


Pe ey hes 


M8 The Arc Length Function 


We will find it useful to have a function that measures the arc length of a curve from a par- 
ticular starting point to any other point on the curve. Thus if a smooth curve C has the 
equation y = f(x), a< x <b, let s(x) be the distance along C from the initial point 
Po(a, f(a) to the point O(x, f(x). Then s is a function, called the arc length function, and, 
by Formula 2, 


[5] s(x) = [VIF TF OF at 


(We have replaced the variable of integration by ¢ so that x does not have two meanings.) 
We can use Part 1 of the Fundamental Theorem of Calculus to differentiate Equation 5 (since 
the integrand is continuous): 


dy 


ds TES dy \ 
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Equation 6 shows that the rate of change of s with respect to x is always at least 1 and is 
equal to 1 when f’(x), the slope of the curve, is 0. The differential of arc length is 


[7] i= f+ (BY as 


and this equation is sometimes written in the symmetric form 


COP NG (Gh): 


The geometric interpretation of Equation 8 is shown in Figure 7. It can be used as a 
mnemonic device for remembering both of the Formulas 3 and 4. If we write L = \ ds, then 
from Equation 8 either we can solve to get [7], which gives [3], or we can solve to get 


FIGURE 7 which gives [4]. 
(% SSC S"=28 Find the arc length function for the curve y = x? — ; In x taking P)(1, 1) 
as the starting point. 
SOLUTION If f(x) = x? — ; nx, then 
1 


gC 2 re 


1+ trem =1+(2r- 2) Poe Sieve 


Xx 


vert hye 1 \2 
= 4x? 4 — = (2+ 
D 64x° (2 1) 


oo WC S748 se c 
m 


Thus the arc length function is given by 


s(x) = \ 1+([f'OF at 


55 ] be 
2t+ —| d=? + FZ lnel. 
i ( 1) t=t + ting), 


x>+iInx-1 


For instance, the arc length along the curve from (1, 1) to (3373) is 


63) = 3 + §In3 -1=8 +> ~ 81373 Wes 


Figure 8 shows the interpretation of the arc 
length function in Example 4. Figure 9 shows the 
graph of this arc length function. Why is s(x) 
negative when x is less than 1? 


8.1 | Exercises 
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FIGURE 8 FIGURE 9 


1. Use the arc length formula to find the length of the curve 17, y = In(l — xe), OS ses 
y = 2x — 5, -1 Sx S 3. Check your answer by noting that 
the curve is a line segment and calculating its length by the 


distance formula. 


1 
2 


KyS=l—-@e 4 OSsrs2 


2. Use the arc length formula to find the length of the curve 19-20 Find the length of the arc of the curve from point P to 
y = 2 — x?, 0 < x S 1. Check your answer by noting that point Q. 


the curve is part of a circle. 


19 yee P(-1, 3), Q(1, 5) 


3-6 Set up an integral that represents the length of the curve. Then , ; 
use your calculator to find the length correct to four decimal places. 20. x =(y— 4), PU,5), O(8, 8) 


s pS on, WSs 


Aane= x60 90 & 2 


21-22 Graph the curve and visually estimate its length. Then use 
your calculator to find the length correct to four decimal places. 


21. y= x re lee 2 


7-18 Find the exact length of the curve. 
7. y=1+-60°", 0=x=1 


Shy —46 4) Oa ea, y> 0 
3 


Ky 1 
9 y=—+—, 1<x<2 
asm y 


4 
y 1 
10..x=—+—, 1sxys2 
3 8 Ay? y 
iN. x=4 Vy (y-3), 1=y <9 


12. y=In(cosx), 0<x< 7/3 

13. y = In(sec x), 0<x<7/4 

14. y =3 + 5 cosh 2x, QS = il 

15, y = 4x —iInx, 1<x<2 
o 


162) = Vx — 22 + sin '(y 


; Graphing calculator or computer required 


22. y=x+ cosx, 08x 7/2 


23-26 Use Simpson’s Rule with n = 10 to estimate the arc length 
of the curve. Compare your answer with the value of the integral 
produced by your calculator. 


7 VS eans, OSes Ve 
2h yi, wei 
25. y 


In(l +x), O=xsS5 


26.y=e*, 08x52 


-M 27. (a) Graph the curve y= xV/4—x, OS x <4. 

(b) Compute the lengths of inscribed polygons with n = I, 2, 
and 4 sides. (Divide the interval into equal subintervals.) 
Illustrate by sketching these polygons (as in Figure 6). 

(c) Set up an integral for the length of the curve. 

(d) Use your calculator to find the length of the curve to four 
decimal places. Compare with the approximations in 
part (b). 


[cas| Computer algebra system required 1. Homework Hints available at stewartcalculus.com 
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28. 


[cas] 29. 


[cas] 30. 


oy 


32. 


33. 


34. 


[5] 
L1G 


35. 


36. 


37. 
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Repeat Exercise 27 for the curve 
y=xtsinx 0Osxs277 


Use either a computer algebra system or a table of integrals 
to find the exact length of the arc of the curve y = In x that 
lies between the points (1, 0) and (2, In 2). 


Use either a computer algebra system or a table of integrals 
to find the exact length of the arc of the curve y = x*/? that 
lies between the points (0, 0) and (1, 1). If your CAS has 
trouble evaluating the integral, make a substitution that 
changes the integral into one that the CAS can evaluate. 


Sketch the curve with equation x7? + y*/* = 1 and use 
symmetry to find its length. 


(a) Sketch the curve y* = x’. 

(b) Use Formulas 3 and 4 to set up two integrals for the arc 
length from (0, 0) to (1, 1). Observe that one of these is 
an improper integral and evaluate both of them. 

(c) Find the length of the arc of this curve from (—1, 1) 
to (8, 4). 


Find the arc length function for the curve y = 2x>? with 
starting point Po(1, 2). 


(a) Find the arc length function for the curve y = In(sin x), 
0 <x < a, with starting point (7/2, 0). 

(b) Graph both the curve and its arc length function on the 
same screen. 


Find the arc length function for the curve 
y = sin 'x + /1 — x? with starting point (0, 1). 


A steady wind blows a kite due west. The kite’s height 
aboye ground from horizontal position x = 0 to x = 80 ft is 
given by y = 150 — 7(x — 50)’, Find the distance traveled 
by the kite. 


A hawk flying at 15 m/s at an altitude of 180 m accidentally 
drops its prey. The parabolic trajectory of the falling prey is 
described by the equation 

Be 


= 0 = 
2 45 


until it hits the ground, where y is its height above the 
ground and x is the horizontal distance traveled in meters. 
Calculate the distance traveled by the prey from the time it 
is dropped until the time it hits the ground. Express your 
answer correct to the nearest tenth of a meter. 


38. 


39. 


40. 


S] 
Lid 


41. 


The Gateway Arch in St. Louis (see the photo on page 259) 
was constructed using the equation 


y = 211.49 — 20.96 cosh 0.03291765x 


for the central curve of the arch, where x and y are measured 
in meters and |x| < 91.20. Set up an integral for the length 
of the arch and use your calculator to estimate the length 
correct to the nearest meter. 


A manufacturer of corrugated metal roofing wants to produce 
panels that are 28 in. wide and 2 in. thick by processing flat 
sheets of metal as shown in the figure. The profile of the 
roofing takes the shape of a sine wave. Verify that the sine 
curve has equation y = sin(7x/7) and find the width w of a 
flat metal sheet that is needed to make a 28-inch panel. (Use 
your calculator to evaluate the integral correct to four signifi- 
cant digits.) 


: a4 
w kK 28 in | 

(a) The figure shows a telephone wire hanging between 
two poles at x = —b and x = b. It takes the shape of a 
catenary with equation y = c + a cosh(x/a). Find the 
length of the wire. 

(b) Suppose two telephone poles are 50 ft apart and the 
length of the wire between the poles is 51 ft. If the lowest 
point of the wire must be 20 ft above the ground, how 
high up on each pole should the wire be attached? 


4 


! : LS, 


—b 0 b 


tad 


Find the length of the curve 


y= ("VP — Tat b= 74 


. The curves with equations x" + y” = 1,n= 4, 6,8,..., are 


called fat circles. Graph the curves with n = 2, 4, 6, 8, and 
10 to see why. Set up an integral for the length L., of the fat 
circle with n = 2k. Without attempting to evaluate this inte- 
gral, state the value of lim, Lx. 
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DISCOVERY PROJECT ARC LENGTH CONTEST 


The curves shown are all examples of graphs of continuous functions f that have the following 
properties. 


1. f(0) = Oand fl) =0 
2. f(x) = O0for0 <x <1 


3. The area under the graph of f from 0 to | is equal to 1. 


The lengths L of these curves, however, are different. 


> = ed > 
x 


0) IP 23 0 Lex 0 Lean 
L = 3.249 L= 2.919 LES BJs) L = 3.213 
Try to discover formulas for two functions that satisfy the given conditions 1, 2, and 3. (Your 


graphs might be similar to the ones shown or could look quite different.) Then calculate the arc 
length of each graph. The winning entry will be the one with the smallest arc length. 


EY) Area of a Surface of Revolution 


A surface of revolution is formed when a curve is rotated about a line. Such a surface is the 
lateral boundary of a solid of revolution of the type discussed in Sections 6.2 and 6.3. 
Cees We want to define the area of a surface of revolution in such a way that it corresponds 
to our intuition. If the surface area is A, we can imagine that painting the surface would 
require the same amount of paint as does a flat region with area A. 
Let’s start with some simple surfaces. The lateral surface area of a circular cylinder with 
radius r and height h is taken to be A = 2arrh because we can imagine cutting the cylinder 
Ses ee SRS Sei TE and unrolling it (as in Figure 1) to obtain a rectangle with dimensions 27r and h. 
ee Likewise, we can take a circular cone with base radius r and slant height /, cut it along 
h : ee S : the dashed line in Figure 2, and flatten it to form a sector of a circle with radius / and central 
| | 


FIGURE 1 


FIGURE 2 
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FIGURE 3 


(b) Approximating band 


FIGURE 4 


angle 0 = 2a/ /. We know that, in general, the area of a sector of a circle with radius / and 
angle @ is 51? 0 (see Exercise 35 in Section 7.3) and so in this case the area is 


2 
A=!19= ir( =) = orl 


Therefore we define the lateral surface area of a cone to be A = rl. 

What about more complicated surfaces of revolution? If we follow the strategy we used 
with arc length, we can approximate the original curve by a polygon. When this polygon is 
rotated about an axis, it creates a simpler surface whose surface area approximates the 
actual surface area. By taking a limit, we can determine the exact surface area. 

The approximating surface, then, consists of a number of bands, each formed by rotat- 
ing a line segment about an axis. To find the surface area, each of these bands can be 
considered a portion of a circular cone, as shown in Figure 3. The area of the band (or frus- 
tum of a cone) with slant height / and upper and lower radii r; and r2 is found by sub- 
tracting the areas of two cones: 


[1] A= mr(l, + 1) — anh = a(n — rh + rl] 


From similar triangles we have 


which gives 


rol == rly + rl or (r2 a rly = rl 
Putting this in Equation 1, we get 


A= T(r ae rl) 


[2] A = 27rl 


where r = 5(r7, + 1) is the average radius of the band. 

Now we apply this formula to our strategy. Consider the surface shown in Figure 4, 
which is obtained by rotating the curve y = f(x), a < x < b, about the x-axis, where f is 
positive and has a continuous derivative. In order to define its surface area, we divide the 
interval [a, b] into n subintervals with endpoints xo, x1, ..., X, and equal width Ax, as we 
did in determining arc length. If y; = f(x;), then the point P;(x;, y;) lies on the curve. The 
part of the surface between x;-, and x; is approximated by taking the line segment P;-,P; 
and rotating it ape the x-axis. The result is a band with slant height / = | P;-;P;| and aver- 
age radius r = +( yi-1 + y;) so, by Formula 2, its surface area is 


Or 


i-1 1 Yi 
2 


As in the proof of Theorem 8.1.2, we have 


| PiaPi] = V1 + [f'GA)P Ax 
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where x;* is some number in [x;-;, x;]. When Ax is small, we have y; = f(x;) ~ f(x7*) and 
also y;-1 = f(xi-1) ~ f(xi*), since f is continuous. Therefore 


yi-1 + Yi : : 
Dea |PiuP;| = Zaft) J+ [f' GAP Ax 


and so an approximation to what we think of as the area of the complete surface of revolu- 
tion is 


Bi] Y aaftet) TOF OPE As 


This approximation appears to become better as n — and, recognizing |3] as a Riemann 


sum for the function g(x) = 27f(x) V1 + [f'(x)]?, we have 


im Onan) BERG near S [' 2nf) VT+ TF OOP ax 


-=>0 .- 
n>” i=1 


Therefore, in the case where f is positive and has a continuous derivative, we define the 
surface area of the surface obtained by rotating the curve y = f(x), a S x S b, about 
the x-axis as 


[4] S= [ 27f) J1 + [f'@F ax 


With the Leibniz notation for derivatives, this formula becomes 


If the curve is described as x = g(y),c < y < d, then the formula for surface area becomes 


; dx \? 
§ = |'2my 1+ (2) dy 
: y 


and both Formulas 5 and 6 can be summarized symbolically, using the notation for arc 
length given in Section 8.1, as 


gel 2ary ds 
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For rotation about the y-axis, the surface area formula becomes 


S = | 2nxds 


where, as before, we can use either 


dy \? aby a 
ds=~/1 + a |G or ds= 4/14 — dy 
dx dy 


These formulas can be remembered by thinking of 27ry or 27rx as the circumference of a 
circle traced out by the point (x, y) on the curve as it is rotated about the x-axis or y-axis, 
respectively (see Figure 5). 


circumference = 277y circumference = 27x 


> 
x 


FIGURE 5 (a) Rotation about x-axis: § = | 2zry ds (b) Rotation about y-axis: § = | 27x ds 


[2 ESCA The curve y = V4 — x?, -1 = x < 1, is amarc of thecircle x* + y? = 4. 
Find the area of the surface obtained by rotating this arc about the x-axis. (The surface is 
a portion of a sphere of radius 2. See Figure 6.) 


SOLUTION We have 


ae, F 


4 x? 


SH 4 = x2)"(-2y) = 


‘ 5 
FIGURE 6 =O Fem Be ly fel wntiadlne 5 


Figure 6 shows the portion of the sphere whose 


surface area is computed in Example 1. 5) [ 5) 
eae) 7h \ Sa 
=1 


1 
=4n{) 1 dx = 47(2) = 87 | eRe 
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Figure 7 shows the surface of revolution whose 
area is computed in Example 2. 


iV] EXAMPLE The arc of the parabola y = x’ from (1, 1) to (2, 4) is rotated about the 
y-axis. Find the area of the resulting surface. 


SOLUTION 1 Using 


we have, from Formula 8, 


S = | 2nxds 


2 dy \? 
FIGURE 7 ss | Qnx ./1 + 2 dx 
Be 


= 2a |” x afl + 4x2 dx 


Substituting uw = 1 + 4x*, we have du = 8x dx. Remembering to change the limits of 
integration, we have 


aT 
As a check on our answer to Example 2, a (17 wild 5) «/f5a) 


notice from Figure 7 that the surface area 

should be close to that of a circular cylinder with 
the same height and radius halfway between 
the upper and lower radius of the surface: 


SOLUTION 2 Using 


2a (1.5)(3) ~ 28.27. We computed that = a ae dx. _ | 
the surface area was y dy 2 
T 
au — 5,/5) ~ 30.85 Stitt 


which seems reasonable. Alternatively, the sur- FEY 
face area should be slightly larger than the area Ge | Daas = iE Dee gets ax dy 
of a frustum of a cone with the same top and i dy 
bottom edges. From Equation 2, this is 
27 (1.5)(./10 ) = 29.80. 4 il 4 
SD, =2n [ivy fit qeay=a[ Ve+ Tay 
aM pir 
= al Ju du (where u = 1 + 4y) 
AWS 
ail 
= 7 (17 Mel dee ee) (as in Solution 1) Ee 
(1) ESGESEY Find the area of the surface generated by rotating the curve y = e”, 


0 < x < 1, about the x-axis. 


Another method: Use Formula 6 with SOLUTION Using Formula 5 with 


x=Iny. 
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we have 


=277|° sec*@dé (where u = tan 6 and a = tan 'e) 
1/4 
@ . . 
Or use Formula 21 in the Table of Integrals. = hay 0 3[sec 6 tan 6 + In|sec 6 + tan Alles (by Example 8 in Section 7.2) 


= asec a tana + In(sec a + tana) — /2 — In( V2 + 1)| 
Since tan a = e, we have sec2a = 1 + tan’a = 1 + e’ and 


$= nleJ/l +e + Inle + f1 + e2) — V2 — In? +1) SEES 


8.2 | Exercises 


1-4 17-20 Use Simpson’s Rule with n = 10 to approximate the area 
(a) Set up an integral for the area of the surface obtained by rotat- of the surface obtained by rotating the curve about the x-axis. 
ing the curve about (i) the x-axis and (11) the y-axis. Compare your answer with the value of the integral produced by 
(b) Use the numerical integration capability of your calculator to your calculator. 
evaluate the surface areas correct to four decimal places. ii) poe re es 18.) = seh ied 
— <x< Lp Sar? = 
ie pom Oat ri 3 2 ge a ee 19. y=xe*, 0OSx<1 20. y=xInx, 1=xs2 
ySse*, =-lSeei 4.x=InQy+1), Osysl 


CAS| 21-22 Use either a CAS or a table of integrals to find the exact 


5-12 Find the exact area of the surface obtained by rotating the area of the surface obtained by rotating the given curve about the 


curve about the x-axis. 


X-axis. 
—— p23 

SB. y=x, OS xX=2 215 = We 2 22. y= j/x2 +1, 0S%=3 
6. 9x =y? +18, 23x<6 
Ry=J1+4x, 15x<5 [CAS 23-24 Use a CAS to find the exact area of the surface obtained by 
= ee eee rotating the curve about the y-axis. If your CAS has trouble evalu- 

ating the integral, express the surface area as an integral in the 
9 y=sina7x, 0S=x=1 other variable. 

3 
10. eee: aan = 1 Boy at 0 ay = | 24. y=In(x+ 1), OSx=1 

; 6 pe 

W. x =1(y? +292, 1<y<2 25. If the region R = {(x, y) | x = 1, 0 < y < 1/x} is rotated 


about the x-axis, the volume of the resulting solid is finite (see 
Exercise 63 in Section 7.8). Show that the surface area is infi- 


. nite. (The surface is shown in the figure and is known as 
13-16 The given curve is rotated about the y-axis. Find the area of Gabriel’s horn.) 


the resulting surface. 
Biv oe ay = 


Woy=1-7, Vax = 1 


e=1+%) 1l=y=2 


CAS) Computer algebra system required 1. Homework Hints available at stewartcalculus.com 


26. 


27. 


28. 


29. 


30. 


31. 


If the infinite curve y = e*, x = 0, is rotated about the 
x-axis, find the area of the resulting surface. 


(a) If a > O, find the area of the surface generated by rotating 
the loop of the curve 3ay* = x(a — x)? about the x-axis. 
(b) Find the surface area if the loop is rotated about the y-axis. 


A group of engineers is building a parabolic satellite dish 
whose shape will be formed by rotating the curve y = ax’ 
about the y-axis. If the dish is to have a 10-ft diameter and a 
maximum depth of 2 ft, find the value of a and the surface area 
of the dish. 


(a) The ellipse 


2 2 
eG y 


eae de at 

a” b- 
is rotated about the x-axis to form a surface called an ellip- 
soid, or prolate spheroid. Find the surface area of this 
ellipsoid. 

(b) If the ellipse in part (a) is rotated about its minor axis (the 
y-axis), the resulting ellipsoid is called an oblate spheroid. 
Find the surface area of this ellipsoid. 


Find the surface area of the torus in Exercise 61 in 
Section 6.2. 


If the curve y = f(x), a < x S b, is rotated about the horizon- 
tal line y = c, where f(x) < c, find a formula for the area of 
the resulting surface. 


PROJECT 


[cas] 32. 


33. 


34. 


35. 


36. 


ROTATING ON A SLANT 
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Use the result of Exercise 31 to set up an integral to find the 
area of the surface generated by rotating the curve y = Aer 
0 < x <4, about the line y = 4. Then use a CAS to evaluate 
the integral. 


Find the area of the surface obtained by rotating the circle 
x? + y? =r’ about the line y = r. 


(a) Show that the surface area of a zone of a sphere that lies 
between two parallel planes is § = 27rRh, where R is the 
radius of the sphere and h is the distance between the 
planes. (Notice that § depends only on the distance between 
the planes and not on their location, provided that both 
planes intersect the sphere.) 

(b) Show that the surface area of a zone of a cylinder with 
radius R and height h is the same as the surface area of the 
zone of a sphere in part (a). 


Formula 4 is valid only when f(x) = 0. Show that when 
f(x) is not necessarily positive, the formula for surface area 
becomes 


S= [27] f0) IT + LPP dx 


Let L be the length of the curve y = f(x), a < x < b, where 
f is positive and has a continuous derivative. Let S; be the sur- 
face area generated by rotating the curve about the x-axis. If c 
is a positive constant, define g(x) = f(x) + c and let S, be the 
corresponding surface area generated by the curve y = g(x), 

a <x <b. Express S, in terms of S; and L. 


We know how to find the volume of a solid of revolution obtained by rotating a region about a 
horizontal or vertical line (see Section 6.2). We also know how to find the surface area of a surface 
of revolution if we rotate a curve about a horizontal or vertical line (see Section 8.2). But what if 
we rotate about a slanted line, that is, a line that is neither horizontal nor vertical? In this project 
you are asked to discover formulas for the volume of a solid of revolution and for the area of a 
surface of revolution when the axis of rotation is a slanted line. 

Let C be the are of the curve y = f(x) between the points P(p, f(p)) and Q(q, f (q)) and let R 
be the region bounded by C, by the line y = mx + b (which lies entirely below C), and by the 
perpendiculars to the line from P and Q. 
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1. Show that the area of % is 


1 ! 

——, ["[ f(x) — mx — b]LL + mf(2)] dx 
Se ie dhe 

[Hint: This formula can be verified by subtracting areas, but it will be helpful throughout the 

project to derive it by first approximating the area using rectangles perpendicular to the line, 

as shown in the following figure. Use the figure to help express Av in terms of Ax.] 


tangent to C oe 
at (x;, f(x;)) 
‘\ 


2. Find the area of the region shown in the figure at the left. 


3. Find a formula (similar to the one in Problem 1) for the volume of the solid obtained by 
rotating R about the line y = mx + b. 


4. Find the volume of the solid obtained by rotating the region of Problem 2 about the 
line y = x — 2. 


5. Find a formula for the area of the surface obtained by rotating C about the line y = mx + Db. | 


CAS, 6. Use a computer algebra system to find the exact area of the surface obtained by rotating the 
curve y = /x,0 <x < 4, about the line y = 5x. Then approximate your result to three 
decimal places. 


CAS) Computer algebra system required 


LTA) OE Se Te ee eee ee 


a 


jh 


EE} Applications to Physics and Engineering 


surface of fluid 


FIGURE 1 


Among the many applications of integral calculus to physics and engineering, we consider 
two here: force due to water pressure and centers of mass. As with our previous applications 
to geometry (areas, volumes, and lengths) and to work, our strategy is to break up the phys- 
ical quantity into a large number of small parts, approximate each small part, add the results, 
take the limit, and then evaluate the resulting integral. 


Mi Hydrostatic Pressure and Force 


Deep-sea divers realize that water pressure increases as they dive deeper. This is because the 
weight of the water above them increases. 

In general, suppose that a thin horizontal plate with area A square meters is submerged 
in a fluid of density p kilograms per cubic meter at a depth d meters below the surface of 
the fluid as in Figure 1. The fluid directly above the plate has volume V = Ad, so its mass 
ism = pV = pAd. The force exerted by the fluid on the plate is therefore 


F = mg = pgAd 


When using US Customary units, we write 

P = pgd = dd, where 6 = pg is the 
weight density (as opposed to p, which is the 
mass density). For instance, the weight den- 
sity of water is 5 = 62.5 lb/ft? 


50 m 


FIGURE 2 


FIGURE 3 


30 m 
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where g is the acceleration due to gravity. The pressure P on the plate is defined to be the 
force per unit area: 


See 
‘A Pg 


The SI unit for measuring pressure is newtons per square meter, which is called a pascal 
(abbreviation: | N/m’ = 1 Pa). Since this is a small unit, the kilopascal (kPa) is often used. 
For instance, because the density of water is p = 1000 kg/m’, the pressure at the bottom 
of a swimming pool 2 m deep is 


P 


pgd = 1000 kg/m? X 9.8 m/s* X 2m 


19,600 Pa = 19.6 kPa 


An important principle of fluid pressure is the experimentally verified fact that at any 
point in a liquid the pressure is the same in all directions. (A diver feels the same pressure 
on nose and both ears.) Thus the pressure in any direction at a depth d in a fluid with mass 
density p is given by 


[1] P = pgd = dd 


This helps us determine the hydrostatic force against a vertical plate or wall or dam in a fluid. 
This is not a straightforward problem because the pressure is not constant but increases as 
the depth increases. 


§Y] (SEs A dam has the shape of the trapezoid shown in Figure 2. The height is 
20 m and the width is 50 m at the top and 30 m at the bottom. Find the force on the dam 
due to hydrostatic pressure if the water level is 4 m from the top of the dam. 


SOLUTION We choose a vertical x-axis with origin at the surface of the water and 
directed downward as in Figure 3(a). The depth of the water is 16 m, so we divide the 
interval [0, 16] into subintervals of equal length with endpoints x; and we choose 

x* € [x;-1, x; ]. The ith horizontal strip of the dam is approximated by a rectangle with 
height Ax and width w;, where, from similar triangles in Figure 3(b), 


a _ 10 j eG Se 
ic. =O 2 2 
and so w; = 2(15 + a) = 2(15 + 8 — 3x) = 46 — x# 


If A; is the area of the ith strip, then 
Aj = WwW; Ax = (46 = x;") Ax 


If Ax is small, then the pressure P; on the ith strip is almost constant and we can use 
Equation | to write 


P; ~ 1000gx;* 
The hydrostatic force F; acting on the ith strip is the product of the pressure and the area: 


F, = P;A; ~ 1000gx*(46 — xi*) Ax 
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Adding these forces and taking the limit as n > ©, we obtain the total hydrostatic force 
on the dam: 


F = lim ¥, 1000gx*(46 — x*) Ax = la 1000gx(46 — x) dx 


Nil 


3 16 
1000(9.8) ihe (46x — x?)dx = 2300| 280 - S| 


0 


=~ 443 x 10’N nae 


STgiSs™ Find the hydrostatic force on one end of a cylindrical drum with radius 3 ftif 
the drum is submerged in water 10 ft deep. 


y SOLUTION In this example it is convenient to choose the axes as in Figure 4 so that the 
origin is placed at the center of the drum. Then the circle has a simple equation, 

x? + y? = 9. As in Example 1 we divide the circular region into horizontal strips of 
equal width. From the equation of the circle, we see that the length of the ith strip 1s 
2/9 — (yi*)* and so its area is 


Ar= 2/9 Jy.) Ay 


The pressure on this strip is approximately 


dd; = 62.5(7 — yi‘) 
FIGURE 4 and so the force on the strip is approximately 


8d,A; = 62.5(7 = yi*)2/9 — (9)? Ay 


The total force is obtained by adding the forces on all the strips and taking the limit: 


lim >) 62.5(7 — y*)2./9 — (y*)? Ay 


—73o - 
ui i=1 


3) 
125 le (7 — y) /9 —y? dy 


F 


I 


1 a7 i: J9 — yedy — 125 {wom dy 


The second integral is 0 because the integrand is an odd function (see Theorem 5.5.7). 
The first integral can be evaluated using the trigonometric substitution y = 3 sin 0, but 
it’s simpler to observe that it is the area of a semicircular disk with radius 3. Thus 


3} 
F = 875 i. J9 — y? dy = 875 +} r(3)? 
1875 a 
= Serer = 12,370 lb Ea 


MH) Moments and Centers of Mass 


Our main objective here is to find the point P on which a thin plate of any given shape bal- 


ances horizontally as in Figure 5. This point is called the center of mass (or center of grav- 
FIGURE 5 ity) of the plate. 
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Py ere d, - We first consider the simpler situation illustrated in Figure 6, where two masses m) and 
m» are attached to a rod of negligible mass on opposite sides of a fulcrum and at distances 
m, m, 4 and d> from the fulcrum. The rod will balance if 


[2] mid, = md) 

fulcrum 
This is an experimental fact discovered by Archimedes and called the Law of the Lever. 
(Think of a lighter person balancing a heavier one on a seesaw by sitting farther away from 
the center.) 

Now suppose that the rod lies along the x-axis with mm at x, and mp at x2 and the center 
of mass at x. If we compare Figures 6 and 7, we see that d) = x — x, and d,; = x. — x and 
so Equation 2 gives 


FIGURE 6 


m (x — x1) = m(x2 — x) 


MX + mx = mX, + MoX2 


= m,X; + MX? 
[3] et 
mM} SF Mp 


The numbers mx; and mx are called the moments of the masses 7m, and mp (with respect 
to the origin), and Equation 3 says that the center of mass x is obtained by adding the 
moments of the masses and dividing by the total mass m = m, + mp. 


rid 
& 


B= I, 


FIGURE 7 


In general, if we have a system of n particles with masses m), m2, .. . , Mn located at the 
points x), %2,..., xX, on the x-axis, it can be shown similarly that the center of mass of the 
system is located at 


n n 
>) Mj Xj » MN;Xj 
=, i=1 i=1 
io a 
n 


m 


where m = > m;is the total mass of the system, and the sum of the individual moments 


n 
M= »S MX; 


i 


ya is called the moment of the system about the origin. Then Equation 4 could be rewritten 

x; as mx = M, which says that if the total mass were considered as being concentrated at the 
cally pel a center of mass x, then its moment would be the same as the moment of the system. 

& 3 1y1 Now we consider a system of n particles with masses 771), M2, . . . » Mn located at the points 

(x1, y1), (X25 Yo), ++» (Xn, Yn) in the xy-plane as shown in Figure 8. By analogy with the 

one-dimensional case, we define the moment of the system about the y-axis to be 


= 
&Y 


[5 | My = y MiXi 


FIGURE 8 i=l 
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a. 
center of mass 


8 


y 


+ 


4 


FIGURE 9 


yA 


FIGURE 10 
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and the moment of the system about the x-axis as 
[6 M, = 3 Mii 


Then M, measures the tendency of the system to rotate about the y-axis and M, measures 
the tendency to rotate about the x-axis. . 

As in the one-dimensional case, the coordinates (x, y) of the center of mass are given in 
terms of the moments by the formulas 


My M, 


m m 


a 


where m = > m;is the total mass. Since mx = M, and my = M,, the center of mass (x, y) 
is the point where a single particle of mass m would have the same moments as the system. 


0% (22922) Find the moments and center of mass of the system of objects that have 
masses 3, 4, and 8 at the points (—1, 1), (2, —1), and (3, 2), respectively. 


SOLUTION We use Equations 5 and 6 to compute the moments: 
M, = 3(—1) + 4(2) + 8(3) = 29 
M, = 3(1) + 4(—1) + 8(@) = 15 


Since m = 3 + 4 + 8 = 15, we use Equations 7 to obtain 


= 29 a eee 
i m 15 m Ps 
Thus the center of mass is (1 i id (See Figure 9.) be 9 


Next we consider a flat plate (called a Jamina) with uniform density p that occupies a 
region 2% of the plane. We wish to locate the center of mass of the plate, which is called 
the centroid of %. In doing so we use the following physical principles: The symmetry 
principle says that if 2 is symmetric about a line /, then the centroid of & lies on J. (If R 
is reflected about /, then A remains the same so its centroid remains fixed. But the only 
fixed points lie on /.) Thus the centroid of a rectangle is its center. Moments should be 
defined so that if the entire mass of a region is concentrated at the center of mass, then its 
moments remain unchanged. Also, the moment of the union of two nonoverlapping regions 
should be the sum of the moments of the individual regions. 

Suppose that the region ® is of the type shown in Figure 10(a); that is, R lies between 
the lines x = a and x = b, above the x-axis, and beneath the graph of f, where f is a 
continuous function. We divide the interval [a, b] into n subintervals with endpoints xo, 
X1,.-.,Xn and equal width Ax. We choose the sample point x}* to be the midpoint x; of the 
ith subinterval, that is, x; = (x;-; + x,;)/2. This determines the polygonal approximation to 
ZR shown in Figure 10(b). The centroid of the ith approximating rectangle R; is its Genter 
Ci(x;, 5 f (%;:)). Its area is f(x) Ax, so its mass is 


pf (xi) Ax 


The moment of R; about the y-axis is the product of its mass and the distance from C; to the 


FIGURE 11 
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y-axis, which is x;. Thus 


M,(R;) = [pf (xi) Ax] x= pxif (xi) Ax 


Adding these moments, we obtain the moment of the polygonal approximation to 9, and 
then by taking the limit as n — © we obtain the moment of % itself about the y-axis: 


M, = lim Sy px; f(x;) Ax = ele xf (x) dx 


co ; 
ne i=1 


In a similar fashion we compute the moment of R; about the x-axis as the product of its 
mass and the distance from C; to the x-axis: 


M(R:) = [of (%:) Ax] 3 f(%) = p* aL f(a) P Ax 


Again we add these moments and take the limit to obtain the moment of R about the 
X-axis: 


M, = lim Dp LfG)P Ax = p | aLf)P ax 


Just as for systems of particles, the center of mass of the plate is defined so that mx = My, 
and my = M,. But the mass of the plate is the product of its density and its area: 


m= pA = p| f(x) dx 
and so 


MP [, xf) ax Jaf) dx 


hiss p |. f(x) dx if ['f@) ax 


m,_ eLslfooPar | alpooP as 
mp | F) ax Pye) ax 


y= 


Notice the cancellation of the p’s. The location of the center of mass 1s independent of the 
density. 

In summary, the center of mass of the plate (or the centroid of 9) is located at the point 
(x, y), where 


U 


[8] x= val raeg aes y= al +L f(x)? dx 


(SEIT Find the center of mass of a semicircular plate of radius r. 


SOLUTION In order to use we place the semicircle as in Figure 11 so that 
ee 7 at and a= Fr, b = r. Here there is no need to use the formula to calcu- 


late x because, by the symmetry principle, the center of mass must lie on the y-axis, 
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_ oe e a3 i 2 
so x = 0. The area of the semicircle is A = 377°, so 


y= +f" SLePax 


The center of mass is located at the point (0, 4r/(377)). Ea 


(502939 Find the centroid of the region bounded by the curves y = cos x, y = 0, 
x = 0, and x = 7/2. 


SOLUTION The area of the region is 
[2 4 1/2 
A =|" COSEIG a= sin x]; = 


so Formulas 8 give 


- 1 pa 7/2 
Bee xf(x) dx = | x cos x dx 


: m/2 mf2, : 
=x sin x|. 7 | sin x dx (by integration by parts) 
0 
Za 
2, 


=e 1 m/2 1 12 owt 1 a/2 2 
y= 7" if sbieniecke= Al cos*x dx 


m/2 a/2 
a al (1 + cos 2x) dx = x +3 sin 2x] 


oo| 3 


FIGURE 12 The centroid is (Gar Te a) and is shown in Figure 12. eased 


If the region & lies between two curves y = f(x) and y = g(x), where f(x) = g(x), as 
illustrated in Figure 13, then the same sort of argument that led to Formulas 8 can be used 
to show that the centroid of & is (x, y), where 


Es 1 po 
= =|" xLf(a) — go] ax 


= 1 by 2 
P= — | MLPCOP = [oP } ax 


FIGURE 13 (See Exercise 47.) 
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SN (20S% Find the centroid of the region bounded by the line y = x and the 
parabola y = x’. 


SOLUTION The region is sketched in Figure 14. We take f(x) = x, g(x) = Cod sand 
b = 1 in Formulas 9. First we note that the area of the region is 


no 
Therefore 
FIGURE 14 are ie lop ‘ 
x= =| x[ f(x) — g(x)] dx = =|) pales = EF Eke 
A 4/0 ~ v0 
3 4 |} 
; i 
=6|' (?- x )dx=6 ee |e 
0 3 Ben ome 
és Il pei a 5) rs 1/.2 4 
y= — | HLPWP - (o@)P} ax = 7 [267 — x4) ax 
A JO 6 29 
ox [oy 2 
me | oo) ae 
The centroid is G, 2), nee 
We end this section by showing a surprising connection between centroids and volumes 
of revolution. 
This theorem is named after the Greek Theorem of Pappus Let & be a plane region that lies entirely on one side of a line / 
mathematician Pappus of Alexandria, who in the plane. If R is rotated about /, then the volume of the resulting solid is the 
lived in the fourth century AD. product of the area A of R and the distance d traveled by the centroid of KR. 


PROOF We give the proof for the special case in which the region lies between y = f(x) and 
y = g(x) as in Figure 13 and the line / is the y-axis. Using the method of cylindrical shells 
(see Section 6.3), we have 


V =f’ 2nxf fo) — gla)] dx 


=27 is x[ f(x) — g(x)] dx 


= 27r(xA) (by Formulas 9) 


= (27x)A = Ad 


where d = 27x is the distance traveled by the centroid during one rotation about the 
y-axis. I a 
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1 (SEVIS A torus is formed by rotating a circle of radius r about a line in the plane 
of the circle that is a distance R (> r) from the center of the circle. Find the volume of the 


torus. 
SOLUTION The circle has area A = mr*. By the symmetry principle, its centroid is its cen- 


ter and so the distance traveled by the centroid during a rotation is d = 27rR. Therefore, 
by the Theorem of Pappus, the volume of the torus is 


V =Ad = O27R)\ Grr’) =2i rR eee 


The method of Example 7 should be compared with the method of Exercise 61 in 
Section 6.2. 


| 83 | Exercises 


1. An aquarium 5 ft long, 2 ft wide, and 3 ft deep is full of o 
water. Find (a) the hydrostatic pressure on the bottom of the 
aquarium, (b) the hydrostatic force on the bottom, and (c) the 
hydrostatic force on one end of the aquarium. 


2. A tank is 8 m long, 4 m wide, 2 m high, and contains kerosene 
with density 820 kg/m’ to a depth of 1.5 m. Find (a) the hydro- 
static pressure on the bottom of the tank, (b) the hydrostatic 11. 
force on the bottom, and (c) the hydrostatic force on one end 
of the tank. 


3-11 A vertical plate is submerged (or partially submerged) in 
water and has the indicated shape. Explain how to approximate the 
hydrostatic force against one side of the plate by a Riemann sum. 
Then express the force as an integral and evaluate it. 


SIGE 


12. A milk truck carries milk with density 64.6 lb/ft? in a horizon- 
tal cylindrical tank with diameter 6 ft. 
(a) Find the force exerted by the milk on one end of the tank 
when the tank is full. 
(b) What if the tank is half full? 


13. A trough is filled with a liquid of density 840 kg/m*. The ends 
of the trough are equilateral triangles with sides 8 m long and 
vertex at the bottom. Find the hydrostatic force on one end of 
the trough. 


14. A vertical dam has a semicircular gate as shown in the figure. 
Find the hydrostatic force against the gate. 


2m 


water level 


az, : ; 
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


15. A cube with 20-cm-long sides is sitting on the bottom of an 
aquarium in which the water is one meter deep. Estimate the 
hydrostatic force on (a) the top of the cube and (b) one of the 
sides of the cube. 


16. A dam is inclined at an angle of 30° from the vertical and has 
the shape of an isosceles trapezoid 100 ft wide at the top and 
50 ft wide at the bottom and with a slant height of 70 ft. Find 
the hydrostatic force on the dam when it is full of water. 


17. A swimming pool is 20 ft wide and 40 ft long and its bottom is 
an inclined plane, the shallow end having a depth of 3 ft and 
the deep end, 9 ft. If the pool is full of water, estimate the 
hydrostatic force on (a) the shallow end, (b) the deep end, 

(c) one of the sides, and (d) the bottom of the pool. 


18. Suppose that a plate is immersed vertically in a fluid'with den- 
sity p and the width of the plate is w(x) at a depth of x meters 
beneath the surface of the fluid. If the top of the plate is at 
depth a and the bottom is at depth b, show that the hydrostatic 
force on one side of the plate is 


F= ‘s pgx w(x) dx 


19. A metal plate was found submerged vertically in sea water, 
which has density 64 lb/ft*. Measurements of the width of the 
plate were taken at the indicated depths. Use Simpson’s Rule 
to estimate the force of the water against the plate. 


Depth (m) HO | WEE || Wes | i || EXO || SKOe || Set 


Plate width (m) 1.2 1.8 


2 | 3.8 | 3.6 | 4.2 | 4.4 


20. (a) Use the formula of Exercise 18 to show that 


F = (pgx)A 


where x is the x-coordinate of the centroid of the plate and 
A is its area. This equation shows that the hydrostatic force 
against a vertical plane region is the same as if the region 
were horizontal at the depth of the centroid of the region. 

(b) Use the result of part (a) to give another solution to 
Exercise 10. 


2-22 Point-masses m; are located on the x-axis as shown. Find the 
moment M of the system about the origin and the center of mass x. 


m,=6 pa 
21 pg et 
0 10 30 x 
m,=12 m,=15 m, = 20 
GO cP er 
=3) 0 DD 8 x 
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23-24 The masses m, are located at the points P;. Find the moments 
M, and M, and the center of mass of the system. 


23. m, = 4, m = 2, m, = 4; 
Pin 3) Pol = Onl) Pal oe) 

24. m, = 5, m = 4, m3 = 3, m4 = 6; 
PAD) 2 P3(0,5)e P35 2)> Pall, —2) 


25-28 Sketch the region bounded by the curves, and visually esti- 
mate the location of the centroid. Then find the exact coordinates of 
the centroid. 


29-33 Find the centroid of the region bounded by the given curves. 
Oey =x. x= y 

RIN yy =e) — Bren eee 

31) y= sin'x,) yi="cos x, x= 10, xe = al 4 
32. y= a tc, y= 0 


33. x + y= 2, a= ye 


34-35 Calculate the moments M, and M, and the center of mass of 
a lamina with the given density and shape. 


34. p= 3 35. p= 10 


36. Use Simpson’s Rule to estimate the centroid of the region 


shown. 
yk 
4 
D 
eres eae 
po > 
0 2 4 6 8 x 
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37. Find the centroid of the region bounded by the curves 
y = x* — x and y = x’ — 1. Sketch the region and plot the 
centroid to see if your answer is reasonable. 


/™ 38. Use a graph to find approximate x-coordinates of the points 
of intersection of the curves y = e* and y = 2 — x*. Then 
find (approximately) the centroid of the region bounded by 


these curves. 


39. Prove that the centroid of any triangle is located at the point 
of intersection of the medians. [Hints: Place the axes so that 
the vertices are (a, 0), (0, b), and (c, 0). Recall that a median 
is a line segment from a vertex to the midpoint of the oppo- 
site side. Recall also that the medians intersect at a point two- 
thirds of the way from each vertex (along the median) to the 
opposite side. ] 


40-41 Find the centroid of the region shown, not by integration, 
but by locating the centroids of the rectangles and triangles (from 
Exercise 39) and using additivity of moments. 


40. Wy) A 41 . 
2 


42. A rectangle R with sides a and b is divided into two parts 
R; and R> by an arc of a parabola that has its vertex at one 


SIRENS 
oS 


ise 


GRAN ANG 


corner of R and passes through the opposite corner. Find the 
centroids of both R; and Ro. 


43. If x is the x-coordinate of the centroid of the region that lies 
under the graph of a continuous function f, where a S x S b, 
show that 


8 (cx + d) f(x) dx = (cx + d) |" f(x) dx 


44—46 Use the Theorem of Pappus to find the volume of the 
given solid. 

44. A sphere of radius r (Use Example 4.) 
45. A cone with height / and base radius r 


46. The solid obtained by rotating the triangle with vertices 
(2, 3), (2, 5), and (5, 4) about the x-axis 


47. Prove Formulas 9. 


48. Let ‘2 be the region that lies between the curves y = x” 
and y = x",0 < x S 1, where m and n are integers with 
Osn<m. 

(a) Sketch the region RK. 
(b) Find the coordinates of the centroid of R. 


(c) Try to find values of m and n such that the centroid lies 
outside R. 


COMPLEMENTARY COFFEE CUPS 


Cup A 


Suppose you have a choice of two coffee cups of the type shown, one that bends outward and one 
inward, and you notice that they have the same height and their shapes fit together snugly. You 
wonder which cup holds more coffee. Of course you could fill one cup with water and pour it 
into the other one but, being a calculus student, you decide on a more mathematical approach. 


Ignoring the handles, you observe that both cups are surfaces of revolution, so you can think of the 
coffee as a volume of revolution. 


iol ee 


7 f 
Fae Ne ee eee oe 


uit 
aot 
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1. Suppose the cups have height h, cup A is formed by rotating the curve x = f(y) about the 
y-axis, and cup B is formed by rotating the same curve about the line x = k. Find the value 
of k such that the two cups hold the same amount of coffee. 


2. What does your result from Problem | say about the areas A; and A> shown in the figure? 
3. Use Pappus’s Theorem to explain your result in Problems | and 2. 


4. Based on your own measurements and observations, suggest a value for h and an equation 
for x = f(y) and calculate the amount of coffee that each cup holds. 


8.4 | Applications to Economics and Biology 


FIGURE 1 
A typical demand curve 


FIGURE 2 


In this section we consider some applications of integration to economics (consumer sur- 
plus) and biology (blood flow, cardiac output). Others are described in the exercises. 


MH Consumer Surplus 


Recall from Section 4.7 that the demand function p(x) is the price that a company has to 
charge in order to sell x units of a commodity. Usually, selling larger quantities requires 
lowering prices, so the demand function is a decreasing function. The graph of a typical 
demand function, called a demand curve, is shown in Figure 1. If X is the amount of the 
commodity that is currently available, then P = p(X) is the current selling price. 


DA 


We divide the interval [0, X] into n subintervals, each of length Ax = X/n, and let 
x3* = x; be the right endpoint of the ith subinterval, as in Figure 2. If, after the first x;-; units 
were sold, a total of only x; units had been available and the price per unit had been set at 
p(x;) dollars, then the additional Ax units could have been sold (but no more). The con- 
sumers who would have paid p(x;) dollars placed a high value on the product; they would 
have paid what it was worth to them. So in paying only P dollars they have saved an amount 


of 
(savings per unit)(number of units) = [p(@x:) — PAS 


Considering similar groups of willing consumers for each of the subintervals and adding the 
savings, we get the total savings: 


Saal aaa 
Fi 


1 —> ©, 


(This sum corresponds to the area enclosed by the rectangles in Figure 2.) If we let? 
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DA 


consumer 
surplus 


FIGURE 3 


Ar 


FIGURE 4 


this Riemann sum approaches the integral 


fy] [tr@ — Plax 


which economists call the consumer surplus for the commodity. 

The consumer surplus represents the amount of money saved by consumers in pur- 
chasing the commodity at price P, corresponding to an amount demanded of X. Figure 3 
shows the interpretation of the consumer surplus as the area under the demand curve and 
above the line p = P. 


(2 S829 The demand for a product, in dollars, is 
p = 1200 — 0.2x — 0.0001x? 


Find the consumer surplus when the sales level is 500. 


SOLUTION Since the number of products sold is X = 500, the corresponding price is 


P = 1200 — (0.2)(500) — (0.0001)(500)* = 1075 


Therefore, from Definition 1, the consumer surplus is 


Ve [p(x) — P]dx = Ve (1200 — 0.2x — 0.0001x? — 1075) dx 


500 5 
= {, (125 — 0.2x — 0.00012) dx 


w\ 1 
125x — 0.1x? — coo00n(*) 


0 


(0.0001)(500)° 
3 


= $33,333.33 — 


(125)(500) — (0.1)(500)? 


MS Blood Flow 


In Example 7 in Section 3.7 we discussed the law of laminar flow: 


Pee. 
Daley galls — 7) 


which gives the velocity v of blood that flows along a blood vessel with radius R and length 
/ at a distance r from the central axis, where P is the pressure difference between the ends 
of the vessel and 77 is the viscosity of the blood. Now, in order to compute the rate of blood 
flow, or flux (volume per unit time), we consider smaller, equally spaced radii r}, r2,.... The 
approximate area of the ring (or washer) with inner radius r;_, and outer radius r; 18 


277; Ar where Ar=r;— r- 


(See Figure 4.) If Ar is small, then the velocity is almost constant throughout this ring and 
can be approximated by o(7;). Thus the volume of blood per unit time that flows across the 
ring is approximately 


(2ar; Ar) v(r;) = 2a; v(r;) Ar 


FIGURE 5 
aorta 
vein pulmonary 
arteries 
é As j ¥ 
ulmonar © a pulmonary 
4 zs = Ee veins 


arteries \ 


right 
atrium 


left 
atrium 


pulmonary 
veins 


vein 


FIGURE 6 
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and the total volume of blood that flows across a cross-section per unit time is about 


S) 2a; v(r;) Ar 


i= 


This approximation is illustrated in Figure 5. Notice that the velocity (and hence the volume 
per unit time) increases toward the center of the blood vessel. The approximation gets bet- 
ter as n increases. When we take the limit we get the exact value of the flux (or discharge), 
which is the volume of blood that passes a cross-section per unit time: 


F = lim > 2ar;o(r;) Ar = 4h 2ar v(r) dr 


co. 
i 1 


_, [Ps lf De BS iy 
=|. 2ur Anal (R r’)dr 


P P ene 
= "(Rr — P)dr = —— R= = 

2yl Jo l 2 Ae | cee 
ye ie S ue aR 
Bh 4 8yl 

The resulting equation 
[Z| F= a PR* 
8yl 


is called Poiseuille’s Law; it shows that the flux is proportional to the fourth power of the 
radius of the blood vessel. 


MH Cardiac Output 


Figure 6 shows the human cardiovascular system. Blood returns from the body through the 
veins, enters the right atrium of the heart, and is pumped to the lungs through the pulmonary 
arteries for oxygenation. It then flows back into the left atrium through the pulmonary veins 
and then out to the rest of the body through the aorta. The cardiac output of the heart is the 
volume of blood pumped by the heart per unit time, that is, the rate of flow into the aorta. 

The dye dilution method is used to measure the cardiac output. Dye is injected into the 
right atrium and flows through the heart into the aorta. A probe inserted into the aorta mea- 
sures the concentration of the dye leaving the heart at equally spaced times over a time 
interval [0, 7 ] until the dye has cleared. Let c(t) be the concentration of the dye at time f. If 
we divide [0, 7] into subintervals of equal length Az, then the amount of dye that flows past 
the measuring point during the subinterval from t = f-; tot = fi is approximately 


(concentration)(volume) = c(t;)(F At) 


where F is the rate of flow that we are trying to determine. Thus the total amount of dye is 
approximately 


n 


») c(t) F At = FY c(t;) At 
i=l i=l 


and, letting n — ~, we find that the amount of dye is 


is c(t) dt 


J0 
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Thus the cardiac output is given by 


[3] 


A 


ee 
if c(t) dt 


where the amount of dye A is known and the integral can be approximated from the con- 


centration readings. 


(%] (SEGA A 5-mg bolus of dye is injected into a right atrium. The concentration of 
t alo : oD) the dye (in milligrams per liter) is measured in the aorta at one-second intervals as shown 
0 0 6 6.1 in the chart. Estimate the cardiac output. 
- ' a SOLUTION Here A = 5, At = 1, and T = 10. We use Simpson’s Rule to approximate the 
2 2 : ay 
3 65 9 11 integral of the concentration: 
| Ge a bs [°c dt ~ 30 + 40.4) + 2(2.8) + 4(6.5) + 29.8) + 418.9) 

. 0 


+ 2(6.1) + 4(4.0) 4° 2(2.3) = 4D) 0) 


Thus Formula 3 gives the cardiac output to be 


EY) Exercises 


1 


Graphing calculator or computer required 


3 


ihe c(t) dt 41.87 


= 0.12 L/s = 7.2 L/min ae 


. The marginal cost function C’(x) was defined to be the 


derivative of the cost function. (See Sections 3.7 and 4.7.) 
The marginal cost of producing x gallons of orange juice is 
C'(x) = 0.82 — 0.00003x + 0.000000003x? (measured in 
dollars per gallon). The fixed start-up cost is C(O) = $18,000. 
Use the Net Change Theorem to find the cost of producing the 
first 4000 gallons of juice. 


. Acompany estimates that the marginal revenue (in dollars per 


unit) realized by selling x units of a product is 48 — 0.0012x. 
Assuming the estimate is accurate, find the increase in revenue 
if sales increase from 5000 units to 10,000 units. 


. A mining company estimates that the marginal cost of extract- 


ing x tons of copper ore from a mine is 0.6 + 0.008x, mea- 
sured in thousands of dollars per ton. Start-up costs are 
$100,000. What is the cost of extracting the first 50 tons of 
copper? What about the next 50 tons? 


. The demand function for a certain commodity is 


p = 20 — 0.05x. Find the consumer surplus when the sales 
level is 300. Illustrate by drawing the demand curve and identi- 
fying the consumer surplus as an area. 


. Ademand curve is given by p = 450/(x + 8). Find the con- 


sumer surplus when the selling price is $10. 


6. The supply function ps(x) for a commodity gives the rela- 


tion between the selling price and the number of units that 
manufacturers will produce at that price. For a higher price, 
manufacturers will produce more units, so ps is an increasing 
function of x. Let X be the amount of the commodity currently 
produced and let P = ps(X) be the current price. Some pro- 
ducers would be willing to make and sell the commodity for a 
lower selling price and are therefore receiving more than their 
minimal price. The excess is called the producer surplus. An 
argument similar to that for consumer surplus shows that the 
surplus is given by the integral 


if [P — ps(x)] dx 


Calculate the producer surplus for the supply function 
ps(x) = 3 + 0.01x? at the sales level X¥ = 10. Illustrate by 


drawing the supply curve and identifying the producer surplus 
as an area. 


. If a supply curve is modeled by the equation p = 200 + 0.2x3/2, 


find the producer surplus when the selling price is $400. 


- For a given commodity and pure competition, the number of 


units produced and the price per unit are determined as the 
coordinates of the point of intersection of the supply and 


1. Homework Hints available at stewartcalculus.com 


10. 


11. 


12. 


13. 


14. 


demand curves. Given the demand curve p = 50 — +x and 
the supply curve p = 20 + 7x, find the consumer surplus 
and the producer surplus. Illustrate by sketching the supply 
and demand curves and identifying the surpluses as areas. 


. A company modeled the demand curve for its product 


(in dollars) by the equation 


_ 800,000e-"™" 
x + 20,000 


Use a graph to estimate the sales level when the selling price 
is $16. Then find (approximately) the consumer surplus for 
this sales level. 


A movie theater has been charging $10.00 per person and 
selling about 500 tickets on a typical weeknight. After sur- 
veying their customers, the theater management estimates 
that for every 50 cents that they lower the price, the number 
of moviegoers will increase by 50 per night. Find the demand 
function and calculate the consumer surplus when the tickets 
are priced at $8.00. 


If the amount of capital that a company has at time ¢ is f(t), 
then the derivative, f(t), is called the net investment flow. 
Suppose that the net investment flow is s/t million dollars 
per year (where f is measured in years). Find the increase in 
capital (the capital formation) from the fourth year to the 
eighth year. 


If revenue flows into a company at a rate of 

f(t) = 9000./1 + 2t, where t is measured in years and f(t) 
is measured in dollars per year, find the total revenue 
obtained in the first four years. 


Pareto’s Law of Income states that the number of people with 
incomes between x = aandx = bisN = (ip Ax * dx, where 
A and k are constants with A > 0 and k > 1. The average 
income of these people is 


Calculate x. 


A hot, wet summer is causing a mosquito population explo- 
sion in a lake resort area. The number of mosquitos is 
increasing at an estimated rate of 2200 + 10e°*' per week 
(where ft is measured in weeks). By how much does the 
mosquito population increase between the fifth and ninth 
weeks of summer? 
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15. Use Poiseuille’s Law to calculate the rate of flow in a small 
human artery where we can take 7 = 0.027, R = 0.008 cm, 
1 = 2 cm, and P = 4000 dynes/cm’. 


16. High blood pressure results from constriction of the arteries. 
To maintain a normal flow rate (flux), the heart has to pump 
harder, thus increasing the blood pressure. Use Poiseuille’s 
Law to show that if Ro and Pp are normal values of the radius 
and pressure in an artery and the constricted values are R and 
P, then for the flux to remain constant, P and R are related by 


the equation 
Bey 
Po R 


Deduce that if the radius of an artery 1s reduced to three- 
fourths of its former value, then the pressure is more than 
tripled. 


17. The dye dilution method is used to measure cardiac output 
with 6 mg of dye. The dye concentrations, in mg/L, are 
modeled by c(t) = 20te °°’, 0 < t < 10, where f is measured 
in seconds. Find the cardiac output. 


18. After a 5.5-mg injection of dye, the readings of dye concen- 
tration, in mg/L, at two-second intervals are as shown in the 
table. Use Simpson’s Rule to estimate the cardiac output. 


t c(t) i c(t) 
0) 0.0 10 4.3 
yD; 4.1 12 US) 
4 8.9 14 1) 
6 8.5 16 (Qi 
8 6.7 


19. The graph of the concentration function c(t) is shown after a 
7-mg injection of dye into a heart. Use Simpson’s Rule to 
estimate the cardiac output. 


y 
(mg/L) a 


1 


pe > 
0 2? 4 6 8 10 12 414 t(seconds) 


568 


EEG) Probability 


CHAPTER 8 


FURTHER APPLICATIONS OF INTEGRATION 


FIGURE 1 
Probability density function 
for the height of an adult female 


Calculus plays a role in the analysis of random behavior. Suppose we consider the choles- 
terol level of a person chosen at random from a certain age group, Or the height of an adult 
female chosen at random, or the lifetime of a randomly chosen battery of a certain type. 
Such quantities are called continuous random variables because their values actually range 
over an interval of real numbers, although they might be measured or recorded only to the 
nearest integer. We might want to know the probability that a blood cholesterol level is 
greater than 250, or the probability that the height of an adult female is between 60 and 70 
inches, or the probability that the battery we are buying lasts between 100 and 200 hours. 
If X represents the lifetime of that type of battery, we denote this last probability as follows: 


P(100 < X S 200) 


According to the frequency interpretation of probability, this number is the long-run pro- 
portion of all batteries of the specified type whose lifetimes are between 100 and 200 hours. 
Since it represents a proportion, the probability naturally falls between 0 and 1. 

Every continuous random variable X has a probability density function /- This means 
that the probability that X lies between a and b is found by integrating f from a to b: 


[1] 


Pla<X<b)= ['F0) ax 


For example, Figure 1 shows the graph of a model for the probability density function f 
for a random variable X defined to be the height in inches of an adult female in the United 
States (according to data from the National Health Survey). The probability that the height 
of a woman chosen at random from this population is between 60 and 70 inches is equal to 
the area under the graph of f from 60 to 70. 


yA 
area = probability that the 
height of a woman 
y= f(x) is between 60 and 
70 inches 
ima 
0 60 65 703 


In general, the probability density function f of a random variable X satisfies the condi- 


tion f(x) = 0 for all x. Because probabilities are measured on a scale from 0 to 1, it follows 
that 


[2] [7 fe) ax =1 


(SEE Let f(x) = 0.006x(10 — x) for 0 < x < 10 and f(x) = 0 for all other 
values of x. 


(a) Verify that f is a probability density function. 
(b) Find P(4 = X S 8). 


FIGURE 2 
An exponential density function 


Saf 
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SOLUTION 
(a) For 0 S x < 10 we have 0.006x(10 — x) = 0, so f(x) = 0 for all x. We also need to 
check that Equation 2 is satisfied: 


[£00 dx = |" 0.006x(10 — x) dx = 0.006 J” (10x — x°) dx 


) 


= 0.006[5x? — }x°)) = 0.006(500 = "°) = 1 


Therefore f is a probability density function. 
(b) The probability that X lies between 4 and 8 is 


P(4<X<8)= [, f(x) dx = 0.006 i) (10x — x?) dx 
= 0,006[5x? — tx']} = 0.544 La 


1) (S29) Phenomena such as waiting times and equipment failure times are com- 
monly modeled by exponentially decreasing probability density functions. Find the exact 
form of such a function. 


SOLUTION Think of the random variable as being the time you wait on hold before an 
agent of a company you're telephoning answers your call. So instead of x, let’s use ¢ to 
represent time, in minutes. If f is the probability density function and you call at time 
t = 0, then, from Definition 1, ir f(t) dt represents the probability that an agent answers 
within the first two minutes and i f(t) dt is the probability that your call is answered dur- 
ing the fifth minute. 

It’s clear that f(t) = 0 for t < 0 (the agent can’t answer before you place the call). 
For t > 0 we are told to use an exponentially decreasing function, that is, a function of 
the form f(t) = Ae“, where A and c are positive constants. Thus 


Ome 0 i ZK O 
; Me int 7 = OC 


We use Equation 2 to determine the value of A: 
ora 0 = 
ae [fo dt = [Le dt + \ f(t) dt 


= | ew te lin * Ae“ dt 
0 


x00 


A f A 
= lim [Ae] Sin = ee) 
i G 0 Pia eh OF 


Therefore A/c = 1 and so A = c. Thus every exponential density function has the form 


ro= > | if 70 


GE WEP EA 


A typical graph is shown in Figure 2. ne 
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FIGURE 3 


It is traditional to denote the mean by the Greek 
letter yw (mu). 


FIGURE 4 
AR balances at a point on the line x = yw 


MH Average Values 


Suppose you're waiting for a company to answer your phone call and you wonder how long, 
on average, you can expect to wait. Let f(t) be the corresponding density function, where t 
is measured in minutes, and think of a sample of N people who have called this company. 
Most likely, none of them had to wait more than an hour, so let’s restrict our attention to the 
interval 0 < t < 60. Let’s divide that interval into n intervals of length At and endpoints 
0, th, fo, . . «5 fr = 60. (Think of At as lasting a minute, or half a minute, or 10 seconds, or 
even a second.) The probability that somebody’s call gets answered during the time period 
from t;-, to t; is the area under the curve y = f(t) from f;-; to t;, which is approximately 
equal to f(7;) At. (This is the area of the approximating rectangle in Figure 3, where f; is the 
midpoint of the interval.) 

Since the long-run proportion of calls that get answered in the time period from f,-; to fj 
is f(4;) At, we expect that, out of our sample of N callers, the number whose call was 
answered in that time period is approximately Nf(7;) At and the time that each waited is 
about 7;. Therefore the total time they waited is the product of these numbers: approximately 
7:[Nf(4,) At]. Adding over all such intervals, we get the approximate total of everybody’s 
waiting times: 


We recognize this as a Riemann sum for the function t f(t). As the time interval shrinks (that 
is, At 0 and n — &), this Riemann sum approaches the integral 


ie t f(t) dt 


This integral is called the mean waiting time. 
In general, the mean of any probability density function f is defined to be 


w= Ie x f(x) dx 


The mean can be interpreted as the long-run average value of the random variable X. It can 
also be interpreted as a measure of centrality of the probability density function. 
The expression for the mean resembles an integral we have seen before. If R is the 


region that lies under the graph of f, we know from Formula 8.3.8 that the x-coordinate of 
the centroid of KR is 


because of Equation 2. So a thin plate in the shape of R balances at a point on the vertical 
line x = p. (See Figure 4.) 


The limit of the first term is 0 by 
‘Hospital's Rule. 


SECTION 8.5 PROBABILITY 571 


2 a8s=) Find the mean of the exponential distribution of Example 2: 


ro={° ity = 0 


oe hi 7 =O 


SOLUTION According to the definition of a mean, we have 
b= i tf(t) dt = { tce “dt 


To evaluate this integral we use integration by parts, with wu = t and dv = ce “' dt: 


x00 


} Syl Ds Dl igre 1 
Suh NI PSO a =— 
xe Cc G G 


The mean is x = 1/c, so we can rewrite the probability density function as 


\ “tee dt = lim |* tee“ dt = lim (-e- + te ea 
0 xo J0 0 


mt 0 


ONS : ame 
poner ent t= 0 


VI Suppose the average waiting time for a customer’s call to be answered 
by a company representative is five minutes. 

(a) Find the probability that a call is answered during the first minute. 

(b) Find the probability that a customer waits more than five minutes to be answered. 


SOLUTION 
(a) We are given that the mean of the exponential distribution is w = 5 min and so, 
from the result of Example 3, we know that the probability density function is 


ne 0 iter 0 
f Wore ee 


Thus the probability that a call is answered during the first minute is 


P(O<T<1)= [ro dt 


i. 0.26" dt = 0.2(—5)e], 


=] —¢' = 0.1813 


So about 18% of customers’ calls are answered during the first minute. 


(b) The probability that a customer waits more than five minutes 1s 
a oe] = ic) =i 
P(T > 5) [ f(t) dt [ 0.26e-" dt 


= lim | 0.2e~/ dt = lim (e' — e *”) 
5 


xn JS x 00 


= a = 0.368 
e 


About 37% of customers wait more than five minutes before their calls are answered. 
aa 
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The standard deviation is denoted by the 
lowercase Greek letter o (sigma). 


FIGURE 5 
Normal distributions 


0.02+ 
0.01+ 
y, = ee : 
0 60 80 100 120 140 ~x 
FIGURE 6 


Distribution of IQ scores 


Notice the result of Example 4(b): Even though the mean waiting time is 5 minutes, only 
37% of callers wait more than 5 minutes. The reason is that some callers have to wait much 
longer (maybe 10 or 15 minutes), and this brings up the average. 

Another measure of centrality of a probability density function is the median. That 1s a 
number m such that half the callers have a waiting time less than m and the other callers have 
a waiting time longer than m. In general, the median of a probability density function is the 
number m such that 


[f@) ax =3 


This means that half the area under the graph of f lies to the right of m. In Exercise 9 you 
are asked to show that the median waiting time for the company described in Example 4 is 
approximately 3.5 minutes. 


ME Normal Distributions 


Many important random phenomena—such as test scores on aptitude tests, heights and 
weights of individuals from a homogeneous population, annual rainfall in a given loca- 
tion—are modeled by a normal distribution. This means that the probability density func- 
tion of the random variable X is a member of the family of functions 


[3] Dhan Fp 


You can verify that the mean for this function is jz. The positive constant ois called the stan- 
dard deviation; it measures how spread out the values of X are. From the bell-shaped graphs 
of members of the family in Figure 5, we see that for small values of o the values of X are 
clustered about the mean, whereas for larger values of o the values of X are more spread out. 
Statisticians have methods for using sets of data to estimate mw and o. 


e & w/e") 


yA 


+— 
bM 


The factor 1/ (o./27 ) is needed to make f a probability density function. In fact, it can 
be verified using the methods of multivariable calculus that 


iy 1 ——)'/Q0*) gy a 1 


—~< o/277 : 


Vv Intelligence Quotient (IQ) scores are distributed normally with mean 
100 and standard deviation 15. (Figure 6 shows the corresponding probability density 
function.) 

(a) What percentage of the population has an IQ score between 85 and 115? 

(b) What percentage of the population has an IQ above 140? 
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SOLUTION 


(a) Since IQ scores are normally distributed, we use the probability density function 
given by Equation 3 with w = 100 and a = 15: 


— (x= 100)?/(2-15?) yy. 


P(85<X< 115) =["" 


Choe 


Recall from Section 7.5 that the function y = e* doesn’t have an elementary anti- 
derivative, so we can’t evaluate the integral exactly. But we can use the numerical 
integration capability of a calculator or computer (or the Midpoint Rule or Simpson’s 
Rule) to estimate the integral. Doing so, we find that 


P(85 < X < 115) = 0.68 


So about 68% of the population has an IQ between 85 and 115, that is, within one stan- 
dard deviation of the mean. 


(b) The probability that the IQ score of a person chosen at random is more than 140 is 


—(x—100)7/450 ie 


P(X > 140) ={" 


14015. 


To avoid the improper integral we could approximate it by the integral from 140 to 200. 
(It’s quite safe to say that people with an IQ over 200 are extremely rare.) Then 


P(X > 140) ~ |" “G=10097450 diy = 0.0038 


va IOS 


Therefore about ().4% of the population has an IQ over 140. psi 


85 | Exercises 


1. 


Graphing calculator or computer required 


Let f(x) be the probability density function for the lifetime of a 
manufacturer’s highest quality car tire, where x is measured in 
miles. Explain the meaning of each integral. 


(a) [rg fea) ax (b) {° f(x) dx 


25,000 


. Let f(t) be the probability density function for the time it takes 


you to drive to school in the morning, where ¢ is measured in 
minutes. Express the following probabilities as integrals. 
(a) The probability that you drive to school in less than 
15 minutes 
(b) The probability that it takes you more than half an hour to 
get to school 


were (ay 300 (1 x) f0n0 === and 7 (4) = O'ror all 


other values of x. 
(a) Verify that f is a probability density function. 
(b) Find P(X < 3). 


. Let f(x) = xe *ifx 20 and f(x) = Oif x < 0. 


(a) Verify that f is a probability density function. 
(b) Find P(1 < X = 2). 


5. Let f(x) = c/(1 + x?). 


(a) For what value of c is fa probability density function? 
(b) For that value of c, find P(-1 < X < 1). 


. Let f(x) = kGx — x?) if 0 =x =3 and f(x) = Oifx <0 


Ors > 3 

(a) For what value of k is f a probability density function? 
(b) For that value of k, find P(X > 1). 

(c) Find the mean. 


. A spinner from a board game randomly indicates a real number 


between 0 and 10. The spinner is fair in the sense that it indi- 
cates a number in a given interval with the same probability as 
it indicates a number in any other interval of the same length. 
(a) Explain why the function 


pay < {01 if 0<x< 10 
Ue OW eon = Sv 


is a probability density function for the spinner’s values. 
(b) What does your intuition tell you about the value of the 
mean? Check your guess by evaluating an integral. 


1. Homework Hints available at stewartcalculus.com 
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8. (a) Explain why the function whose graph is shown is a proba- of 500 g. At what target weight should the manufacturer set 
bility density function. its filling machine? 
i i iti : . . . . 
Y eer ks saa pete, Pe he 15. The speeds of vehicles on a highway with speed limit 
ee) OT 100 km/h are normally distributed with mean 112 km/h and 
io) elena ee standard deviation 8 km/h. 


(a) What is the probability that a randomly chosen vehicle is 
traveling at a legal speed? 

(b) If police are instructed to ticket motorists driving 125 km/h 
or more, what percentage of motorists are targeted? 


16. Show that the probability density function for a normally dis- 
tributed random variable has inflection points atx = pp = o. 


9. Show that the median waiting time for a phone call to the com- 


pany described in Example 4 is about A aE 17. For any normal distribution, find the probability that the 


random variable lies within two standard deviations of the 
10. (a) A type of lightbulb is labeled as having an average lifetime mean. 
of 1000 hours. It’s reasonable to model the probability of 
failure of these bulbs by an exponential density function 18. The standard deviation for a random variable with probability 
with mean ys = 1000. Use this model to find the probability density function f and mean yp is defined by 
that a bulb ut 
(i) fails within the first 200 hours, _ | re 4 The 
(ii) burns for more than 800 hours. fae ie (x — py f(x) ax| 
(b) What is the median lifetime of these lightbulbs? 
Find the standard deviation for an exponential density function 


11. The manager of a fast-food restaurant determines that the j 
with mean jp. 


average time that her customers wait for service is 2.5 minutes. 
(a) Find the probability that a customer has to wait more than 19 
4 minutes. 
(b) Find the probability that a customer is served within the 
first 2 minutes. 
(c) The manager wants to advertise that anybody who isn’t 
served within a certain number of minutes gets a free ham- 
burger. But she doesn’t want to give away free hamburgers 
to more than 2% of her customers. What should the adver- 
tisement say? 


. The hydrogen atom is composed of one proton in the nucleus 
and one electron, which moves about the nucleus. In the quan- 
tum theory of atomic structure, it is assumed that the electron 
does not move in a well-defined orbit. Instead, it occupies a 
state known as an orbital, which may be thought of as a 
“cloud” of negative charge surrounding the nucleus. At the 
state of lowest energy, called the ground state, or 1s-orbital, 
the shape of this cloud is assumed to be a sphere centered at 
the nucleus. This sphere is described in terms of the probability 

12. According to the National Health Survey, the heights of adult density function 

males in the United States are normally distributed with mean 


69.0 inches and standard deviation 2.8 inches. p(r) = itt ze 21/40 0 
(a) What is the probability that an adult male chosen at random a 
is between 65 inches and 73 inches tall? : 
(b) What percentage of the adult male population is more than where do is the Bohr radius (ay ~ 5.59 X 10°" m). The 
6 feet tall? faieeta) 
13. The “Garbage Project” at the University of Arizona reports P(r) = { ae 52¢728/40 ds 
that the amount of paper discarded by households per week is Po 


normally distributed with mean 9.4 lb and standard deviation 
4.2 lb. What percentage of households throw out at least 10 lb 
of paper a week? 


gives the probability that the electron will be found within the 
sphere of radius r meters centered at the nucleus. 
(a) Verify that p(r) is a probability density function. 


14. Boxes are labeled as containing 500 g of cereal. The machine (b) Find lim,... p(r). For what value of r does p(r) have its 
filling the boxes produces weights that are normally distributed maximum value? 
with standard deviation 12 g. AM (c) Graph the density function. 
(a) If the target weight is 500 g, what is the probability that the (d) Find the probability that the electron will be within the 
machine produces a box with less than 480 g of cereal? sphere of radius 4a) centered at the nucleus. 


(b) Suppose a law states that no more than 5% of a manufac- 


(e) Calculate the mean distance of the electron from the 
turer’s cereal boxes can contain less than the stated weight 


nucleus in the ground state of the hydrogen atom. 


e8al Review 


Concept Check 


iF 


CHAPTER8 REVIEW 575 


(a) How is the length of a curve defined? 

(b) Write an expression for the length of a smooth curve given 
by y=f(x),a<x <b. 

(c) What if x is given as a function of y? 


. (a) Write an expression for the surface area of the surface 


obtained by rotating the curve y = f(x), a < x < b, about 
the x-axis. 

(b) What if x is given as a function of y? 

(c) What if the curve is rotated about the y-axis? 


. Describe how we can find the hydrostatic force against a verti- 


cal wall submersed in a fluid. 


. (a) What is the physical significance of the center of mass of a 


thin plate? 

(b) If the plate lies between y = f(x) and y = 0, where 
a <x <b, write expressions for the coordinates of the 
center of mass. 


. What does the Theorem of Pappus say? 


10. 


. Given a demand function p(x), explain what is meant by the 


consumer surplus when the amount of a commodity currently 
available is X and the current selling price is P. Illustrate with 
a sketch. 


. (a) What is the cardiac output of the heart? 


(b) Explain how the cardiac output can be measured by the dye 
dilution method. 


. What is a probability density function? What properties does 


such a function have? 


. Suppose f(x) is the probability density function for the weight 


of a female college student, where x is measured in pounds. 
(a) What is the meaning of the integral 1, ba yebon 
(b) Write an expression for the mean of this density function. 


(c) How can we find the median of this density function? 


What is a normal distribution? What is the significance of the 
standard deviation? 


Exercises 
1-2 Find the length of the curve. 


il; 
2. 


y= cx’ + 4)? Osx 53 


y=2In(sinjx), 7/3<x<7 


. (a) Find the length of the curve 


(b) Find the area of the surface obtained by rotating the curve 
in part (a) about the y-axis. 


. (a) The curve y = x’, 0 S x <1, is rotated about the y-axis. 


Find the area of the resulting surface. 
(b) Find the area of the surface obtained by rotating the curve 
in part (a) about the x-axis. 


. Use Simpson’s Rule with n = 10 to estimate the length of the 


sine curve y = sinx,0 <x S 7. 


. Use Simpson’s Rule with n = 10 to estimate the area of the 


surface obtained by rotating the sine curve in Exercise 5 about 
the x-axis. 


. Find the length of the curve 


So ie 
y=] Mice te= AMI 


. Find the area of the surface obtained by rotating the curve in 


Exercise 7 about the y-axis. 


10. 


11. 
12. 


. A gate in an irrigation canal is constructed in the form of a 


trapezoid 3 ft wide at the bottom, 5 ft wide at the top, and 2 ft 
high. It is placed vertically in the canal so that the water just 
covers the gate. Find the hydrostatic force on one side of the 
gate. 


A trough is filled with water and its vertical ends have the 
shape of the parabolic region in the figure. Find the hydrostatic 
force on one end of the trough. 


- 8 ft >| 


11-12 Find the centroid of the region bounded by the given curves. 


y= Vx 


y=sinx, y=0, x=7/4, x= 37/4 


1 
y = 2%, 


13-14 Find the centroid of the region shown 


13. 


y 14, 
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15. Find the volume obtained when the circle of radius | with 19. (a) Explain why the function 
center (1, 0) is rotated about the y-axis. 


16. Use the Theorem of Pappus and the fact that the volume of a . [mx ' 
a sphere of radius r is + ar° to find the centroid of the semi- Foe 30 sin 0 if 0=x=10 
circular region bounded by the curve y = yr? — x? and 0 FP IRN Hh 
the x-axis. i 


17. The demand function for a commodity is given by 7 ; ; 
is a probability density function. 


Find the consumer surplus when the sales level is 100. (c) Calculate the mean. Is the value what you would expect? 
18. After a 6-mg injection of dye into a heart, the readings of 


dye concentration at two-second intervals are as shown 1n 
the table. Use Simpson’s Rule to estimate the cardiac output. 


20. Lengths of human pregnancies are normally distributed with 
mean 268 days and standard deviation 15 days. What percent- 
age of pregnancies last between 250 days and 280 days? 


t c(t) t c(t) 


21. The length of time spent waiting in line at a certain bank is 


0 0 My oe modeled by an exponential density function with mean 

2) 1.9 16 3:3 ate 

ji ae a a minutes. 

6 5] 50 (a) What is the probability that a customer is served in the first 
g 76 0 0.5 3 minutes? 
10 71 4 0 (b) What is the probability that a customer has to wait more 
2 58 than 10 minutes? 


(c) What is the median waiting time? 


— Problems Plus 


P Q 
FIGURE FOR PROBLEM 6 


. Find the area of the region S = {(x, y) |x 20, y<1, x? + y? < 4y}. 


. Find the centroid of the region enclosed by the loop of the curve y* = x* — x4. 


. Ifa sphere of radius r is sliced by a plane whose distance from the center of the sphere is d, 


then the sphere is divided into two pieces called segments of one base. The corresponding 

surfaces are called spherical zones of one base. 

(a) Determine the surface areas of the two spherical zones indicated in the figure. 

(b) Determine the approximate area of the Arctic Ocean by assuming that it is approximately 
circular in shape, with center at the North Pole and “circumference” at 75° north latitude. 
Use r = 3960 mi for the radius of the earth. 

(c) A sphere of radius r is inscribed in a right circular cylinder of radius r. Two planes perpen- 
dicular to the central axis of the cylinder and a distance h apart cut off a spherical zone 
of two bases on the sphere. Show that the surface area of the spherical zone equals the 
surface area of the region that the two planes cut off on the cylinder. 

(d) The Torrid Zone is the region on the surface of the earth that is between the Tropic of 
Cancer (23.45° north latitude) and the Tropic of Capricorn (23.45° south latitude). What 
is the area of the Torrid Zone? 


. (a) Show that an observer at height H above the north pole of a sphere of radius r can see a 


part of the sphere that has area 


Qar7H 
ipa dal 


(b) Two spheres with radii r and R are placed so that the distance between their centers is d, 
where d > r + R. Where should a light be placed on the line joining the centers of the 
spheres in order to illuminate the largest total surface? 


. Suppose that the density of seawater, p = p(z), varies with the depth z below the surface. 


(a) Show that the hydrostatic pressure is governed by the differential equation 


where g is the acceleration due to gravity. Let Po and po be the pressure and density at 
z = 0. Express the pressure at depth z as an integral. 

(b) Suppose the density of seawater at depth z is given by p = poe", where H is a positive 
constant. Find the total force, expressed as an integral, exerted on a vertical circular 
porthole of radius r whose center is located at a distance L > r below the surface. 


. The figure shows a semicircle with radius 1, horizontal diameter PQ, and tangent lines at P 


and Q. At what height above the diameter should the horizontal line be placed so as to mini- 
mize the shaded area? 


. Let P be a pyramid with a square base of side 2b and suppose that S is a sphere with its 


center on the base of P and S is tangent to all eight edges of P. Find the height of P. Then find 
the volume of the intersection of S and P. 
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8. Consider a flat metal plate to be placed vertically under water with its top 2 m below the 
surface of the water. Determine a shape for the plate so that if the plate is divided into any 
number of horizontal strips of equal height, the hydrostatic force on each strip is the same. 


9. A uniform disk with radius 1 m is to be cut by a line so that the center of mass of the smaller 
piece lies halfway along a radius. How close to the center of the disk should the cut be made? 
(Express your answer correct to two decimal places.) 


/ 10. A triangle with area 30 cm’ is cut from a corner of a square with side 10 cm, as shown in the 
figure. If the centroid of the remaining region is 4 cm from the right side of the square, how 
far is it from the bottom of the square? 


10cm 


11. Ina famous 18th-century problem, known as Buffon’s needle problem, a needle of length h is 


ih: dropped onto a flat surface (for example, a table) on which parallel lines L units apart, L 2 h, 
have been drawn. The problem is to determine the probability that the needle will come to 
rest intersecting one of the lines. Assume that the lines run east-west, parallel to the X-axis in 

: a rectangular coordinate system (as in the figure). Let y be the distance from the “southern” 
end of the needle to the nearest line to the north. (If the needle’s southern end lies on a line, 

=) let y = 0. If the needle happens to lie east-west, let the “western” end be the “southern” end.) 


Let @ be the angle that the needle makes with a ray extending eastward from the “southern” 
end. Then 0 < y < Land 0 < 4S 7. Note that the needle intersects one of the lines only 
when y < h sin 6. The total set of possibilities for the needle can be identified with the rect- 
angular region 0 < y < L, 0 < @ S a, and the proportion of times that the needle intersects 
a line is the ratio 


area under y = h sin 6 


area of rectangle 


This ratio is the probability that the needle intersects a line. Find the probability that the 
needle will intersect a line if h = L. What if h = 5L? 


12. If the needle in Problem 11 has length h > L, it’s possible for the needle to intersect more 
FIGURE FOR PROBLEM 11 HEME 
(a) If L = 4, find the probability that a needle of length 7 will intersect at least one line. 
[Hint: Proceed as in Problem 11. Define y as before; then the total set of possibilities for 
the needle can be identified with the same rectangular region0 Sy SL,0S O05 7. 
What portion of the rectangle corresponds to the needle intersecting a line?] 
(b) If L = 4, find the probability that a needle of length 7 will intersect two lines. 


(c) If 2L < h < 3L, find a general formula for the probability that the needle intersects 
three lines. 


13. Find the centroid of the region enclosed by the ellipse x* + (x + y + 1)? = 1. 
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oe AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places 


For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator; 
however, show. appropriate calculus notation in your work 


Multiple Choice 


1. 


ow 


> 


a 


The length of a curve from x = 1 to x = 4 is given by 

i V1 + 16x® dx. If the curve contains the point (1, 5), which 
of the following could be an equation for this curve? 

(a) y=4+4 x? (b) y= 44+ x? 
(c)y=4+4+ x4 (d)y=¥txt Bx? 


. The density of oil in a circular oil slick on the surface of the 


ocean at a distance r meters from the center of the slick is 
given by p(r) kg/m”. If the slick extends from r = 0 to 

r = 5000 m, which of the following expressions gives the 
amount of oil in the slick? 


(a) 2a r p(r) dr (b) 7 ee r°p(r) dr 


PS ae x 
0 


(c) 2 | a(n) dr (d) 7 r° dr 


. Find the area of the surface obtained by rotating y = x° + x 


about the x-axis from x = 0 to x = 2. 
(a) 4.682 (b) 37.699 
(c) 217.108 (d) 317.079 


. A particle follows the path of y = sin 2x in the plane. Find the 


distance traveled from x = 0 tox = 7m. 
(a) 2.828 (b) 3.820 
(c) 5.270 (d) 9.425 


. If revenue flows into a company at a rate of 


f(t) = 10,0001 + 3+, where t is measured in years and f(t) 
is measured in dollars per year, find the total revenue obtained 
in the first five years. 
(a) $124,444.44 
(c) $248,888.89 


(b) $140,000.00 
(d) $280,000.00 


6. The rate at which water flows out of a pipe, in gallons per hour, 


is given by a differentiable function R of time ft. The table 
shows the rate as measured every 3 hours for a 24-hour period. 
Use a midpoint Riemann sum with four subdivisions of equal 
length to approximate { R(t) dt. 


t R(t) 
(hours) (gallons per hour) 
0 8.9 
B 10.1 
6 10.4 
9 10.6 
12 11.1 
15 11.6 
18 10.8 
21 10.5 
24 8.9 


(a) 256.8 gallons 
(c) 247.2 gallons 


(b) 252 gallons 
(d) 126.4 gallons 


. Find the x-coordinate of the centroid of the region enclosed by 


the curves y = x + 2 and y = x’. 
(a) 0 (b) 


©) 3 (d) 


BIW BI— 


. Find the total mass of a 4 X 6 rectangular sheet, whose 


density per unit area at a distance x from one of the sides of 


he length 6 1 : 
the leng iS eae 


(a) 4.713 
(c) 7.069 


(b) 4.781 
(ed) We! 


AP8-2 


Free Response 


9: 


10. 


The front of a lobster tank in a restaurant is 4 feet long by 

2 feet tall. The side of the tank is 3 feet wide by 2 feet tall. The 
water in the tank exerts pressure on the front of the tank. The 
pressure at any point on the front of the tank depends only on 
how far below the surface the point lies and is given by the 
equation p = 62.4h, where h is the depth below the surface 
measured in feet and p is pressure measured in lb/ft. 


(a) Write and evaluate a definite integral that gives the force 
exerted on the front of the tank if it 1s full. 

(b) Write and evaluate a definite integral that gives the force 
exerted on the side of the tank if it is full. 

(c) Find the total force exerted on the front of a full tank if 
the front (and back) are semicircles with diameter 2 feet. 


A blood vessel is 240 mm long with circular cross-sections of 
varying diameter. The table gives the measurements of the 


diameter of the blood vessel, where x represents the distance 
from one end of the blood vessel and D(x) is a twice differen- 
tiable function that represents the diameter at that point. 


Distance 
0 40 80 120 160 | 200 | 240 
x (mm) 
Diameter 
22 28 30 26 28 26 24 
D(x) (mm) 


(a) Write an integral expression in terms of D(x) that repre- 
sents the average radius, in mm, of the blood vessel 
between x = 0 and x = 240. 

(b) Approximate the value of your answer from part (a) using 
data from the table and a right Riemann sum with six 
subintervals of equal length. Show the computations that 
lead to your answer. 

(c) Using correct units, explain the meaning of 


25 | D(x) ‘ 
ae eo dx 


in terms of the blood vessel. 


Differential Equations 


y 
4 
a 
= 


© Ciurzynski / Shutterstock 


Perhaps the most important of all the applications of calculus is to differential equations. When physical 
scientists or social scientists use calculus, more often than not it is to analyze a differential equation that 
has arisen in the process of modeling some phenomenon that they are studying. Although it is often 
impossible to find an explicit formula for the solution of a differential equation, we will see that graphical 
and numerical approaches provide the needed information. 
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9.4 | Modeling with Differential Equations 


Now is a good time to read (or reread) the dis- 
cussion of mathematical modeling on page 23. 


PA 


FIGURE 1 
The family of solutions of dP/dt = kP 


In describing the process of modeling in Section 1.2, we talked about formulating a math- 
ematical model of a real-world problem either through intuitive reasoning about the phe- 
nomenon or from a physical law based on evidence from experiments. The mathematical 
model often takes the form of a differential equation, that is, an equation that contains an 
unknown function and some of its derivatives. This is not surprising because in a real- 
world problem we often notice that changes occur and we want to predict future behavior 
on the basis of how current values change. Let’s begin by examining several examples of 
how differential equations arise when we model physical phenomena. 


MH Models of Population Growth 


One model for the growth of a population is based on the assumption that the population 
grows at a rate proportional to the size of the population. That is a reasonable assumption 
for a population of bacteria or animals under ideal conditions (unlimited environment, ade- 
quate nutrition, absence of predators, immunity from disease). 

Let’s identify and name the variables in this model: 


t = time (the independent variable) 


P = the number of individuals in the population (the dependent variable) 


The rate of growth of the population is the derivative dP/dt. So our assumption that the 
rate of growth of the population is proportional to the population size is written as the 
equation 


dP 


cae =a kP 


where k is the proportionality constant. Equation 1| is our first model for population 
growth; it is a differential equation because it contains an unknown function P and its 
derivative dP/dt. 

Having formulated a model, let’s look at its consequences. If we rule out a population 
of 0, then P(t) > 0 for all t. So, if k > 0, then Equation 1 shows that P’(t) > 0 for all t. 
This means that the population is always increasing. In fact, as P(t) increases, Equation 1 
shows that dP/dt becomes larger. In other words, the growth rate increases as the popula- 
tion increases. 

Let’s try to think of a solution of Equation 1. This equation asks us to find a function 
whose derivative is a constant multiple of itself. We know from Chapter 3 that exponential 
functions have that property. In fact, if we let P(t) = Ce“, then 


P(t) = Clke™) = k(Ce™) = kP) 


Thus any exponential function of the form P(t) = Ce“ is a solution of Equation 1. In Sec- 
tion 9.4, we will see that there is no other solution. 

Allowing C to vary through all the real numbers, we get the family of solutions 
P(t) = Ce“ whose graphs are shown in Figure 1. But populations have only positive 
values and so we are interested only in the solutions with C > 0. And we are probably con- 


tA 


FIGURE 2 
The family of solutions P(t) = Ce“ 
with C > O andr=0O 


FIGURE 3 
Solutions of the logistic equation 
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cerned only with values of t greater than the initial time t = 0. Figure 2 shows the physi- 
cally meaningful solutions. Putting t = 0, we get P(0) = Ce“ = C, so the constant C 
turns out to be the initial population, P(0). 

Equation | is appropriate for modeling population growth under ideal conditions, but 
we have to recognize that a more realistic model must reflect the fact that a given environ- 
ment has limited resources. Many populations start by increasing in an exponential man- 
ner, but the population levels off when it approaches its carrying capacity M (or decreases 
toward M if it ever exceeds M). For a model to take into account both trends, we make two 
assumptions: 


P 
. aie ~ kP if Pis small (Initially, the growth rate is proportional to P.) 


ave 
a a8 <QOifP>WM (P decreases if it ever exceeds M.) 


A simple expression that incorporates both assumptions is given by the equation 
dP 12 

[2] ei 
dt M 


Notice that if P is small compared with M, then P/M is close to 0 and so dP/dt ~ kP. If 
P > M, then 1 — P/M is negative and so dP/dt < 0. 

Equation 2 is called the logistic differential equation and was proposed by the Dutch 
mathematical biologist Pierre-Frangois Verhulst in the 1840s as a model for world popula- 
tion growth. We will develop techniques that enable us to find explicit solutions of the 
logistic equation in Section 9.4, but for now we can deduce qualitative characteristics of 
the solutions directly from Equation 2. We first observe that the constant functions 
P(t) = O and P(t) = M are solutions because, in either case, one of the factors on the right 
side of Equation 2 is zero. (This certainly makes physical sense: If the population is ever 
either 0 or at the carrying capacity, it stays that way.) These two constant solutions are 
called equilibrium solutions. 

If the initial population P(0) lies between 0 and M, then the right side of Equation 2 is 
positive, so dP/dt > 0 and the population increases. But if the population exceeds the carry- 
ing capacity (P > M), then 1 — P/M is negative, so dP/dt < 0 and the population 
decreases. Notice that, in either case, if the population approaches the carrying capacity 
(P — M), then dP/dt — 0, which means the population levels off. So we expect that the 
solutions of the logistic differential equation have graphs that look something like the ones 
in Figure 3. Notice that the graphs move away from the equilibrium solution P = 0 and 
move toward the equilibrium solution P = M. 
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WS A Model for the Motion of a Spring 


Let’s now look at an example of a model from the physical sciences. We consider the 
motion of an object with mass m at the end of a vertical spring (as in Figure 4). In Sec- 
tion 6.4 we discussed Hooke’s Law, which says that if the spring is stretched (or com- 
pressed) x units from its natural length, then it exerts a force that is proportional to x: 


restoring force = —kx 


where k is a positive constant (called the spring constant). If we ignore any external resist- 
ing forces (due to air resistance or friction) then, by Newton’s Second Law (force equals 
mass times acceleration), we have 


[3] a 
== dt~ 


This is an example of what is called a second-order differential equation because it 
involves second derivatives. Let’s see what we can guess about the form of the solution 
directly from the equation. We can rewrite Equation 3 in the form 


which says that the second derivative of x is proportional to x but has the opposite sign. We 
know two functions with this property, the sine and cosine functions. In fact, it turns 
out that all solutions of Equation 3 can be written as combinations of certain sine 
and cosine functions (see Exercise 4). This is not surprising; we expect the spring to oscil- 
late about its equilibrium position and so it is natural to think that trigonometric functions 
are involved. 


M88 General Differential Equations 


In general, a differential equation is an equation that contains an unknown function and 
one or more of its derivatives. The order of a differential equation is the order of the high- 
est derivative that occurs in the equation. Thus Equations | and 2 are first-order equations 
and Equation 3 is a second-order equation. In all three of those equations the independent 
variable is called ¢ and represents time, but in general the independent variable doesn’t 
have to represent time. For example, when we consider the differential equation 
[4] aay 
it is understood that y is an unknown function of x. 


A function f is called a solution of a differential equation if the equation is satisfied 


when y = f(x) and its derivatives are substituted into the equation. Thus f is a solution of 
Equation 4 if 


f'X) = xf) 


for all values of x in some interval. 


When we are asked to solve a differential equation we are expected to find all possible 


solutions of the equation. We have already solved some particularly simple differential 
equations, namely, those of the form 


Figure 5 shows graphs of seven members of 
the family in Example 1. The differential equa- 
tion shows that if y = +1, then y’ ~ O. That 
is borne out by the flatness of the graphs near 
y=landy=-l. 


FIGURE 5 
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For instance, we know that the general solution of the differential equation 
is given by 


where C is an arbitrary constant. 

But, in general, solving a differential equation is not an easy matter. There is no sys- 
tematic technique that enables us to solve all differential equations. In Section 9.2, how- 
ever, we will see how to draw rough graphs of solutions even when we have no explicit 
formula. We will also learn how to find numerical approximations to solutions. 


1 GLeVTZESa Show that every member of the family of functions 


1+ ce’ 
Vater Ania tand OA 
i = @e 

is a solution of the differential equation y’ = + ( y= — 1). 


SOLUTION We use the Quotient Rule to differentiate the expression for y: 


_ (1 — ce’ \(ce’) =Altice') (ee) 


yo => 7 
7 (l= GA 
cee cee, cree me eer 
(1 — ce'y (1 — ce‘)? 


The right side of the differential equation becomes 


ae (1+ ce’? — (1 -— ce’) 
7 (1 — ce’) 


Therefore, for every value of c, the given function is a solution of the differential 
equation. res 


When applying differential equations, we are usually not as interested in finding a 
family of solutions (the general solution) as we are in finding a solution that satisfies some 
additional requirement. In many physical problems we need to find the particular solution 
that satisfies a condition of the form y(t) = yo. This is called an initial condition, and the 
problem of finding a solution of the differential equation that satisfies the initial condition 
is called an initial-value problem. 

Geometrically, when we impose an initial condition, we look at the family of solution 
curves and pick the one that passes through the point (to, yo). Physically, this corresponds 
to measuring the state of a system at time fp and using the solution of the initial-value prob- 
lem to predict the future behavior of the system. 
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( {SEGA Find a solution of the differential equation y’ = ‘(y? — 1) that satisfies 
the initial condition y(O) = 2. 


SOLUTION Substituting the values t = 0 and y = 2 into the formula 


from Example 1, we get 


pa pies 
y 1 — ce’ 


Race? cic 


l= @€ 


9 = 
1 — ce® 


Solving this equation for c, we get 2 — 2c = 1 + c, which gives c = ‘So the solution 


of the initial-value problem is 


9.1 | Exercises 


Graphing calculator or computer required 


1 + te! 3+e' 


i =e imac 


30) 64 


hon 
—7é 


. Show that y = $e* + e ** is a solution of the differential 


equation y’ + 2y = 2e*. 


. Verify that y = —tcos ft — tis a solution of the initial-value 


problem 


dy ey 
i= = se Sy 


ease y(7) = 0 


. (a) For what values of r does the function y = e”™ satisfy the 


differential equation 2y” + y’ — y= 0? 

(b) If 7, and rz are the values of r that you found in part (a), 
show that every member of the family of functions 
y = ae™ + be”™ is also a solution. 


. (a) For what values of k does the function y = cos kt satisfy 


the differential equation 4y” = —25y? 

(b) For those values of k, verify that every member of the 
family of functions y = A sinkt + Bcos kt is also a 
solution. 


. Which of the following functions are solutions of the differ- 


ential equation y” + y = sin x? 
(a) y = sinx 

1 - 
(@)iy—-osines 


(b) y=cosx 
(d) y = —3x cos x 


. (a) Show that every member of the family of functions 


y = (Inx + C)/x is a solution of the differential equation 
Pe ei 

(b) Illustrate part (a) by graphing several members of the 
family of solutions on a common screen. 

(c) Find a solution of the differential equation that satisfies 
the initial condition y(1) = 2. 

(d) Find a solution of the differential equation that satisfies 
the initial condition y(2) = 1. 


5) 
LI 


7. (a) What can you say about a solution of the equation 


/ 


y’ = —y? just by looking at the differential equation? 
(b) Verify that all members of the family y = 1/(x + C) are 
solutions of the equation in part (a). 
(c) Can you think of a solution of the differential equation 
y’ = —y* that is not a member of the family in part (b)? 
(d) Find a solution of the initial-value problem 


y' = -y? y(0) = 0.5 


. (a) What can you say about the graph of a solution of the 


equation y’ = xy* when x is close to 0? What if x is 
large? 

(b) Verify that all members of the family y = (c — x*)~'/? 
are solutions of the differential equation y’ = xy*. 

(c) Graph several members of the family of solutions on a 
common screen. Do the graphs confirm what you pre- 
dicted in part (a)? 

(d) Find a solution of the initial-value problem 

y(O) = 2 


’ 


3 
y = xy S 


- A population is modeled by the differential equation 


dP P 
— = 1,.2P{1—- 
dt 4200 


(a) For what values of P is the population increasing? 
(b) For what values of P is the population decreasing? 
(c) What are the equilibrium solutions? 


10. A function y(f) satisfies the differential equation 


a 4 — 6y3 4 5y? 
—_ = y _ y- Sve 
dt : j y 


(a) What are the constant solutions of the equation? 


1. Homework Hints available at stewartcalculus.com 


(b) For what values of y is y increasing? 
(c) For what values of y is y decreasing? 


11. Explain why the functions with the given graphs can’t be solu- 


tions of the differential equation 


dy t 2 
Fe ess" 1) 


(a) YA (b) yA 


— 
> 


/ 


12. The function with the given graph is a solution of one of the 
following differential equations. Decide which is the correct 
equation and justify your answer. 


yA 
> 
0 x 
A. y’'=1+xy B. y’ = —2xy Cay xy. 


13. Match the differential equations with the solution graphs 
labeled I-IV. Give reasons for your choices. 


(a) y= 1 + x* 4+)? (b) y' = Ke 
1 
‘SSS d) y’ = sin(xy) cos(xy) 
(c) y 1+ ef (@) 3 (xy) cos(x) 
I yA Il yA 
tema) it ae AR ee, KS 
(0) 58 
0 x 


IEPA) Direction Fields and Euler's Method 
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14. Suppose you have just poured a cup of freshly brewed coffee 


15. 


with temperature 95°C in a room where the temperature 

is 20°C. 

(a) When do you think the coffee cools most quickly? What 
happens to the rate of cooling as time goes by? Explain. 

(b) Newton’s Law of Cooling states that the rate of cooling 
of an object is proportional to the temperature difference 
between the object and its surroundings, provided that this 
difference is not too large. Write a differential equation that 
expresses Newton’s Law of Cooling for this particular situ- 
ation. What is the initial condition? In view of your answer 
to part (a), do you think this differential equation is an 
appropriate model for cooling? 

(c) Make a rough sketch of the graph of the solution of the 
initial-value problem in part (b). 


Psychologists interested in learning theory study learning 

curves. A learning curve is the graph of a function P(t), the 

performance of someone learning a skill as a function of the 

training time f. The derivative dP/dt represents the rate at 

which performance improves. 

(a) When do you think P increases most rapidly? What 
happens to dP/dt as t increases? Explain. 

(b) If M is the maximum level of performance of which the 
learner is capable, explain why the differential equation 


ere) 


7 k a positive constant 
t 


is a reasonable model for learning. 
(c) Make a rough sketch of a possible solution of this differen- 
tial equation. 


Unfortunately, it’s impossible to solve most differential equations in the sense of obtaining 
an explicit formula for the solution. In this section we show that, despite the absence of an 
explicit solution, we can still learn a lot about the solution through a graphical approach 
(direction fields) or a numerical approach (Euler’s method). 


MH Direction Fields 


Suppose we are asked to sketch the graph of the solution of the initial-value problem 


y =xty y(O) = 1 
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We don’t know a formula for the solution, so how can we possibly sketch its graph? Let’s 
think about what the differential equation means. The equation y’ = x + y tells us that the 
slope at any point (x, y) on the graph (called the solution curve) is equal to the sum of the 
x- and y-coordinates of the point (see Figure 1). In particular, because the curve passes 
through the point (0, 1), its slope there must be 0 +.1 = 1. So a small portion of the solu- 
tion curve near the point (0, 1) looks like a short line segment through (0, 1) with slope 1. 
(See Figure 2.) 


YA yA 
Slope at Slope at 
(x;, y,) 1s (X2, Yo) 1S 
x, + Yi. X_ + Yo. (0, 1) Slope at (0, 1) 
: isO+1=1. 
eA > 
0 a 0 BG 
FIGURE 1 FIGURE 2 
A solution of y’=x + y Beginning of the solution curve through (0, 1) 


As a guide to sketching the rest of the curve, let’s draw short line segments at a num- 
ber of points (x, y) with slope x + y. The result is called a direction field and is shown in 
Figure 3. For instance, the line segment at the point (1, 2) has slope 1 + 2 = 3. The direc- 
tion field allows us to visualize the general shape of the solution curves by indicating the 
direction in which the curves proceed at each point. 


yA y 
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i a TST ts wea me =) —< of ie 
Ne gS NOS Si ie NE ANE NR EN aie Sam Zo a 
\ eer Ea Se Sf Nel eee elise Ss et 
Nee RNG a oe Ws NAG Ne on Nee 
We WoW AL Wo i NESS Ss 1 Fe ere Ne ioe rag 
rea a rial Yves SS \ hc aes NT AS SSS 
FIGURE 3 FIGURE 4 

Direction field for y’=x+ y The solution curve through (0, 1) 


Now we can sketch the solution curve through the point (0, 1) by following the direc- 
tion field as in Figure 4. Notice that we have drawn the curve so that it is parallel to near- 
by line segments. 

In general, suppose we have a first-order differential equation of the form 


Snead llasny) 


where F(x, y) is some expression in x and y. The differential equation says that the slope 
of a solution curve at a point (x, y) on the curve is F(x, y). If we draw short line segments 
with slope F(x, y) at several points (x, y), the result is called a direction field (or slope 
field). These line segments indicate the direction in which a solution curve is heading, so 
the direction field helps us visualize the general shape of these curves. 
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FIGURE 6 


Module 9.2A shows direction fields 
and solution curves for a variety of differential 


equations. 


FIGURE 9 


switch 
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'V 8 EXAMPLE 1 | 
(a) Sketch the direction field for the differential equation y’ = x? + y? — 1. 
(b) Use part (a) to sketch the solution curve that passes through the origin. 


SOLUTION 
(a) We start by computing the slope at several points in the following chart: 


x SP 0 | al ay ie 2 le = ca 
y 0 0 Gilat 0 I a se a Wa al 
y=axrty-1 3 Ee ee 4 1 Omelet 


Now we draw short line segments with these slopes at these points. The result is the 
direction field shown in Figure 5. 


(b) We start at the origin and move to the right in the direction of the line segment 
(which has slope —1). We continue to draw the solution curve so that it moves parallel 
to the nearby line segments. The resulting solution curve is shown in Figure 6. Returning 
to the origin, we draw the solution curve to the left as well. eae 


The more line segments we draw in a direction field, the clearer the picture becomes. 
Of course, it’s tedious to compute slopes and draw line segments for a huge number of 
points by hand, but computers are well suited for this task. Figure 7 shows a more detailed, 
computer-drawn direction field for the differential equation in Example 1. It enables us to 
draw, with reasonable accuracy, the solution curves shown in Figure 8 with y-intercepts 
=}. =I, Mik, einel 2, 


3 3 
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ac ol | eal (ey li | 
I nies a7 TIT ih i | 
H deltths Aver A Aelsleul th ol Let / | 
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FIGURE 7 FIGURE 8 


Now let’s see how direction fields give insight into physical situations. The simple elec- 
tric circuit shown in Figure 9 contains an electromotive force (usually a battery or gener- 
ator) that produces a voltage of E(t) volts (V) and a current of / (t) amperes (A) at time f. 
The circuit also contains a resistor with a resistance of R ohms (Q) and an inductor with an 
inductance of L henries (H). 

Ohm’s Law gives the drop in voltage due to the resistor as R/. The voltage drop due to 
the inductor is L(dI/dt). One of Kirchhoff’s laws says that the sum of the voltage drops is 
equal to the supplied voltage E(t). Thus we have 


[1] 


which is a first-order differential equation that models the current / at time t. 


dl 
L— + RI = E(t) 
dt 
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(% {SQA Suppose that in the simple circuit of Figure 9 the resistance is 12 Q, the 
inductance is 4 H, and a battery gives a constant voltage of 60 V. 

(a) Draw a direction field for Equation | with these values. 

(b) What can you say about the limiting value of the current? 

(c) Identify any equilibrium solutions. 

(d) If the switch is closed when ¢ = 0 so the current starts with 1(0) = 0, use the direc- 
tion field to sketch the solution curve. 


SOLUTION 
(a) If we put L = 4, R = 12, and E(t) = 60 in Equation 1, we get 


dl 
jek = 60 or se LS 5 
dt dt 


The direction field for this differential equation is shown in Figure 10. 
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(b) It appears from the direction field that all solutions approach the value 5 A, that is, 


lim I(t) = 5 


(c) It appears that the constant function /(t) = 5 is an equilibrium solution. Indeed, we 
can verify this directly from the differential equation d//dt = 15 — 3/. If I(t) = 5, then 
the left side is d//dt = 0 and the right side is 15 — 3(5) = 0. 


(d) We use the direction field to sketch the solution curve that passes through (0, 0), as 
shown in red in Figure 11. 
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Notice from Figure 10 that the line segments along any horizontal line are parallel. 
That 1s because the independent variable does not occur on the right side of the equation 


YA 


solution curve 


FIGURE 12 
First Euler approximation 


Euler 


Leonhard Euler (1707-1783) was the leading 
mathematician of the mid-18th century and the 
most prolific mathematician of all time. He was 
born in Switzerland but spent most of his career 
at the academies of science supported by 
Catherine the Great in St. Petersburg and 
Frederick the Great in Berlin. The collected 
works of Euler (pronounced Oiler) fill about 100 
large volumes. As the French physicist Arago 
said, “Euler calculated without apparent effort, 
as men breathe or as eagles sustain themselves 
in the air.” Euler's calculations and writings 
were not diminished by raising 13 children or 
being totally blind for the last 17 years of his 
life. In fact, when blind, he dictated his discov- 
eries to his helpers from his prodigious memory 
and imagination. His treatises on calculus and 
most other mathematical subjects became the 
standard for mathematics instruction and the 
equation e'” + 1 = 0 that he discovered 
brings together the five most famous numbers 
in all of mathematics. 
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I’ = 15 — 3/. In general, a differential equation of the form 


veer aGy) 


in which the independent variable is missing from the right side, is called autonomous. 
For such an equation, the slopes corresponding to two different points with the same 
y-coordinate must be equal. This means that if we know one solution to an autonomous 
differential equation, then we can obtain infinitely many others just by shifting the graph 
of the known solution to the right or left. In Figure 11 we have shown the solutions 
that result from shifting the solution curve of Example 2 one and two time units (namely, 
seconds) to the right. They correspond to closing the switch when t = | or t = 2. 


Ms Euler's Method 


The basic idea behind direction fields can be used to find numerical approximations to 
solutions of differential equations. We illustrate the method on the initial-value problem 
that we used to introduce direction fields: 


pee Lanes) pi ia 


The differential equation tells us that y(0) = 0 + 1 = 1, so the solution curve has slope | 
at the point (0, 1). As a first approximation to the solution we could use the linear approx- 
imation L(x) = x + 1. In other words, we could use the tangent line at (0, 1) as a rough 
approximation to the solution curve (see Figure 12). 

Euler’s idea was to improve on this approximation by proceeding only a short distance 
along this tangent line and then making a midcourse correction by changing direction as 
indicated by the direction field. Figure 13 shows what happens if we start out along the 
tangent line but stop when x = 0.5. (This horizontal distance traveled is called the step 
size.) Since L(0.5) = 1.5, we have y(0.5) ~ 1.5 and we take (0.5, 1.5) as the starting point 
for a new line segment. The differential equation tells us that y'(0.5) = 0.5 + 1.5 = 2, so 
we use the linear function 


y = 1.5 + 2(x — 0.5) =2x + 0.5 


as an approximation to the solution for x > 0.5 (the green segment in Figure 13). If we 
decrease the step size from 0.5 to 0.25, we get the better Euler approximation shown in 
Figure 14. 


YA 
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Euler approximation with step size 0.5 Euler approximation with step size 0.25 

In general, Euler’s method says to start at the point given by the initial value and pro- 
ceed in the direction indicated by the direction field. Stop after a short time, look at the 
slope at the new location, and proceed in that direction. Keep stopping and changing direc- 
tion according to the direction field. Euler’s method does not produce the exact solution to 
an initial-value problem—it gives approximations. But by decreasing the step size (and 
therefore increasing the number of midcourse corrections), we obtain successively better 
approximations to the exact solution. (Compare Figures 12, 13, and 14.) 
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(%1, Yi) 


h F(Xo, Yo) 
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FIGURE 15 


Module 9.2B shows how Euler's method 
works numerically and visually for a variety of dif- 
ferential equations and step sizes. 


Computer software packages that produce 
numerical approximations to solutions of 
differential equations use methods that are 
refinements of Euler's method. Although Euler's 
method is simple and not as accurate, it is 

the basic idea on which the more accurate 
methods are based. 


For the general first-order initial-value problem y’ = F(x, y), y(%o) = yo, Our aim 1s 
to find approximate values for the solution at equally spaced numbers Xo, x1 = Xo al 
X> =x, + h,..., where h is the step size. The differential equation tells us that the slope 
at (xo, yo) is y’ = F(xo, yo), So Figure 15 shows that the approximate value of the solution 
when x = x; is 

yi = yo + AF (Xo, yo) 


Similarly, yo = yt + AF(x1, y1) 


In general, Yn = Yn-1 ar RE ee) 


Euler's Method Approximate values for the solution of the initial-value problem 
y’ = F(x, y), y(xo) = yo, with step size h, at Xn = Xn-1 Siate 


Ve Wen Pl (X= vt) w= 2, See 


(SQGEEI Use Euler’s method with step size 0.1 to construct a table of approximate 
values for the solution of the initial-value problem 


Vig=ie yy yO) 1 
SOLUTION We are given that h = 0.1, xo = 0, yo = 1, and F(x, y) =x + y. So we have 
yi = yo + AF (xo, yo) = 1.+ 0.100 + 1)=1.1 
ye PPAF yr — el. 0.10.1 11) = eae 
y3 = yp. + AF (x2, yo) = 1.22 + 0.1(0.2 + 1.22) = 1.362 


This means that if y(x) is the exact solution, then y(0.3) ~ 1.362. 
Proceeding with similar calculations, we get the values in the table: 


n Be Yn n XG; ae 
] 0.1 1.100000 6 0.6 1.943122 
2 0.2 1.220000 7 0.7 2.197434 
3 3} 1.362000 8 0.8 2.487178 
4 0.4 1.528200 9 0.9 2.815895 
5) 0.5 1.721020 10 1.0 3.187485 
eae) 


For a more accurate table of values in Example 3 we could decrease the step size. But 
for a large number of small steps the amount of computation is considerable and so we 
need to program a calculator or computer to carry out these calculations. The following 
table shows the results of applying Euler’s method with decreasing step size to the initial- 
value problem of Example 3. 


Step size Euler estimate of y(0.5) Euler estimate of y(1) 
0.500 1.500000 2.500000 
0.250 1.625000 2.882813 
0.100 1.721020 3.187485 
0.050 1.757789 3.306595 
0.020 Lote iy? 3.383176 
0.010 1.789264. 3.409628 
0.005 1.793337 3.423034 
0.001 1.796619 3.433848 
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Notice that the Euler estimates in the table seem to be approaching limits, namely, the 
true values of y(0.5) and y(1). Figure 16 shows graphs of the Euler approximations with step 
sizes. 0.5. 0.25, 0.1, 0:05, 0:02, 0,01. and 0/005, They are approaching the exact solution 
curve as the step size h approaches 0. 


FIGURE 16 
Euler approximations 0 0.5 1 a 
approaching the exact solution 


() (SETS) In Example 2 we discussed a simple electric circuit with resistance 
12 Q, inductance 4 H, and a battery with voltage 60 V. If the switch is closed when t = 0, 
we modeled the current / at time ¢ by the initial-value problem 


dl 
= = 15 = 3B 1(0) =0 
dt 


Estimate the current in the circuit half a second after the switch is closed. 


SOLUTION We use Euler’s method with F(t, J) = 15 — 3/, to = 0, Jo = 0, and step size 
h = 0.1 second: 


T= 0 0,105 = 3 20) = 1.5 

T= 125 3, O(a 352105 8255 

f= 2.55 + O53 72:55) 93.285 
io O85 NOM oes 9-200) — oo) 


[5 = 3.799510. 115093937995) = 415965 


So the current after 0.5 s is 


1(0.5) ~ 4.16 A fon a] 
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| 9.2 | Exercises 


1. A direction field for the differential equation y’ = x cos 7ry is 
shown. 
(a) Sketch the graphs of the solutions that satisfy the given 
initial conditions. 
(i) y(0) = 0 (ii) y(0) = 0.5 
(iii) y(0) = 1 (iv) y(O) = 1.6 


(b) Find all the equilibrium solutions. 
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2. A direction field for the differential equation y’ = tan(Scry) is 
shown. 
(a) Sketch the graphs of the solutions that satisfy the given 
initial conditions. 
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7. Use the direction field labeled II (above) to sketch the graphs 


of the solutions that satisfy the given initial conditions. 


(a) y(0) = 1 


(b) y(0) = 2 


(c) y(0) = —1 


3-6 Match the differential equation with its direction field (labeled 


(i) yO) =1 


(iii) y(0) = 2 


(il 


) y(0) = 0.2 


Gy) yD a=s3 


(b) Find all the equilibrium solutions. 


yA 

Bee ahr as ee a ee 
SS Se | | Ss =~ ~ > =~ 
TARE SEG LIDS BS AS AS BAAS 
\ \ is \ \ \ \ \ \ \ \ \ 
fy aie 1 ie 
TS el EY Ko piace ee) 
A OE | ha eee Lind LMS, 
LG reg pees ae a “ ek gee 
ee ee | ee ee 
Rt Oe ee ee eS 
oe DS OX ~~ ~~ N Se eS 

SING NG NG NO NGM NENG NS 

Were \emmoNw Nall \AN 

I Me Seat Brest ie I 

[ / / / / / / / / 
Pie SR 1/5 as bal On © a me 
PO) ee Aa aN re a ana a 
eo | 
a - = 
=! = 0 l 2 


I-IV). Give reasons for your answer. 


3. y'=2-y 


4. y’ =x(2—y) 


Graphing calculator or computer required 


[cas] Computer algebra system required 


8. Use the direction field labeled IV (above) to sketch the graphs 
of the solutions that satisfy the given initial conditions. 


(a) y(0) = -1 (b) y(0) = 0 (c) y(0) = 1 
9-10 Sketch a direction field for the differential equation. Then use 
it to sketch three solution curves. 


9. y’ =hy 10. y =x-y+l 


11-14 Sketch the direction field of the differential equation. Then 
use it to sketch a solution curve that passes through the given 
point. 


1, yoy 2 te) 12. y’ =xy—x’, (0,1) 


13. y =y+xy, (0,1) 14. y =x+y?, (0,0) 


CAS 15-16 Use a computer algebra system to draw a direction field for 
the given differential equation. Get a printout and sketch on it the 
solution curve that passes through (0, 1). Then use the CAS to 
draw the solution curve and compare it with your sketch. 


15. y’ = x’ siny 16. y’ = x(y? — 4) 


1. Homework Hints available at stewartcalculus.com 


[CAs] 17. Use a computer algebra system to draw a direction field for 


18. 


19. 


20. 


=| 


US 


— 


SS GG 


the differential equation y’ = y* — 4y. Geta printout and 
sketch on it solutions that satisfy the initial condition 

y(0) = c for various values of c. For what values of c does 
lim,—.. y(t) exist? What are the possible values for this limit? 


Make a rough sketch of a direction field for the autonomous 
differential equation y’ = f(y), where the graph of f is as 
shown. How does the limiting behavior of solutions depend 
on the value of y(0)? 


f(y) 


Say 


(a) Use Euler’s method with each of the following step sizes 
to estimate the value of y(0.4), where y is the solution of 
the initial-value problem y’ = y, y(0) = 1. 

G) h=0.4 (ii) h=0.2 (ili) h = 0.1 

(b) We know that the exact solution of the initial-value 
problem in part (a) is y = e*. Draw, as accurately as you 
can, the graph of y = e*,0 < x < 0.4, together with the 
Euler approximations using the step sizes in part (a). 
(Your sketches should resemble Figures 12, 13, and 14.) 
Use your sketches to decide whether your estimates in 
part (a) are underestimates or overestimates. 

(c) The error in Euler’s method is the difference between 
the exact value and the approximate value. Find the 
errors made in part (a) in using Euler’s method to esti- 
mate the true value of y(0.4), namely e°*. What happens 
to the error each time the step size is halved? 


A direction field for a differential equation is shown. Draw, 
with a ruler, the graphs of the Euler approximations to the 
solution curve that passes through the origin. Use step sizes 
h = 1 andh = 0.5. Will the Euler estimates be under- 
estimates or overestimates? Explain. 
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21. 


22. 


23. 


24. 


[cas] 26. 


27. 
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Use Euler’s method with step size 0.5 to compute the 
approximate y-values yj, yr, y3, and y, of the solution of the 
initial-value problem y’ = y — 2x, y(1) = 0. 


Use Euler’s method with step size 0.2 to estimate y(1), 
where y(x) is the solution of the initial-value problem 
y= ye yO) = 1. 


Use Euler’s method with step size 0.1 to estimate y(0.5), 
where y(x) is the solution of the initial-value problem 
Ye Vite cy, 5)(0) cal 


(a) Use Euler’s method with step size 0.2 to estimate y(0.4), 
where y(x) is the solution of the initial-value problem 
y =x + y7, yO) =—0, 

(b) Repeat part (a) with step size 0.1. 


. (a) Program a calculator or computer to use Euler’s method 


to compute y(1), where y(x) is the solution of the initial- 
value problem 


d 
tT. 3 Vi 165 


(0) =3 
rs y(0) 


(i) h=1 (ii) h=0.1 
(ii) h = 0.01 (iv) h = 0.001 


(b) Verify that y = 2 + eis the exact solution of the dif- 
ferential equation. 

(c) Find the errors in using Euler’s method to compute y(1) 
with the step sizes in part (a). What happens to the error 
when the step size is divided by 10? 


(a) Program your computer algebra system, using Euler’s 
method with step size 0.01, to calculate y(2), where y 
is the solution of the initial-value problem 


Veet he = y(0) =1 


(b) Check your work by using the CAS to draw the solution 
curve. 


The figure shows a circuit containing an electromotive force, 
a capacitor with a capacitance of C farads (F), and a resistor 
with a resistance of R ohms (2). The voltage drop across the 
capacitor is O/C, where Q is the charge (in coulombs, C), so 
in this case Kirchhoff’s Law gives 


Q 
IE =e = = JA 
C (t) 
But J = dQ/dt, so we have 
dQ 1 
R~+—Q=Kt 
7 ce (t) 


Suppose the resistance is 5 (, the capacitance is 0.05 F, and 

a battery gives a constant voltage of 60 V. 

(a) Draw a direction field for this differential equation. 

(b) What is the limiting value of the charge? 

(c) Is there an equilibrium solution? 

(d) If the initial charge is Q(0) = 0 C, use the direction field 
to sketch the solution curve. 
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(e) If the initial charge is Q(0) = 0 C, use Buler’s method with 28. In Exercise 14 in Section 9.1 we considered a 95°C cup of cof- 
step size 0.1 to estimate the charge after half a second. fee in a 20°C room. Suppose it is known that the coffee cools 


C. 


| 93 Separable Equations 


The technique for solving separable differential 
equations was first used by James Bernoulli 

(in 1690) in solving a problem about pendulums 
and by Leibniz (in a letter to Huygens in 1691). 
John Bernoulli explained the general method in 
a paper published in 1694. 


at a rate of 1°C per minute when its temperature is 70°C. 
(a) What does the differential equation become in this case? 
(b) Sketch a direction field and use it to sketch the solution 
curve for the initial-value problem. What is the limiting 
ns value of the temperature? 
(c) Use Euler’s method with step size h = 2 minutes to 
estimate the temperature of the coffee after 10 minutes. 


We have looked at first-order differential equations from a geometric point of view (direc- 
tion fields) and from a numerical point of view (Euler’s method). What about the symbolic 
point of view? It would be nice to have an explicit formula for a solution of a differential 
equation. Unfortunately, that is not always possible. But in this section we examine a cer- 
tain type of differential equation that can be solved explicitly. 

A separable equation is a first-order differential equation in which the expression for 
dy/dx can be factored as a function of x times a function of y. In other words, it can be 


written in the form 
dy 


dx 


The name separable comes from the fact that the expression on the right side can be “sep- 
arated” into a function of x and a function of y. Equivalently, if f(y) # 0, we could write 


dy _ g(x) 
(1 dx hy) 


where h(y) = 1/f(y). To solve this equation we rewrite it in the differential form 
h(y) dy = g(x) dx 


so that all y’s are on one side of the equation and all x’s are on the other side. Then we inte- 
grate both sides of the equation: 


[2] | h(y) dy = | g(x) dx 


Equation 2 defines y implicitly as a function of x. In some cases we may be able to solve 
for y in terms of x. 


We use the Chain Rule to justify this procedure: If h and g satisfy [2], then 


“a ( hy) i») -< (| g(x) ix) 


ode a dy 
0) an ( h(y) iy) 2 ia g(x) 
and h(y) a = g(x) 


Thus Equation | is satisfied. 


Figure 1 shows graphs of several members 
of the family of solutions of the differential 
equation in Example 1. The solution of the 
initial-value problem in part (b) is shown in red. 


3) 


FIGURE 1 


Some computer algebra systems can plot curves 
defined by implicit equations. Figure 2 shows 
the graphs of several members of the family 

of solutions of the differential equation in 
Example 2. As we look at the curves from 

left to right, the values of C are 3, 2, 1,0, —1, 
a2 andl Se 


~ 


FIGURE 2 
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2 


EXAMPLE 1 
3 


‘ d 
(a) Solve the differential equation = = 
ey 
(b) Find the solution of this equation that satisfies the initial condition y(0) = 2. 


SOLUTION 
(a) We write the equation in terms of differentials and integrate both sides: 


where C is an arbitrary constant. (We could have used a constant C , on the left side and 
another constant C, on the right side. But then we could combine these constants by 
writing C = C, — C,.) 

Solving for y, we get 


y = Vx3 + 3C 
We could leave the solution like this or we could write it in the form 
y= aK 


where K = 3C. (Since C is an arbitrary constant, so is K.) 


(b) If we put x = 0 in the general solution in part (a), we get y(0) = 3/K . To satisfy the 
initial condition y(0) = 2, we must have %/K = 2 and so K = 8. Thus the solution of 
the initial-value problem is 


Vie es 
WY EEZUWLIEEY Solve the differential equation oo 
olve the differential equation —- = —————. 
di 2yi cos y 
SOLUTION Writing the equation in differential form and integrating both sides, we have 


(2y + cos y)dy = 6x’? dx 
{ (2y + cos y)dy = { 6x° dx 
[3] yoo Siny = 27° + GC 


where C is a constant. Equation 3 gives the general solution implicitly. In this case it’s 
impossible to solve the equation to express y explicitly as a function of x. Nee | 


SCIASEY Solve the equation y’ = x’y. 


SOLUTION First we rewrite the equation using Leibniz notation: 


dy , 
—— | xy 


dx 
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lf a solution y is a function that satisfies 

y(x) ¥ 0 for some x, it follows from a 
uniqueness theorem for solutions of differential 
equations that y(x) # 0 for all x. 


Figure 3 shows a direction field for the differ- 
ential equation in Example 3. Compare it 

with Figure 4, in which we use the equation 

y = Ae*’? to graph solutions for several val- 
ues of A. If you use the direction field to sketch 
solution curves with y-intercepts 5, 2, 1, —1, 
and —2, they will resemble the curves in 
Figure 4. 


switch 


FIGURE 5 


If y 4 0, we can rewrite it in differential notation and integrate: 


Doure any y#0 
y 

d 

= Nercx 

y 


3 
in|y| == + C 


This equation defines y implicitly as a function of x. But in this case we can solve 
explicitly for y as follows: 


/8 


, 3 
In|) (60/3) Ge ee 


|y| =e l—¢ 


3 
sO yore ene?! 


We can easily verify that the function y = 0 is also a solution of the given differential 
equation. So we can write the general solution in the form 


3 
yea Ae 


where A is an arbitrary constant (A = e°, or A = —e°, or A = 0). 
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FIGURE 3 FIGURE 4 


1 (S2A2928 In Section 9.2 we modeled the current /(f) in the electric circuit shown in 
Figure 5 by the differential equation 


jis + RI = E(t) 
dt 


Find an expression for the current in a circuit where the resistance is 12 , the induc- 


tance is 4 H, a battery gives a constant voltage of 60 V, and the switch is turned on when 
t = 0. What is the limiting value of the current? 


SOLUTION With L = 4, R = 12, and E(t) = 60, the equation becomes 


dl 
4— + 121 = 60 or 


I 
A deo 
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and the initial-value problem is 


ee Sy 1(0) = 
a (O)ieaa 


We recognize this equation as being separable, and we solve it as follows: 


dl {a 
iar oe 
ey a (le 37 ~ 0) 


1 
; =" lin || IS) = SA, =e SP 
Figure 6 shows how the solution in Example 4 : | | 
(the current) approaches its limiting value. Com- 
parison with Figure 11 in Section 9.2 shows that 


we were able to draw a fairly accurate solution Nile 4 
ate oy = YG Sy a fay: 
curve from the direction field. | lS 33) =e ver = Ae 


[1S sel es 2 


6 Lee Ack 


Since /(0) = 0, we have 5 — +A = 0, so A = 15 and the solution is 


| 
eo ae 


The limiting current, in amperes, is 


0 = Ze) 


FIGURE 6 lim I(t) = lim.(5, —15es)) = > 5 lime" =5 =0 =5 em 


to to to 


MH Orthogonal Trajectories 


An orthogonal trajectory of a family of curves is a curve that intersects each curve of the 
family orthogonally, that is, at right angles (see Figure 7). For instance, each member of 
the family y = mx of straight lines through the origin is an orthogonal trajectory of the 
family x? + y* = r’ of concentric circles with center the origin (see Figure 8). We say that 
the two families are orthogonal trajectories of each other. 


YA 


m 


orthogonal 
trajectory 


FIGURE 7 FIGURE 8 


(] §SeRTS8 Find the orthogonal trajectories of the family of curves x = ky’, where 
k is an arbitrary constant. 


SOLUTION The curves x = ky? form a family of parabolas whose axis of symmetry is 
the x-axis. The first step is to find a single differential equation that is satisfied by all 
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FIGURE 9 


members of the family. If we differentiate x = ky*, we get 


Pyne or aa 
seach Fe ie ky 


This differential equation depends on k, but we need an equation that is valid for all 
values of k simultaneously. To eliminate k we note that, from the equation of the given 


general parabola x = ky’, we have k = x/y’ and so the differential equation can be 
written as 


dys ton linn of 2.1 
dx 2ky 2, 
y? 
ie 
ae dx On 


This means that the slope of the tangent line at any point (x, y) on one of the parabolas is 
y’ = y/(2x). On an orthogonal trajectory the slope of the tangent line must be the nega- 

tive reciprocal of this slope. Therefore the orthogonal trajectories must satisfy the differ- 
ential equation 


This differential equation is separable, and we solve it as follows: 


{» dy = = Weis: 


Fr gt Mp 
[4] 5 ss G 


where C is an arbitrary positive constant. Thus the orthogonal trajectories are the family 
of ellipses given by Equation 4 and sketched in Figure 9. oe 2 


Orthogonal trajectories occur in various branches of physics. For example, in an elec- 
trostatic field the lines of force are orthogonal to the lines of constant potential. Also, 


the streamlines in aerodynamics are orthogonal trajectories of the velocity-equipotential 
curves. 


MH Mixing Problems 


A typical mixing problem involves a tank of fixed capacity filled with a thoroughly mixed 
solution of some substance, such as salt. A solution of a given concentration enters the tank 
at a fixed rate and the mixture, thoroughly stirred, leaves at a fixed rate, which may differ 
from the entering rate. If y(t) denotes the amount of substance in the tank at time t, then 
y'(t) is the rate at which the substance is being added minus the rate at which it is being 
removed. The mathematical description of this situation often leads to a first-order sepa- 
rable differential equation. We can use the same type of reasoning to model a variety of 


phenomena: chemicai reactions, discharge of pollutants into a lake, injection of a drug into 
the bloodstream. 


Figure 10 shows the graph of the function y(t) 
of Example 6. Notice that, as time goes by, the 
amount of salt approaches 150 kg. 


yA 
150 
100 + 
50 7 
= t > 
of 200 400 t 


FIGURE 10 
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A tank contains 20 kg of salt dissolved in 5000 L of water. Brine that con- 
tains 0.03 kg of salt per liter of water enters the tank at a rate of 25 L/min. The solution is 
kept thoroughly mixed and drains from the tank at the same rate. How much salt remains 
in the tank after half an hour? 


SOLUTION Let y(¢) be the amount of salt (in kilograms) after t minutes. We are given that 
y(0) = 20 and we want to find y(30). We do this by finding a differential equation satis- 
fied by y(t). Note that dy/dt is the rate of change of the amount of salt, so 


d 
[5 = = (rate in) — (rate out) 


where (rate in) 1s the rate at which salt enters the tank and (rate out) is the rate at which 
salt leaves the tank. We have 


: kg L kg 
ane in == || O03 == |} 2) ——— |] = ©. : 
IL, min min 


The tank always contains 5000 L of liquid, so the concentration at time t is y(t)/5000 
(measured in kilograms per liter). Since the brine flows out at a rate of 25 L/min, we 


have 
y(t) kg L y(t) kg 
yout = (| (in = | ee 
cars (24 i )( ? = 200 min 


Thus, from Equation 5, we get 


dy _ ae Oe 0 
ii ae 200 200 


Solving this separable differential equation, we obtain 


(“= dt 
150 — y 200 


t 
STON ROSR NS oo eke 


Since y(0) = 20, we have —In 130 = C, so 


t 
—In| 150 — y| = Fh el 


Therefore |150 — y| = 130e72” 


Since y(t) is continuous and y(0) = 20 and the right side is never 0, we deduce that 
150 — y(t) is always positive. Thus | 150 — y| = 150 — y and so 


y(t)=1150e 2 130e0/ 
The amount of salt after 30 min is 


y(30) = 150 — 130e7”™ = 38.1 kg aes] 
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| 9.3 | Exercises 


1-10 Solve the differential equation. 


dy 5 dy ‘ae 
——— 4 2, — = ) 
: dx x2 dx ai 
3. xy*y’ =x+1 4. (y? + xy?)y’ =1 
Ace eheoh acs 5 6 dv Basar ] 
(Cy sin yy =x + x Saeco Es 
, dy t : dy _ esin’@ 
dt yer " d@-— ysecd 


pins : Z a 
9 =i = jp se ue = Mh 1055 ca 10) 


11-18 Find the solution of the differential equation that satisfies 
the given initial condition. 


dy 3 
Wo =, 0) = —3 
okey 
) 1 B® 
12. dy ca ey y(1) =2 
dx xy 
d 2t + sec*t 
3, ==" (0) = -5 
dt 2u 
xy sin x 
14. y' =— s 0) = 1 
y ae y(0) 


15. xInx=y(1+ V3 +y2)y’, yl) =1 


dP 
16. ae JPt, P(1)=2 


17. y'tanx=a+ty, y(7/3)=a, 0O<x< n/2 
dL 

18. —=kL’ Int, L(1) = -1 
Ai nt, L(1) 


19. Find an equation of the curve that passes through the point 
(0, 1) and whose slope at (x, y) is xy. 


20. Find the function f such that f’(x) = f(x)(1 — f(x)) afd 
f(0) = 3. 


21. Solve the differential equation y’ = x + y by making the 
change of variable u = x + y. 


22. Solve the differential equation xy’ = y + xe’/* by making 
the change of variable v = y/x. 


WA . . 
Graphing calculator or computer required 


AY 


cag 


[cas] 


23. (a) Solve the differential equation y’ = 2x1 — y?’. 
(b) Solve the initial-value problem y’ = 2x1 — y?, 
y(0) = 0, and graph the solution. 
(c) Does the initial-value problem y’ = 2x/1 — y?, 
y(0) = 2, have a solution? Explain. 


24. Solve the equation e *y’ + cos x = 0 and graph several 
members of the family of solutions. How does the solution 
curve change as the constant C varies? 


25. Solve the initial-value problem y’ = (sin x)/sin y, 
y(0) = 7/2, and graph the solution (if your CAS does 
implicit plots). 


26. Solve the equation y’ = x./x? + 1/(ye’) and graph several 
members of the family of solutions (af your CAS does 
implicit plots). How does the solution curve change as the 
constant C varies? 


[cas] 27-28 


(a) Use a computer algebra system to draw a direction field 
for the differential equation. Get a printout and use it to 
sketch some solution curves without solving the differential 
equation. 

(b) Solve the differential equation. 

(c) Use the CAS to draw several members of the family of solu- 
tions obtained in part (b). Compare with the curves from 
part (a). 


21. y=" 28. y’ = xy 


29-32 Find the orthogonal trajectories of the family of curves. 


CAS) Computer algebra system required 


Use a graphing device to draw several members of each family 
on a common screen. 


29. x° tt 2y? =k? 30. y? = kx? 
k i 
31. y= — 32. y= 
x ‘ Ih spas. 


33-35 An integral equation is an equation that contains an 
unknown function y(x) and an integral that involves y(x). Solve 
the given integral equation. [Hint: Use an initial condition 
obtained from the integral equation. ] 


33. y(x) =2+ is [t — ty(t)] dt 


x at 
1 ty(t)’ 


34. y(x) =2+ 


35. y(x) = 4 + {° 2t/y(t) dt 


1. Homework Hints available at stewartcalculus.com 


36. Find a function f such that f(3) = 2 and 


37. 


38. 


39. 


40. 


41. 


Cater ae) t yrit)| + 0 pall 


[Hint: Use the addition formula for tan(x + y) on Reference 
Page 2.] 


Solve the initial-value problem in Exercise 27 in Section 9.2 
to find an expression for the charge at time f. Find the limit- 
ing value of the charge. 


In Exercise 28 in Section 9.2 we discussed a differential 
equation that models the temperature of a 95°C cup of cof- 
fee in a 20°C room. Solve the differential equation to find an 
expression for the temperature of the coffee at time t. 


In Exercise 15 in Section 9.1 we formulated a model for 
learning in the form of the differential equation. 

dP 

—=k(M-P 

Fae ) 
where P(t) measures the performance of someone learning a 
skill after a training time t, M is the maximum level of per- 
formance, and k is a positive constant. Solve this differential 
equation to find an expression for P(t). What is the limit of 
this expression? 


In an elementary chemical reaction, single molecules of 
two reactants A and B form a molecule of the product C: 
A + B->C. The law of mass action states that the rate 
of reaction is proportional to the product of the concentra- 
tions of A and B: 


afc] 


=, 7 FAI! 


(See Example 4 in Section 3.7.) Thus, if the initial concen- 
trations are [A] = a moles/L and [B] = b moles/L and we 
write x = [C], then we have 
ae k(a — x)(b — x) 
dt 
(a) Assuming that a # 5, find x as a function of t. Use the 
fact that the initial concentration of C is 0. 
(b) Find x(t) assuming that a = b. How does this expres- 
sion for x(t) simplify if it is known that [C] = Sa after 
20 seconds? 


In contrast to the situation of Exercise 40, experiments show 
that the reaction H» + Br. — 2HBr satisfies the rate law 


ee 
; 5 (Br. 


and so for this reaction the differential equation becomes 


d 

& = Ka — x)(b — x)” 

dt 
where x = [HBr] and a and b are the initial concentrations 
of hydrogen and bromine. 
(a) Find x as a function of t in the case where a = b. Use 


the fact that x(0) = 0. 


42. 


43. 


44. 


45. 


46. 


47. 
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(b) If a > b, find ¢ as a function of x. Hint: In performing 
the integration, make the substitution u = /b — x. 


A sphere with radius 1 m has temperature 15°C. It lies inside 
a concentric sphere with radius 2 m and temperature 25°C. 
The temperature T(r) at a distance r from the common cen- 
ter of the spheres satisfies the differential equation 


il OR GBP 
aa, + —— Fe. 
dr° ip ahr 

If we let S = dT/dr, then S satisfies a first-order differential 


equation. Solve it to find an expression for the temperature 
T(r) between the spheres. 


0 


A glucose solution is administered intravenously into the 
bloodstream at a constant rate r. As the glucose is added, it 
is converted into other substances and removed from the 
bloodstream at a rate that is proportional to the concen- 
tration at that time. Thus a model for the concentration 

C = C(t) of the glucose solution in the bloodstream is 


SS p= IC 
dt 

where k is a positive constant. 

(a) Suppose that the concentration at time tf = 0 is Co. 
Determine the concentration at any time f by solving the 
differential equation. 

(b) Assuming that Co < r/k, find lim,—... C(t) and interpret 
your answer. 


A certain small country has $10 billion in paper currency 
in circulation, and each day $50 million comes into the 
country’s banks. The government decides to introduce new 
currency by having the banks replace old bills with new 
ones whenever old currency comes into the banks. Let 

x = x(¢) denote the amount of new currency in circulation 

at time ft, with x(0) = 0. 

(a) Formulate a mathematical model in the form of an 
initial-value problem that represents the “flow” of the 
new currency into circulation. 

(b) Solve the initial-value problem found in part (a). 

(c) How long will it take for the new bills to account for 
90% of the currency in circulation? 


A tank contains 1000 L of brine with 15 kg of dissolved salt. 
Pure water enters the tank at a rate of 10 L/min. The solu- 
tion is kept thoroughly mixed and drains from the tank at the 
same rate. How much salt is in the tank (a) after f minutes 
and (b) after 20 minutes? 


The air in a room with volume 180 m® contains 0.15% car- 
bon dioxide initially. Fresher air with only 0.05% carbon 
dioxide flows into the room at a rate of 2 m°/min and the 
mixed air flows out at the same rate. Find the percentage of 
carbon dioxide in the room as a function of time. What hap- 
pens in the long run? 


A vat with 500 gallons of beer contains 4% alcohol (by 
volume). Beer with 6% alcohol is pumped into the vat at a 
rate of 5 gal/min and the mixture is pumped out at the same 
rate. What is the percentage of alcohol after an hour? 
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48. 


49. 


50. 


51. 
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A tank contains 1000 L of pure water. Brine that contains 

0.05 kg of salt per liter of water enters the tank at a rate of 

5 L/min. Brine that contains 0.04 kg of salt per liter of 

water enters the tank at a rate of 10 L/min. The solution is 
kept thoroughly mixed and drains from the tank at a rate of 

15 L/min. How much salt is in the tank (a) after ¢ minutes and 
(b) after one hour? 


When a raindrop falls, it increases in size and so its mass at 
time f is a function of t, namely m(t). The rate of growth of the 
mass is km(t) for some positive constant k. When we apply 
Newton’s Law of Motion to the raindrop, we get (mv)' = gm, 
where v is the velocity of the raindrop (directed downward) and 
g is the acceleration due to gravity. The terminal velocity of the 
raindrop is lim,—... v(t). Find an expression for the terminal 
velocity in terms of g and k. 


An object of mass m is moving horizontally through a medium 
which resists the motion with a force that is a function of the 
velocity; that is, 

d’s 


dv 
Wines ae Ae) 


where v = v(t) and s = s(t) represent the velocity and position 

of the object at time t, respectively. For example, think of a 

boat moving through the water. 

(a) Suppose that the resisting force is proportional to the veloc- 
ity, that is, f(v) = —kv, k a positive constant. (This model 
is appropriate for small values of v.) Let v(0) = vo and 
s(O) = So be the initial values of v and s. Determine v and 
s at any time ¢. What is the total distance that the object 
travels from time t = 0? 

(b) For larger values of v a better model is obtained by sup- 
posing that the resisting force is proportional to the square 
of the velocity, that is, f(v) = —kv?, k > 0. (This model 
was first proposed by Newton.) Let vp and so be the initial 
values of v and s. Determine v and s at any time ¢. What is 
the total distance that the object travels in this case? 


Allometric growth in biology refers to relationships between 
sizes of parts of an organism (skull length and body length, for 
instance). If L(t) and L(t) are the sizes of two organs in an 
organism of age f, then L; and L» satisfy an allometric law if 
their specific growth rates are proportional: 


dL» 
dt 


she, GE asp! 
IE Gh Lp 


where k is a constant. 

(a) Use the allometric law to write a differential equation 
relating L; and L, and solve it to express L; as a function 
of Thpxy, 

(b) In a study of several species of unicellular algae, the 
proportionality constant in the allometric law relating 
B (cell biomass) and V (cell volume) was found to be 
k = 0.0794. Write B as a function of V. 


[cas] 


52. 


53. 


Homeostasis refers to a state in which the nutrient content of a 
consumer is independent of the nutrient content of its food. In 
the absence of homeostasis, a model proposed by Sterner and 

Elser is given by 


aye 


ns 
dx x 


i 
0 


where x and y represent the nutrient content of the food and the 
consumer, respectively, and 6 is a constant with 6 = 1. 

(a) Solve the differential equation. 

(b) What happens when 6 = 1? What happens when 6 — %? 


Let A(t) be the area of a tissue culture at time ¢ and let M be 
the final area of the tissue when growth is complete. Most cell 
divisions occur on the periphery of the tissue and the number 
of cells on the periphery is proportional to /A(d). So a reason- 
able model for the growth of tissue is obtained by assuming 
that the rate of growth of the area is jointly proportional to 
VA(t) and M — A(?). 
(a) Formulate a differential equation and use it to show that 
the tissue grows fastest when A(t) = 5M. 
(b) Solve the differential equation to find an expression 
for A(t). Use a computer algebra system to perform the 
integration. 


. According to Newton’s Law of Universal Gravitation, the 


gravitational force on an object of mass m that has been 
projected vertically upward from the earth’s surface is 


_mgR* 
(x + R)? 


where x = x(t) is the object’s distance above the surface at 
time ft, R is the earth’s radius, and g is the acceleration due to 
gravity. Also, by Newton’s Second Law, F = ma = m(dv/dt) 
and so 


(a) Suppose a rocket is fired vertically upward with an initial 
velocity vo. Let h be the maximum height above the surface 
reached by the object. Show that 


2gRh 
Ny = ae ees 
R+h 
[Hint: By the Chain Rule, m (dv/dt) = mv (dv/dx).] 
(b) Calculate v, = lim). vo. This limit is called the escape 
velocity for the earth. 
(c) Use R = 3960 mi and g = 32 ft/s? to calculate v, in 
feet per second and in miles per second. 
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HOW FAST DOES A TANK DRAIN? 


Problem 2(b) is best done as a classroom 
demonstration or as a group project with three 
students in each group: a timekeeper to call 
out seconds, a bottle keeper to estimate the 
height every 10 seconds, and a record keeper 
to record these values. 


© Richard Le Borne, Dept. Mathematics, 
Tennessee Technological University 


If water (or other liquid) drains from a tank, we expect that the flow will be greatest at first (when 
the water depth is greatest) and will gradually decrease as the water level decreases. But we need 
a more precise mathematical description of how the flow decreases in order to answer the kinds 
of questions that engineers ask: How long does it take for a tank to drain completely? How much 
water should a tank hold in order to guarantee a certain minimum water pressure for a sprinkler 
system? 

Let h(t) and V(t) be the height and volume of water in a tank at time f. If water drains through a 
hole with area a at the bottom of the tank, then Torricelli’s Law says that 


o a = -aV igh 


where g is the acceleration due to gravity. So the rate at which water flows from the tank is propor- 
tional to the square root of the water height. 


1. (a) Suppose the tank is cylindrical with height 6 ft and radius 2 ft and the hole is circular 
with radius 1 inch. If we take g = 32 ft/s’, show that h satisfies the differential equation 


(b) Solve this equation to find the height of the water at time 7, assuming the tank is full at 
time t = 0. 
(c) How long will it take for the water to drain completely? 


2. Because of the rotation and viscosity of the liquid, the theoretical model given by Equa- 
tion 1 isn’t quite accurate. Instead, the model 


iz] fh ok 


is often used and the constant k (which depends on the physical properties of the liquid) is 

determined from data concerning the draining of the tank. 

(a) Suppose that a hole is drilled in the side of a cylindrical bottle and the height h of the 
water (above the hole) decreases from 10 cm to 3 cm in 68 seconds. Use Equation 2 to 
find an expression for h(t). Evaluate h(t) for t = 10, 20, 30, 40, 50, 60. 

(b) Drill a 4-mm hole near the bottom of the cylindrical part of a two-liter plastic soft-drink 
bottle. Attach a strip of masking tape marked in centimeters from 0 to 10, with 0 corre- 
sponding to the top of the hole. With one finger over the hole, fill the bottle with water 
to the 10-cm mark. Then take your finger off the hole and record the values of h(t) for 
t = 10, 20, 30, 40, 50, 60 seconds. (You will probably find that it takes 68 seconds for 
the level to decrease to h = 3 cm.) Compare your data with the values of h(t) from 
part (a). How well did the model predict the actual values? 


3. In many parts of the world, the water for sprinkler systems in large hotels and hospitals is 
supplied by gravity from cylindrical tanks on or near the roofs of the buildings. Suppose 
such a tank has radius 10 ft and the diameter of the outlet is 2.5 inches. An engineer has to 
guarantee that the water pressure will be at least 2160 lb/ft? for a period of 10 minutes. 
(When a fire happens, the electrical system might fail and it could take up to 10 minutes for 
the emergency generator and fire pump to be activated.) What height should the engineer 
specify for the tank in order to make such a guarantee? (Use the fact that the water pressure 
at a depth of d feet is P = 62.5d. See Section 8.3.) 
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4. Not all water tanks are shaped like cylinders. Suppose a tank has cross-sectional area A(h) at 
height h. Then the volume of water up to height h is V = ie A(u) du and so the Fundamental 
Theorem of Calculus gives dV/dh = A(h). It follows that 


and so Torricelli’s Law becomes 
dh 
A(h) oR = —a/2gh 


(a) Suppose the tank has the shape of a sphere with radius 2 m and is initially half full of 
water. If the radius of the circular hole is 1 cm and we take g = 10 m/s”, show that h 
satisfies the differential equation 


dh 
(4h — h’) ae —0.0001 20h 


(b) How long will it take for the water to drain completely? 


EE BA Ese ae 
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ee 


~ WHICH IS FASTER, GOING UP OR COMING DOWN? 


In modeling force due to air resistance, 

various functions have been used, depending 
on the physical characteristics and speed of the 
ball. Here we use a linear model, —p», but a 
quadratic model (—pv* on the way up and pv? 
on the way down) is another possibility for 
higher speeds (see Exercise 50 in Section 9.3). 
For a golf ball, experiments have shown that a 
good model is —pv'? going up and p| v |'3 
coming down. But no matter which force func- 
tion —f(v) is used [where f(v) > 0 for v > 0 
and f(v) < 0 for v < OJ, the answer to the 
question remains the same. See F. Brauer, 
“What Goes Up Must Come Down, Eventually,” 
Amer. Math. Monthly 108 (2001), pp. 437—440. 


Suppose you throw a ball into the air. Do you think it takes longer to reach its maximum height 
or to fall back to earth from its maximum height? We will solve the problem in this project but, 
before getting started, think about that situation and make a guess based on your physical 
intuition. 


1. A ball with mass m is projected vertically upward from the earth’s surface with a positive 
initial velocity vp. We assume the forces acting on the ball are the force of gravity anda 
retarding force of air resistance with direction opposite to the direction of motion and with 
magnitude p| v(t) |, where p is a positive constant and v(f) is the velocity of the ball at time ¢. 
In both the ascent and the descent, the total force acting on the ball is —pv — mg. [During 
ascent, v(t) is positive and the resistance acts downward; during descent, v(t) is negative and 
the resistance acts upward.] So, by Newton’s Second Law, the equation of motion is 


mv’ = —pv — mg 


Solve this differential equation to show that the velocity is 


v(t) = (« + 7.) = mg 
Pp P 


2. Show that the height of the ball, until it hits the ground, is 


y(t) = (« + “) 7 — enim) — Mat 
P Pp P 


AY Graphing calculator or computer required 
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3. Let t, be the time that the ball takes to reach its maximum height. Show that 


+ 
, mes) 
Pp mg 


Find this time for a ball with mass | kg and initial velocity 20 m/s. Assume the air 
resistance is 7p of the speed. 


. Let tp be the time at which the ball falls back to earth. For the particular ball in Problem 3, 
estimate f) by using a graph of the height function y(t). Which is faster, going up or com- 
ing down? 


5. In general, it’s not easy to find ft because it’s impossible to solve the equation y(t) =0 
explicitly. We can, however, use an indirect method to determine whether ascent or 
descent is faster: we determine whether y(21;) is positive or negative. Show that 


: i 
y(2t) = oe (: = hare 210.) 
p x 


where x = e?"/”". Then show that x > 1 and the function 


f(x) =x -— - 2inx 


is increasing for x > 1. Use this result to decide whether y(2t,) is positive or negative. 
What can you conclude? Is ascent or descent faster? 


9.4 | Models for Population Growth 


In this section we investigate differential equations that are used to model population 
growth: the law of natural growth, the logistic equation, and several others. 


M8 The Law of Natural Growth 


One of the models for population growth that we considered in Section 9.1 was based 
on the assumption that the population grows at a rate proportional to the size of the 
population: 


Is that a reasonable assumption? Suppose we have a population (of bacteria, for instance) 
with size P = 1000 and at a certain time it is growing at a rate of P’ = 300 bacteria per 
hour. Now let’s take another 1000 bacteria of the same type and put them with the first pop- 
ulation. Each half of the combined population was previously growing at a rate of 300 bac- 
teria per hour. We would expect the total population of 2000 to increase at a rate of 
600 bacteria per hour initially (provided there’s enough room and nutrition). So if we double 
the size, we double the growth rate. It seems reasonable that the growth rate should be pro- 
portional to the size. 

In general, if P(t) is the value of a quantity y at time f and if the rate of change of P with 
respect to fis proportional to its size P(t) at any time, then 


i ame 
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Examples and exercises on the use of [2] are 
given in Section 3.8. 


where k is a constant. Equation | is sometimes called the law of natural growth. If k is pos- 
itive, then the population increases; if k is negative, it decreases. 

Because Equation | is a separable differential equation, we can solve it by the methods 
of Section 9.3: 


= {kat 
In|P| =kt+C 
P| = ett = eel 
P= Ae" 


where A (= +e° or 0) is an arbitrary constant. To see the significance of the constant A, 
we observe that 


Pi Oe eA 
Therefore A is the initial value of the function. 


[2] The solution of the initial-value problem 


dP 
—=kP P(0) =P, 
(0) = Pr 


Another way of writing Equation 1 is 


which says that the relative growth rate (the growth rate divided by the population size) 
is constant. Then says that a population with constant relative growth rate must grow 
exponentially. 

We can account for emigration (or “harvesting”’) from a population by modifying Equa- 
tion 1: If the rate of emigration is a constant m, then the rate of change of the population 
is modeled by the differential equation 


[3] ee Ss 
Pat Hh. tA 
dt 


See Exercise 15 for the solution and consequences of Equation 3. 


ME The Logistic Model 


As we discussed in Section 9.1, a population often increases exponentially in its early 
stages but levels off eventually and approaches its carrying capacity because of limited 
resources. If P(t) is the size of the population at time t, we assume that 


dP et. 
a SS fg if P is small 
dt 
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This says that the growth rate is initially close to being proportional to size. In other words, 
the relative growth rate is almost constant when the population is small. But we also want 
to reflect the fact that the relative growth rate decreases as the population P increases and 
becomes negative if P ever exceeds its carrying capacity M, the maximum population that 
the environment is capable of sustaining in the long run. The simplest expression for the 
relative growth rate that incorporates these assumptions is 


1 dP ie 
— — = k{| 1 —- — 
IP ahi M 


Multiplying by P, we obtain the model for population growth known as the logistic differ- 
ential equation: 


| dP ( “| 
[4] — = kP\ 1 = — 
dt M 


Notice from Equation 4 that if P is small compared with M, then P/M is close to 0 and so 
dP/dt ~ kP. However, if P — M (the population approaches its carrying capacity), then 
P/M — 1, so dP/dt — 0. We can deduce information about whether solutions increase or 
decrease directly from Equation 4. If the population P lies between 0 and M, then the right 
side of the equation is positive, so dP/dt > 0 and the population increases. But if the pop- 
ulation exceeds the carrying capacity (P > M), then 1 — P/M is negative, so dP/dt < 0 
and the population decreases. 

Let’s start our more detailed analysis of the logistic differential equation by looking at a 


direction field. 


(1 GCE Draw a direction field for the logistic equation with k = 0.08 and carry- 
ing capacity M = 1000. What can you deduce about the solutions? 


SOLUTION In this case the logistic differential equation is 


A direction field for this equation is shown in Figure 1. We show only the first quadrant 
because negative populations aren't meaningful and we are interested only in what hap- 


pens after t = 0. 
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FIGURE 1 == 


Direction field for the logistic 
equation in Example | 
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FIGURE 2 
Solution curves for the logistic 
equation in Example | 


The logistic equation is autonomous (dP/dt depends only on P, not on f), so the 
slopes are the same along any horizontal line. As expected, the slopes are positive for 
0 < P < 1000 and negative for P > 1000. 

The slopes are small when P is close to 0 or 1000 (the carrying capacity). Notice that 
the solutions move away from the equilibrium solution P = 0 and move toward the 
equilibrium solution P = 1000. 

In Figure 2 we use the direction field to sketch solution curves with initial populations 
P(0) = 100, P(O) = 400, and P(O) = 1300. Notice that solution curves that start below 
P = 1000 are increasing and those that start above P = 1000 are decreasing. The slopes 
are greatest when P ~ 500 and therefore the solution curves that start below P = 1000 
have inflection points when P ~ 500. In fact we can prove that all solution curves that 
start below P = 500 have an inflection point when P is exactly 500. (See Exercise 11.) 
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The logistic equation [4] is separable and so we can solve it explicitly using the method 
of Section 9.3. Since 


we have 
[5] in Son | kat 


To evaluate the integral on the left side, we write 


I wee LAE 
P(l— P/M) P(M — P) 


Using partial fractions (see Section 7.4), we get 


Sea 
P(M—P) 


I 
M—P 


l 
—+ 
P 
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This enables us to rewrite Equation 5: 


In|P| —In|M- P| =kt+C 
sl ek Le fa Fe 
P 
M-P 
e =e kt C= ep Cg 


[6 | peda Ae” 


where A = +e ©. Solving Equation 6 for P, we get 


7 1 


M P 
<7 =" 1 = A =l5s => ——_ 
P ; Veo (ees? 


M 


so Pla 
1 + Ae™ 


We find the value of A by putting t = 0 in Equation 6. If t = 0, then P = Po (the initial 
population), so 


Using the expression for P(r) in Equation 7, we see that 


lim P(t) = M 


ton 


which is to be expected. 


aeWilaesr4| Write the solution of the initial-value problem 

P 
= oose( 1 == ta) P(O) = 100 
dt 


and use it to find the population sizes P(40) and P(80). At what time does the population 
reach 900? 


SOLUTION The differential equation is a logistic equation with k = 0.08, carrying 
capacity M = 1000, and initial population Po = 100. So Equation 7 gives the 
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Compare the solution curve in Figure 3 with 
the lowest solution curve we drew from the 
direction field in Figure 2. 


1000 


population at time ¢ as 


1000 
P(t) = Th Aono F Aen 008i where A = 
1000 
Thus (es Th Oe 2008 


So the population sizes when t = 40 and 80 are 


1000 
P(40) = Te = 731.6 P(80) 


The population reaches 900 when 


1000 


1+ ge-o0% = 900 


Solving this equation for t, we get 


=0.08 _ 10 
Gees 


~0.08 _ 1 
e = ei 


100 


1000 


—0.08t = Ing, = —In 81 


1+ 9e°% 


1000 — 100 _ 9 


ee D853 


In 81 
| = ia 54.9 
1000 oO 
= ae Qe 0.08: 
So the population reaches 900 when t is approximately 55. As a check on our work, we 
y a : graph the population curve in Figure 3 and observe where it intersects the line P = 900. 
FIGURE 3 The cursor indicates that t ~ 55. ray 
M8 Comparison of the Natural Growth and Logistic Models 
In the 1930s the biologist G. F. Gause conducted an experiment with the protozoan Para- 
mecium and used a logistic equation to model his data. The table gives his daily count of the 
population of protozoa. He estimated the initial relative growth rate to be 0.7944 and the car- 
rying capacity to be 64. 
t (days) 0 2 3 4 5 6 the 8 9 10 1] 12 | 13 14 IS 16 
P (observed) 2 3 22 16 39 3) 54 47 50 76 69 Sil 2) | 70 2)3) Sy) 2)// 


(% (SCN) Find the exponential and logistic models for Gause’s data. Compare the 
predicted values with the observed values and comment on the fit. 


SOLUTION Given the relative growth rate k = 0.7944 and the initial population Py = 2, 


the exponential model is 


P(t) = Poe* = 2¢97944 
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Gause used the same value of k for his logistic model. [This is reasonable because 
Py) = 2 is small compared with the carrying capacity (M = 64). The equation 


Dy, 
=k{1-—] =k 
t=0 ( 2) 


shows that the value of k for the logistic model is very close to the value for the expo- 
nential model.] 
Then the solution of the logistic equation in Equation 7 gives 


64 
P(t) = ee 
(t) l + Ae * iT a jo ee 
M-— 
where Np ei MAL i ma 
Po ») 
64 
So PQ) = ————— 
) (eSileme 


We use these equations to calculate the predicted values (rounded to the nearest integer) 
and compare them in the following table. 


t (days) 0 1 2 3 4 > 6 il 8 9 10 11 12 13 14 15 16 
4 + 
P (observed) 2 3 Dp) 16 39 aD) 54 | 47 50) || 76. |. CY | si Si || 70 53 || of 57 
i iF | 
P (logistic model) Dame eet 9 17 28 40 Sil |) Sy 61 (Cw | © 64 | 64 | 64 64 | 64 64 
P (exponential model) 2 4 KO) 22 48 106 
We notice from the table and from the graph in Figure 4 that for the first three or four 
days the exponential model gives results comparable to those of the more sophisticated 
logistic model. For t 5, however, the exponential model is hopelessly inaccurate, but 
the logistic model fits the observations reasonably well. 
P 
f P= J.e0-7944t od 
a 
~ 1+ Ble 0-194 
FIGURE 4 . ea a 
12 165 


The exponential and logistic 
models for the Paramecium data 


Many countries that formerly experienced exponential growth are now finding that their 
rates of population growth are declining and the logistic model provides a better model. 
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B(t) t B(t) 


9,847 1992 | 10,036 
9,856 1994 | 10,109 
9,855 OO Cm LOM 2 
9,862 1998 | 10,175 
9,884 2000 | 10,186 


FIGURE 5 
Logistic model for 
the population of Belgium 


The table in the margin shows midyear values of B(t), the population of Belgium, in thou- 
sands, at time ft, from 1980 to 2000. Figure 5 shows these data points together with a shift- 
ed logistic function obtained from a calculator with the ability to fit a logistic function to 
these points by regression. We see that the logistic model provides a very good fit. 


PA 
crea 
10,000 + 
9,900 + é 
il aes 350 
9,800 + P=9840 + 1+ 2.05¢-0-48— 1990) 
04 
al t + + t + ——> 
0 1980 1984 1988 1992 1996 2000 ¢ 


MH Other Models for Population Growth 


The Law of Natural Growth and the logistic differential equation are not the only equa- 
tions that have been proposed to model population growth. In Exercise 20 we look at the 
Gompertz growth function and in Exercises 21 and 22 we investigate seasonal-growth 
models. 

Two of the other models are modifications of the logistic model. The differential 
equation 


has been used to model populations that are subject to harvesting of one sort or another. 
(Think of a population of fish being caught at a constant rate.) This equation is explored 
in Exercises 17 and 18. 

For some species there is a minimum population level m below which the species tends 
to become extinct. (Adults may not be able to find suitable mates.) Such populations have 
been modeled by the differential equation 


where the extra factor, 1 — m/P, takes into account the consequences of a sparse popula- 
tion (see Exercise 19), 


9.4 | Exercises 


Va 
a 


4 Graphing calculator or computer required 
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1. Suppose that a population develops according to the logistic 


equation 
dP 5 
= 0.05 Pi 0.0005 P- 
dt 
where f is measured in weeks. 
(a) What is the carrying capacity? What is the value of k? 
(b) A direction field for this equation is shown. Where are 
the slopes close to 0? Where are they largest? Which 
solutions are increasing? Which solutions are decreasing? 


C2) ane ee Sa ee er et th ee 


(c) Use the direction field to sketch solutions for initial pop- 
ulations of 20, 40, 60, 80, 120, and 140. What do these 
solutions have in common? How do they differ? Which 
solutions have inflection points? At what population 
levels do they occur? 

(d) What are the equilibrium solutions? How are the other 
solutions related to these solutions? 


. Suppose that a population grows according to a logistic 


model with carrying capacity 6000 and k = 0.0015 per year. 

(a) Write the logistic differential equation for these data. 

(b) Draw a direction field (either by hand or with a computer 
algebra system). What does it tell you about the solution 
curves? 

(c) Use the direction field to sketch the solution curves for 
initial populations of 1000, 2000, 4000, and 8000. What 
can you say about the concavity of these curves? What is 
the significance of the inflection points? 

(d) Program a calculator or computer to use Euler’s method 
with step size h = | to estimate the population after 
50 years if the initial population is 1000. 

(e) If the initial population is 1000, write a formula for the 
population after t years. Use it to find the population after 
50 years and compare with your estimate in part (d). 

(f) Graph the solution in part (e) and compare with the solu- 
tion curve you sketched in part (c). 


_ The Pacific halibut fishery has been modeled by the differen- 


tial equation 


where y(t) is the biomass (the total mass of the members of 
the population) in kilograms at time ft (measured in years), 
the carrying capacity is estimated to be M = 8 X 10’kg, and 
k = 0.71 per year. 

(a) If y(0) = 2 X 10’ kg, find the biomass a year later. 

(b) How long will it take for the biomass to reach 4 X 10’ kg? 


. Suppose a population P(t) satisfies 


dP 
— =(0.4P — 0.001P? 
dt 


P(0) = 50 

where f is measured in years. 

(a) What is the carrying capacity? 

(b) What is P’(0)? 

(c) When will the population reach 50% of the carrying 
capacity? 


. Suppose a population grows according to a logistic model 


with initial population 1000 and carrying capacity 10,000. If 
the population grows to 2500 after one year, what will the 
population be after another three years? 


. The table gives the number of yeast cells in a new laboratory 


culture. 
Time (hours) Yeast cells Time (hours) Yeast cells 
0 18 10 509 
39 12 597 
4 80 14 640 
6 171 16 664 
8 336 18 672 


CAS) Computer algebra system required 


(a) Plot the data and use the plot to estimate the carrying 
capacity for the yeast population. 

(b) Use the data to estimate the initial relative growth rate. 

(c) Find both an exponential model and a logistic model for 
these data. 

(d) Compare the predicted values with the observed values, 
both in a table and with graphs. Comment on how well 
your models fit the data. 

(e) Use your logistic model to estimate the number of yeast 
cells after 7 hours. 


. The population of the world was about 5.3 billion in 1990. 


Birth rates in the 1990s ranged from 35 to 40 million per 

year and death rates ranged from 15 to 20 million per year. 

Let’s assume that the carrying capacity for world population 

is 100 billion. 

(a) Write the logistic differential equation for these data. 
(Because the initial population is small compared to the 
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carrying capacity, you can take k to be an estimate of 
the initial relative growth rate.) 

(b) Use the logistic model to estimate the world population 
in the year 2000 and compare with the actual population 
of 6.1 billion. 

(c) Use the logistic model to predict the world population in 
the years 2100 and 2500. 

(d) What are your predictions if the carrying capacity is 
50 billion? 


. (a) Make a guess as to the carrying capacity for the US 


population. Use it and the fact that the population was 
250 million in 1990 to formulate a logistic model for the 
US population. 

(b) Determine the value of k in your model by using the 
fact that the population in 2000 was 275 million. 

(c) Use your model to predict the US population in the years 
2100 and 2200. 

(d) Use your model to predict the year in which the US 
population will exceed 350 million. 


. One model for the spread of a rumor is that the rate of spread 


is proportional to the product of the fraction y of the popula- 

tion who have heard the rumor and the fraction who have not 

heard the rumor. 

(a) Write a differential equation that is satisfied by y. 

(b) Solve the differential equation. 

(c) A small town has 1000 inhabitants. At 8 AM, 80 people 
have heard a rumor. By noon half the town has heard it. 
At what time will 90% of the population have heard the 
rumor? 


Biologists stocked a lake with 400 fish and estimated the 

carrying capacity (the maximal population for the fish of that 

species in that lake) to be 10,000. The number of fish tripled 
in the first year. 

(a) Assuming that the size of the fish population satisfies the 
logistic equation, find an expression for the size of the 
population after ¢ years. 

(b) How long will it take for the population to increase 
to 5000? 


(a) Show that if P satisfies the logistic equation [4], then 


(b) Deduce that a population grows fastest when it reaches 
half its carrying capacity. 


For a fixed value of M (say M = 10), the family of logistic 
functions given by Equation 7 depends on the initial value 

Po and the proportionality constant k. Graph several members 
of this family. How does the graph change when Pp varies? 
How does it change when k varies? 


13. The table gives the midyear population of Japan, in 


15. 


thousands, from 1960 to 2005. 


Year Population Year Population 
1960 94,092 1985 120,754 
1965 98,883 1990 A238) 7/ 
1970 104,345 1995 125,341 
1975 i iLesya7s} 2000 126,700 
1980 116,807 2005 127,417 


Use a graphing calculator to fit both an exponential function 
and a logistic function to these data. Graph the data points 
and both functions, and comment on the accuracy of the 
models. [Hint: Subtract 94,000 from each of the population 
figures. Then, after obtaining a model from your calculator, 
add 94,000 to get your final model. It might be helpful to 
choose t = 0 to correspond to 1960 or 1980.] 


. The table gives the midyear population of Spain, in thou- 


sands, from 1955 to 2000. 


Year Population Year Population 
TT 

1955 DOSS 1980 37,488 

1960 30,641 1985 38,535 

1965 32,085 1990 39,351 

1970 33,876 1995 39,750 

1975 35,564 2000 40,016 


Use a graphing calculator to fit both an exponential function 
and a logistic function to these data. Graph the data points 
and both functions, and comment on the accuracy of the 
models. [Hint: Subtract 29,000 from each of the population 
figures. Then, after obtaining a model from your calculator, 
add 29,000 to get your final model: It might be helpful to 
choose t = 0 to correspond to 1955 or 1975.] 


Consider a population P = P(t) with constant relative birth 
and death rates a and £, respectively, and a constant emigra- 
tion rate m, where a, B, and m are positive constants. Assume 
that a > B. Then the rate of change of the population at time 
t is modeled by the differential equation 


wherek = a — B 


(a) Find the solution of this equation that satisfies the initial 
condition P(0) = Po. 

(b) What condition on m will lead to an exponential expan- 
sion of the population? 

(c) What condition on m will result in a constant population? 
A population decline? 

(d) In 1847, the population of Ireland was about 8 million 
and the difference between the relative birth and death 
rates was 1.6% of the population. Because of the potato 
famine in the 1840s and 1850s, about 210,000 inhabitants 


16. 


17. 


S| 
[A 


per year emigrated from Ireland. Was the population 
expanding or declining at that time? 


Let c be a positive number. A differential equation of the 
form 


dy —= esq nt 


dt 


where k is a positive constant, is called a doomsday equation 

because the exponent in the expression ky'** is larger than 

the exponent | for natural growth. 

(a) Determine the solution that satisfies the initial condition 
y(O) = yo. 

(b) Show that there is a finite time t = T (doomsday) such 
that lim,—7-y(t) = ©. 

(c) An especially prolific breed of rabbits has the growth 
term ky!°'. If 2 such rabbits breed initially and the war- 
ren has 16 rabbits after three months, then when is 
doomsday? 


Let’s modify the logistic differential equation of Example | 
as follows: 


(a) Suppose P(t) represents a fish population at time f, 
where t is measured in weeks. Explain the meaning of the 
final term in the equation (—15). 

(b) Draw a direction field for this differential equation. 

(c) What are the equilibrium solutions? 

(d) Use the direction field to sketch several solution curves. 
Describe what happens to the fish population for various 
initial populations. 

(e) Solve this differential equation explicitly, either by using 
partial fractions or with a computer algebra system. Use 
the initial populations 200 and 300. Graph the solutions 
and compare with your sketches in part (d). 


. Consider the differential equation 


as a model for a fish population, where ¢ is measured in 

weeks and c is a constant. 

(a) Use a CAS to draw direction fields for various values 
of c. 

(b) From your direction fields in part (a), determine the 
values of c for which there is at least one equilibrium 
solution. For what values of c does the fish population 
always die out? 

(c) Use the differential equation to prove what you discoy- 
ered graphically in part (b). 

(d) What would you recommend for a limit to the weekly 
catch of this fish population? 
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19. There is considerable evidence to support the theory that for 


20. 


21. 


some species there is a minimum population m such that the 
species will become extinct if the size of the population falls 
below m. This condition can be incorporated into the logistic 
equation by introducing the factor (1 — m/P). Thus the mod- 
ified logistic model is given by the differential equation 


dP 
£-o(--B-3 
dt M [2 


(a) Use the differential equation to show that any solution is 
increasing if m < P < M and decreasing if 0 < P< m. 

(b) For the case where k = 0.08, M = 1000, and m = 200, 
draw a direction field and use it to sketch several solu- 
tion curves. Describe what happens to the population for 
various initial populations. What are the equilibrium 
solutions? 

(c) Solve the differential equation explicitly, either by using 
partial fractions or with a computer algebra system. Use 
the initial population Po. 

(d) Use the solution in part (c) to show that if Po < m, then 
the species will become extinct. [Hint: Show that the 
numerator in your expression for P(t) is 0 for some 
value of f.] 


Another model for a growth function for a limited popu- 
lation is given by the Gompertz function, which is a 
solution of the differential equation 


dP ( M 
=== = © Iiin|| = |"? 
dt IP 

where c is a constant and M is the carrying capacity. 

(a) Solve this differential equation. 

(b) Compute lim,—... P(¢). 

(c) Graph the Gompertz growth function for M = 1000, 

Py) = 100, and c = 0.05, and compare it with the logistic 
function in Example 2. What are the similarities? What 
are the differences? 

(d) We know from Exercise 11 that the logistic function 
grows fastest when P = M/2. Use the Gompertz differ- 
ential equation to show that the Gompertz function 
grows fastest when P = M/e. 


In a seasonal-growth model, a periodic function of time is 
introduced to account for seasonal variations in the rate of 
growth. Such variations could, for example, be caused by 
seasonal changes in the availability of food. 

(a) Find the solution of the seasonal-growth model 


IP 
felis = kP cos(rt — @) 
dt 


where k, r, and ¢ are positive constants. 

(b) By graphing the solution for several values of k, r, and 
é, explain how the values of k, r, and ¢ affect the solu- 
tion. What can you say about lim,—... P(t)? 
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22. Suppose we alter the differential equation in Exercise 21 as 23. Graphs of logistic functions (Figures 2 and 3) look suspi- 


follows: 
dP 


— =kPcos*(rt — ¢) 


dt 


(a) Solve this differential equation with the help of a table of 


integrals or a CAS. 


ciously similar to the graph of the hyperbolic tangent 
function (Figure 3 in Section 3.11). Explain the similarity by 

P(O) = Po showing that the logistic function given by Equation 7 can be 
written as 


P(t) =4mM[1 + tanh(Lk(r — c)) 


AY (b) Graph the solution for several values of k, r, and ¢. How 08 $24, 
do the values of k, r, and ¢ affect the solution? What can where c = (In A)/k. Thus the logistic function is really just 
you say about lim,—... P(t) in this case? a shifted hyperbolic tangent. 


95 Linear Equations 


A first-order linear differential equation is one that can be put into the form 


1] & + Ploy = OC) 


where P and Q are continuous functions on a given interval. This type of equation occurs 
frequently in various sciences, as we will see. 

An example of a linear equation is xy’ + y = 2x because, for x ~ 0, it can be written 
in the form 


[2] yitay=2 


x 


Notice that this differential equation is not separable because it’s impossible to factor the 
expression for y’ as a function of x times a function of y. But we can still solve the equa- 
tion by noticing, by the Product Rule, that 


xy’ + y = (xy)’ 
and so we can rewrite the equation as 
(xy)! = 2x 


If we now integrate both sides of this equation, we get 


xy = x*° tC l= ory = ee 
x 


If we had been given the differential equation in the form of Equation 2, we would have 
had to take the preliminary step of multiplying each side of the equation by x. 

It turns out that every first-order linear differential equation can be solved in a similar 
fashion by multiplying both sides of Equation | by a suitable function I(x) called an 
integrating factor. We try to find J so that the left side of Equation 1, when multiplied by 
I(x), becomes the derivative of the product I(x)y: 


[3] Ix)(y' + Ply) = (Z)y)’ 
If we can find such a function J, then Equation 1 becomes 


(1(x)y)' = I(x) Q(x) 
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Integrating both sides, we would have 


I(x)y = | 109 O”) dea © 


so the solution would be 


1 
tee |) ed + 
[4] yx) = F035 | 10) 0) ax c| 
To find such an J, we expand Equation 3 and cancel terms: 


I(x)y’ + I(x) P(x)y = (1) 9)" = I'Gdy + IQd)y’ 
TO) Pe Le 


This is a separable differential equation for 7, which we solve as follows: 


“ = | P(x) dx 


In || = | P(e) ax 


[= Ael?Oe 
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where A = +e°. We are looking for a particular integrating factor, not the most general 


one, so we take A = | and use 


[5] I(x) = e! P(x) dx 


Thus a formula for the general solution to Equation | is provided by Equation 4, where / 
is given by Equation 5. Instead of memorizing this formula, however, we just remember 


the form of the integrating factor. 


To solve the linear differential equation y’ + P(x)y = Q(x), multiply both sides by 


the integrating factor /(x) = e!’”’ and integrate both sides. 


dy : ; 
6 ESCGTSE Solve the differential equation = + 3x7y = 6x". 
bs 


SOLUTION The given equation is linear since it has the form of Equation | with 
P(x) = 3x? and Q(x) = 6x’. An integrating factor is 


I(x) = e! 3x dx as oe 
Multiplying both sides of the differential equation by e*, we get 
Jd ae ee 
e* SY + 3x2e% y = 6x"e* 
dx 


ac 


Nae ‘ = 6 2 x3 
oF (e* y) xe 


or 
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Figure 1 shows the graphs of several members of Integrating both sides, we have 
the family of solutions in Example 1. Notice that 


they all approach 2 as x > ©. evry = | Bie a een 


{Y) E52 2T24 Find the solution of the initial-value problem 


feo! ar aay se 40) y(1) =2 


SOLUTION We must first divide both sides by the coefficient of y’ to put the differential 
equation into standard form: 


FIGURE 1 


[6 | Ta ee 5¢ > 


The integrating factor is 
I(x) i e! (I/x) dx = em =X 


Multiplication of Equation 6 by x gives 


, I / 1 
Ce) ee CUR) anaes 


1 
Then XY. Sx ne eC 
XG 
The solution of the initial-value problem in 
Example 2 is shown in Figure 2. Ice te (6! 
and so y = —— 
5 i Xx 


Since y(1) = 2, we have 


In 1 + 
oe Ce 
1 
Therefore the solution to the initial-value problem is 
==) 
FIGURE 2 Vi Bee 
Xx 


Cea Solve y’ + 2xy = 1. 


SOLUTION The given equation is in the standard form for a linear equation. Multiplying 
by the integrating factor 


e! 22 dae ev 
we get ey + Ore yi=e 
or (e*y)’ = e 


Therefore ev y= Je dv + C 


y=2+ Ga % ed 


Even though the solutions of the differential 
equation in Example 3 are expressed in terms of 
an integral, they can still be graphed by a com- 
puter algebra system (Figure 3). 


FIGURE 3 
R 
? iE 
ee Hl 
switch 
FIGURE 4 


The differential equation in Example 4 is both 
linear and separable, so an alternative method is 
to solve it as a separable equation (Example 4 in 
Section 9.3). If we replace the battery by a gen- 
erator, however, we get an equation that is lin- 
ear but not separable (Example 5). 
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Recall from Section 7.5 that j e* dx can’t be expressed in terms of elementary functions. 
Nonetheless, it’s a perfectly good function and we can leave the answer as 


y= OF | e* dx + Ce* 
Another way of writing the solution is 
y Siew is e” dt + Ce* 
(Any number can be chosen for the lower limit of integration.) Ce 


MH Application to Electric Circuits 


In Section 9.2 we considered the simple electric circuit shown in Figure 4: An electro- 
motive force (usually a battery or generator) produces a voltage of E(t) volts (V) and a 
current of /(t) amperes (A) at time ¢. The circuit also contains a resistor with a resistance 
of R ohms (Q) and an inductor with an inductance of L henries (H). 

Ohm’s Law gives the drop in voltage due to the resistor as RI. The voltage drop due to 
the inductor is L(dI/dt). One of Kirchhoff’s laws says that the sum of the voltage drops is 
equal to the supplied voltage E(t). Thus we have 


dl 
[7 L—, + RI= Ett) 


which is a first-order linear differential equation. The solution gives the current / at time f. 


(] {SCSEAI Suppose that in the simple circuit of Figure 4 the resistance is 12 Q and 
the inductance is 4 H. If a battery gives a constant voltage of 60 V and the switch is 
closed when t = 0 so the current starts with /(0) = 0, find (a) /(t), (b) the current after 
1 s, and (c) the limiting value of the current. 


SOLUTION 
(a) If we put L = 4, R = 12, and E(t) = 60 in Equation 7, we obtain the initial-value 
problem 


iI 
1 op t60 1(0) = 0 
dt 
dl 
or Be ees 1(0) = 0 
dt 


Multiplying by the integrating factor ent — es. weet 


dl 
et — + 367] = 15e” 
dt 


Cea 3 
—(e*J) = 15e"' 
7 (eT) 


ie | ised? = oe + C 


1G) == Det Gee 


620 CHAPTER 9 DIFFERENTIAL EQUATIONS 


Figure 5 shows how the current in Example 4 
approaches its limiting value. 


FIGURE 5 


Figure 6 shows the graph of the current 


Since J(0) = 0, we have 5 + C = 0, so C = —5 and 
[f= 5 ee cas) 
(b) After 1 second the current is 
10) =50 — e*) = 475A 
(c) The limiting value of the current is given by 


lim 7) lim 5(— en) = ines 


ton 


9 OSS 


S253 Suppose that the resistance and inductance remain as in Example 4 
but, instead of the battery, we use a generator that produces a variable voltage of 


E(t) = 60 sin 30¢ volts. Find /(t). 


SOLUTION This time the differential equation becomes 


dl 


dl 
Abas + 127 = 60 sin 30t or i. | isin 307 


dt 


The same integrating factor e*’ gives 


d dl 
ae D = Os + 3e77 = 15e* sin 30 


when the battery is replaced by a generator. Using Formula 98 in the Table of Integrals, we have 

ep, es 

( eI = | 15e*sin 30r dt = 15 599 (3 8in 301 — 30 cos 307) + C 
oF VIAAANAAAAAAL, « I = ja; (sin 30¢ — 10 cos 307) + Ce™ 

Since /(0) = 0, we get 

( 50 

5 > im + C=0 
FIGURE 6 so I(t) = jar(sin 30 — 10 cos 302) + e™™ 
EG exercises 
1-4 Determine whether the differential equation is linear. dy dy 

11.<sin x —— + (cos x)yi— sin 12. x — — 4y = x*e* 
ih ee y’ = xy 2. y! ai xy? 2 Jx de ( 4 (Ge ) x ay 4y 2m 
res Ge 4 
a) SS de 4. ys x= xy = x est ee ea ee t>0 
oy dt ; 


5-14 Solve the differential equation. 


1aeei e 
5 Eb = jie 
dt Ve e 


5. y +y=1 6. y’ —-y=e* = 

Mpa ee a 3 a cas HAE 
Lay =) Bay vies Y= Sin x 15-20 Solve the initial-value problem. 
9 xy +y= AES 10. y’ + y = sin(e*) 15. x*y’ + Ixy = Inx, wl) = 2 


PY “ever 
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


d ; 
16.2 4+ 3t7y =cost, y(m) =0 

dt 

du 
17. ¢——=1? + 3u, t>0, u(2)=4 

dt 
18. 2xy’ +y=6x, x>0, y(4) =20 
19. xy’ =y +x?sinx, y(m =0 


: dy 
205 (G7 Were + 3x(y—-1)=0, y(O) =2 


21-22 Solve the differential equation and use a graphing calcula- 


Cd] 
mt 


tor or computer to graph several members of the family of solu- 
tions. How does the solution curve change as C varies? 


21. xy’ + 2y = e* 22 eta ey 


23. A Bernoulli differential equation (named after James 
Bernoulli) is of the form 


dy 

Foret VG Oy 

Observe that, if n = 0 or 1, the Bernoulli equation is linear. 

For other values of n, show that the substitution vu = y'" 

transforms the Bernoulli equation into the linear equation 
du 


— + (1 —n)P(x)u = (1 — n) Q(x) 
dx 


24-25 Use the method of Exercise 23 to solve the differential 
equation. 


24, xy’ + y = —xy? 7a 3 


26. Solve the second-order equation xy” + 2y’ = 12x* by 
making the substitution u = y’. 


27. In the circuit shown in Figure 4, a battery supplies a constant 


voltage of 40 V, the inductance is 2 H, the resistance is 10 0, 


and /(0) = 0. 
(a) Find /(t). 
(b) Find the current after Onas: 


28. In the circuit shown in Figure 4, a generator supplies a volt- 
age of E(t) = 40 sin 601 volts, the inductance is | H, the 
resistance is 20 9, and /(0) = 1A. 

(a) Find I(t). 

(b) Find the current after 0.1 s. 

(c) Use a graphing device to draw the graph of the current 
function. 


29. The figure shows a circuit containing an electromotive force, 
a capacitor with a capacitance of C farads (F), and a resistor 
with a resistance of R ohms ((). The voltage drop across the 
capacitor is Q/C, where Q is the charge (in coulombs), so in 


30. 


31. 


32. 


33. 


34. 
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this case Kirchhoff’s Law gives 


Lo 
aa a) 


But J = dQ/dt (see Example 3 in Section 3.7), so we have 


dQ 1 
R= ap ——= (O15) 
pres aU, 
Suppose the resistance is 5 Q, the capacitance is 0.05 F, a 
battery gives a constant voltage of 60 V, and the initial charge 


is O(0) = OC. Find the charge and the current at time f. 
G 


In the circuit of Exercise 29, R = 2 0, C = 0.01 F, 
Q(0) = 0, and E(t) = 10 sin 60¢. Find the charge and the 
current at time ¢. 


Let P(t) be the performance level of someone learning a skill 
as a function of the training time t. The graph of P is called a 
learning curve. In Exercise 15 in Section 9.1 we proposed 
the differential equation 

dP 

— =k|M — P(t 

5 7 HLM - PU] 
as a reasonable model for learning, where k is a positive con- 
stant. Solve it as a linear differential equation and use your 
solution to graph the learning curve. 


Two new workers were hired for an assembly line. Jim pro- 
cessed 25 units during the first hour and 45 units during the 
second hour. Mark processed 35 units during the first hour 
and 50 units the second hour. Using the model of Exercise 31 
and assuming that P(0) = 0, estimate the maximum number 
of units per hour that each worker is capable of processing. 


In Section 9.3 we looked at mixing problems in which the 
volume of fluid remained constant and saw that such prob- 
lems give rise to separable equations. (See Example 6 in that 
section.) If the rates of flow into and out of the system are 
different, then the volume is not constant and the resulting 
differential equation is linear but not separable. 

A tank contains 100 L of water. A solution with a salt con- 
centration of 0.4 kg/L is added at a rate of 5 L/min. The 
solution is kept mixed and is drained from the tank at a rate 
of 3 L/min. If y(t) is the amount of salt (in kilograms) after 
t minutes, show that y satisfies the differential equation 


dy 3y 
dt 100 + 2r 


Solve this equation and find the concentration after 
20 minutes. 


A tank with a capacity of 400 L is full of a mixture of water 
and chlorine with a concentration of 0.05 g of chlorine per 
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35. 
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liter. In order to reduce the concentration of chlorine, fresh 
water is pumped into the tank at a rate of 4 L/s. The mixture is 
kept stirred and is pumped out at a rate of 10 L/s. Find the 
amount of chlorine in the tank as a function of time. 


An object with mass m is dropped from rest and we assume 
that the air resistance is proportional to the speed of the object. 
If s(t) is the distance dropped after t seconds, then the speed is 
v = s(t) and the acceleration is a = v(t). If g is the accelera- 
tion due to gravity, then the downward force on the object is 
mg — cv, where c is a positive constant, and Newton’s Second 


Law gives 
dv 
1 eee Ree GU) 
dt zi 


(a) Solve this as a linear equation to show that 


(b) Solve the linear differential equation in part (a) and 
thus obtain an expression for P(t). Compare with Equa- 
tion 9.4.7. 


38. To account for seasonal variation in the logistic differential 
equation we could allow k and M to be functions of t: 


dP P 
ap = H(t = Al 


(a) Verify that the substitution z = 1/P transforms this 
equation into the linear equation 
dz k(t) 


ae ae k(t)z = M() 


mg 


v= (1 —_ enn) 


( 


(b) What is the limiting velocity? 


(b) Write an expression for the solution of the linear equa- 
tion in part (a) and use it to show that if the carrying 
capacity M is constant, then 


(c) Find the distance the object has fallen after ¢ seconds. M 


36. If we ignore air resistance, we can conclude that heavier 
objects fall no faster than lighter objects. But if we take air 
resistance into account, our conclusion changes. Use the 
expression for the velocity of a falling object in Exercise 35(a) 
to find dv/dm and show that heavier objects do fall faster than 


lighter ones. 


37. (a) Show that the substitution z = 1/P transforms the logistic 
differential equation P’ = kP(1 — P/M) into the linear 


differential equation 


9.6 | Predator-Prey Systems 


PO TF CMe THe 
Deduce that if [> k(t) dt = ~, then lim,—... P(t) = M. 
[This will be true if k(t) = ko + acos bt with kp > 0, 
which describes a positive intrinsic growth rate with a 
periodic seasonal variation. ] 

(c) If k is constant but M varies, show that 


z(t) =e" { ue 


ds Cag 
ie S e 


and use |’ Hospital’s Rule to deduce that if M(t) has a 
limit as t—>°, then P(t) has the same limit. 


We have looked at a variety of models for the growth of a single species that lives alone in 
an environment. In this section we consider more realistic models that take into account 
the interaction of two species in the same habitat. We will see that these models take the 
form of a pair of linked differential equations. 

We first consider the situation in which one species, called the prey, has an ample food 
supply and the second species, called the predators, feeds on the prey. Examples of prey 
and predators include rabbits and wolves in an isolated forest, food fish and sharks, aphids 
and ladybugs, and bacteria and amoebas. Our model will have two dependent variables and 
both are functions of time. We let R(t) be the number of prey (using R for rabbits) and W(t) 
be the number of predators (with W for wolves) at time f. 


In the absence of predators, the ample food supply would support exponential growth 
of the prey, that is, 


dR 


—=kR 
dt 


where k is a positive constant 


In the absence of prey, we assume that the predator population would decline at a rate pro- 


W represents the predator. 


R represents the prey. 


The Lotka-Volterra equations were proposed 
as a model to explain the variations in the 
shark and food-fish populations in the 
Adriatic Sea by the Italian mathematician 
Vito Volterra (1860-1940). 
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portional to itself, that is, 


dw 
Mita = —rw where r is a positive constant 


With both species present, however, we assume that the principal cause of death among the 
prey is being eaten by a predator, and the birth and survival rates of the predators depend 
on their available food supply, namely, the prey. We also assume that the two species 
encounter each other at a rate that is proportional to both populations and is therefore pro- 
portional to the product RW. (The more there are of either population, the more encoun- 
ters there are likely to be.) A system of two differential equations that incorporates these 
assumptions is as follows: 


dR dW 
[1] — = kR — aRW —— = —rW + bRW 
. dt dt 


where k, r, a, and b are positive constants. Notice that the term —aRW decreases the nat- 
ural growth rate of the prey and the term bDRW increases the natural growth rate of the 
predators. 

The equations in [1] are known as the predator-prey equations, or the Lotka-Volterra 
equations. A solution of this system of equations is a pair of functions R(/) and W(t) that 
describe the populations of prey and predator as functions of time. Because the system is 
coupled (R and W occur in both equations), we can’t solve one equation and then the other; 
we have to solve them simultaneously. Unfortunately, it is usually impossible to find 
explicit formulas for R and W as functions of t. We can, however, use graphical methods 
to analyze the equations. 


(% {SSE Suppose that populations of rabbits and wolves are described by the 
Lotka-Volterra equations with k = 0.08, a = 0.001, r = 0.02, and b = 0.00002. The 
time ¢ is measured in months. 

(a) Find the constant solutions (called the equilibrium solutions) and interpret 

the answer. 

(b) Use the system of differential equations to find an expression for dW/dR. 

(c) Draw a direction field for the resulting differential equation in the RW-plane. Then 
use that direction field to sketch some solution curves. 

(d) Suppose that, at some point in time, there are 1000 rabbits and 40 wolves. Draw the 
corresponding solution curve and use it to describe the changes in both population levels. 
(e) Use part (d) to make sketches of R and W as functions of f. 


SOLUTION 
(a) With the given values of k, a, 7, and b, the Lotka-Volterra equations become 


us = 0.08R — 0.001RW 

dt 

= = —().02W + 0.00002RW 
t 


Both R and W will be constant if both derivatives are 0, that is, 
R’ = R(0.08 — 0.001W) = 0 
Wi" = W(—O.02 + 0.00002R) = 0 
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One solution is given by R = 0 and W = 0. (This makes sense: If there are no rabbits or 
wolves, the populations are certainly not going to increase.) The other constant solution is 
; 0.02 
a RE R= = 11000 
0.001 0.00002 
So the equilibrium populations consist of 80 wolves and 1000 rabbits. This means that 
1000 rabbits are just enough to support a constant wolf population of 80. There are nei- 
ther too many wolves (which would result in fewer rabbits) nor too few wolves (which 
would result in more rabbits). 
(b) We use the Chain Rule to eliminate f: 
dW _ dW dk 
dt dR dt 
dW 
dW dt —0.02W + 0.00002RW 
te) ca so 
dR dR 0.08R — 0.00LRW 
dt 
(c) If we think of W as a function of R, we have the differential equation 
dW _—0.02W + 0.00002RW 
dR 0.08R — 0.00LRW 
We draw the direction field for this differential equation in Figure | and we use it to 
sketch several solution curves in Figure 2. If we move along a solution curve, we 
observe how the relationship between R and W changes as time passes. Notice that the 
curves appear to be closed in the sense that if we travel along a curve, we always return 
to the same point. Notice also that the point (1000, 80) is inside all the solution curves. 
That point is called an equilibrium point because it corresponds to the equilibrium solu- 
tion R = 1000, W = 80. 
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FIGURE 1 Direction field for the predator-prey system FIGURE 2 Phase portrait of the system 


When we represent solutions of a system of differential equations as in Figure 2, we 
refer to the RW-plane as the phase plane, and we call the solution curves phase trajec- 
tories. So a phase trajectory is a path traced out by solutions (R, W) as time goes by. A 


phase portrait consists of equilibrium points and typical phase trajectories, as shown in 
Figure 2. 
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(d) Starting with 1000 rabbits and 40 wolves corresponds to drawing the solution curve 
through the point Po(1000, 40). Figure 3 shows this phase trajectory with the direction 
field removed. Starting at the point Po at time t = 0 and letting ¢ increase, do we move 
clockwise or counterclockwise around the phase trajectory? If we put R = 1000 and 

W = 40 in the first differential equation, we get 


dR 
res 0.08(1000) — 0.001(1000)(40) = 80 — 40 = 40 


Since dR/dt > 0, we conclude that R is increasing at Po and so we move counter- 
clockwise around the phase trajectory. 


Wa 
Py 


140 7 


807 $P3 iB 


P, (1000, 40) 


+ = + 1r + =|- > 
, BUGUBES 0 500 1000 1500 2000 2500 3000 R 
Phase trajectory through (1000, 40) 


We see that at Pp there aren’t enough wolves to maintain a balance between the popu- 
lations, so the rabbit population increases. That results in more wolves and eventually 
there are so many wolves that the rabbits have a hard time avoiding them. So the number 
of rabbits begins to decline (at P;, where we estimate that R reaches its maximum popu- 
lation of about 2800). This means that at some later time the wolf population starts to 
fall (at P2, where R = 1000 and W ~ 140). But this benefits the rabbits, so their popula- 
tion later starts to increase (at P3, where W = 80 and R ~ 210). As a consequence, the 
wolf population eventually starts to increase as well. This happens when the populations 
return to their initial values of R = 1000 and W = 40, and the entire cycle begins again. 


(e) From the description in part (d) of how the rabbit and wolf populations rise and fall, 
we can sketch the graphs of R(t) and W(z). Suppose the points P,, P2, and Ps in Figure 3 
are reached at times t;, 2, and f;. Then we can sketch graphs of R and W as in Figure 4. 


6 | > 0 
tt, ts 


~ 
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FIGURE 4 Graphs of the rabbit and wolf populations as functions of time 
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In Module 9.6 you can change the To make the graphs easier to compare, we draw the graphs on the same axes but with 
coefficients in the Lotka-Volterra equations and different scales for R and W, as in Figure 5. Notice that the rabbits reach their maximum 
obsaive Fie coswiting changes ih ine pias) populations about a quarter of a cycle before the wolves. 
trajectory and graphs of the rabbit and wolf 
populations. Rh 
3000 + AW 
720 
Number 20007 Number 
of of 
rabbits +89 wolves 
1000 
40 
FIGURE 5 
> 
Comparison of the rabbit 0 t : : t 
I 2 3 
and wolf populations GZ 
An important part of the modeling process, as we discussed in Section 1.2, is to inter- 
pret our mathematical conclusions as real-world predictions and to test the predictions 
against real data. The Hudson’s Bay Company, which started trading in animal furs in 
Canada in 1670, has kept records that date back to the 1840s. Figure 6 shows graphs of the 
number of pelts of the snowshoe hare and its predator, the Canada lynx, traded by the com- 
pany over a 90-year period. You can see that the coupled oscillations in the hare and lynx 
populations predicted by the Lotka-Volterra model do actually occur and the period of 
these cycles is roughly 10 years. 
160 7 
hare 
Je) 
120 i 
Thousands 80+ |, Thousands 
of hares 6 of lynx 
40 3 
FIGURE 6 
Relative abundance of hare and lynx poche 
from Hudson’s Bay Company records 1850 1875 1900 1925 


Although the relatively simple Lotka-Volterra model has had some success in explain- 
ing and predicting coupled populations, more sophisticated models have also been pro- 
posed. One way to modify the Lotka-Volterra equations is to assume that, in the absence 
of predators, the prey grow according to a logistic model with carrying capacity M. Then the 
Lotka-Volterra equations are replaced by the system of differential equations 


dR R dw 
; ( *) aRW 7 rW + bRW 


This model is investigated in Exercises 11 and 12. 
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Models have also been proposed to describe and predict population levels of two or more 
species that compete for the same resources or cooperate for mutual benefit. Such models 
are explored in Exercises 2—4. 


| 9.6 | Exercises 


1. For each predator-prey system, determine which of the vari- 
ables, x or y, represents the prey population and which rep- 
resents the predator population. Is the growth of the prey 
restricted just by the predators or by other factors as well? Do 
the predators feed only on the prey or do they have additional 
food sources? Explain. 


dx 
(a) = = —0.05x + 0.0001Lxy 


d 
<Y = 0.ly — 0.005xy 
dt 


d ; . 
(b) = = 0.2x — 0.0002x? — 0.006xy 


= = —0.015y + 0.00008xy 


2. Each system of differential equations is a model for two 
species that either compete for the same resources or cooperate 
for mutual benefit (flowering piants and insect pollinators, for 
instance). Decide whether each system describes competition 
or cooperation and explain why it is a reasonable model. (Ask 
yourself what effect an increase in one species has on the 
growth rate of the other.) 


(a) 4® _ 0.12x — 0.0006x? + 0.00001xy 


dt 
dy 
= = 0.08x + 0.00004xy 
dt 
dx 


(b) 71 = (),15x — 0.0002x”? — 0.0006xy 
Tt 
dy 5 
*, = 0.2y — 0.00008y* — 0.0002xy 
t 


3. The system of differential equations 


= = 0.5x — 0.004x? — 0.001xy 
t 


® — 0.4y ~ 0.001y? — 0.002xy 
dt : 


is a model for the populations of two species. 

(a) Does the model describe cooperation, or competition, 
or a predator-prey relationship? 

(b) Find the equilibrium solutions and explain their 
significance. 


= 


Flies, frogs, and crocodiles coexist in an environment. To sur- 
vive, frogs need to eat flies and crocodiles need to eat frogs. In 


[cas] Computer algebra system required 


the absence of frogs, the fly population will grow exponentially 
and the crocodile population will decay exponentially. In the 
absence of crocodiles and flies, the frog population will decay 
exponentially. If P(t), Q(t), and R(t) represent the populations 
of these three species at time f, write a system of differential 
equations as a model for their evolution. If the constants in 
your equation are all positive, explain why you have used plus 
or minus signs. 


5-6 A phase trajectory is shown for populations of rabbits (R) and 

foxes (F). 

(a) Describe how each population changes as time goes by. 

(b) Use your description to make a rough sketch of the graphs of R 
and F as functions of time. 
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1. Homework Hints available at stewartcalculus.com 
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7-8 Graphs of populations of two species are shown. Use them to 
sketch the corresponding phase trajectory. 


species | 


species 2 


150 + 
100 
50 
pp} jt 
0 1 t 
4 yA species | 
1200 + 
1000 + 
800 


species 2 


9. In Example 1(b) we showed that the rabbit and wolf popula- 
tions satisfy the differential equation 


dW _ —0.02W + 0.00002RW 


dR 0.08R — 0.00LRW 


By solving this separable differential equation, show that 


Ro p98 


H .OOLW 
e 0 00002R , 0.001 


=C 


where C is a constant. 

It is impossible to solve this equation for W as an explicit 
function of R (or vice versa). If you have a computer algebra 
system that graphs implicitly defined curves, use this equation 
and your CAS to draw the solution curve that passes through 
the point (1000, 40) and compare with Figure 3. 


10. Populations of aphids and ladybugs are modeled by the 


equations 
dA 
= = 2A = OWI 
dt 
dL 
are —0.5L + 0.0001AL 


(a) Find the equilibrium solutions and explain their 
significance. 
(b) Find an expression for dL /dA. 


11. 


(c) The direction field for the differential equation in part (b) is 
shown. Use it to sketch a phase portrait. What do the phase 
trajectories have in common? 
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(d) Suppose that at time t = 0 there are 1000 aphids and 
200 ladybugs. Draw the corresponding phase trajectory and 
use it to describe how both populations change. 

(e) Use part (d) to make rough sketches of the aphid and lady- 
bug populations as functions of t. How are the graphs 
related to each other? 


In Example 1 we used Lotka-Volterra equations to model popu- 
lations of rabbits and wolves. Let’s modify those equations as 
follows: 


dR 
rile a 0.08R(1 — 0.0002R) — 0.001RW 


W 
a7 eal —0.02W + 0.00002RW 


(a) According to these equations, what happens to the rabbit 
population in the absence of wolves? 

(b) Find all the equilibrium solutions and explain their 
significance. 

(c) The figure shows the phase trajectory that starts at the point 
(1000, 40). Describe what eventually happens to the rabbit 
and wolf populations. 


Wa 
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(d) Sketch graphs of the rabbit and wolf populations as 
functions of time. 


CAS) 12. In Exercise 10 we modeled populations of aphids and lady- 
bugs with a Lotka-Volterra system. Suppose we modify those 
equations as follows: 


dA 

aia = 2A(1 — 0.0001A) — 0.01AL 
dL 

1p = —0.5L + 0.0001AL 


(a) In the absence of ladybugs, what does the model predict 
about the aphids? 
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(b) Find the equilibrium solutions. 

(c) Find an expression for dL /dA. 

(d) Use a computer algebra system to draw a direction field 
for the differential equation in part (c). Then use the 
direction field to sketch a phase portrait. What do the 
phase trajectories have in common? 

(e) Suppose that at time t = 0 there are 1000 aphids and 
200 ladybugs. Draw the corresponding phase trajectory 
and use it to describe how both populations change. 

(f) Use part (e) to make rough sketches of the aphid and 
ladybug populations as functions of t. How are the 
graphs related to each other? 


Concept Check 


1. (a) What is a differential equation? 
(b) What is the order of a differential equation? 
(c) What is an initial condition? 


2. What can you say about the solutions of the equation 
y’ =x? + y? just by looking at the differential equation? 


3. What is a direction field for the differential equation 
y’ = F(x, y)? 


4. Explain how Euler’s method works. 
5, What is a separable differential equation? How do you solve it? 


6. What is a first-order linear differential equation? How do you 
solve it? 


7. (a) Write a differential equation that expresses the law of natural 


growth. What does it say in terms of relative growth rate? 
(b) Under what circumstances is this an appropriate model for 
population growth? 
(c) What are the solutions of this equation? 


. (a) Write the logistic equation. 


(b) Under what circumstances is this an appropriate model for 
population growth? 


. (a) Write Lotka-Volterra equations to model populations of 


food fish (F) and sharks (S). 
(b) What do these equations say about each population in the 
absence of the other? 


True-False Quiz 
Determine whether the statement is true or false. If it is true, explain why. 
If it is false, explain why or give an example that disproves the statement. 
1. All solutions of the differential equation y’ = —1 — y* are 
decreasing functions. 
2. The function f(x) = (In x)/x is a solution of the differential 
equation x*y’ + xy = 1. 
3. The equation y’ = x + y is separable. 


4. The equation y’ = 3y — 2x + 6xy — 1 is separable. 


5. The equation e*y’ = y is linear. 
6. The equation y’ + xy = e” is linear. 


7. If y is the solution of the initial-value problem 


dy y 
— = ?2y{ 1 —-—-— y(0) = 1 
dt ( :) w 


(Havesa) Nini —s25 ) =D, 
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Exercises 
1. (a) A direction field for the differential equation 
y’ = y(y — 2)(y — 4) is shown. Sketch the graphs of the 
solutions that satisfy the given initial conditions. 
@) yO) ==038 (ii) y(0) = 1 
Gii) y(0) = 3 (iv) y(0) = 4.3 
(b) If the initial condition is y(0) = c, for what values of 
c is lim,» y(t) finite? What are the equilibrium solutions? 
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2. (a) Sketch a direction field for the differential equation 
y’ = x/y. Then use it to sketch the four solutions that 
satisfy the initial conditions y(0) = 1, y(0) = —1, 
y(2) = 1, and y(—2) = 1. 
(b) Check your work in part (a) by solving the differential 
equation explicitly. What type of curve is each solution 
curve? 


3. (a) A direction field for the differential equation 
y’ = x* — y? is shown. Sketch the solution of the 
initial-value problem 


y(0) = 1 


Use your graph to estimate the value of y(0.3). 
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as Graphing calculator or computer required 


(b) Use Euler’s method with step size 0.1 to estimate y(0.3), 
where y(x) is the solution of the initial-value problem in 
part (a). Compare with your estimate from part (a). 

(c) On what lines are the centers of the horizontal line 
segments of the direction field in part (a) located? What 
happens when a solution curve crosses these lines? 


4. (a) Use Euler’s method with step size 0.2 to estimate y(0.4), 
where y(x) is the solution of the initial-value problem 


y' = 2xy? y(0) = 1 

(b) Repeat part (a) with step size 0.1. 

(c) Find the exact solution of the differential equation and 
compare the value at 0.4 with the approximations in 
parts (a) and (b). 


5-8 Solve the differential equation. 


; Pees dx 
5S) = eR ay COS Gig eH ima ees 


1/x 


7. 2ye”y' = 2x + 3.x. 8. x?y" — y= 2x°eF 


8-11 Solve the initial-value problem. 
9 ce tp Dip = (0) =5 
a r=r, rO0)= 


10. (1 + cos x)y’ = (1 + e”)sinx, y(0) =0 


11. xy’ —-y=xInx, y(1)=2 


/™ 12. Solve the initial-value problem y’ = 3x7e*, y(0) = 1, and 


graph the solution. 


13-14 Find the orthogonal trajectories of the family of curves. 


13. y = ke* 14. y =e" 


15. (a) Write the solution of the initial-value problem 


one ie is P(0) = 100 
2000 hes 


and use it to find the population when t = 20. 
(b) When does the population reach 1200? 


16. (a) The population of the world was 5.28 billion in 1990 and 
6.07 billion in 2000. Find an exponential model for these 
data and use the model to predict the world population in 
the year 2020. 

(b) According to the model in part (a), when will the world 
population exceed 10 billion? 

(c) Use the data in part (a) to find a logistic model for the pop- 
ulation. Assume a carrying capacity of 100 billion. Then 


17. 


19. 


20. 


21. 


use the logistic model to predict the population in 2020. 
Compare with your prediction from the exponential model. 

(d) According to the logistic model, when will the world popu- 
lation exceed 10 billion? Compare with your prediction in 
part (b). 


The von Bertalanffy growth model is used to predict the length 
L(t) of a fish over a period of time. If L.. is the largest length 
for a species, then the hypothesis is that the rate of growth in 
length is proportional to L.. — L, the length yet to be achieved. 
(a) Formulate and solve a differential equation to find an 
expression for L(t). 
(b) For the North Sea haddock it has been determined that 
L.. = 53 cm, L(0) = 10 cm, and the constant of proportion- 
ality is 0.2. What does the expression for L(t) become with 
these data? \ 


. A tank contains 100 L of pure water. Brine that contains 


0.1 kg of salt per liter enters the tank at a rate of 10 L/min. 
The solution is kept thoroughly mixed and drains from the 
tank at the same rate. How much salt is in the tank after 

6 minutes? 


One model for the spread of an epidemic is that the rate of 
spread is jointly proportional to the number of infected 

people and the number of uninfected people. In an isolated 
town of 5000 inhabitants, 160 people have a disease at the 
beginning of the week and 1200 have it at the end of the week. 
How long does it take for 80% of the population to become 
infected? 


The Brentano-Stevens Law in psychology models the way that 
a subject reacts to a stimulus. It states that if R represents the 
reaction to an amount S of stimulus, then the relative rates of 
increase are proportional: 


where k is a positive constant. Find R as a function of S. 


The transport of a substance across a capillary wall in lung 
physiology has been modeled by the differential equation 


dh R h 
ae W \ ie se fa 


where / is the hormone concentration in the bloodstream, f is 
time, R is the maximum transport rate, V is the volume of the 
capillary, and k is a positive constant that measures the affinity 
between the hormones and the enzymes that assist the process. 
Solve this differential equation to find a relationship between 


h and t. 


. Populations of birds and insects are modeled by the equations 


= - = (47 — 0.002xy 


< = —0.2y + 0.000008xy 
at 


(a) Which of the variables, x or y, represents the bird popula- 
tion and which represents the insect population? Explain. 


CHAPTERS REVIEW 631 


(b) Find the equilibrium solutions and explain their 
significance. 

(c) Find an expression for dy/dx. 

(d) The direction field for the differential equation in part (c) is 
shown. Use it to sketch the phase trajectory corresponding 
to initial populations of 100 birds and 40,000 insects. Then 
use the phase trajectory to describe how both populations 


change. 
yA 
ANN. va et 3 Se SS ee eS 
PW ee =] SNS 
fe PS ee ee me, nN ES 
| i 2 ease Se VSS SS 
AM ie) 9 ee SRR RK 
Vea 22 NN NOS 
TD Wile?) eae RS Qe nee NS EN 
ME EN NO NE la tee 
NO T Ven RS yY FoF fh ko 
WN WS See on ff 
NN BN ose ee ee eee 
NS ee Se ae 
100 8 le eS SS SS SaaS ee 
Se = =e 
I —— —- — 
0 20000 40000 60000 * 


(e) Use part (d) to make rough sketches of the bird and insect 
populations as functions of time. How are these graphs 
related to each other? 


23. Suppose the model of Exercise 22 is replaced by the equations 


dx 
= = 0.4x(1 — 0.000005x) — 0.002xy 
“ = -0.2y + 0.000008xy 


(a) According to these equations, what happens to the insect 
population in the absence of birds? 

(b) Find the equilibrium solutions and explain their 
significance. 

(c) The figure shows the phase trajectory that starts with 
100 birds and 40,000 insects. Describe what eventually 
happens to the bird and insect populations. 


seal - 
160 + 


fa + + ; > 
15000 25000 35000 45000 ~ 


(d) Sketch graphs of the bird and insect populations as 
functions of time. 
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10. 


11. 


12. 


13. 


14. 


15. 


—— - Las ee a eS ee: «eS? oe ees. ee 
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(a) Suppose that the dog in Problem 9 runs twice as fast as the rabbit. Find a differential 
equation for the path of the dog. Then solve it to find the point where the dog catches the 
rabbit. 

(b) Suppose the dog runs half as fast as the rabbit. How close does the dog get to the rabbit? 
What are their positions when they are closest? 


A planning engineer for a new alum plant must present some estimates to his company 

regarding the capacity of a silo designed to contain bauxite ore until it is processed into alum. 

The ore resembles pink talcum powder and is poured from a conveyor at the top of the silo. 

The silo is a cylinder 100 ft high with a radius of 200 ft. The conveyor carries ore at a rate of 

60,0007 ft'/h and the ore maintains a conical shape whose radius is 1.5 times its height. 

(a) If, at a certain time ¢, the pile is 60 ft high, how long will it take for the pile to reach the 
top of the silo? 

(b) Management wants to know how much room will be left in the floor area of the silo when 
the pile is 60 ft high. How fast is the floor area of the pile growing at that height? 

(c) Suppose a loader starts removing the ore at the rate of 20,0007 ft*/h when the height of 
the pile reaches 90 ft. Suppose, also, that the pile continues to maintain its shape. How 
long will it take for the pile to reach the top of the silo under these conditions? 


Find the curve that passes through the point (3, 2) and has the property that if the tangent line 
is drawn at any point P on the curve, then the part of the tangent line that lies in the first 
quadrant is bisected at P. 


Recall that the normal line to a curve at a point P on the curve is the line that passes through 
P and is perpendicular to the tangent line at P. Find the curve that passes through the point 
(3, 2) and has the property that if the normal line is drawn at any point on the curve, then 
the y-intercept of the normal line is always 6. 


Find all curves with the property that if the normal line is drawn at any point P on the curve, 
then the part of the normal line between P and the x-axis is bisected by the y-axis. 


Find all curves with the property that if a line is drawn from the origin to any point (x, y) on 
the curve, and then a tangent is drawn to the curve at that point and extended to meet the 
x-axis, the result is an isosceles triangle with equal sides meeting at (x, y). 


AP9-1 


Pee AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places 


For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator; 
however, show appropriate calculus notation in your work 


Multiple Choice 


1. Which of the following could be the slope field for the differ- y dy 
dy 3. Given that y(2) = —4 and — = x + 2y, what is the approxi- 
ential equation — = 1 — y”? F : dx 
dx mation for y(3) if Euler’s method is used with a step size of 


(a) (b) 0.5, starting at x = 2? 

VAVVVA VLA VL ANS \ 

VARA AAI REA SSG \A\\ ‘i (a) 14.25 (b) 2 

\ ‘ RENE NIN SG NEN ENE NC \ 

SARS SRSSSS Seat : (c) -7 (d) —12.75 

ee Va ees \ \ 

mn | dy 

CEE LS pe NAN Le Vea AEN \ 4. If — = k(y — 3), then y = 

KOSI Site Oe : RS ‘ dt 

a aoe aaa VAP ae Ss 

v7 7 ey Me 7 1 Ge NE (a) Cet 3 (b) ek As 

CEP BOCES EES WAS (OnCcm 3 (Din) ki C jas 

ci ES Leg SOs SO EN ; 
ake Ne 5. The spread of an infectious disease through a school is 

NA VANANAA AAA VAANAA Ves modeled by the logistic equation 

WN AAA AANA AE NSS 


1200 
(©) | (d) = Saye 
a f 


Vp hihi TLL ING 


where f is the number of days and P(t) represents the number 
of infected people. The graph of P(t) is shown. What is the 
growth rate, in infected people per day, that this disease 
exhibits when it is spreading the fastest? 


PA 
P(t) 
1200+ 
2. Which of the following differential equations for a population 
P could model the logistic growth shown in the figure? 
| 
PA 0 20 is 
P(t) 
300+ (a) 0 (b) 2:773 
©) ls (d) 600 
6. The number of bears in a national park is modeled by the func- 
tion B that satisfies the logistic differential equation 
% dB M 
y = = 0.8M{ 1 -— 
dt ? ( 400 
dP 2 dP 2 where f is the time in years and M(0) = 60. What is lim M(t)? 
— = 0.3P — 0.001P° Die = O1P— 0.001Fs jee 
(a) Fie 0 (D) dt (a) 60 (b) 120 
dP dP (c) 200 (d) 400 


— = > — 0.001P d) — =0.1P* — 0.001P 
(c) a 0.3P? — 0.001 (d) e 
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7. Shown is a slope field for which of the following differential 


equations? 
yA 
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Free Response 


9. Consider the logistic differential equation 


Let y = f(t) be the particular solution to the differential equa- 
tion with f(0) = 7. 
(a) A slope field for this differential equation is given. Sketch 


possible solution curves through the points (2, 3) and (0, 7). 
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8. A coffeepot has the shape of a cylinder with radius 4 in. Let 


h be the depth of the coffee in the pot, measured in inches, 
where / is a function of time f, measured in seconds. Given 
that h = 10 at time t = 0, solve the differential equation 

dh vh 

dt 4 
for h as a function of t to find the time t when the coffeepot is 
empty. 
(a) 2/10 (b) 8/10 

/10 


(c) 16a (d) nore 


(b) Use Euler’s method, starting at t = 0 with steps of equal 
size, to approximate f(1). 
(c) What is the range of f for t => 0? 


. Let f be a function with f(3) = 1 such that f satisfies the differ- 


ential equation 
ay 


4y(6 — 
+i YOu aw) 


Let g be a function with g(3) = 1 such that g satisfies the 
logistic differential equation 


i ae aes 


(a) Find y = f(x). 

(b) Given that g(3) = 1, find lim,.... g(x) and lim... g'(x). 
[It is not necessary to solve for g(x) or show how you arrive 
at your answers. | 

(c) For what value of y does the graph of g have a point of 
inflection? Find the slope of the graph of g at the point of 
inflection. [It is not necessary to solve for g(x).] 


Curves in Parametric, Vector, 
and Polar Form 


© Dean Ketelsen 


So far we have described plane curves by giving y as a function of x [y = f(x)] or x as a function 
of y [x = g(y)] or by giving a relation between x and y that defines y implicitly as a function of x 
[ f(x, y) = 0]. In this chapter we discuss two new methods for describing curves. 

Some curves, such as the cycloid, are best handled when both x and y are given in terms of a third 
variable t called a parameter |x = f(t), y = g(t)]. Other curves, such as the cardioid, have their most 
convenient description when we use a new coordinate system, called the polar coordinate system. 

For the purpose of describing the motion of an object along a curve in terms of its velocity and 


acceleration, the best method is to use a vector equation of the curve: r(t) = (f(t), g(t)). 
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10.1 | Curves Defined by Parametric Equations 


FIGURE 1 


This equation in x and y describes where the 
particle has been, but it doesn’t tell us when 


the particle was at a particular point. The para- 


metric equations have an advantage—they tell 
us when the particle was at a point. They also 
indicate the direction of the motion. 


Imagine that a particle moves along the curve C shown in Figure 1. It is impossible to 
describe C by an equation of the form y = f(x) because C fails the Vertical Line Test. But 
the x- and y-coordinates of the particle are functions of time and so we can write x = f(t) 
and y = g(t). Such a pair of equations is often a convenient way of describing a curve and 
gives rise to the following definition. 

Suppose that x and y are both given as functions of a third variable t (called a param- 
eter) by the equations 


SSOk ay Say) 


(called parametric equations). Each value of t determines a point (x, y), which we can 
plot in a coordinate plane. As f varies, the point (x, y) = (f(t), g(t)) varies and traces out a 
curve C, which we call a parametric curve. The parameter f does not necessarily represent 
time and, in fact, we could use a letter other than ¢ for the parameter. But in many 
applications of parametric curves, t does denote time and therefore we can interpret 
(x, y) = (f(t), g(t)) as the position of a particle at time f. 


2ONVi20s9) Sketch and identify the curve defined by the parametric equations 


x= ft? — 2 yy Sse il 


SOLUTION Each value of ¢ gives a point on the curve, as shown in the table. For instance, 
if t = 0, then x = 0, y = | and so the corresponding point is (0, 1). In Figure 2 we plot 
the points (x, y) determined by several values of the parameter and we join them to pro- 
duce a curve. 


t a y 
=a, 8 all 
eal 3 0 

0 0 1 

1 =i D, 

2 0 3 

3 3 4 

4 8 > 


FIGURE 2 


A particle whose position is given by the parametric equations moves along the curve 
in the direction of the arrows as ft increases. Notice that the consecutive points marked 
on the curve appear at equal time intervals but not at equal distances. That is because the 
particle slows down and then speeds up as tf increases. 

It appears from Figure 2 that the curve traced out by the particle may be a parabola. 
This can be confirmed by eliminating the parameter ¢ as follows. We obtain t = y — | 
from the second equation and substitute into the first equation. This gives 


eee ey DE = VIG) = es? = ahs F 


and so the curve represented by the given parametric equations is the parabola 


x= y? — 4y + 3. Sar se 


(0, 1) 


(8, 5) 


FIGURE 3 


oh 


FIGURE 4 
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FIGURE 5 


ca 
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No restriction was placed on the parameter ¢ in Example 1, so we assumed that f could 
be any real number. But sometimes we restrict f to lie in a finite interval. For instance, the 
parametric curve 


C= —2t  y=t+ | O=re4 


shown in Figure 3 is the part of the parabola in Example | that starts at the point (0, 1) and 
ends at the point (8, 5). The arrowhead indicates the direction in which the curve is traced 
as t increases from 0 to 4. 

In general, the curve with parametric equations 


f(t) Oy = ot) Gea 
has initial point (f(a), g(a)) and terminal point (f(b), g(b)). 


1% (SEG What curve is represented by the following parametric equations? 
x = cost y= sint 0sts27 


SOLUTION If we plot points, it appears that the curve is a circle. We can confirm this 
impression by eliminating t. Observe that 


x? + y? = cos*t + sin*t = 1 


Thus the point (x, y) moves on the unit circle x* + y* = 1. Notice that in this example 
the parameter f can be interpreted as the angle (in radians) shown in Figure 4. As t 
increases from (0) to 27r, the point (x, y) = (cos ¢, sin t) moves once around the circle in 
the counterclockwise direction starting from the point (1, 0). as 


(SEI What curve is represented by the given parametric equations? 
= sin 2t y = cos 2t 0<t<27 


SOLUTION Again we have 


x? + y* = sin? 2t + cos’ 2t = | 


so the parametric equations again represent the unit circle x7 + y* = 1. Butast 
increases from 0) to 27, the point (x, y) = (sin 21, cos 21) starts at (0, 1) and moves twice 
around the circle in the clockwise direction as indicated in Figure 5. eet 


Examples 2 and 3 show that different sets of parametric equations can represent the same 
curve. Thus we distinguish between a curve, which is a set of points, and a parametric curve, 
in which the points are traced in a particular way. 


ST EVs Find parametric equations for the circle with center (h, k) and radius r. 


SOLUTION If we take the equations of the unit circle in Example 2 and multiply the 
expressions for x and y by r, we getx = rcost,y =r sin t. You can verify that these 
equations represent a circle with radius r and center the origin traced counterclockwise. 
We now shift / units in the x-direction and k units in the y-direction and obtain para- 
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metric equations of the circle (Figure 6) with center (h, k) and radius r: 


x=h+rcost y=k+rsint 0O=fs27 


FIGURE 6 0 
x=h+rcost,y=k+rsint 0 x rete] 


(% {SEWTTS9 Sketch the curve with parametric equations x = sin t, y = sin*t. 


SOLUTION Observe that y = (sin t)* = x’ and so the point (x, y) moves on the parabola 

y = x’. But note also that, since —1 < sint < 1, we have —1 < x < 1, so the para- 
metric equations represent only the part of the parabola for which —1 S x S 1. Since 

sin f is periodic, the point (x, y) = (sin ft, sin’s) moves back and forth infinitely often 
along the parabola from (—1, 1) to (1, 1). (See Figure 7.) ered 


FIGURE 7 


Module 10.1A gives an animation of the 
relationship between motion along a parametric 
curve x = f(t), y = g(t) and motion along the 
graphs of f and g as functions of t. Clicking on 
TRIG gives you the family of parametric curves 


26 


1So9 


x=acosbt y=csindt 


If you choose a = b = c = d = 1 and click 
on animate, you will see how the graphs of 


x = cos tand y = sin r relate to the circle in 
Example 2. If you choosea = b = c = 1, 

d = 2, you will see graphs as in Figure 8. By 
clicking on animate or moving the r-slider to 
the right, you can see from the color coding how 
motion along the graphs of x = cos ¢ and 


y = sin 2t corresponds to motion along the para- 
metric curve, which is called a Lissajous figure. 


FIGURE 8 xX=cost y=sin2t y=sin2t 


MQ Graphing Devices 


Most graphing calculators and computer graphing programs can be used to graph curves 
defined by parametric equations. In fact, it’s instructive to watch a parametric curve being 


drawn by a graphing calculator because the points are plotted in order as the corresponding 
parameter values increase. 


FIGURE 9 


FIGURE 10 
x = sint +> cos 5t+4 sin 137 


= ive 1 
y=cost+— sin 5t+ 7 cos 13¢ 


An animation in Module 10.1B shows 
how the cycloid is formed as the circle moves. 


FIGURE 13 


SECTION 10.1 CURVES DEFINED BY PARAMETRIC EQUATIONS 639 


2eaild’3t) Use a graphing device to graph the curve x = y* — 3y’. 
SOLUTION If we let the parameter be t = y, then we have the equations 
Nit ite ay = 7 


Using these parametric equations to graph the curve, we obtain Figure 9. It would be 
possible to solve the given equation (x = y* — 3y”) for y as four functions of x and 
graph them individually, but the parametric equations provide a much easier method. 

| ee 


In general, if we need to graph an equation of the form x = g(y), we can use the para- 
metric equations 
POPS grat 


Notice also that curves with equations y = f(x) (the ones we are most familiar with—graphs 
of functions) can also be regarded as curves with parametric equations 


a ey (c) 


Graphing devices are particularly useful for sketching complicated curves. For instance, 
the curves shown in Figures 10, 11, and 12 would be virtually impossible to produce by hand. 


FIGURE 11 FIGURE 12 

x =sint—sin2.3¢ x=sint++ sin 5¢+ 4 cos 2.3¢ 
eS | i 

y=cost y=cost += cos 5t+ 7 sin 2.3¢ 


One of the most important uses of parametric curves is in computer-aided design (CAD). 
In the Laboratory Project after Section 10.2 we will investigate special parametric curves, 
called Bézier curves, that are used extensively in manufacturing, especially in the auto- 
motive industry. These curves are also employed in specifying the shapes of letters and 
other symbols in laser printers. 


MH The Cycloid 


(STAI The curve traced out by a point P on the circumference of a circle as the 
circle rolls along a straight line is called a cycloid (see Figure 13). If the circle has 
radius r and rolls along the x-axis and if one position of P is the origin, find parametric 
equations for the cycloid. 
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FIGURE 14 


cycloid” 


FIGURE 15 


FIGURE 16 


? 
A 


SOLUTION We choose as parameter the angle of rotation 6 of the circle (6 = 0 when P is 
at the origin). Suppose the circle has rotated through 6 radians. Because the circle has 
been in contact with the line, we see from Figure 14 that the distance it has rolled from 
the origin is 

| OT| = arc PT = r6 


Therefore the center of the circle is C(ré, r). Let the coordinates of P be (x, y). Then 
from Figure 14 we see that 


x =|OT| —|PQ| =ré@—rsiné=r(0 — sin8) 


y=|TC|=\|.0C\ = 7 7 c0s 0—a7.( 1s cos a) 


Therefore parametric equations of the cycloid are 


[1] x =r(0— sin8@) y= Trl — ces @} gER 


One arch of the cycloid comes from one rotation of the circle and so is described by 
0 < 6 S 27. Although Equations | were derived from Figure 14, which illustrates the 
case where 0 < 6 < 77/2, it can be seen that these equations are still valid for other 
values of @ (see Exercise 39). 

Although it is possible to eliminate the parameter 6 from Equations 1, the resulting 
Cartesian equation in x and y is very complicated and not as convenient to work with as 
the parametric equations. ESSE 


One of the first people to study the cycloid was Galileo, who proposed that bridges be 
built in the shape of cycloids and who tried to find the area under one arch of a cycloid. Later 
this curve arose in connection with the brachistochrone problem: Find the curve along 
which a particle will slide in the shortest time (under the influence of gravity) from a point 
A to a lower point B not directly beneath A. The Swiss mathematician John Bernoulli, who 
posed this problem in 1696, showed that among all possible curves that join A to B, as in 
Figure 15, the particle will take the least time sliding from A to B if the curve is part of an 
inverted arch of a cycloid. 

The Dutch physicist Huygens had already shown that the cycloid is also the solution to 
the tautochrone problem; that is, no matter where a particle P is placed on an inverted 
cycloid, it takes the same time to slide to the bottom (see Figure 16). Huygens proposed that 
pendulum clocks (which he invented) should swing in cycloidal arcs because then the pen- 
dulum would take the same time to make a complete oscillation whether it swings through 
a wide or a small arc. 


M8 Families of Parametric Curves 

Vv Investigate the family of curves with parametric equations 
x=a+cost i= a tan taaresione 

What do these curves have in common? How does the shape change as a increases? 


SOLUTION We use a graphing device to produce the graphs for the cases a = —2, — i 
—0.5, —0.2, 0, 0.5, 1, and 2 shown in Figure 17. Notice that all of these curves (except 
the case a = 0) have two branches, and both branches approach the vertical asymptote 
X = a as x approaches a from the left or right. 
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————+———— 
+ 
a) 


FIGURE 17 Members of the family 
x=a+cost, y=atant+sint, When a < —1, both branches are smooth; but when a reaches —1, the right branch 


all graphed in the viewing rectangle acquires a sharp point, called a cusp. For a between —1 and 0 the cusp turns into a loop, 

[—4, 4] by [-4, 4] which becomes larger as a approaches 0. When a = 0, both branches come together and 
form a circle (see Example 2). For a between 0 and 1, the left branch has a loop, which 
shrinks to become a cusp when a = 1. For a > 1, the branches become smooth again, 
and as a increases further, they become less curved. Notice that the curves with a posi- 
tive are reflections about the y-axis of the corresponding curves with a negative. 

These curves are called conchoids of Nicomedes after the ancient Greek scholar 

Nicomedes. He called them conchoids because the shape of their outer branches 
resembles that of a conch shell or mussel shell. EE 


10.1 | Exercises 


1-4 Sketch the curve by using the parametric equations to plot 9x=/t, y=1-t 
points. Indicate with an arrow the direction in which the curve is 


traced as f increases. 


10.x=?, y=r 


fe p et yer at, —Lat=2 
11-18 
SS yi = — —3 =) <= 3 . : al + 1 
= Re aad vi , (a) Eliminate the parameter to find a Cartesian equation of the 
3x = cos?t, Ve | = graye O=t= /2 curve. 
Rites ook t SE ee BD (b) Sketch the curve and indicate with an arrow the direction in 
ges 4 ee A _ which the curve is traced as the parameter increases. 
1. x=sin30, y=cos56, -7<O0<7 
5-10 ; 
(a) Sketch the curve by using the parametric equations to plot 12. x= cos?, y=2sing, 0O=O= 7 
points. Indicate with an arrow the direction in which the curve Ti GRoRh eee ee. 
is traced as f increases. 
(b) Eliminate the parameter to find a Cartesian equation of the 4.x*x=e=1, y=e” 
“alba: 15.x=e", y=tt+1 
Si= a Patan Oy 
DSSS Teen, 1S Vt, ye yt 
1 
=i] = ,=st—-1, -2srs4 ‘ 
ay cael ae 17. x =sinht, y=cosht 
Leas Pj? 2,9 =2=e2 
Ue aa 7 18. x =tan?@, y=sec0, —m/2<0< a/2 
8x=t-1, yori, —2sts2 


= _ 5) ae % a awe at ay ; : 
Bee: Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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19-22 Describe the motion of a particle with position (x, y) as 25-27 Use the graphs of x = f(t) and y = g(t) to sketch the para- 
t varies in the given interval. metric curve x = f(t), y = g(t). Indicate with arrows the direction 
in which the curve is traced as f increases. 


19. x=3+2cost, y=1+2sint, 7/2 St=32/2 


25. 
20.x=2sint, y=4+ cost, 0St=<37/2 
21.x=Ssint, y=2cost, -mst<S57 
2. x—=sint, y= cost, —27 =f = 27 
23. Suppose a curve is given by the parametric equations x = f(t), 6 
y = g(t), where the range of f is [1, 4] and the range of g is : 
[2,3]. What can you say about the curve? 
24. Match the graphs of the parametric equations x = f(t) and 
y = g(t) in (a)—(d) with the parametric curves labeled I-IV. 
Give reasons for your choices. 
(a) I 
vA YA 27. 


(b) 1 28. Match the parametric equations with the graphs labeled I-VI. 


Give reasons for your choices. (Do not use a graphing device.) 
(a= — ie ays 


(ba Fy 
x (c)x =sin2t, y= sin(t + sin 27) 
(d)x =cos5t, y= sin2r 
(e)x=t+sin4t, y=? + cos 3t 
sin 2t cos 2t 


i) 
' 
bo 
~ 
ns 


~y 
v 


y= oy : 
447? - : 
I t A+ ¢ 
YA 
Al I Il Ill 
YA y y 
> 
1 x 
ise 
2» > 
x 
; > 
(d) IV 
IV V 
XA YA, YA, ; be 
2 - = yA | | yA 
= = ——> 
eat sy) Dak 
x 
PIS x x 


[Dd] 


[SB] 


31. 


34. 


29. 


/ 30. 


Graph the curve x = y — 2 sin ary. 


Graph the curves y = x* — 4x and x = y* — 4y and find 
their points of intersection correct to one decimal place. 


(a) Show that the parametric equations 


X= x1 + (x2 -—m)t y= + (y2—yi)t 


where 0 S t S 1, describe the line segment that joins the 
points P(x), yi) and Po(x2, y2). 

(b) Find parametric equations to represent the line segment 
from (—2, 7) to (3, —1). 


. Use a graphing device and the result of Exercise 31(a) to 


draw the triangle with vertices A(1, 1), B(4, 2), and C(1, 5). 


. Find parametric equations for the path of a particle that 


2 


moves along the circle x* + (y — 1)? = 4 in the manner 
described. 

(a) Once around clockwise, starting at (2, 1) 

(b) Three times around counterclockwise, starting at (2, 1) 
(c) Halfway around counterclockwise, starting at (0, 3) 


(a) Find parametric equations for the ellipse 
x*/a? + y?/b? = 1. [Hint: Modify the equations of 
the circle in Example 2.] 
(b) Use these parametric equations to graph the ellipse when 
= 3 and b = 1, 2, 4, and 8. 
(c) How does the shape of the ellipse change as b varies? 


35-36 Use a graphing calculator or computer to reproduce the 


picture. 
SOA 36. y 
2 4 
2 
a Sere eee : 


37-38 Compare the curves represented by the parametric 
equations. How do they differ? 


37. 


38. 


ame rf, yo? (b) eve y=: 
(cjxr=e°, y= eo" 

@x=t, y=t” (b) x= cost, y = sec’? 
cine e. yee 


39. 
40. 


Derive Equations 1 for the case 7/2 < 0 < 7. 


Let P be a point at a distance d from the center of a circle of 
radius r. The curve traced out by P as the circle rolls along a 
straight line is called a trochoid. (Think of the motion of a 
point on a spoke of a bicycle wheel.) The cycloid is the spe- 
cial case of a trochoid with d = r. Using the same parameter 
@ as for the cycloid and, assuming the line 1s the X-axis and 
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41. 


42. 


43. 
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6 = 0 when P is at one of its lowest points, show that para- 
metric equations of the trochoid are 


x=rd—dsiné y=r-—dcosé 


Sketch the trochoid for the cases d < randd > r. 


If a and b are fixed numbers, find parametric equations for 
the curve that consists of all possible positions of the point P 
in the figure, using the angle 6 as the parameter. Then elimi- 
nate the parameter and identify the curve. 


If a and b are fixed numbers, find parametric equations for 
the curve that consists of all possible positions of the point P 
in the figure, using the angle 6 as the parameter. The line 
segment AB is tangent to the larger circle. 


A curve, called a witch of Maria Agnesi, consists of all pos- 
sible positions of the point P in the figure. Show that para- 


metric equations for this curve can be written as 
x=2acot@ y= 2asin’é 


Sketch the curve. 


y=2a 
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44. (a) Find parametric equations for the set of all points P as 
shown in the figure such that |OP| = | AB|. (This curve 
is called the cissoid of Diocles after the Greek scholar 
Diocles, who introduced the cissoid as a graphical 
method for constructing the edge of a cube whose volume 
is twice that of a given cube.) 

(b) Use the geometric description of the curve to draw a 
rough sketch of the curve by hand. Check your work by 
using the parametric equations to graph the curve. 


yA 


x=2a 


45. Suppose that the position of one particle at time ¢ is given by 


x, =3sint y, = 2 cost Osts27 


and the position of a second particle is given by 


X2=-—3+ cost =1+sint Os ts27 


(a) Graph the paths of both particles. How many points of 
intersection are there? 

(b) Are any of these points of intersection collision points? 
In other words, are the particles ever at the same place at 
the same time? If so, find the collision points. 

(c) Describe what happens if the path of the second particle 
is given by 


x.» =3+cost = 1+ sint 0Ox<tS27 


46. If a projectile is fired with an initial velocity of vo meters per 
second at an angle a above the horizontal and air resistance 
is assumed to be negligible, then its position after t seconds 
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[>] 
Ld 


is given by the parametric equations 


: 1 
x = (v9 cos a)t y = (vo sin a)t — 3gt” 


where g is the acceleration due to gravity (9.8 m/ s*). 

(a) If a gun is fired with a = 30° and vp = 500 m/s, when 
will the bullet hit the ground? How far from the gun will 
it hit the ground? What is the maximum height reached 
by the bullet? 

(b) Use a graphing device to check your answers to part (a). 
Then graph the path of the projectile for several other 
values of the angle a to see where it hits the ground. 
Summarize your findings. 

(c) Show that the path is parabolic by eliminating the 
parameter. 


. Investigate the family of curves defined by the parametric 


equations x = t*, y = t? — ct. How does the shape change 
as c increases? Illustrate by graphing several members of the 
family. 


. The swallowtail catastrophe curves are defined by the para- 


metric equations x = 2ct — 41°, y = —ct? + 3t*. Graph 
several of these curves. What features do the curves have in 
common? How do they change when c increases? 


. Graph several members of the family of curves with 


parametric equations x = f + acost, y =t + asin t, where 
a > 0. How does the shape change as a increases? For what 
values of a does the curve have a loop? 


. Graph several members of the family of curves 


x = sint + sinnt, y = cost + cos nt where n is a positive 
integer. What features do the curves have in common? What 
happens as n increases? 


. The curves with equations x = a sinnt, y = bcost are 


called Lissajous figures. Investigate how these curves vary 
when a, b, and n vary. (Take n to be a positive integer.) 


. Investigate the family of curves defined by the parametric 


equations x = cos t, y = sint — sin ct, where c > 0. Start 
by letting c be a positive integer and see what happens to the 
shape as c increases. Then explore some of the possibilities 
that occur when c is a fraction. 


Palani CIRCLES AROUND CIRCLES. 


v= (a ~ bcos 0+ bens(4 


In this project we investigate families of curves, called hypocycloids and epicycloids, that are 
generated by the motion of a point on a circle that rolls inside or outside another circle. 


1. A hypocycloid is a curve traced out by a fixed point P on a circle C of radius b as C rolls on the 
inside of a circle with center O and radius a. Show that if the initial position of P is (a, 0) and 
the parameter 6 is chosen as in the figure, then parametric equations of the hypocycloid are 


y= (a= 6) sind bsnl 4 


= 


aw : : 
Graphing calculator or computer required 
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Look at Module 10.1B to see how 
hypocycloids and epicycloids are formed by 
the motion of rolling circles. 


2. Use a graphing device (or the interactive graphic in TEC Module 10.1B) to draw the graphs of 
hypocycloids with a a positive integer and b = 1. How does the value of a affect the graph? 
Show that if we take a = 4, then the parametric equations of the hypocycloid reduce to 


“= Ac0s70. 1 y= 4 sin’@ 
This curve is called a hypocycloid of four cusps, or an astroid. 


3. Now try b = 1 and a = n/d, a fraction where n and d have no common factor. First let n = 1 
and try to determine graphically the effect of the denominator d on the shape of the graph. Then 
let n vary while keeping d constant. What happens whenn = d + 1? 


4. What happens if b = | and a is irrational? Experiment with an irrational number like a 2AOE 
e — 2. Take larger and larger values for @ and speculate on what would happen if we were to 
graph the hypocycloid for all real values of 6. 


5. If the circle C rolls on the outside of the fixed circle, the curve traced out by P is called an 
epicycloid. Find parametric equations for the epicycloid. 


6. Investigate the possible shapes for epicycloids. Use methods similar to Problems 2-4. 


10.2 | Calculus with Parametric Curves 


If we think of the curve as being traced out by 
a moving particle, then dy/dt and dx/dt are 


the vertical and horizontal velocities of the par- 


ticle and Formula 1 says that the slope of the 
tangent is the ratio of these velocities. . 


dy 
@ Note that —> # 
dx” 


Having seen how to represent curves by parametric equations, we now apply the methods 
of calculus to these parametric curves. In particular, we solve problems involving tangents, 
area, arc length, and surface area. 


MG Tangents 

Suppose f and g are differentiable functions and we want to find the tangent line at a point 
on the curve x = f(t), y = g(t) where y is also a differentiable function of x. Then the Chain 
Rule gives 


dy _ dy dx 
dt ee Pane 
It dx/dt # 0, we can solve for dy/dx: 
dy 
dy dt 1x 
[1] oye if — 0 
dx dx dt 
dt 


Equation 1 (which you can remember by thinking of canceling the dt’s) enables us 
to find the slope dy/dx of the tangent to a parametric curve without having to eliminate 
the parameter t. We see from that the curve has a horizontal tangent when dy/dt = 0 
(provided that dx/dt ~ 0) and it has a vertical tangent when dx/dt = 0 (provided that 
dy/dt # 0). This information is useful for sketching parametric curves. 

As we know from Chapter 4, it is also useful to consider d’y/dx*. This can be found by 
replacing y by dy/dx in Equation 1: 


d (dy 
d’y d (2) 7 dt vax 


dx 


dt 


646 CHAPTER 10 CURVES IN PARAMETRIC, VECTOR, AND POLAR FORM 


y=/3(x- 3) 


FIGURE 1 


(SUSI A curve C is defined by the parametric equations x = t*, y = f° — 3¢. 

(a) Show that C has two tangents at the point (3, 0) and find their equations. 

(b) Find the points on C where the tangent is horizontal or vertical. 

(c) Determine where the curve is concave upward or downward. 

(d) Sketch the curve. 

SOLUTION 

(a) Notice that y = t°? — 3t = ¢(t? — 3) = 0 whent = 0 ort = +3. Therefore the 
point (3, 0) on C arises from two values of the parameter, t = 3 and {= —./3. This 
indicates that C crosses itself at (3, 0). Since 


ay). dy die sieg epee mee 
Ape vabgirel: 2t 2 t 


the slope of the tangent when t = +,/3 is dy/dx = +6/(2,/3 ) = +,/3, so the equa- 
tions of the tangents at (3, 0) are 


ya) 35 te) and y= —-V3 (x — 3) 


(b) C has a horizontal tangent when dy/dx = 0, that is, when dy/dt = 0 and dx/dt ¥ 0. 
Since dy/dt = 3t* — 3, this happens when ft? = 1, that is, t = +1. The corresponding 
points on C are (1, —2) and (1, 2). C has a vertical tangent when dx/dt = 2t = 0, that is, 
t = 0. (Note that dy/dt # 0 there.) The corresponding point on C is (0, 0). 


(c) To determine concavity we calculate the second derivative: 


d { dy 3 I 
2 . | eee | Mita : 
igi CANN) eee Pj) jteee A) 


dx? dx 2t 4t? 
dt 


Thus the curve is concave upward when t > 0 and concave downward when t < 0. 


(d) Using the information from parts (b) and (c), we sketch C in Figure 1. [eon 


Vg EXAMPLE 2 | 

(a) Find the tangent to the cycloid x = r(@ — sin 0), y = r(1 — cos @) at the point 
where 6 = 7/3. (See Example 7 in Section 10.1.) 

(b) At what points is the tangent horizontal? When is it vertical? 


SOLUTION 
(a) The slope of the tangent line is 


CaN, dy/d0 _ rsin 0 sin @ 
dx dx/d@ _r(1 — cos 6) l= cos @ 


When 6 = 7/3, we have 


and 


dy ___ sin(z/3) vole 
dx  1-—cos(m/3) 1 — v3 


FIGURE 2 


The limits of integration for t are found 

as usual with the Substitution Rule. When 
x =a,tis either a or B. When x = b, tis 
the remaining value. 


FIGURE 3 


The result of Example 3 says that the area 
under one arch of the cycloid is three times the 
area of the rolling circle that generates the 
cycloid (see Example 7 in Section 10.1). Galileo 
guessed this result but it was first proved by 
the French mathematician Roberval and the 
Italian mathematician Torricelli. 


SECTION 10.2 CALCULUS WITH PARAMETRIC CURVES 647 


Therefore the slope of the tangent is /3 and its equation is 


mer 


The tangent is sketched in Figure 2. 


(b) The tangent is horizontal when dy/dx = 0, which occurs when sin 6 = 0 and 
1 — cos 6 ¥ 0, that is, 9 = (2n — 1)z, n an integer. The corresponding point on the 
cycloid is ((2n — 1)ar, 2r). 

When @ = 2n7, both dx/d@ and dy/d@ are 0. It appears from the graph that there 
are vertical tangents at those points. We can verify this by using I’ Hospital’s Rule as 


follows: 


: dy sin 0 cos 0 
im SS = hit = SS Shin : = &e 
§>2nnt dx §=2nn+ 1 — cosé §>2n7+ sin ®@ 


A similar computation shows that dy/dx — —% as @— 2nz7 , so indeed there are verti- 
cal tangents when 6 = 2n7, that is, when x = 2n7rr. Ss 


© Areas 


We know that the area under a curve y = F(x) from a to b is A = (e F(x) dx, where 
F(x) = 0. If the curve is traced out once by the parametric equations x = f(t) and y = g(t), 
a <t< B, then we can calculate an area formula by using the Substitution Rule for 
Definite Integrals as follows: 


nN { ydx = | . g(t) f'(t) dt ox iL git) f'(t) | 


(Se) Find the area under one arch of the cycloid 


se (AC== Sina) y = r(1 — cos 8) 
(See Figure 3.) 


SOLUTION One arch of the cycloid is given by 0 < @ < 27. Using the Substitution Rule 
with y = r(1 — cos 6) and dx = r(1 — cos 6) d@, we have 


A i [vax = ie r(1 — cos 6) r(1 — cos @) dé 
0 0 


ae ie — cos 6)’ d0 = r? ("a — 2. cos 6 + cos*#) dé 
0 0 


2 (" —~ 2cos 6 + (1 + cos 26)| do 


0 


2ar 
0 


[3@ — 2sin 6 + fsin 26] 


= 7?( : 27) aT 


lw 
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FIGURE 4 


MH Arc Length 


We already know how to find the length L of a curve C given in the form y = F(x), 
a < x <b. Formula 8.1.3 says that if F’ is continuous, then 


b dy 2 
= i 1 ee 
B i ( dx q 
Suppose that C can also be described by the parametric equations x = f(t) and y = g(t), 
a <t < B, where dx/dt = f'(t) > 0. This means that C is traversed once, from left to 


right, as t increases from a to B and f(a) = a, f(B) = b. Putting Formula | into Formula 
2 and using the Substitution Rule, we obtain 


b dy 2 B dy/dt a dx 
SAU a= poseable) av = ait. 
: i ea 4 | (ee) dt 
Since dx/dt > 0, we have 
B ae ve dy \’ 
[3] p= | a) eae ee lay 
7 dt dt 


Even if C can’t be expressed in the form y = F(x), Formula 3 is still valid but we obtain 
it by polygonal approximations. We divide the parameter interval [@, 8] into n subintervals 


of equal width Av. If f, ti, h, ..., t, are the endpoints of these subintervals, then x; = f(t;) 
and y; = g(t;) are the coordinates of points P;(x;, y;) that lie on C and the polygon with ver- 
tices Po, P;,..., P, approximates C. (See Figure 4.) 


As in Section 8.1, we define the length L of C to be the limit of the lengths of these 
approximating polygons as n — ©: 


no -_ 


L= lim > | P-:P;| 
i=1 


The Mean Value Theorem, when applied to f on the interval [#;-;, t;], gives a number £* in 
(t;-1, t;) such that 


FG) =F (Ga FE tp te) 
If we let Ax; = x; — x;-, and Ay; = y; — y;-1, this equation becomes 
Ax; = f'(t*) At 


Similarly, when applied to g, the Mean Value Theorem gives a number f** in (t;-1, t;) such 
that 


Ay: = g'(t#*) At 


Therefore 
| Pi-1P;| ==) (AX;)? + (Aye)? VF) At? + [g’(t**) Atl? 
= FOF + Gr ar 
and so 


[4] L= lim 3 VIP CDP + GPP At 
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The sum in [4] resembles a Riemann sum for the function y[ f’()? + [g'(0)]? but it is not 
exactly a Riemann sum because 1;* ¥ f** in general. Nevertheless, if f’ and g’ are contin- 
uous, it can be shown that the limit in is the same as if ¢* and #;** were equal, namely, 


L= |* FOP + gOF at 


Thus, using Leibniz notation, we have the following result, which has the same form as For- 
mula 3. 


[5] Theorem If acurve C is described by the parametric equations x = f(*), 
y = g(t), a < t < B, where f’ and g’ are continuous on [a, B] and C is traversed 
exactly once as f increases from a to f, then the length of C is 


B dx \? dy \?* 
L= ee CLT 
\ () a a 


Notice that the formula in Theorem 5 is consistent with the general formulas L = {ds 
and (ds)* = (dx)? + (dy)’ of Section 8.1. 


ST glaey If we use the representation of the unit circle given in Example 2 in Sec- 
tion 10.1, 
x = cost y = sint Ot 277, 


then dx/dt = —sin t and dy/dt = cos t, so Theorem 5 gives 


2g | / ax \* dy z see ST ar 
——s ———= See = 2 2 = => ®) 
iL, | ea + ( | dt ih sin2t + cost dt \, dt = 277 


as expected. If, on the other hand, we use the representation given in Example 3 in Sec- 


tion 10.1, 
x = sin 2t y = cos 2t 0sts27 


then dx/dt = 2 cos 2t, dy/dt = —2 sin 21, and the integral in Theorem 5 gives 


27 2 d 2 2a wr 
| ee oy dr = |" J4 cos? 2t + 4 sin? 2t dt = |" 2 dt = 4 
0 dt dt 0 


@ Notice that the integral gives twice the are length of the circle because as f increases 
from 0 to 27, the point (sin 2, cos 21) traverses the circle twice. In general, when finding 
the length of a curve C from a parametric representation, we have to be careful to ensure 
that C is traversed only once as f increases from a to B. Sa 


Vv F2Gets4 Find the length of one arch of the cycloid x = r(@ — sin @), 
y =r(1 — cos 6). 
SOLUTION From Example 3 we see that one arch is described by the parameter interval 
0 = 6 <= 27. Since 
dx 


ly : 
76 = 7( 1. = cos.0) and =a =rsiné 
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The result of Example 5 says that the length of 
one arch of a cycloid is eight times the radius of 
the generating circle (see Figure 5). This was first 
proved in 1658 by Sir Christopher Wren, who 
later became the architect of St. Paul’s Cathedral 
in London. 


FIGURE 5 


we have 
21 2 2 
if =| es Gh. dé 
0 dé dé 


ie Jr(1 — cos 0)? + r?sin26 dé 
0 


pa le r+(1 — 2 cos 6 + cos?@ + sin?) dé 
0 


r{" v20 —cos 6) dé 
0 


To evaluate this integral we use the identity sin’x = 5(1 — cos 2x) with @ = 2x, which 
gives 1 — cos 6 = 2 sin*(0/2). Since 0 < 6 S 27, we have 0 S 6/2 S zrand so 
sin(@/2) = 0. Therefore 


2(1 — cos 0) = /4 sin?(6/2) = 2| sin(6/2) | = 2 sin(0/2) 
and so L=2r (a sin(6/2) dd = 2r[—2 cos(6/2)],” 


0 


= 2r[2 + 2] = 8r bec] 


MON Surface Area 


In the same way as for arc length, we can adapt Formula 8.2.5 to obtain a formula for 
surface area. If the curve given by the parametric equations x = f(t), y = g(t),a<t< B, 
is rotated about the x-axis, where f’, g’ are continuous and g(t) => 0, then the area of the 
resulting surface is given by 


B ax \2 dy \? 
bE he ar een? ess ae 
a aml) + () 


The general symbolic formulas § = { 27ry ds and $ = J 27x ds (Formulas 8.2.7 and 8.2.8) 
are still valid, but for parametric curves we use 


{SQ0RIAI Show that the surface area of a sphere of radius r is 4arr?. 
SOLUTION The sphere is obtained by rotating the semicircle 


X= ricosit y=rsint O0Oxstx<7 


about the x-axis. Therefore, from Formula 6, we get 


S= IK 2ar sin t Jer sin t)? + (rcos t)? dt 


= 27 | r sin t /r?(sin?t + cos2t) dt = 2a {" rsint: rdt 
d 0) 
0 


= 2mr? ie sin t dt = 2mr*(—cos 1)| = Arr? ESS 
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1-2 Find dy/dx. 


y=? +t 


1.x =tsint, 


2 = Vreven Tes 


3—6 Find an equation of the tangent to the curve at the point 
corresponding to the given value of the parameter. 


So dp Pye 2 fe | 
4%=f—-7f% y=lt+r, t=1 
5. x=fcost, y=tsmt; t=7 


6. x = sin?9, y=cos?é; 0=7/6 


7-8 Find an equation of the tangent to the curve at the given 
point by two methods: (a) without eliminating the parameter and 
(b) by first eliminating the parameter. 


(1, 3) 
8 x=1+ Jf y=e': (2, e) 


Rx=1+in4, y=?r+2; 


9-10 Find an equation of the tangent(s) to the curve at the given 
point. Then graph the curve and the tangent(s). 


9. x=6sint, -y =i? +f; *(0,0) 


10Nxi—"cosit a cos 2h) yi —"sinit sini (S15 1) 


11-16 Find dy/dx and d* y/dx*. For which values of t is the 
curve concave upward? 


Weer 1, ye ete 1260? loa y = 9 Set 
13.x=e', y=te"’ Wis= + 1,4y =e 1 
i ha Osi, w= Sas, Osi < Me 

QR < w 


16. x = cos 2t, 


i) = Cos Tt 


17-20 Find the points on the curve where the tangent is horizon- 
tal or vertical. If you have a graphing device, graph the curve to 
check your work. 


Wort — 3h yy = — 3 
Basi =—B1ey= 0 = 37 


19. x =cos0, y= cos 30 


21. Use a graph to estimate the coordinates of the rightmost point 
on the curve x = t — f°, y = e'. Then use calculus to find the 


exact coordinates. 
Use a graph to estimate the coordinates of the lowest point 


and the leftmost point on the curve x = ¢* — 2, y=t+ 0". 
Then find the exact coordinates. 


FY 22. 


(M4 Graphing calculator or computer required 


CAS) Computer algebra system required 


23-24 Graph the curve in a viewing rectangle that displays all 


the important aspects of the curve. 
23h ty = ey 


240 = 4 8r yy = 2 t 


25. Show that the curve x = cos t, y = sin t cos t has two 
tangents at (0, 0) and find their equations. Sketch the curve. 


26. Graph the curve x = cos t + 2 cos 21, y = sint + 2 sin 2t to 
discover where it crosses itself. Then find equations of both 
tangents at that point. 


27. (a) Find the slope of the tangent line to the trochoid 
x =r@-— dsin 0, y =r — dcos @in terms of 6. (See 
Exercise 40 in Section 10.1.) 
(b) Show that if d < r, then the trochoid does not have a 
vertical tangent. 


28. (a) Find the slope of the tangent to the astroid x = acos*6, 
y = asin*6 in terms of 6. (Astroids are explored in the 
Laboratory Project on page 644.) 

(b) At what points is the tangent horizontal or vertical? 
(c) At what points does the tangent have slope 1 or —1? 


29. At what points on the curve x = 2r7, y = 1 + 4t — ft? does 
the tangent line have slope 1? 


30. Find equations of the tangents to the curve x = 3f* + 1, 
y = 2t? + | that pass through the point (4, 3). 


31. Use the parametric equations of an ellipse, x = a cos 6, 
y = bsin 6, 0 < 6 S 27,, to find the area that it encloses. 


32. Find the area enclosed by the curve x = t*? — 2t, y = Jt and 
the y-axis. 
33. Find the area enclosed by the x-axis and the curve 


= 1 ely =f 


34. Find the area of the region enclosed by the astroid 
x = acos*6, y = asin’@. (Astroids are explored in the Labo- 
ratory Project on page 644.) 


YA 


a 


BY 


35. Find the area under one arch of the trochoid of Exercise 40 in 
Section 10.1 for the case d < r. 


4. Homework Hints available at stewartcalculus.com 
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36. Let ‘2 be the region enclosed by the loop of the curve in 
Example 1. 
(a) Find the area of QR. 
(b) If & is rotated about the x-axis, find the volume of the 
resulting solid. 
(c) Find the centroid of &. 


37—40 Set up an integral that represents the length of the curve. 
Then use your calculator to find the length correct to four 
decimal places. 


Vp ee ag Met Ont AOS i aes) 


SB cy alt oy mat os 2 etd 


39. I 2COS tO) eres 


je ae?) Cihiaey 


40. x 


I 


Pivin pet—~t, 0S 1 


CAS 


41-44 Find the exact length of the curve. 


4.x=14+ 327, y=4+20, O<rsl 

42 — eee, y= Si. Opis 8 

43. x=tsint, y=tcost, OStS1 

CON 0 = BeOS — Cos sy, WS Gh ish, WSS ph SS Fy 


45-46 Graph the curve and find its length. 
45. x=e'cost, y=e'snt, 0Sfs7 


46. x = cost + In(tan}t), y=sint, 7/4<1<30/4 


47. Graph the curve x = sin t + sin 1.5¢, y = cos ¢ and find its 
length correct to four decimal places. 


48. Find the length of the loop of the curve x = 3 — 1°, 
y = 32. 


49. Use Simpson’s Rule with n = 6 to estimate the length of the 
curvex=t—e', y=tt+e', -6<1tS<6, 


50. In Exercise 43 in Section 10.1 you were asked to derive the 
parametric equations x = 2a cot 6, y = 2a sin’@ for the 
curve called the witch of Maria Agnesi. Use Simpson’s Rule 
with n = 4 to estimate the length of the arc of this curve 
given by 7/4 < 6S 7/2. 


51-52 Find the distance traveled by a particle with position (x, y) 
as ¢ varies in the given time interval. Compare with the length of 
the curve. 


51. x=sin*t, y=cos*t, 0< 


52) x4 = cos, y=cost, 0=7= 


53. Show that the total length of the ellipse x = a sin 0, 
y— bIcos bia = b> 0s 


L=4a fe V1 — e*sin2@ dé 


0 


[Ss] 
C 
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where e is the eccentricity of the ellipse (e = c/a, where 
c= Ja? — b?). 


Find the total length of the astroid x = a cos*6, y = asin’6, 
where a > 0. 


54. 


55. (a) Graph the epitrochoid with equations 
x = 11 cost — 4cos(11#/2) 
y = 11 sint — 4 sin(111/2) 


What parameter interval gives the complete curve? 
(b) Use your CAS to find the approximate length of this 


curve. 
56. A curve called Cornu’s spiral is defined by the parametric 
equations 
= (CP), = () cos(aru’/2) du 
y = S(t) = |" sin(aru?/2) du 


where C and S are the Fresnel functions that were introduced 
in Chapter 5. 
(a) Graph this curve. What happens as t — © and as 
t= c3}) 
(b) Find the length of Cornu’s spiral from the origin to the 
point with parameter value f. 


57-60 Set up an integral that represents the area of the surface 
obtained by rotating the given curve about the x-axis. Then use 
your calculator to find the surface area correct to four decimal 

places. 


57. x =tsint, y=tcost, 0<t<7/2 
388. x= sint, y=sin2s,) OSt <= 7/2 
98. 2= 1+ te pS Cae wOeat= 1 
G.x%=P =f, y Sr 4+ 90 =ed 


61-63 Find the exact area of the surface obtained by rotating the 
given curve about the x-axis. 


= = OS 


628 StS tty a Ot On eal 
63. x = acos*é, y=asin’o, 0<0< 7/2 
64. Graph the curve 


Ee COSI atICOSDO, y = 2 sin@ — sin 20 


If this curve is rotated about the x-axis, find the area of the 
resulting surface. (Use your graph to help find the correct 
parameter interval.) 


65-66 Find the surface area generated by rotating the given curve 
about the y-axis. 


65. x= 372, y 


I 
~ 
ro) 
IN 
I 
n 


68. 


69. 


. If f’ is continuous and f(t) + 0 for a 
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<= t < b, show that the 
parametric curve x = f(t), y = g(t), a < t < b, can be put in 
the form y = F(x). [Hint: Show that f~' exists.] 


Use Formula 2 to derive Formula 7 from Formula 8.2.5 for the 
case in which the curve can be represented in the form 
y= F(x), as<x<b. 


The curvature at a point P of a curve is defined as 


db 
ds 


i 


where ¢ is the angle of inclination of the tangent line at P, 
as shown in the figure. Thus the curvature is the absolute value 
of the rate of change of ¢ with respect to arc length. It can be 
regarded as a measure of the rate of change of direction of the 
curve at P. 
(a) For a parametric curve x = x(t), y = y(t), derive the 
formula 
_ 1 = 8 
[x? ae ye ips 


where the dots indicate derivatives with respect to ft, so 
x = dx/dt. (Hint: Use @ = tan’ '(dy/dx) and Formula 2 to 
find dé/dt. Then use the Chain Rule to find df/ds.] 

(b) By regarding a curve y = f(x) as the parametric curve 
x =x, y = f(x), with parameter x, show that the formula 
in part (a) becomes 


K 


| d°y/dx" | 
[t+ @y/dxy P? 


K 


yA 


a 


V 


ES 


70. 


71. 


72. 


73. 


74. 
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(a) Use the formula in Exercise 69(b) to find the curvature of 
the parabola y = x’ at the point (1, 1). 

(b) At what point does this parabola have maximum curvature? 


Use the formula in Exercise 69(a) to find the curvature of the 
cycloid x = 6 — sin 6, y = | — cos @ at the top of one of its 
arches. 


(a) Show that the curvature at each point of a straight line 
isk = 0. 

(b) Show that the curvature at each point of a circle of 
radius ris k = 1/r. 


A string is wound around a circle and then unwound while 
being held taut. The curve traced by the point P at the end of 
the string is called the involute of the circle. If the circle has 
radius r and center O and the initial position of P is (r, 0), and 
if the parameter 6 is chosen as in the figure, show that 


parametric equations of the involute are 
x = r(cos@ + @ sin @) y = r(sin @ — @ cos 8) 


yA 


A cow is tied to a silo with radius r by a rope just long enough 
to reach the opposite side of the silo. Find the area available for 
grazing by the cow. 


Bézier curves are used in computer-aided design and are named after the French mathema- 
tician Pierre Bézier (1910-1999), who worked in the automotive industry. A cubic Bézier curve 
is determined by four control points, Po(xo, Yo), Pil, y1), P2(x2, y2), and P3(x3, y3), and is 
defined by the parametric equations 


x=x(1 — 1° + 3mit(l — 1)? + 3x2t7(1 — t) + xst? 


y=yo(l — 0° + 3yit(d = 1? + 3y207(1 — 1) + yst? 


Graphing calculator or computer required 
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where 0 < t < 1. Notice that when t = 0 we have (x, y) = (xo, yo) and when t = | we have 
(x, y) = (x3, y3), So the curve starts at Po and ends at P3. 


1. Graph the Bézier curve with control points Po(4, 1), P:(28, 48), P2(50, 42), and P3(40, 5). 
Then, on the same screen, graph the line segments PoP;, P;P2, and P2P3. (Exercise 31 in 
Section 10.1 shows how to do this.) Notice that the middle control points P; and P don’t lie 
on the curve; the curve starts at Po, heads toward P; and P without reaching them, and ends 
at P3. 


2. From the graph in Problem 1, it appears that the tangent at Poy passes through P, and the 
tangent at P3 passes through P). Prove it. 


3. Try to produce a Bézier curve with a loop by changing the second control point in 
Problem 1. 


4. Some laser printers use Bézier curves to represent letters and other symbols. Experiment 
with control points until you find a Bézier curve that gives a reasonable representation of the 
letter C. 


5. More complicated shapes can be represented by piecing together two or more Bézier curves. 
Suppose the first Bézier curve has control points Po, P;, P2, P; and the second one has con- 
trol points P;, P4, Ps, Ps. If we want these two pieces to join together smoothly, then the 
tangents at P; should match and so the points P2, P3, and P, all have to lie on this common 
tangent line. Using this principle, find control points for a pair of Bézier curves that repre- 
sent the letter S. 


10.3 | Vectors in Two Dimensions 


D 
B u 
os 
G 
A 


FIGURE 1 
Equivalent vectors 


A 
FIGURE 2 


The term vector is used by scientists to indicate a quantity (such as displacement or veloc- 
ity or force) that has both magnitude and direction. A vector is often represented by an arrow 
or a directed line segment. The length of the arrow represents the magnitude of the vector 
and the arrow points in the direction of the vector. We denote a vector by printing a letter 
in boldface (v) or by putting an arrow above the letter (7). 

For instance, suppose a particle moves along a line segment from point A to point B. 
The corresponding displacement vector v, shown in Figure 1, has initial point A (the tail) 
and terminal point B (the tip) and we indicate this by writing v = AB. Notice that the vec- 
tor u = CD has the same length and the same direction as v even though it is in a different 
position. We say that u and v are equivalent (or equal) and we write u = v. The. zero vec- 
tor, denoted by 0, has length 0. It is the only vector with no specific direction. 


MH Combining Vectors 


Suppose a particle moves from A to B, so its displacement vector is AB. Then the particle 
changes direction and moves from B to C, with displacement vector BC as in Figure 2. The 
combined effect of these displacements is that the particle has. moved from A to C. The 
resulting displacement vector AC is called the sum of AB and BC and we write 


— — — 
AC = AB + BC 


In general, if we start with vectors u and v, we first move v so that its tail coincides with 
the tip of u and define the sum of u and v as follows. 
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Definition of Vector Addition If u and v are vectors positioned so the initial point of 


v is at the terminal point of u, then the sum u + v is the vector from the initial 
point of u to the terminal point of v. 


The definition of vector addition is illustrated in Figure 3. You can see why this defini- 
tion is sometimes called the Triangle Law. 


ut+y 


FIGURE3 The Triangle Law FIGURE4 The Parallelogram Law 


In Figure 4 we start with the same vectors u and v as in Figure 3 and draw another 
copy of v with the same initial point as u. Completing the parallelogram, we see that 
u + v=v-+u. This also gives another way to construct the sum: If we place u and v so 
they start at the same point, then u + v lies along the diagonal of the parallelogram with u 
and v as sides. (This is called the Parallelogram Law.) 


Biiiad os: STI" Draw the sum of the vectors a and b shown in Figure 5. 
a b 


SOLUTION First we translate b and place its tail at the tip of a, being careful to draw a 
copy of b that has the same length and direction. Then we draw the vector a + b [see 
Figure 6(a)] starting at the initial point of a and ending at the terminal point of the copy 
FIGURE 5 of b. 
Alternatively, we could place b so it starts where a starts and construct a + b by the 
Parallelogram Law as in Figure 6(b). 


Visual 10.3 shows how the Triangle and 
Parallelogram Laws work for various vectors 
u and Vv. * 


FIGURE 6 (a) (b) Se 


It is possible to multiply a vector by a real number c. (In this context we call the real num- 
ber c ascalar to distinguish it from a vector.) For instance, we want 2v to be the same vec- 
tor as v + v, which has the same direction as v but is twice as long. In general, we multiply 
a vector by a scalar as follows. 


Definition of Scalar Multiplication If c is a scalar and v is a vector, then the scalar 
multiple cv is the vector whose length is | c | times the length of v and whose 
direction is the same as v if c > 0 and is opposite to v if c < 0. Ifc =Oorv=0, 
then cv = 0. 
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FIGURE7 
Scalar multiples of v 


FIGURE 8 
Drawing u — v 


FIGURE 11 
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This definition is illustrated in Figure 7. We see that real numbers work like scaling fac- 
tors here; that’s why we call them scalars. Notice that two nonzero vectors are parallel if 
they are scalar multiples of one another. In particular, the vector -v = (—1)v has the same 
length as v but points in the opposite direction. We call it the negative of v. 

By the difference u — v of two vectors we mean 


u—v=u-+ (-y) 


So we can construct u — v by first drawing the negative of v, —v, and then adding it tou 
by the Parallelogram Law as in Figure 8(a). Alternatively, since v + (u — v) = u, the vec- 
tor u — v, when added to v, gives u. So we could construct u — v as in Figure 8(b) by 
means of the Triangle Law. 


(a) (b) 


20 Widhss If a and b are the vectors shown in Figure 9, draw a — 2b. 


SOLUTION We first draw the vector —2b pointing in the direction opposite to b and twice 
as long. We place it with its tail at the tip of a and then use the Triangle Law to draw 
a + (—2b) as in Figure 10. 


Hareb dis 


FIGURE 9 FIGURE 10 


= Dai 


ME Components 


For some purposes it’s best to introduce a coordinate system and treat vectors algebra- 
ically. If we place the initial point of a vector a at the origin of a rectangular two-dimen- 
sional coordinate system, then the terminal point of a has coordinates of the form (a), a2) 
(See Figure 11.) These coordinates are called the components of a and we write 


a= (4d), a2) 
We use the notation (a), a2) for the ordered pair that refers to a vector so as not to confuse 


it with the ordered pair (a), az) that refers to a point in the plane. 


(Qj, a>) 


a=(d,, a>) 


FIGURE 12 
Representations of the vector a = (3, 2) 


yA 
B(X, Y2) P(a,, a) 
position 
vector of P 
O 
A(X, 4) 
FIGURE 13 


Representations of a = (a, a>) 


(a, + b,, a, + ba) 


FIGURE 14 


FIGURE 15 


“Vv 
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For instance, the vectors shown in Figure 12 are all equivalent to the vector 
OP = (3,2) whose terminal point is P(3, 2). What they have in common is that the 
terminal point is reached from the initial point by a displacement of three units to the right 
and two upward. We can think of all these geometric vectors as representations of the 
algebraic vector a = (3, 2). The particular representation OP from the origin to the point 
P(3, 2) is called the position vector of the point P. 


yh (4,5) 
(1, 3) Poa) 
ara c 
oP 0 Ry 
ate 


Figure 13 shows a general vector a = (dj, a2) with position vector OP and another rep- 
resentation AB of a, where the initial point is A(%, y:) and the terminal point is B(x2, y2). 
Then we must have x; + a, = x2, and y; + a2 = yo, $0 a) = X2 — X41, and a2 = y2 — i. 
Thus we have the following result. 


. . . . er . 
[1] Given the points A(x, y:) and B(x2, y2), the vector a with representation AB is 


ie (x2 = Sil WA, yi) 


[SZ0aEEI Find the vector represented by the directed line segment with initial point 
A(2, —3) and terminal point B(—2, 1). 


. Fae . 
SOLUTION By [1], the vector corresponding to AB is 


a = (-2 — 2,1 — (—3)) = (-4,4) eet 


The magnitude or length of the vector v is the length of any of its representations and 
is denoted by the symbol | v| or ||v|]. By using the distance formula to compute the length 
of a segment OP, we obtain the following formula. 


The length of the vector a = (a, az) is 


How do we add vectors algebraically? Figure 14 shows that if a = (a), a2) and 
b = (bj, b2), then the sum is a + b = (a, + bi, & + bp), at least for the case where the 
components are positive. In other words, to add algebraic vectors we add their components. 
Similarly, to subtract vectors we subtract components. From the similar triangles in Figure 
15 we see that the components of ca are ca; and cap. So to multiply a vector by a scalar we 
multiply each component by that scalar. 
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(at+b)+ce 
=a+(b+c) 


FIGURE 17 
Standard basis véctors 


If a = (aj, a2) and b = (b,, bz), then 


a+ b= (a, + bj, a2 + bo) a — b = (a; — bj, az — bz) 


ca = (Ca), Caz) 


ey Ifa = (4,3) and b = (—2, 1), find |a| and the vectors a + b, a — b, 3b, 
and 2a + 5b. 


SOLUTION |a| = /42 + 3? = /25 =5 
at Db=(4.3) + (—-2,1) =(4=2:345 1) =32 4) 
a — b= (4,3) — (—2,1) = (4 — (—2),3 — 1) = (6,2) 
3b = 3(—-2, 1) = (3(—2), 3(1)) = (—-6, 3) 


2a + Sb = 2(4,3) + 5(—2,1) = (8,6) + (-10,5) = (-2,11) 


a Properties of Vectors Ifa, b, and c are vectors and c and d are scalars, then | 
1at+b=bt+a 2Za+(bt+q=-atbic 
3. at+O0O=a 4.a + (—a)=0 
5. c(at+ b) =ca+cb 6. (c+ d)a=ca+da 

7. (cd)a = c(da) 85 la—a 


These eight properties of vectors can be readily verified either geometrically or alge- 
braically. For instance, Property 1 can be seen from Figure 4 (it’s equivalent to the Paral- 
lelogram Law) or as follows: 


a +b = (ai, a2) + {b;, bo) = (a; + bi, az + bo) 
=< bi + ai, bo + a3)-= (by, bo) + (a1, a2) 
ahs 


We can see why Property 2 (the associative law) is true by looking at Figure 16 and 


applying the Triangle Law several times: The vector PQ is obtained either by first con- 
structing a + b and then adding ¢ or by adding a to the vector b + ec. 
Two vectors play a special role. Let 


i= (1,0) j= Oel) 


These vectors i and j are called the standard basis vectors. They have length 1 and point 
in the directions of the positive x- and y-axes. (See Figure 17.) 
If a = (a), a>), then we can write 


a = (41, a2) = (a1,0) + (0, a2) = a:(1,0) + a2(0, 1) 


[2] a= oisets | 


ay 


a=aqit+aj 


FIGURE 18 


Gibbs 


Josiah Willard Gibbs (1839-1903), a professor 


of mathematical physics at Yale College, pub- 


lished the first book on vectors, Vector Analysis, 


in 1881. More complicated objects, called 
quaternions, had earlier been invented by 
Hamilton as mathematical tools for describing 
space, but they weren't easy for scientists to 
use. Quaternions have a scalar part and a vec- 
tor part. Gibb’s idea was to use the vector part 
separately. Maxwell and Heaviside had similar 
ideas, but Gibb’s approach has proved to be the 
most convenient way to study space. 


FIGURE 20 
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Thus any vector can be expressed in terms of i and j. For instance, 
alee 2 eet io 


See Figure 18 for the geometric interpretation of Equation 2 and compare with Figure 17. 


CISA Ifa =i + 2j and b = 4i + 7j, express the vector 2a + 3b in terms of 
i and j. 
SOLUTION Using Properties 1, 2,5, 6, and 7 of vectors, we have 
2a + 3b = 2(i + 2j) + 3(4i + 75) 
= 21+ 4j + 12i+ 21j = 141 + 25j SSS 


A unit vector is a vector whose length is |. For instance, i and j are both unit vectors. 
In general, if a # 0, then the unit vector that has the same direction as a is 


Bo u 


In order to verify this, we let c = 1/|a|. Then u = ca and c is a positive scalar, so u has 
the same direction as a. Also 


| 
|u| = ea] =Je|[al=7—— lal = 1 
ja 


SW\YSS— Find the unit vector in the direction of the vector 3i — 4j. 
SOLUTION The given vector has length 


|3i — 4j| = V3? + G4? = V25 = 5 
so, by Equation 3, the unit vector with the same direction is 


£(3i— 4j) =3i -—3j a 


M8) Applications 


Vectors are useful in many aspects of physics and engineering. In Section 10.5 we will see 
how they describe the velocity and acceleration of objects moving along a curve. Here we 
look at forces. 

A force is represented by a vector because it has both a magnitude (measured in pounds 
or newtons) and a direction. If several forces are acting on an object, the resultant force 
experienced by the object is the vector sum of these forces. 


(S]TVEA A 100-Ib weight hangs from two wires as shown in Figure 19. Find the ten- 
sions (forces) T, and T> in both wires and their magnitudes. 


SOLUTION We first express T, and T, in terms of their horizontal and vertical compo- 
nents. From Figure 20 we see that 


[4] T; = —|T;|cos 50° + |T;|sin 50°, 


a cS 


The resultant T; + T> of the tensions counterbalances the weight w and so we must have 


cos 32°i + |T2 


sin 32° j 


T> 


T; iF T> i ie 100j 
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10.3 Exercises 


Thus 
(—|T, | cos 50° + | T2| cos 32°) i + (|T,| sin 50° + | T;| sin 32°) j = 100j 


Equating components, we get 
—|T,|cos 50° + | T2| cos 32° = 0 
| T,| sin 50° + | T,|sin 32° = 100 


Solving the first of these equations for | T>| and substituting into the second, we get 


T,| cos 50° 
| T, | sin 50° + aPC oy Hi 
cos 32 
So the magnitudes of the tensions are 
100 
i Witmer —eererr=e met ls 
IT | sin 50° + tan 32° cos 50° 
T Sr 
and ye aes 30s Ost 
cos 32 


Substituting these values in and [5], we obtain the tension vectors 


T; ~ —55.05i + 65.60j T, ~ 55.05i + 34.40j ae] 


1. Are the following quantities vectors or scalars? Explain. 5. Copy the vectors in the figure and use them to draw the 


(a) The cost of a theater ticket 


following vectors. 


(b) The current in a river (a)ut+y (b) u + w 
(c) The initial flight path from Houston to Dallas (c) V+w (d)u—v 
(d) The population of the world (ec) Vv +ut+w Gym = WH Vv 
2. What is the relationship between the point (4, 7) and the / 
vector (4, 7)? Illustrate with a sketch. ae an Se 
Ww 


3. Name all the equal vectors in the parallelogram shown. 


A 


D 


6. Copy the vectors in the figure and use them to draw the 


B following vectors. 
(a)a+b (b)a—b 
(c) 2a (d) —3b 
(e) a+ 2b (f) 2b—a 


G 
. i w 


4. Write each combination of vectors as a single vector. 


= — — — 
(a) AB + BC (D) GD ae /BYé; 
fey [pen Lyn) 1 peed 7. In the figure, the tip of ¢ and the tail of d are both the midpoint 
(c) DB — AB (d) DC + CA + AB of OR. Express ¢ and d in terms of a and b. 
A B ij 
b 
a 
R 
D d 
a Q 


1. Homework Hints available in TEC 


8. If the vectors in the figure satisfy |u| = |v| = 1 and 
u + v + w = 0, what is | w|? 


9-12 Find a vector a with representation given by the directed line 
segment AB. Draw AB and the equivalent representation starting at 
the origin. 


QT At iil) a BGTO) 
it, A(—1;3), B(2,2) 


10. A(=4, Sek BO2) 
12, AZ, 1)? BO; 6) 
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34-35 Find the magnitude of the resultant force and the angle it 
makes with the positive x-axis. 


34. y 35. 
: 20 Ib 


16 Ib 


13-16 Find the sum of the given vectors and illustrate 
geometrically. 


foe 14) 1 (65—2) 
foe) 3), <3, —4) 


14..037-)— 1, 3) 
1621 2) 


17-24 Find |a|, a + b, a — b, 2a, and 3a + 4b. 
17, a= (5, -12), b = (-2, 8) 
18. a= (—-1,2), b= (4, 3) 

19. a= (2, -3), b= (1,4) 20. a= (2,-1), b = (6,7) 
2.a=i-j,b=itj 
23. a 


22. a= 2i + 3j, b =3i - 2j 


i+j, b=2i-j 24. a= 61, b=i- 2j 


25-27 Find a unit vector that has the same direction as the given 
vector. 


256 (152) 
7. i+ j 


2610 352-5) 


28. Find a vector that has the same direction as (—2, 4) but has 
length 5. 


29-30 What is the angle between the given vector and the positive 
direction of the x-axis? 


29.1 + /3j 30. 8i+ 6j 


31. If v lies in the first quadrant and makes an angle 7/3 with the 
positive x-axis and | v| = 4, find v in component form. 


32. If a child pulls a sled through the snow with a force of 50 N 
exerted at an angle of 38° above the horizontal, find the 
horizontal and vertical components of the force. 


33. A quarterback throws a football with angle of elevation 40° and 
speed 60 ft/s. Find the horizontal and vertical components of 


the velocity vector. 


36. Velocities have both direction and magnitude and thus are 
vectors. The magnitude of a velocity vector is called speed. 
Suppose that a wind is blowing from the direction N45°W at a 
speed of 50 km/h. (This means that the direction from which 
the wind blows is 45° west of the northerly direction.) A pilot is 
steering a plane in the direction N60°E at an airspeed (speed in 
still air) of 250 km/h. The true course, or track, of the plane is 
the direction of the resultant of the velocity vectors of the plane 
and the wind. The ground speed of the plane is the magnitude 
of the resultant. Find the true course and the ground speed of 
the plane. 


37. A woman walks due west on the deck of a ship at 3 mi/h. The 
ship is moving north at a speed of 22 mi/h. Find the speed and 
direction of the woman relative to the surface of the water. 


38. Ropes 3 m and 5 m in length are fastened to a holiday decora- 
tion that is suspended over a town square. The decoration has a 
mass of 5 kg. The ropes, fastened at different heights, make 
angles of 52° and 40° with the horizontal. Find the tension in 
each wire and the magnitude of each tension. 


39. A clothesline is tied between two poles, 8 m apart. The line 
is quite taut and has negligible sag. When a wet shirt with a 
mass of 0.8 kg is hung at the middle of the line, the midpoint 
is pulled down 8 cm. Find the tension in each half of the 
clothesline. 


40. The tension T at each end of the chain has magnitude 25 N 
(see the figure). What is the weight of the chain? 
SS 


SS 
\ 
ay irs 


41. Find the unit vectors that are parallel to the tangent line to the 
parabola y = x° at the point (2, 4). 
42. (a) Find the unit vectors that are parallel to the tangent line to 
the curve y = 2 sin x at the point (77/6, 1). 
(b) Find the unit vectors that are perpendicular to the tangent 
line. 
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(c) Sketch the curve y = 2 sin x and the vectors in parts (a) 
and (b), all starting at (77/6, 1). 


43. If A, B, and C are the vertices of a triangle, find 
~ = — 
ABit= BGs GA: 

44. Let C be the point on the line segment AB. that is twice as far 
from B as it is from A. If a = OA, b = OB, and c = OC, show 
that c = a ta ‘pb. 


45. (a) Draw the vectors a = (3, 2), b = (2, —1), and 
C= "(ale 
(b) Show, by means of a sketch, that there are scalars s and t 
such that c = sa + tb. 
(c) Use the sketch to estimate the values of s and tf. 
(d) Find the exact values of s and ¢. 


46. Suppose that a and b are nonzero vectors that are not parallel 
and ¢ is any vector in the plane determined by a and b. Give 
a geometric argument to show that ¢ can be written as 


EE) Vector Functions and Their Derivatives 


47. 


48. 


49. 


50. 


51. 


c = sa + tb for suitable scalars s and ¢. Then give an argu- 
ment using components. 


If r = (x, y) and ro = (Xo, yo), describe the set of all points 
(x, y) such that |r — ro| = 1. 


Ifr = (x,y), m1 = (x1, y1), and r2 = (X2, y2), describe the 
set of all points (x, y) such that |r — ri| + |r — m| =k, 
where k > |r; — ro]. 


Figure 16 gives a geometric demonstration of Property 2 of 
vectors. Use components to give an algebraic proof of this 
fact. 


Prove Property 5 of vectors algebraically. Then use similar 
triangles to give a geometric proof. 


Use vectors to prove that the line joining the midpoints of 
two sides of a triangle is parallel to the third side and half 
its length. 


In general, a function is a rule that assigns to each element in the domain an element in the 
range. A vector-valued function, or vector function, is simply a function whose domain 
is a set of real numbers and whose range is a set of vectors. This means that for every num- 
ber ¢ in the domain of a vector function r there is a unique vector denoted by r(z). If f(t) and 
g(t) are the components of the vector r(t), then f and g are real-valued functions called the 


component functions of r and we can write 


LEXAMPLE 1 [Bt 


r() = (f@, 90) =f@it+ gOi 


We use the letter ¢ to denote the independent variable because it represents time in most appli- 
cations of vector functions. 


r(t) = (In — 0, J) 


then the component functions are 


LO Sines — 19) Gi) —e 


By our usual convention, the domain of r consists of all values of t for which the expres- 
sion for r(f) is defined. The expressions In(3 — 1) and \/7 are defined when 3 — t > 0 


and t > 0. Therefore the domain of r is the interval [0, 3). 


The limit of a vector function r is defined by taking the limits of its component functions 


as follows. 


lf lim,—.r(t) = L, this definition is equivalent 
to saying that the length and direction of the 
vector r(t) approach the length and direction of 
the vector L. 


[1] Ifr() = (f(0), g(t), then 


lim r(i) = (lim f(t), lim g(t) 


provided the limits of the component functions exist. 


Equivalently, we could have used an s-6 definition. Limits of vector functions obey the 
same rules as limits of real-valued functions. 
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sint , 
j. 


EXAMPLE 2 WB ginal lim r(t), where r(t) = (1 + #°)i + 


SOLUTION According to Definition 1, the limit of r is the vector whose components are 
the limits of the component functions of r: 


ping erie | im I 
t>0 t>0 (i 


=it+ j (by Equation 3.3.2) Es 


ay 


A vector function r is continuous at a if 


lim r(t) = r(a) 
In view of Definition 1, we see that r is continuous at a if and only if its component func- 
tions f and g are continuous at a. 
There is a close connection between continuous vector functions and parametric curves. 
Suppose that f and g are continuous real-valued functions on an interval /. Then the set C 
of all points (x, y), where 


yA 


x=f(t) y=dg(t) 


and t varies throughout the interval /, is a parametric curve. We can think of C as being 
traced out by a moving particle whose position at time ¢ is (f(t), g(¢)). If we now consider 


FIGURE 1 the vector function r(t) = (f(t), g(t)), then r(¢) is the position vector of the point 
C is traced out by the tip of a moving P( f(t), g(t)) on C. Thus any continuous vector function r defines a curve C that is traced out 
position vector r(f). by the tip of the moving vector r(¢), as shown in Figure I. 

yA THES] The curve defined by the vector function 


r(t) = (7 — 24.¢4+1) = — 201+ 4 Dj 
is the same curve that was described by the parametric equations 


xi=atoen ote wr totic trol 


in Example | in Section 10.1. Here we simply take a different point of view: We regard 
the parabola as being traced out by the tip of the moving vector r(t). (See Figure 2.) iii 


FIGURE 2 SVN SEL"E Sketch the curve with vector equation r(t) = (3 cos f, 2 sin POS = Dire. 


SOLUTION The corresponding parametric equations are 
x= 3cost y=2sint 


We eliminate the parameter by observing that 


yy 2) 2?) 
2 ae Y | = cost + sin’t = 1 
3 2) 


So the curve is the ellipse 


shown in Figure 3. As t increases from 0 to 27, the position vector r(t) rotates once 
FIGURE 3 counterclockwise around the origin. ee 
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MH Vector Equation of a Line 


YA A line is determined when a point Pp on the line and the direction of the line are given. The 
: Po(Xo5 Yo) direction of a line in the plane is determined by specifying a slope or by specifying a vec- 
tor that is parallel to the line. The latter case leads to the vector equation of the line. Let v 
be a vector parallel to L. Let P be an arbitrary point on L and let ro and r be the position 


vectors of Py and P (so rp = OP, and r = OP in Figure 4). If a is the vector with repre- 


sentation P,P, as in Figure 4, then the Triangle Law for vector addition gives r = ro + a. 
But, since a and y are parallel vectors, there is a scalar t such that a = tv. Thus 


FIGURE 4 : 
[2] r=1rt+tv 


which is a yector equation of L. Each value of the parameter ¢ gives the position vector r 
of a point on L. In other words, as t varies, the line is traced out by the tip of the vec- 
tor r. As Figure 5 indicates, positive values of t correspond to points on L that lie on one side 
of Py, whereas negative values of t correspond to points that lie on the other side of Po. 

If the vector v that gives the direction of the line L is written in component form as 
v = (a,b), then we have tv = (ta, th). We can also write r = (x, y) and rp = (Xo. yo), 
so the vector equation [2] becomes 


YY 


FIGURE 5 (x,y) = (xo + ta, yo + th) 


Two vectors are equal if and only if corresponding components are equal. Therefore we 
have the scalar equations: 


[3] i i= Saeet ab y=yort bt 


where t € IX. These equations are parametric equations of the line L through the point 
Po(Xo, Yo) and parallel to the vector v = (a, b). Each value of the parameter t gives a point 
(x, y) on L. Note that if v is parallel to the line, then any nonzero multiple of v is also par- 
allel to the line and can be used to obtain a vector equation or parametric equations of the 
line. 


A LNdh $9 Find vector and parametric equations of the line that passes through the 
points A(3, —2) and B(5, 7). 


SOLUTION We are not explicitly given a vector parallel to the line but observe that the 
vector v with representation AB is parallel to the line and 


Vi SA ithe SS 4250} 


Any nonzero multiple of v can also be used. We can use any point on the line, for 
example (3, —2), for the point Py. The vector equation of the line becomes 
r(t) =r + tv = (3, —2) + 4(2,9) 
or, equivalently, 
r(t) = (3 + 20i + (-2 + 9Dj 


Parametric equations of this line are 


Nis Sash 2 8 Rel Fes 0) Ee 


(a) The secant vector 


r(t+h)—r(t) 


(b) The tangent vector 


FIGURE 6 


Visual 10.4 shows an animation 
of Figure 6. 
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NOTE If we restrict the parameter t as in Example 5 so that 0 < rf < 1, then the para- 
metric equations x = 3 + 2t, y = —2 + 9r represent the line segment that starts at (3, —2) 
and ends at (5, 7). Different parametric representations of the same line can be obtained 
by choosing Po to be (5, 7) or any other point on the line. Likewise, we can use any mul- 
tiple of v, such as (4, 18), (1, 4.5), or (—6, —27). 


MW Derivatives of Vector Functions 


The derivative r’ of a vector function r is defined in much the same way as for real- 
valued functions: 


reer) 
h 


[4] 


dar i f 
ca 


if this limit exists. The geometric significance of this definition is shown in Figure 6. If the 

= 
points P and Q have position vectors r(t) and r(t + A), then PQ represents the vector 
r(t + h) — r(t), which can therefore be regarded as a secant vector. If h > 0, the scalar 
multiple (1/h)(r(t + h) — r(t)) has the same direction as r(t + h) — r(t). As h > 0, it 
appears that this vector approaches a vector that lies on the tangent line. For this reason, the 
vector r’(t) is called the tangent vector to the curve defined by r at the point P, provided 
that r’(t) exists and r'(t) + 0. The tangent line to C at P is defined to be the line through P 
parallel to the tangent vector r’(t). We will also have occasion to consider the unit tangent 
vector, which is 


The following theorem gives us a convenient method for computing the derivative of a 
vector function r; just differentiate each component of r. 


[5| Theorem If r(t) = ( f (2), g(t)) =f(@i + g(t)j, where f and g are differen- 
tiable functions, then 


r() = (f'0,9'O) =F Oit Oi 


PROOF 


r(Z) = lim = [rt + h) — r(t)] 


= lim [Fe + W),glt + A)) ~ (FO, 910) 


: Cae) GOSS Ae. 
ee h h 


h—0 


, lim 
h—0 h h—0 h 


( — Ed) gta) — a 
= ( lim= 


= (f(t), g'(t)) mera 
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FIGURE 7 


Notice from Figure 7 that the tangent vector 
points in the direction of increasing t. (See 
Exercise 47.) 


EXAMPLE 6 
(a) Find the derivative of r(t) = (1 + f°)i + te“j. 
(b) Find the unit tangent vector at the point where t = 0. 


SOLUTION 
(a) According to Theorem 5, we differentiate each component of r: 


r’(t) = 307i + (1 — de 'j 
(b) Since r(0) = i and r(0) = j, the unit tangent vector at the point (1, 0) is 


r’(0) vas 
= =2= Es 
T(0) ir(0)| 1 J 


Sets For the curve r(t) = ti + (2 — 1)j, find r'(r) and sketch the position vec- 
tor r(1) and the tangent vector r’(1). 


SOLUTION We have 


1 1 
W-- th and ri lao 
Elimination of the parameter from the equations x = Jt, y =2 —tgivesy =2 — x’, 
x = 0. In Figure 7 we draw the position vector r(1) = i + j starting at the origin and the 
tangent vector r’(1) starting at the corresponding point (1, 1). a] 


MH Integrals of Vector Functions 


The definite integral of a continuous vector function r(t) can be defined in much the same 
way as for real-valued functions except that the integral is a vector. But then we can express 
the integral of r in terms of the integrals of its component functions f and g as follows. (We 
use the notation of Chapter 5.) 


|’ r(t) dt = lim ¥ r(r*) At 


co. 
ame eM A 


= lim (Sve sr) i+ ( g(t") sr) i 
ae i=1 i=] 


| r(o at = ({ f(t a) i+ (/ g(t) i) j 


and so 


This means that we can evaluate an integral of a vector function by integrating each com- 
ponent function. 


We can extend the Fundamental Theorem of Calculus to continuous vector functions as 
follows: 


| r( dt = ROY, = RO) - R(a) 


where R is an antiderivative of r, that is, R'(t) = r(r). We use the notation { r(t) dt for indefi- 
nite integrals (antiderivatives). 


Oeste If r(t) = 2 cos ti + sin tj, then 


where C is a vector constant of integration, and 
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| r(o ae = (2 cosa i + ( snd) =2sinti—costj + C 
/2 ; C - |7/2 . . 
{ r(t) dt = [2 sint i — cos rj]? =2i+j Eas | 


(ie Exercises 


1—2 Find the domain of the vector function. 


=P) 
trd=(vt-1,/5—-t) 2 r= re leet =) 
3-6 Find the limit. 
(oe. / + ss 
3. lim (sin ¢, tln fr) 4. i ( Ee ueies ) 
tot t>0 t t 
: ne ee Ii: : yy 
5. im ( P23 a i 6. lim (arctan t, e ~) 


7-12 Sketch the curve with the given vector equation. Indicate with 
an arrow the direction in which ¢ increases. 


ih, TA) = DE» 8. r(t) = (77, t) 
10. r(t) =i + costj 
12. r(t) = (#7, 2°) 


9, r(t) = sin ti + cos tj 
112r(7) = (2? + 1, 22) 


13-15 Find (a) a vector equation and (b) parametric equations for 


the line passing through the pair of points. 
13.) 3)and'(=2, 7) 14. (—3, 4) and (2, 8) 


15, (4, =1) and (—2, 5) 


16-18 Find (a) a vector equation, (b) parametric equations, and 
(c) a Cartesian equation for the line that passes through the point P 


and is parallel to the vector a. 
a= (1 2) a= (—2,6) 


a = (3,0) 


16. P(1, 3), 175 P(=4"'5); 


182255). 


19. An object is moving in the xy-plane and its position after 
t seconds is r(t) = (t? + 22)i + (t + 4)j. 
(a) Find the position of the object at time t = 2. 
(b) At what time is the object at the point (15, 7)? 
(c) Does the object pass through the point (20, 9)? 
(d) Find an equation in x and y whose graph is the path of 
the object. 


1. Homework Hints available in TEC 


20. An object is moving in the xy-plane and its position after 
t seconds is r(t) = (¢ — 3)i + (4? — 20)j. 
(a) Find the position of the object at time t = 5. 
(b) At what time is the object at the point (1, 8)? 
(c) Does the object pass through the point (3, 20)? 
(d) Find an equation in x and y whose graph is the path of 
the object. 


21. The figure shows a curve C given by a vector function r(?). 

(a) Draw the vectors r(4.5) — r(4) and r(4.2) — r(4). 

(b) Draw the vectors 
r(4.5) — r(4) 


0.5 


r(4.2) — r(4) 
0.2 


and 


(c) Write expressions for r‘(4) and the unit tangent vector T(4). 
(d) Draw the vector T(4). 


22. (a) Make a large sketch of the curve described by the vector 
function r(t) = (t’, t), 0 < t S 2, and draw the vectors 
PACD), TAC ID), aravel THC) — TAC) 
(b) Draw the vector r‘(1) starting at (1, 1) and compare it with 


the vector 
re) (1) 


0.1 


Explain why these vectors are so close to each other in 
length and direction. 


23-26 Find the domain and derivative of the vector function. 


23, vt) (257) 


25ar (i) (7? = ON ihe — 4) 26. r(t) = ( 


24. r(t) =tsinti + tcos tj 


t? t 
tt+1> ?-1 
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27-30 Find the tangent vector of unit length at the point with the 
given value of the parameter f. 


27, r(t) = (2, 3%"), t=1 

28. r(t) = 2sinti + 3costj, t= 77/6 
ar)=(1+erjyitey t=! 

30. r(f) = (tcost,tsint), t= 7/4 


31-36 

(a) Sketch the plane curve with the given vector equation. 

(b) Find r(y). 

(c) Sketch the position vector r(/) and the tangent vector r/(¢) for 
the given value of f. 


31. r(t) = (t-2,07+1), t=-1 

92, r(f) = (fn), t= 

33. r(f) = sinti + 2costj, t= 7/4 

4. r(t)=eite'j, t=0 

95, r(t) =e%ite'j, t=0 

36. r(t) = (1 + cosf)i + (2 + sint)j, t= 7/6 


37. Let r(t) = (t? + i+ —j. 


(a) Find a vector tangent to the curve given by r(f) at the 
point where ¢ = 2. 

(b) Find parametric equations for the tangent line to the curve 
at the point where ¢ = 2. 


10.5 | Curvilinear Motion: Velocity and Acceleration 


38. Let r(t) = (t? — t — 2)i + 417}. 
(a) Find a vector tangent to the curve given by r() at the 
point (—2, 4). 
(b) Find parametric equations for the tangent line to the curve 
at the point (—2, 4). 


39-42 Evaluate the integral. 
1 Rags | 4 os SD ig a 
39. | (167i — 9°§) dt 40. Rs Lae 


ai. | (e'i + Ine j) dt 42. | (cos mri + sin tj) dt 


i) 


43. Find r(t) if r'(t) = t?i + 4f°j and r(O) =j. 
44. Find r(¢) if r'(t) = sinti — costj and r(0) =i + j. 
45—46 If f is a real-valued function and w is a vector-valued func- 


tion, where f and u are both differentiable, prove the differentia- 
tion formula. 


a5. [fut] =f'Ould + fowl 


46. < [u(f(0)] = frOu'(fo) 


47. Show that the tangent vector to a curve defined by a vector 
function r(t) points in the direction of increasing f. [Hint: Refer 
to Figure 6 and consider the cases h > 0 and h < 0 separately. | 


In this section we show how the ideas of derivatives and tangent vectors can be used in 
physics to study the motion of an object, including its velocity and acceleration, along a 


curve. 
‘ r(t+h) —ri(t) Suppose a particle moves so that its position vector at time ¢ is r(t). Notice from Figure | 
h that, for small values of h, the vector 


r'(f) 


le 


rth) =r) 
h 


r(f) 
r(t+h) : . . . ‘ 
4 approximates the direction of the particle moving along the curve r(t). Its magnitude mea- 
Cr sures the size of the displacement vector per unit time. The vector gives the average 
5 : - velocity over a time interval of length h and its limit is the velocity vector v(t) at time f: 
FIGURE 1 _ x(t +h) — r(t) 
[2 | v(t) = lim h = r'(t) 


Thus the velocity vector is also the tangent vector and points in the direction of the tangent 


line. 


YA 


FIGURE 2 


| TEC Were) 10.5 shows animated velocity and 
acceleration vectors for objects moving along 
various Curves. 
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The speed of the particle at time t is the magnitude of the velocity vector, that is, | v(¢) |. 
As in the case of one-dimensional motion, the acceleration of the particle is defined as the 
derivative of the velocity: 


a(t) = v(t) = r'(t) 


S0\ehs9" The position vector of an object moving in a plane is given by 
r(t) = fi + tj. Find its velocity, speed, and acceleration when t = | and illustrate 
geometrically. 


SOLUTION The velocity and acceleration at time t are 
v(t) = r'(t) = 307i + 2tj 


a(t) =r"(t) = 6ti + 2j 
and the speed is 


| v(t) | = VB22)? + (20)? = J9t4 + 42? 


When t = 1, we have 
Vi) =3i 22 j a(1) = 6i + 2j Kh) 5 13 
These velocity and acceleration vectors are shown in Figure 2. sic] 


The vector integrals that were introduced in Section 10.4 can be used to find position vec- 
tors when velocity or acceleration vectors are known, as in the following example. 


TES A moving particle starts at an initial position r(0) = (1, 0) with initial 
velocity v(0) = i — j. Its acceleration is a(t) = 4ti + 61). Find its velocity and position 
at time f. 


SOLUTION Since a(t) = v(t), we have 
v(t) = | ale) dr = | (4ri + 6r§) dt 
== 21 i+ 3t°4 + C 


To determine the value of the constant vector C, we use the fact that v(0) = i — j. The 
preceding equation gives v(0) = C, so C = i — j and 


Vi) —=2ri+ or y+i— | 
= (27? + 1)i+ Bt? - 1)j 


Since v(t) = r’(t), we have 
r(t) = | v(t) dt 
=[[e?+ )it+ GP - iia 
=(?+ri+@¢-d)j+D 
Putting t = 0, we find that D = r(0) = i, so 


rj) =GP4+t+ 1li+C-dj NE 
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The angular speed of the object moving with 
position P is » = d@/dt, where @ Is the angle 
shown in Figure 3. 


FIGURE 3 
YA 
Vo 
Sy A 
0 ~- 2D 
d 
FIGURE 4 


In general, vector integrals allow us to recover velocity when acceleration is known and 
position when velocity is known: 


v(t) = v(to) + {' a(u) du r(t) = r(f) + { v(u) du 


If the force that acts on a particle is known, then the acceleration can be found from New- 
ton’s Second Law of Motion. The vector version of this law states that if, at any time f, a 
force F(t) acts on an object of mass m producing an acceleration a(t), then 


F(t) = ma(t) 


(S208) An object with mass m that moves in a circular path with constant angular 
speed w has position vector r(t) = acos wti + asin wt j. Find the force acting on the 
object and show that it is directed toward the origin. 


SOLUTION v(t) = r(t) = —aw sin wti + awcos wt j 
a(t) = v(t) = —aw’ cos wti — aw’ sin wt j 
Therefore Newton’s Second Law gives the force as 
F(t) = ma(t) = —mw*(a cos wti + asin wt j) 


Notice that F(t) = —mw’r(t). This shows that the force acts in the direction opposite to 
the radius vector r(t) and therefore points toward the origin (see Figure 3). Such a force 
is called a centripetal (center-seeking) force. Fe 


(SEW A projectile is fired with angle of elevation a and initial velocity vp. (See 
Figure 4.) Assuming that air resistance is negligible and the only external force is due to 
gravity, find the position function r(t) of the projectile. What value of a maximizes the 
range (the horizontal distance traveled)? 


SOLUTION We set up the axes so that the projectile starts at the origin. Since the force 
due to gravity acts downward, we have 


F = ma = —-mgj 

where g = |a| ~ 9.8 m/s”. Thus 
iter 1? 

Since v(t) = a, we have 

v(t) = —gtj + C 
where C = v(0) = vo. Therefore 

r'(t) = v(t) = —gtj + vo 

Integrating again, we obtain 


r(t) = —3g?j + tv. +D 


If you eliminate ¢ from Equations 4, you will see 
that y is a quadratic function of x. So the path 
of the projectile is part of a parabola. 
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But D = r(O) = 0, so the position vector of the projectile is given by 
[3] r(t) = —3gt?j + tvo 
If we write | vo | = vo (the initial speed of the projectile), then 


Vo = vpcos ai + vosin aj 


and Equation 3 becomes 
r(t) = (vocos a)ti + [(vosin a)t — Sgt?] j 


The parametric equations of the trajectory are therefore 


[4] . x = (vocos a)t y = (vosin a)t — 5gt? 


The horizontal distance d is the value of x when y = 0. Setting y = 0, we obtain t = 0 
or t = (2v9 sin a)/g. The latter value of t then gives 


2uysina va(2sinacosa) vp sin2a 


g g 


d = x = (vp cos a) 


Clearly, d has its maximum value when sin 2a = 1, that is, a = a/4. as 


SEVIS A projectile is fired with muzzle speed 150 m/s and angle of elevation 45° 
from a position 10 m above ground level. Where does the projectile hit the ground, and 
with what speed? 


SOLUTION If we place the origin at ground level, then the initial position of the projectile 
is (0, 10) and so we need to adjust Equations 4 by adding 10 to the expression for y. 
With vp = 150 m/s, a = 45°, and g = 9.8 m/s’, we have 


x = 150 cos(7/4)t = 75/2t 
y = 10 + 150 sin(a/4)t — 3(9.8)t? = 10 + 75V/2t — 4.907 


Impact occurs when y = 0, that is, 4.91? — 75,/2t — 10 = 0. Solving this quadratic 
equation (and using only the positive value of t), we get 


- 75./2 + 11,250 + 196 
9.8 


~ 21.74 


Then x ~ 75./2(21.74) ~ 2306, so the projectile hits the ground about 2306 m away. 
The velocity of the projectile is 


v() = r'() = 75/21 + (75/2 — 9.81) j 


So its speed at impact is 


5 


| v(21.74) | = V(75./2)° + (75/2 — 9.8 - 21.74)" = 151 m/s I 
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10.5, Exercises 


1. The figure shows the path of a particle that moves with 

position vector r(t) at time f. 

(a) Draw a vector that represents the average velocity of the 
particle over the time interval 2 S f S 2.4. 

(b) Draw a vector that represents the average velocity over the 
time interval 1.5 Sf S 2. 

(c) Write an expression for the velocity vector v(2). 

(d) Draw an approximation to the vector v(2) and estimate the 
speed of the particle at t = 2. 


2-4 The vector function r(t) represents the position of a particle at 
time ¢. Find the velocity, speed, and acceleration at the given value 
of f. 


2. r(t) = (4cost,3sint), t= 1/3 
310) — "© Oi (21, t= 1 


4. rit) = Vt? +5i+ tj, t=2 


10. If an arrow is shot upward on the moon with a velocity of 
15i + 40j m/s, its position after t seconds is given by 


r(t) = 15ti + (40t — 0.8317) j 


(a) Find the velocity of the arrow after | s. 

(b) Find the velocity of the arrow when t = a. 

(c) When will the arrow hit the moon? 

(d) With what velocity will the arrow hit the moon? 
(e) With what speed will the arrow hit the moon? 


11. A satellite completes one orbit of the earth along the equator 
at an altutude of 1000 km every | h 46 min. Find the velocity, 
speed, and acceleration of the satellite at any time. [Note: The 
earth’s radius is approximately 6600 km.] 


12. A satellite completes one orbit of the earth along the equator 
at an altutude of 2000 km every 2 h 8 min. Find the velocity, 
speed, and acceleration of the satellite at any time. [Note: The 
earth’s radius is approximately 6600 km.] 


13-14 Find the velocity and position vectors of a particle that 
has the given acceleration and the specified initial velocity and 
position. 


13. a(t) = 2j, v(0)=i-—j, r(0)=0 
14. a(t) = —10j, v(0)=i+j, r(0)=0 


5-8 Find the velocity, acceleration, and speed of a particle with the 
given position function. Sketch the path of the particle and draw 
the velocity and acceleration vectors for the specified value of f. 


5. r(t) =(-17,1), t= 


Tot) —3.cossi a2 Sint}, b= 7/3 


8. r(t)=e'it+e”j, t=0 


15-16 
(a) Find the position vector of a particle that has the given acceler- 
ation and the specified initial velocity and position. 


(b) Use a calculator or computer to graph the path of the particle. 


5. a) =2i + 7j, vO)=i-=j, rOQ)=i1+j 


16. a(t) = t?i + cos2rj, v(0) =j, r(0) =i 


9. If a ball is thrown into the air with a velocity of 10i +.30j ft/s, 
its position after t seconds is given by 


r(t) = 10ti + (30t — 16t7)j 


(a) Find the velocity of the ball when t = 1. 
(b) What is the speed of the ball when t = 1? 


's . 
Graphing calculator or computer required 


17. What force is required so that a particle of mass m has the posi- 
tion function r(t) = rei + t?j? 


18. A force with magnitude 20 N acts in the positive y-direction on 
an object with mass 4 kg. The object starts at the origin with 
initial velocity v(0) = i — j. Find its position function and its 
speed at time f. 


19. A projectile is fired with an initial speed of 200 m/s and 
angle of elevation 60°. Find (a) the range of the projectile, 
(b) the maximum height reached, and (c) the speed at impact. 


20. Rework Exercise 19 if the projectile is fired from a position 
100 m above the ground. 


21. A ball is thrown at an angle of 45° to the ground. If the ball 
lands 90 m away, what was the initial speed of the ball? 


1. Homework Hints available at stewartcalculus.com 
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22. A gun is fired with angle of elevation 30°. What is the (a) A boat proceeds at a constant speed of 5 m/s from a point 
muzzle speed if the maximum height of the shell is 500 m? A on the west bank while maintaining a heading perpen- 

23. A gun has muzzle speed 150 m/s. Find two angles of eleva- Sue 0 nee pani: How tar dovwa tne aceon aie opDe, 
tion that can be used to hit a target 800 m away. site bank will the boat touch shore? Graph the path of the 

boat. 

24. A batter hits a baseball 3 ft above the ground toward the cen- (b) Suppose we would like to pilot the boat to land at the 
ter field fence, which is 10 ft high and 400 ft from home point B on the east bank directly opposite A. If we main- 
ee The ball leaves the bat with speed 115 ft/s at an angle tain a constant speed of 5 m/s and a constant heading, 
50° above the horizontal. Is it a home run? (In other words, find the angle at which the boat should head. Then graph 
does the ball clear the fence?) the actual path the boat follows. Does the path seem 

/ 25. Water traveling along a straight portion of a river normally realistic? 

flows fastest in the middle, and the speed slows to almost 26. Another reasonable model for the water speed of the river in 
zero at the banks. Consider a long stretch of river flowing Exercise 25 is a sine function: f(x) = 3 sin(zx/40). If a 
north, with parallel banks 40 m apart. If the maximum water boater would like to cross the river from A to B with constant 
speed is 3 m/s, we can use a quadratic function as a basic heading and a constant speed of 5 m/s, determine the angle 
model for the rate of water flow x units from the west bank: at which the boat should head. 


= aa 40 — 2) 


10.6 | Polar Coordinates 


A coordinate system represents a point in the plane by an ordered pair of numbers called 
coordinates. Usually we use Cartesian coordinates, which are directed distances from two 
perpendicular axes. Here we describe a coordinate system introduced by Newton, called 
the polar coordinate system, which is more convenient for many purposes. 

We choose a point in the plane that is called the pole (or origin) and is labeled O. Then 
we draw a ray (half-line) starting at O called the polar axis. This axis is usually drawn hor- 
izontally to the right and corresponds to the positive x-axis in Cartesian coordinates. 

If P is any other point in the plane, let r be the distance from O to P and let 6 be the angle 
(usually measured in radians) between the polar axis and the line OP as in Figure 1. Then 
the point P is represented by the ordered pair (r, @) and r, 6 are called polar coordinates 
of P. We use the convention that an angle is positive if measured in the counterclockwise 
direction from the polar axis and negative in the clockwise direction. If P = O, then r = 0 
and we agree that (0, @) represents the pole for any value of 6. 


P(r, 0) (r, @) 


polar axis 2 enc) 


FIGURE 1 FIGURE 2 


We extend the meaning of polar coordinates (r, @) to the case in which r is negative by 
agreeing that, as in Figure 2, the points (—r, 9) and (r, 9) lie on the same line through O and 
at the same distance |r| from O, but on opposite sides of O. If r > 0, the point (r, @) lies in 
the same quadrant as @; if r < 0, it lies in the quadrant on the opposite side of the pole. 
Notice that (—r, 9) represents the same point as (r, 6 + 77). 


DTaLAE Plot the points whose polar coordinates are given. 
(a) (1, 57/4) (b) (2, 377) (c) (2, —27/3) (d) (—3, 37/4) 
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SOLUTION The points are plotted in Figure 3. In part (d) the point (—3, 37/4) is located 
three units from the pole in the fourth quadrant because the angle 37/4 is in the second 


quadrant and r = —3 is negative. 
3m 
3 ar 
50 Yer f — - 
4 o—+—_¥ fr} __» 
YO (2, 327) O one 
an 
Sa 
(ne s 
aN 
Z g _ 9/34 
FIGURE 3 Se 


In the Cartesian coordinate system every point has only one representation, but in the 
polar coordinate system each point has many representations. For instance, the point 
(1, 57/4) in Example 1(a) could be written as (1, —377/4) or (1, 1377/4) or (—1, 77/4). (See 
Figure 4.) 


#/5 


5) a. O 137 


=e | - SAval \ 
W- O eto : O 4 O 
eee « Gi 


(459) ite (49) me 


FIGURE 4 
In fact, since a complete counterclockwise rotation is given by an angle 27, the point rep- 
resented by polar coordinates (7, @) is also represented by 
(r, 0 + 2n7) and (—r, 9+ (2n + 1)m) 
where n is any integer. 
ya The connection between polar and Cartesian coordinates can be seen from Figure 5, in 


P(r, 0) = P(x, y) which the pole corresponds to the origin and the polar axis coincides with the positive 
x-axis. If the point P has Cartesian coordinates (x, y) and polar coordinates (r, @), then, from 
the figure, we have 


oe . y 
cos 6 = — sin 6 = — 
r r 


O se xX 


and so 


FIGURE 5 


[1] x =rcos@ y=rsin0 


Although Equations | were deduced from Figure 5, which illustrates the case where 
r > Qand 0 < 6 < 7/2, these equations are valid for all values of r and 0. (See the gen- 
eral definition of sin @ and cos @ in Appendix D.) 

Equations | allow us to find the Cartesian coordinates of a point when the polar coordi- 
nates are known. To find r and @ when x and y are known, we use the equations 


FIGURE 6 
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2 2 2 iy, 
[2] Tae Kaan LADO ela 
ye 


which can be deduced from Equations | or simply read from Figure 5. 


SEA) Convert the point (2, 7/3) from polar to Cartesian coordinates. 
SOLUTION Since r = 2 and 6 = 77/3, Equations 1 give 


1 
RENO LDR LSD = | 


a 
y=rsing = 2sin% =2-3 = Vi 


Therefore the point is (1, /3 ) in Cartesian coordinates. Gea 


(SCT) Represent the point with Cartesian coordinates (1, —1) in terms of polar 
coordinates. 


SOLUTION If we choose r to be positive, then Equations 2 give 


Pied 72 — a) C(I) 2 


tan 6 = — 
a 
Since the point (1, —1) lies in the fourth quadrant, we can choose 0 = — 7/4 or 
6 = 77/4. Thus one possible answer is (aoe — 77/4); another is (./2, 77/4). =a 


NOTE Equations 2 do not uniquely determine 6 when x and y are given because, as 0 
increases through the interval 0 S 6 < 27, each value of tan 6 occurs twice. Therefore, in 
converting from Cartesian to polar coordinates, it’s not good enough just to find r and 0 
that satisfy Equations 2. As in Example 3, we must choose @ so that the point (r, @) lies in 
the correct quadrant. 


MS Polar Curves 


The graph of a polar equation r = f(6), or more generally F(r, 0) = 0, consists of all 
points P that have at least one polar representation (r, #) whose coordinates satisfy the 
equation. 


0] ESLEY What curve is represented by the polar equation r = 2? 


SOLUTION The curve consists of all points (r, 6) with r = 2. Since r represents the dis- 
tance from the point to the pole, the curve r = 2 represents the circle with center O and 
radius 2. In general, the equation r = a represents a circle with center O and radius | a]. 
(See Figure 6.) be 
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FIGURE 7 


FIGURE 8 
Table of values and 
graph of r=2cos 6 


Figure 9 shows a geometrical illustration 

that the circle in Example 6 has the equation 
r = 2 cos 6. The angle OPQ is a right angle 
(Why?) and so r/2 = cos.6. 


FIGURE 9 


CHAPTER 10 CURVES IN PARAMETRIC, VECTOR, AND POLAR FORM 


SCNT Sketch the polar curve 6 = 1. 


SOLUTION This curve consists of all points (r, @) such that the polar angle @ is 1 radian. It 
is the straight line that passes through O and makes an angle of 1 radian with the polar 
axis (see Figure 7). Notice that the points (r, 1) on the line with r > 0 are in the first 


quadrant, whereas those with r < 0 are in the third quadrant. eno 


| EXAMPLE 6 | 
(a) Sketch the curve with polar equation r = 2 cos 6. 
(b) Find a Cartesian equation for this curve. 


SOLUTION 

(a) In Figure 8 we find the values of r for some convenient values of 6 and plot the 
corresponding points (r, @). Then we join these points to sketch the curve, which appears 
to be a circle. We have used only values of 6 between 0 and 7, since if we let 6 increase 
beyond 7, we obtain the same points again. 


0 r= 2cos 0 /2,2 
a) SO8 (a) 
17/6 ach 
7/4 V2 a 
m/3 I BN (2,0) 
a/2 0 (0,2 
21/3 =il - 
37/4 =D 
57/6 =f 3) Oa; Q a 
9 (-1, 2) (-\2, 3) ( N :) 


(b) To convert the given equation to a Cartesian equation we use Equations | and 2. 
From x = r cos 6 we have cos @ = x/r, so the equation r = 2 cos 6 becomes r = 2x/r, 
which gives 

2x=r=x? + y? or 
Completing the square, we obtain 


(x Sh 57 a1 


which is an equation of a circle with center (1, 0) and radius 1. 


y f 
P 


oO 
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FIGURE 10 


r=1+sin @ in Cartesian coordinates, 
0= 6= 2a 


vig 
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Wd GSQNTaA Sketch the curve r = 1 + sin 0. 


SOLUTION Instead of plotting points as in Example 6, we first sketch the graph of 

r = 1 + sin@ in Cartesian coordinates in Figure 10 by shifting the sine curve up one 
unit. This enables us to read at a glance the values of r that correspond to increasing 
values of 6. For instance, we see that as @ increases from 0 to 7/2, r (the distance from O) 
increases from | to 2, so we sketch the corresponding part of the polar curve in Figure 
11(a). As @ increases from 7/2 to 7, Figure 10 shows that r decreases from 2 to 1, so 
we sketch the next part of the curve as in Figure 11(b). As @ increases from 7 to 37/2, 
r decreases from | to 0 as shown in part (c). Finally, as 6 increases from 37/2 to 27, 

r increases from 0 to | as shown in part (d). If we let 6 increase beyond 277 or decrease 
beyond 0, we would simply retrace our path. Putting together the parts of the curve 
from Figure 11(a)—(d), we sketch the complete curve in part (e). It is called a cardioid 
because it’s shaped like a heart. 


SO k— v —| Vly 


FIGURE 11 Stages in sketching the cardioid r = 1 + sin 0 


Module 10.6 helps you see how 
polar curves are traced out by showing 


animations similar to Figures 10-13. 


(b) (c) (d) (e) 


S70 otaee Sketch the curve r = cos 20. 


SOLUTION As in Example 7, we first sketch r = cos 20,0 < 6S 27, in Cartesian coor- 
dinates in Figure 12. As @ increases from 0 to 1/4, Figure 12 shows that r decreases 
from 1 to 0 and so we draw the corresponding portion of the polar curve in Figure 13 
(indicated by @). As @ increases from 1/4 to 1/2, r goes from 0 to —1. This means that 
the distance from O increases from 0 to 1, but instead of being in the first quadrant this 
portion of the polar curve (indicated by @) lies on the opposite side of the pole in the 
third quadrant. The remainder of the curve is drawn in a similar fashion, with the arrows 
and numbers indicating the order in which the portions are traced out. The resulting 
curve has four loops and is called a four-leaved rose. 


FIGURE 12 
r= cos 26 in Cartesian coordinates 


SY 


FIGURE 13 
Four-leaved rose r = cos 20 [eet 
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FIGURE 14 


(a) 


Ml Symmetry 


When we sketch polar curves it is sometimes helpful to take advantage of symmetry. The 
following three rules are explained by Figure 14. 


(a) If a polar equation is unchanged when @ is replaced by — @, the curve is symmetric 
about the polar axis. 

(b) If the equation is unchanged when r is replaced by —r, or when 6 is replaced by 
@ + ar, the curve is symmetric about the pole. (This means that the curve remains 
unchanged if we rotate it through 180° about the origin.) 

(c) If the equation is unchanged when @ is replaced by zr — 0, the curve is symmetric 
about the vertical line @ = 7/2. 


(r, 7 — 0) (r, @) 


(b) (c) 


The curves sketched in Examples 6 and 8 are symmetric about the polar axis, since 
cos(— 6) = cos 6. The curves in Examples 7 and 8 are symmetric about 6 = q/2 because 
sin(7r — #) = sin @ and cos 2(a — 0) = cos 26. The four-leaved rose is also symmetric 
about the pole. These symmetry properties could have been used in sketching the curves. 
For instance, in Example 6 we need only have plotted points for 0 < 6 < 7/2 and then 
reflected about the polar axis to obtain the complete circle. 


MH Tangents to Polar Curves 


To find a tangent line to a polar curve r = f(8), we regard @ as a parameter and write its 
parametric equations as 


x =rcos 6 = f(@)cos@ y=rsin 0 = f(6) sind 


Then, using the method for finding slopes of parametric curves (Equation 10.2.1) and the 
Product Rule, we have 


dy dr> . 
a 0 Jo 8 + rcos@ 
[3] Fs Clare 
aT) qe C089 — rsin é 


We locate horizontal tangents by finding the points where dy/d@ = 0 (provided that 
dx/d@ # 0). Likewise, we locate vertical tangents at the points where dx/d@ = 0 (pro- 
vided that dy/d@ ¥ 0). 


Notice that if we are looking for tangent lines at the pole, then r = 0 and Equation 3 sim- 
plifies to 


SECTION 10.6 POLAR COORDINATES 679 


For instance, in Example 8 we found that r = cos 20 = 0 when 6 = 77/4 or 3277/4. This 
means that the lines 6 = 7/4 and 6 = 3277/4 (or y = x and y = —x) are tangent lines to 
r = cos 2@ at the origin. 


EXAMPLE 9 


(a) For the cardioid r = 1 + sin 6 of Example 7, find the slope of the tangent line 
when 0 = 77/3. 
(b) Find the points on the cardioid where the tangent line is horizontal or vertical. 


SOLUTION Using Equation 3 with r = 1 + sin 0, we have 


d 

een Oe cose j ; 
Ca dé cos 6 sin 6 + (1 + sin 6) cos 0 
dx dr ; cos 8 cos 6 — (1 + sin 6) sin @ 
== GOS @) = F Sin O 

dé 

cos 8(1 + 2sin @) cos 6(1 + 2 sin @) 


1—2sin?@—- sind (1 + sind)(1 — 2 sind) 
(a) The slope of the tangent at the point where 6 = 77/3 is 


dy cos(7/3)(1 + 2 sin(7/3)) (1 + V3) 


dx|o=ny (1 + sin(w/3))(1 — 2sin(w/3)) (1 + ¥3/2)(1 - V3) 


ey ey One 
TORS) O25 8 


1 


(b) Observe that 


dy _ g(t 4eareey 50 ee ao tar wlan 
ee ( sin 6) = when ORE 
Bieta Siw Nah WANES tg ne eg a 
Haak sin 6)( sin 9) = when sik eG 


Therefore there are horizontal tangents at the points (2, 77/2), G, T1/ 6), G, 117/ 6) and 
vertical tangents at (3, 7/6) and (3, 57/6). When 6 = 3727/2, both dy/d@ and dx/d@ are 


(2 a 0, so we must be careful. Using Il’ Hospital’s Rule, we have 
i Cy i tt 2s fe cos 0 
9360/2) dx 0/2) 1 — 2sin6 ) \e-G7/2)- 1 + siné 
I tees cos 8 ite we. —sin @ 


=— = im = ee 
3 9=-G7/2)- cos @ 


3 6>G67/2)- 1 + sin®@ 


7) (Q) Wee de 
DEG 2’? 6 By symmetry, wey dx a, 
FIGURE 15 


Tangent lines for r = 1 + sin @ Thus there is a vertical tangent line at the pole (see Figure a) leis 
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NOTE Instead of having to remember Equation 3, we could employ the method used to 
derive it. For instance, in Example 9 we could have written 


x = rcos6@ = (I + sin@) cos @ = cos 6 + 3 sin 20 


= rsin@ = (1 + sin@) sin @ = sin@ + sin’é 


| 


Then we have 
dy _dy/d0 — cos0+2sin@ cos@ cos @ + sin 20 


dx dx/d@ —sin 0 + cos 20 —sin 0 + cos 20 
which is equivalent to our previous expression. 


MH Graphing Polar Curves with Graphing Devices 


Although it’s useful to be able to sketch simple polar curves by hand, we need to use a 
graphing calculator or computer when we are faced with a curve as complicated as the ones 
shown in Figures 16 and 17. 


FIGURE 16 FIGURE 17 
r= sin?(2.40) + cos*(2.46) r=sin’(1.20) + cos(6@) 


Some graphing devices have commands that enable us to graph polar curves directly. 
With other machines we need to convert to parametric equations first. In this case we take 
the polar equation r = f(@) and write its parametric equations as 


x = rcos@ = f(@) cos @ y =rsin@ = f(@) sin@ 


Some machines require that the parameter be called ¢ rather than 0. 


CW at) ~Graph the curve r = sin(80/5). 


SOLUTION Let’s assume that our graphing device doesn’t have a built-in polar graphing 
command. In this case we need to work with the corresponding parametric equations, 


which are 
x =r cos 0 = sin(80/5) cos 0 y = rsin@ = sin(8@/5) sin 0 


In any case we need to determine the domain for @. So we ask ourselves: How many 
complete rotations are required until the curve starts to repeat itself? If the answer 
is n, then 


sin 


8(0 + 2n7) (¥ wz . 8@ 
aS) ante P 


= "Sil =a 
5 


and so we require that 16n7/5 be an even multiple of a. This will first occur when 
n = 5. Therefore we will graph the entire curve if we specify that0 = @ S 107. 


FIGURE 18 
r =sin(80/5) 


In Exercise 53 you are asked to prove analytically 


what we have discovered from the graphs in 


Figure 19. 
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Switching from @ to t, we have the equations 
x = sin(8t/5) cos t y = sin(8¢/5) sin t 0<t<107 


and Figure 18 shows the resulting curve. Notice that this rose has 16 loops. Bag 


1) ESCs Investigate the family of polar curves given by r = 1 + c sin 6. How 
does the shape change as c changes? (These curves are called limagons, after a French 
word for snail, because of the shape of the curves for certain values of c.) 


SOLUTION Figure 19 shows computer-drawn graphs for various values of c. For c > 1 
there is a loop that decreases in size as c decreases. When c = | the loop disappears and 
the curve becomes the cardioid that we sketched in Example 7. For c between | and 5 the 
cardioid’s cusp is smoothed out and becomes a “dimple.” When c decreases from 5 to 0, 
the limagon is shaped like an oval. This oval becomes more circular as c > 0, and when 
c = O the curve is just the circle r = 1. 


oa Oa c=1 


7 - - = 


c=0.7 c=0.5| | c=0.2 | 
| 
| 


Ow c=—-0.5| c=—0.8| c=-1 


ap | | 


FIGURE 19 
Members of the family of 
limacons r = 1 +c sin # 


EE) Exercises 


The remaining parts of Figure 19 show that as c becomes negative, the shapes change 
in reverse order. In fact, these curves are reflections about the horizontal axis of the corre- 
sponding curves with positive c. ater 


Limacons arise in the study of planetary motion. In particular, the trajectory of Mars, as 
viewed from the planet Earth, has been modeled by a limagon with a loop, as in the parts 
of Figure 19 with |c| > 1. 


1-2 Plot the point whose polar coordinates are given. Then find 4. (a) (-/2, 5717/4) (b) (1, 57/2) (c) (2, —7 77/6) 


two other pairs of polar coordinates of this point, one with r > 0 


and one with r < 0. 
1. (a) (2, 77/3) 
2. (a) (1, 77/4) 


5-6 The Cartesian coordinates of a point are given. 


(b) (1, —377/4) (c) (-1, 7/2) (i) Find polar coordinates (r, 8) of the point, where r > 0 
(b) (= 3, 77/6) (@) Che) 


and 0 S 6 < 27. 
(ii) Find polar coordinates (r, @) of the point, where r < 0 


and 0 S @< 27. 


3-4 Plot the point whose polar coordinates are given. Then find Bay (22) (b) (-1, /3) 


the Cartesian coordinates of the point. 


3. (a) (1, 77) 


6. (a) (3/3, 3) (belie =2) 


(b) (2, —277/3) (c) (—2, 37/4) E 


4 Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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7-12 Sketch the region in the plane consisting of points whose 
polar coordinates satisfy the given conditions. 


VA esl 

8 O<r<2, ws<05 37/2 
9r2=0, 7/45 05 37/4 

1/6 <0< 57/6 
We<r<3, Sa/SLove]Tr7/3 


12. r= 1, Sarr Ss OS 2a 


13. Find the distance between the points with polar coordinates 
(2, r/3) and (4, 277/3). 


14. Find a formula for the distance between the points with polar 


coordinates (7, 0;) and (7, @>). 


15-20 Identify the curve by finding a Cartesian equation for the 
curve, 

17. r= 2cos6 18. 0= 7/3 

20. r = tan @ sec 0 


19. r?cos 20 = | 


21-26 Find a polar equation for the curve represented by the given 
Cartesian equation. 


21. y=2 22. y=x 
3. y=1+32 24, 4y? = x 
25. x? + y* = 2cx 26. xy = 4 


27-28 For each of the described curves, decide if the curve would 
be more easily given by a polar equation or a Cartesian equation. 
Then write an equation for the curve. 
27. (a) A line through the origin that makes an angle of 7/6 with 
the positive x-axis 
(b) A vertical line through the point (3, 3) 
28. (a) A circle with radius 5 and center (2, 3) 


(b) A circle centered at the origin with radius 4 


29-46 Sketch the curve with the given polar equation by first 


sketching the graph of r as a function of @ in Cartesian coordinates. 


29. r= —2sin@ 30. r= 1 —cosé 
31. r = 2(1 + cos 6) 32. r= 1+ 2cos0 
33. r= 0, 0=0 34. r=Ind, d=1 
35. r = 4 sin 30 36. r= cos 50 

37. r = 2 cos 40 38. r = 3 cos 60 


39. r= 1-—2sin 6 40. r=2+ sind 


42. r? = cos 46 
44. r°9=1 
46. r=3+4cos0 


41. r? = 9 sin 20 
43. r= 2+ sin30 
45. r= 1+ 2cos 20 


47—48 The figure shows a graph of r as a function of @ in Cartesian 
coordinates. Use it to sketch the corresponding polar curve. 


47. 48. ry 
2 
11 yl el oA aa 
t a + +—> 
0| 7 27 0 


49. Show that the polar curve r = 4 + 2 sec 6 (called a conchoid) 
has the line x = 2 as a vertical asymptote by showing that 
lim,—+. + = 2. Use this fact to help sketch the conchoid. 


50. Show that the curve r = 2 — csc 6 (also a conchoid) has the 
line y = —1 as a horizontal asymptote by showing that 
lim,—.+«. y = —1. Use this fact to help sketch the conchoid. 


51. Show that the curve r = sin @ tan @ (called a cissoid of 
Diocles) has the line x = | as a vertical asymptote. Show also 
that the curve lies entirely within the vertical strip 0 < x < 1. 
Use these facts to help sketch the cissoid. 


52. Sketch the curve (x? + yy = Ax*y*, 


53. (a) In Example 11 the graphs suggest that the limacon 
r= 1 +c sin@ has an inner loop when | c| > 1. Prove 
that this is true, and find the values of @ that correspond to 
the inner loop. 
(b) From Figure 19 it appears that the limacon loses its dimple 


l i 
when c = 3. Prove this. 


54. Match the polar equations with the graphs labeled I-VI. Give 
reasons for your choices. (Don’t use a graphing device.) 
@r=/6, 0<0<l67 (b)r=6% 0<0<l6m 
(c) r= cos(6/3) (d) r=1+2cosé@ 

(e) r= 2+ sin 30 (f) r=1+ 2sin 30 


I I Ti 
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55-60 Find the slope of the tangent line to the given polar curve 4 74. Use a graph to estimate the y-coordinate of the highest points 


at the point specified by the value of 0. on the curve r = sin 26. Then use calculus to find the exact 
55. r=2sin0, 0= 7/6 5. r=2-siné, 0= 7/3 value. 
[7 . . . . 
(,)| 75. Investigate the family of curves with polar equations 
VL 7 = Ih = = = ; 
r HO eae 58. 7 = cos(0/3), 0 = a7 r = 1 + ccos 6, where c is a real number. How does the 
59. r=cos20, 0= 7/4 60. r=1+-2co0s0, 0= 27/3 apenas ase changes? 
_ A 76. Investigate the family of polar curves 
, ; : r=1+cos"0 
61-64 Find the points on the given curve where the tangent line . : 
Rh ocoonislorverical’ where nis a positive integer. How does the shape change as n 
ome, increases? What happens as n becomes large? Explain the 
. r= 3cos 6 62571 sing shape for large n by considering the graph of r as a function 
G3 eet Cos 8 G4) poeee? of 6 in Cartesian coordinates. 


77. Let P be any point (except the origin) on the curve r = f(@). 


; ‘ If & is th i 
gadesHecanitihe polarlequationy = a%sin Gee bes ollwhere w is the angle between the tangent line at P and the radial 
line OP, show that 


ab # 0, represents a circle, and find its center and radius. bs 
tan fb = ——— 
66. Show that the curves r = a sin @ and r = a cos @ intersect at dr/d0 
right angles. 
(Hint: Observe that yy = ¢ — @ in the figure. ] 
67-72 Use a graphing device to graph the polar curve. Choose 
the parameter interval to make sure that you produce the entire 


curve. 
67. r= 1+ 2sin(@/2) (nephroid of Freeth) 


68. r= /1 — 0.8sin*@ (hippopede) 


69. r = e*"* — 2cos(40) (butterfly curve) 


70. r =| tan@|'°"*! (valentine curve) 
78. (a) Use Exercise 77 to show that the angle between the tan- 
Wh PEM ECD MACY RAS gent line and the radial line is w = i at every point on 
72. r = sin*(46) + cos(46) the curve r = e”. 
(b) Illustrate part (a) by graphing the curve and the tangent 
lines at the points where 6 = 0 and 77/2. 
/¥ 73. How are the graphs of r = 1 + sin(@ — a/6) and (c) Prove that any polar curve r = f(@) with the property that 
r= 1+ sin(@ — 7/3) related to the graph of r = 1 + sin 0? the angle ys between the radial line and the tangent line is 
In general, how is the graph of r = f(@ — a) related to the a constant must be of the form r = Ce*’, where C and k 
graph of r = f(6)? are constants. 


SS 
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ei 


a. 


In this project you will discover the interesting and beautiful shapes that members of families of 
polar curves can take. You will also see how the shape of the curve changes when you vary the 
constants. 

1. (a) Investigate the family of curves defined by the polar equations r = sin, where n is a 


positive integer. How is the number of loops related to n? 
(b) What happens if the equation in part (a) is replaced by r = | sin n0|? 


2. A family of curves is given by the equations r = 1 + csinn 6, where c is a real number and 
n is a positive integer. How does the graph change as 1 increases? How does it change as c 
changes? Illustrate by graphing enough members of the family to support your conclusions. 


ae Graphing calculator or computer required 


— ——EEE oe — —- 


684 CHAPTER 10 CURVES IN PARAMETRIC, VECTOR, AND POLAR FORM 


3. A family of curves has polar equations 


Pastel = acoso 


r= 
1+ acos@é 


Investigate how the graph changes as the number a changes. In particular, you should identify 
the transitional values of a for which the basic shape of the curve changes. 


4. The astronomer Giovanni Cassini (1625-1712) studied the family of curves with polar 
equations 


r+ — 2c?r?cos 20+ c+ — a*=0 


where a and c are positive real numbers. These curves are called the ovals of Cassini even 
though they are oval shaped only for certain values of a and c. (Cassini thought that these 
curves might represent planetary orbits better than Kepler’s ellipses.) Investigate the variety of 
shapes that these curves may have. In particular, how are a and c related to each other when 
the curve splits into two parts? 


Areas and Lengths in Polar Coordinates 


fn 


FIGURE 1 


FIGURE 3 


In this section we develop the formula for the area of a region whose boundary is given by 
a polar equation. We need to use the formula for the area of a sector of a circle: 


[1] A=3>r'6 


where, as in Figure 1, r is the radius and @ is the radian measure of the central angle. 
Formula | follows from the fact that the area of a sector is proportional to its central angle: 
A = (0/2m)mr? = 5r6. (See also Exercise 35 in Section 7.3.) 

Let & be the region, illustrated in Figure 2, bounded by the polar curve r = f(@) 
and by the rays @ = a and 0 = b, where f is a positive continuous function and where 
0<b—a<2zm. We divide the interval [a,b] into subintervals with endpoints 4, 
#1, @2,..., A, and equal width A@. The rays 6 = 6; then divide R into n smaller regions 
with central angle AO = 6; — 6;-;. If we choose 6;* in the ith subinterval [6;-;, 6;], then 
the area AA; of the ith region is approximated by the area of the sector of a circle with cen- 
tral angle A@ and radius f(6;*), (See Figure 3.) 

Thus from Formula | we have 


AA; ~ 3 f(6*)/? A@ 


and so an approximation to the total area A of R is 


z] Ax > LAP Ae 


It appears from Figure 3 that the approximation in improves as n — °%, But the sums 
in |2] are Riemann sums for the function g(@) = 4[ f(@)]’, so 


lim 2 aL AO") P Ae = [LFF do 


no . 
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It therefore appears plausible (and can in fact be proved) that the formula for the area A of 
the polar region KR is 


[3] A= | al f(@Pa9 


Formula 3 is often written as 


with the understanding that r = f(@). Note the similarity between Formulas | and 4. 
When we apply Formula 3 or 4 it is helpful to think of the area as being swept out by a 
rotating ray through O that starts with angle a and ends with angle D. 


(] {STEP Find the area enclosed by one loop of the four-leaved rose r = cos aM), 


SOLUTION The curve r = cos 26 was sketched in Example 8 in Section 10.6. Notice 
from Figure 4 that the region enclosed by the right loop is swept out by a ray that rotates 
from 9 = —77/4 to 6 = 7/4. Therefore Formula 4 gives 


r=cos 20 


A=(™ 3rd0= ALS cos?26d0 = tn cos?26 dd 
> —1/4 —17/4 0 
7/4 4 I ee a/4 7 
A=| 11 + cos 46) do = [9 + sin 46] = — ae) 
~ 
WY] ESCA Find the area of the region that lies inside the circle r = 3 sin 6 and out- 
FIGURE 4 side the cardioid r = 1 + sin @. 


SOLUTION The cardioid (see Example 7 in Section 10.6) and the circle are sketched in 
Figure 5 and the desired region is shaded. The values of a and b in Formula 4 are deter- 
mined by finding the points of intersection of the two curves. They intersect when 

3 sin @ = 1 + sin@, which gives sin @ = 3, so 6 = 77/6, 57/6. The desired area can be 
found by subtracting the area inside the cardioid between 6 = 77/6 and 6 = 57/6 from 
the area inside the circle from 77/6 to 57/6. Thus 


1 (57/6 E 5 1 (57/6 ; ) 
— > ea = 5 + a 
A= | (3 sin @)2a9 — 3 tee (1 + sin 6)?d6 


o| r=1+siné 7/6 


Since the region is symmetric about the vertical axis 9 = 7/2, we can write 


FIGURE 5 


A= 2] [sinew a lly + 2sin@ + sin’6) ww 


17/6 
-{" (8 sin2@ — 1 — 2 sin6) d@ 
7/6 


2 : 5 1 
i ‘é) — 4cos 26 — 2 sin 0) dé [because sin’@ = 5(1 — cos 24)| 


a 1/6 


a/2 
2 39 "9 sin 6 + cos |, = 7 ern 
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r= f(@) 


FIGURE 6 


FIGURE 7 


Example 2 illustrates the procedure for finding the area of the region bounded by two 
polar curves. In general, let R be a region, as illustrated in Figure 6, that is bounded by 
curves with polar equations r = f(@), r = g(@), 6 = a, and @ = b, where f(0) = g(0@) 20 
and 0 < b — a < 27. The area A of & is found by subtracting the area inside r = g(@) 
from the area inside r = f(@), so using Formula 3 we have 


A=[stf@)Pao — [slg@Pa0 
=3(" (LAF — [(F) a0 


CAUTION The fact that a single point has many representations in polar coordinates 
sometimes makes it difficult to find all the points of intersection of two polar curves. For 
instance, it is obvious from Figure 5 that the circle and the cardioid have three points of 
intersection; however, in Example 2 we solved the equations r = 3 sin@ andr = | + sin@ 
and found only two such points, G, a/ 6) and ( 3 5a/ 6). The origin is also a point of inter- 
section, but we can’t find it by solving the equations of the curves because the origin has 
no single representation in polar coordinates that satisfies both equations. Notice that, when 
represented as (0, 0) or (0, 77), the origin satisfies r = 3 sin @ and so it lies on the circle; 
when represented as (0, 37/2), it satisfies r = 1 + sin @ and so it lies on the cardioid. 
Think of two points moving along the curves as the parameter value @ increases from 0 to 
277. On one curve the origin is reached at 9 = 0 and @ = 7; on the other curve it is reached 
at 9 = 37/2. The points don’t collide at the origin because they reach the origin at differ- 
ent times, but the curves intersect there nonetheless. 

Thus, to find all points of intersection of two polar curves, it is recommended that you 
draw the graphs of both curves. It is especially convenient to use a graphing calculator or 
computer to help with this task. 


SOQ) Find all points of intersection of the curves r = cos 26 and r = 5. 


SOLUTION If we solve the equations r = cos 26 and r = 3, we get cos 20 = 5 and, there- 
fore, 20 = 1/3, Sa/3, 77/3, 1177/3. Thus the values of 6 between 0 and 277 that satisfy 
both equations are 6 = 77/6, 57/6, 77/6, 1177/6. We have found four points of inter- 
section: (5, 77/6), (5, 57/6), (4, 777/6), and (5, 1177/6). 

However, you can see from Figure 7 that the curves have four other points of inter- 
section—namely, (5, 77/3), (3, 27/3), (4, 47/3), and (3, 57/3). These can be found using 
symmetry or by noticing that another equation of the circle is r = —}+ and then solving 


the equations r = cos 20 and r = —3. Se 


MS Arc Length 
To find the length of a polar curve r = f(0), a < @ < b, we regard 6 as a parameter and 
write the parametric equations of the curve as 

x = rcos @ = f(8) cos 0 y =rsin@ = f(@) sind 


Using the Product Rule and differentiating with respect to 0, we obtain 


de dt eee 
16 16 COs r sin TV eT oe eee 
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so, using cos’@ + sin?@ = 1, we have 


dx \* ay \’ _ { ar’ 24 peal @ si ieSoX) 
16 10 16 cos Pas sin 8 + r°sin°@ 


5 


+ ei eto ein 6 + r? cos’ 
do 16 sin G@ COS r COS 


Bi ple pe 
do.) a 


Assuming that f’ is continuous, we can use Theorem 10.2.5 to write the arc length as 


Therefore the length of a curve with polar equation r = f(6),a < 0 <b, is 


Wd ESCA Find the length of the cardioid r = 1 + sin @. 


SOLUTION The cardioid is shown in Figure 8. (We sketched it in Example 7 in 
Section 10.6.) Its full length is given by the parameter interval 0 < 6 S 277, so 
Formula 5 gives 


Qa 5 d 2 (2a 5 
L= I r+ ica dé = { J@ + sin 02 + cos20 dé 


= {" v2 +2sin 6 do 


We could evaluate this integral by multiplying and dividing the integrand by 


FIGURE 8 ./2 — 2 sin 6, or we could use a computer algebra system. In any event, we find that the 
r=1+sin 0 length of the cardioid is L = 8. ia 
10.7 jj Exercises 

1—4 Find the area of the region that is bounded by the given curve 5-8 Find the area of the shaded region. 

and lies in the specified sector. 5. 6. 


orStee. Tl 0S 


2.r=cosé, 0<0< 7/6 h 


3. r7>=9sin20, r=0, 008 7/2 a7 


4. r=tand, 17/6<0< 7/3 


2 = —— ——— Ean r= V0 r=1+cos@ 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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r=4+3sin@ r=sin20 


9-12 Sketch the curve and find the area that it encloses. 
9. r=2siné 10. r= 1-—siné 


11. r=3+2 cos 12, 7=4 > 3sm0 


4 13-16 Graph the curve and find the area that it encloses. 
13. r= 2 + sin 40 14. 5 —3 — 2.cos40 


15. r= /1 + cos?(58) 16. r= 1+ 5sin60 


35. Find the area inside the larger loop and outside the smaller 
loop of the lima¢gon r = + + cos 6. 


36. Find the area between a large loop and the enclosed small 
loop of the curve r = 1 + 2 cos 36. 

37-42 Find all points of intersection of the given curves. 

37. r=1+sin6, r=3sin@ 

38. r= 1-—cosé, r=1+siné 

39. r=2sin20, r=1 

40. r =cos 36, r=sin 30 

4. r=sin@, r=sin2é 


= 


427 — sin) 2.0 — COseg 


17-21 Find the area of the region enclosed by one loop of 


the curve. 
17. r= 4 cos 30 18. 7? = sin 20 
19. r= sin 464 20. r = 2 sin 56 


21. r= 1 + 2sin 6 (inner loop) 


22. Find the area enclosed by the loop of the strophoid 

r— 2.cos d= sec 0: 
23-28 Find the area of the region that lies inside the first curve 
and outside the second curve. 
23. r=2cos8, r=1 244.r=1-—snd, r=1 


25. r7 = 8 cos 20, 


I 
i) 


26. r=2+sn8@, r=3sin8 
27. r=3cos0@, r=1+cos@ 


28.7, = 3sin6@, r=2-—sin@ 


29-34 Find the area of the region that lies inside both curves. 
29. r= 3 cos@, r= sing : 

30. r= 1+cos#, r=1-—cosé 

31. r=sin26, r=cos26 

32. r=3+2cos#, r=3+2sin0 

33. r>=sin26, r? = cos 26 


34. r=asin@, r=bcosé, a>0,b>0 


43. The points of intersection of the cardioid r = 1 + sin @ and 


the spiral loop r = 20, —77/2 < @ S 7/2, can’t be found 
exactly. Use a graphing device to find the approximate values 
of @ at which they intersect. Then use these values to esti- 
mate the area that lies inside both curves. 


44. When recording live performances, sound engineers often use 
a microphone with a cardioid pickup pattern because it sup- 
presses noise from the audience. Suppose the microphone is 
placed 4 m from the front of the stage (as in the figure) and 
the boundary of the optimal pickup region is given by the 
cardioid r = 8 + 8 sin 6, where r is measured in meters and 
the microphone is at the pole. The musicians want to know 
the area they will have on stage within the optimal pickup 
range of the microphone. Answer their question. 


stage 


microphone 
audience 


45—48 Find the exact length of the polar curve. 


AS ar 


2cos@, O0=@=s= 7 


4%. r=5° 0S 052 


4.7r=67, 0= 03204 


I 


48. r = 2(1 + cos @) 


= 49-50 Find the exact length of the curve. Use a graph to 


determine the parameter interval. 


49. r = cos*(@/4) 50. r = cos*(@/2) 
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51-54 Use a calculator to find the length of the curve correct to 


four decimal places. If necessary, graph the curve to determine the 
parameter interval. 


51. One loop of the curve r = cos 20 SS i, Zar sin \/ ee eal ue 
52 


.r=tand, 7/6<0S 7/3 


(where f’ is continuous and 0 S a < b S 7) about the 
polar axis is 


(b) Use the formula in part (a) to find the surface area 


53. r = sin(6 sin 8) generated by rotating the lemniscate r> = cos 20 about the 
54. r = sin(0/4) polar axis. 
56. (a) Find a formula for the area of the surface generated by 
55. (a) Use Formula 10.2.6 to show that the area of the surface rotating the polar curve r = f(6),a < 6 < b (where f" is 
generated by rotating the polar curve continuous and 0 S a < b S ny), about the line 0 = 7/2. 
(b) Find the surface area generated by rotating the lemniscate 
r =f(0) ax60<b r* = cos 26 about the line 6 = 77/2. 


10.8 | Conic Sections 


In this section we give geometric definitions of parabolas, ellipses, and hyperbolas and 
derive their standard equations. They are called conic sections, or conics, because they 
result from intersecting a cone with a plane as shown in Figure |. 


ellipse parabola hyperbola 


FIGURE 1 
Conics 


MS Parabolas 


A parabola is the set of points in a plane that are equidistant from a fixed point F (called 
the focus) and a fixed line (called the directrix). This definition is illustrated by Figure 2. 
Notice that the point halfway between the focus and the directrix lies on the parabola; it is 
parabola _ called the vertex. The line through the focus perpendicular to the directrix is called the axis 
COCKS of the parabola. . 

In the 16th century Galileo showed that the path of a projectile that is shot into 
the air at an angle to the ground is a parabola. Since then, parabolic shapes have been 
used in designing automobile headlights, reflecting telescopes, and suspension bridges. (See 
Problem 20 on page 271 for the reflection property of parabolas that makes them so useful.) 

We obtain a particularly simple equation for a parabola if we place its vertex at the 
origin O and its directrix parallel to the x-axis as in Figure 3. If the focus is the point 
FIGURE 2 (0, p), then the directrix has the equation y = —p. If P(x, y) is any point on the parabola, 


| : ‘ 
vertex | directrix 
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then the distance from P to the focus is 
|PF| = Vx? + (y — p) 


and the distance from P to the directrix is | y + p|. (Figure 3 illustrates the case where 
p > 0.) The defining property of a parabola is that these distances are equal: 


sfx? + (y =p? — lyr pf 


We get an equivalent equation by squaring and simplifying: 


FIGURE 3 : 
x" Hts vien BY ede BAD Na skveia BY. 


be aes) A Sas alc me hi fie la ty 1 
=o 


[1] An equation of the parabola with focus (0, p) and directrix y = —p is 


x? = dpy 


If we write a = 1/(4p), then the standard equation of a parabola becomes y = ax’. 
It opens upward if p > 0 and downward if p < O [see Figure 4, parts (a) and (b)]. The 
graph is symmetric with respect to the y-axis because | 1 | is unchanged when x is replaced 


by =z. 
VA y YA 
eee ey 
0 (p, 0) (p, 0) 
> ee > a > 
x 0) x 0 x 
0, 
ie ae x=—p 
(a) x7 = 4py, p>0 (b) x? = 4py, p <0 (c) y?= 4px, p>0 (d) y?= 4px, p <0 
FIGURE 4 
If we interchange x and y in [1], we obtain 
YA 
y? + 10x=0 
which is an equation of the parabola with focus (p, 0) and directrix x = — p. (interchanging 


x and y amounts to reflecting about the diagonal line y = x.) The parabola opens to the right 
if p > 0 and to the left if p < 0 [see Figure 4, parts (c) and (d)]. In both cases the graph is 
symmetric with respect to the x-axis, which is the axis of the parabola. 


[VAS Find the focus and directrix of the parabola y? + 10x = 0 and sketch 


the graph. 

SOLUTION If we write the equation as y° = —10x and compare it with Equation 2, we see 

that 4p = —10, so p = —3. Thus the focus is (p, 0) = (—2, 0) and the directrix is x = 2 
FIGURE 5 The sketch is shown in Figure 5. aa 
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Me Ellipses 


An ellipse is the set of points in a plane the sum of whose distances from two fixed points 
F, and F) is a constant (see Figure 6). These two fixed points are called the foci (plural of 
focus). One of Kepler’s laws is that the orbits of the planets in the solar system are ellipses 
with the sun at one focus. 


gn bat 
FIGURE 6 FIGURE 7 


In order to obtain the simplest equation for an ellipse, we place the foci on the x-axis at 
the points (—c, 0) and (c, 0) as in Figure 7 so that the origin is halfway between the foci. Let 
the sum of the distances from a point on the ellipse to the foci be 2a > 0. Then P(x, y) is a 
point on the ellipse when 


| PF,| + |PF)| = 2a 
that is, V(x +c)? + y? + V(x — c+ y? = 2a 
or vi(oG ea G)etciyeam ioe IN (XG)? any? 


Squaring both sides, we have 


Dene yA hae cy Py? x? tex ec? + 


which simplifies to Qvix tO) iy = a Cx 


We square again: 
a(x? + 2cx + c? + y*) =a‘ + 2a’cx + 7x" 


which becomes (Ge )\x ay =aG 


From triangle F;F,P in Figure 7 we see that 2c < 2a, so c<a and therefore 
a? — c2 > 0. For convenience, let b? = a* — c’. Then the equation of the ellipse becomes 
b2x? + a?y* = a’b’ or, if both sides are divided by a*b’, 


2 2 


iG dle 
[3] anal cance 


a 


Since b2 = a2 — c2 < a?, it follows that b < a. The x-intercepts are found by setting 
y = 0. Then x?/a? = 1, or x? = a’, so x = +a. The corresponding points (a, 0) and 
(—a, 0) are called the vertices of the ellipse and the line segment joining the vertices 
is called the major axis. To find the y-intercepts we set x = 0 and obtain y? = b?, so 
y = +b. The line segment joining (0, b) and (0, —b) is the minor axis. Equation 3 is 
unchanged if x is replaced by —x or y is replaced by —y, so the ellipse is symmetric about 
FIGURE 8 both axes. Notice that if the foci coincide, then c = 0, soa = b and the ellipse becomes a 
x2 y? circle with radius r = a = b. 

a s Bb TAs Me We summarize this discussion as follows (see also Figure 8). 
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(b, 0) 


FIGURE 9 
x” yo 
ie Gk ral 


FIGURE 10 
9x? + 16y* = 144 


FIGURE 11 
P is on the hyperbola when 
PP, |— (PF) = 22a. 


[4] The ellipse 


ae = || a=b>0 
a 


has foci (+c, 0), where c? = a? — b’, and vertices (+a, 0). 


If the foci of an ellipse are located on the y-axis at (0, +c), then we can find its equation 


by interchanging x and y in [4]. (See Figure 9.) 


[5] The ellipse 


eb > 


has foci (0, +c), where c? = a? — b’, and vertices (0, +a). 


Ad EEES9 Sketch the graph of 9x* + 16y” = 144 and locate the foci. 
SOLUTION Divide both sides of the equation by 144: 


i 
x2 ve 


—— + ae feel 
16 9 
The equation is now in the standard form for an ellipse, so we have a” = 16, b* = 9, 
a = 4, and b = 3. The x-intercepts are +4 and the y-intercepts are +3. Also, 
c? =a’? — b? = 7, soc = 7 and the foci are (+ 7, 0). The graph is sketched in 
Figure 10. EG 


VB EXAMPLE 3 Baititelern equation of the ellipse with foci (0, +2) and vertices (0, +3). 


SOLUTION Using the notation of [5], we have c = 2 and a = 3. Then we obtain 
b? = a> — c? = 9 — 4 = 5, so an equation of the ellipse is 


Another way of writing the equation is 9x? + Sy? = 45. ee 


Like parabolas, ellipses have an interesting reflection property that has practical conse- 
quences. If a source of light or sound is placed at one focus of a surface with elliptical 
cross-sections, then all the light or sound is reflected off the surface to the other focus (see 
Exercise 65). This principle is used in lithotripsy, a treatment for kidney stones. A reflector 
with elliptical cross-section is placed in such a way that the kidney stone is at one focus. 
High-intensity sound waves generated at the other focus are reflected to the stone and 


destroy it without damaging surrounding tissue. The patient is spared the trauma of surgery 
and recovers within a few days. 


MH Hyperbolas 


A hyperbola is the set of all points in a plane the difference of whose distances from two 
fixed points F, and F; (the foci) is a constant. This definition is illustrated in Figure 11. 


FIGURE 12 
ey 

i ee | 
a b? 


4 
Ys 
LS 
DL 
FIGURE 13 
yx? 


o be 
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Hyperbolas occur frequently as graphs of equations in chemistry, physics, biology, and 
economics (Boyle’s Law, Ohm’s Law, supply and demand curves). A particularly signifi- 
cant application of hyperbolas is found in the navigation systems developed in World Wars 
I and II (see Exercise 51). 

Notice that the definition of a hyperbola is similar to that of an ellipse; the only change 
is that the sum of distances has become a difference of distances. In fact, the derivation of 
the equation of a hyperbola is also similar to the one given earlier for an ellipse. It is left as 
Exercise 52 to show that when the foci are on the x-axis at (+c, 0) and the difference of dis- 
tances is | PF;| — | PF,| = +2a, then the equation of the hyperbola is 


2 


i ) 
[6] spl siges 


a 


where c? = a? + b?. Notice that the x-intercepts are again +a and the points (a, 0) and 
(—a, 0) are the vertices of the hyperbola. But if we put x = 0 in Equation 6 we get 
y? = —b’, which is impossible, so there is no y-intercept. The hyperbola is symmetric with 
respect to both axes. 

To analyze the hyperbola further, we look at Equation 6 and obtain 


This shows that x2 = a”, so |x| = x? = a. Therefore we have x > a or x < —a. This 
means that the hyperbola consists of two parts, called its branches. 

When we draw a hyperbola it is useful to first draw its asymptotes, which are the dashed 
lines y = (b/a)x and y = —(b/a)x shown in Figure 12. Both branches of the hyperbola 
approach the asymptotes; that is, they come arbitrarily close to the asymptotes. [See Exer- 
cise 73 in Section 4.5, where these lines are shown to be slant asymptotes. } 


| The hyperbola 


has foci (+c, 0), where c? = a* + b?, vertices (+a, 0), and asymptotes 
y = +(b/a)x. 


If the foci of a hyperbola are on the y-axis, then by reversing the roles of x and y we 
obtain the following information, which is illustrated in Figure 13. 


c— 


The hyperbola 


has foci (0, +c), where c2 =a? + b’, vertices (0, +a), and asymptotes 
y = £(a/b)x. 


ss 
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FIGURE 14 
9x? — 16y? = 144 


FIGURE 15 
9x* — 4y*— 72x + 8y +176 =0 


SVG" Find the foci and asymptotes of the hyperbola 9x* — 16y* = 144 and sketch 
its graph. 


SOLUTION If we divide both sides of the equation by 144, it becomes 


ire SAS 

16 9 
which is of the form given in [7] with a = 4 and b = 3. Since c* = 16 + 9 = 25, the 
foci are (+5, 0). The asymptotes are the lines y = +x andy = —ix. The graph is shown 
in Figure 14. eRe 


S294 Find the foci and equation of the hyperbola with vertices (0, +1) and asymp- 
tote y = 2x. 


SOLUTION From and the given information, we see that a = 1 and a/b = 2. Thus 
b = a/2 =} andc? =a’ + b? = 3. The foci are (0, +./5/2) and the equation of the 
hyperbola is 


2 = Ay? = 1 ae 


MQ Shifted Conics 


As discussed in Appendix C, we shift conics by taking the standard equations [1], [2], [4], 
[5], [7], and [8] and replacing x and y by x — handy — k. 


(SV2"23 Find an equation of the ellipse with foci (2, —2), (4, —2) and vertices 
(ee a tae) 

SOLUTION The major axis is the line segment that joins the vertices (1, —2), (5, —2) 
and has length 4, so a = 2. The distance between the foci is 2, soc = 1. Thus 

b* = a* — c* = 3. Since the center of the ellipse is (3, —2), we replace x and y in 
by x — 3 and y + 2 to obtain 


~_ 2 ) 9)2 
(NO) ee 
4 3 
as the equation of the ellipse. eae 


=a 


(4) GSN Sketch the conic 9x? — 4y? — 72x + 8y + 176 = O and find its foci. 


SOLUTION We complete the squares as follows: 


A(y? — 2y) — 9(x? — 8x) = 176 
4(y? — 2y + 1) — 9(x? — 8x + 16) = 176 + 4 — 144 
A(y — 1)" — 9x 4)? = 36 


Geir Weg ie 
9 4 


This i is in the form [8] ‘except that x and y are replaced by x — 4 and y — 1. Thus 
a’ = 9, b? = 4, and c? = 13. The hyperbola is shifted four units to the right and one 


unit upward. The foci are (4, 1 + /13 ») and (4,1 — /13 ) and the vertices are (4, 4) and 


(4, —2). The asymptotes are y — 1 = +3(x — 4). The hyperbola is sketched in 


Figure 15. aE 
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i(k) Exercises 


1-8 Find the vertex, focus, and directrix of the parabola and sketch 23 ly) nd ed Ve beat) 
its graph. : 
: . 26 yA Vo 16 
1. x? = 6y 2. dy? = 5x rina Saccbial a 
3. 2x = =y? 4. 3x? + 8y =0 
25-30 Identify the type of conic section whose equation is given 
5. (x + 2) = 8(y — 3) 6. x -—1=(y +5) and find the vertices and foci. 
Iy? + 2y + 12x +25 =0 8. y + 12x — 2x? = 16 23 easy chil 265 a 
2). x = dy — Dy" 28. y* — 8y = 6x — 16 
9-10 Find an equation of the parabola. Then find the focus and 29. y? + 2y = 4x7 + 3 30. 4x? + 4x4 y? =0 
directrix. , : 
9. 


31-48 Find an equation for the conic that satisfies the given 
conditions. 


31. Parabola, vertex (0,0), focus (1, 0) 


32. Parabola, focus (0,0), directrix y = 6 


33. Parabola, focus (—4,0), directrix x = 2 


34. Parabola, focus (3,6), vertex (3, 2) 


11-16 Find the vertices and foci of the ellipse and sketch 
its graph. 35. Parabola, vertex (2,3), vertical axis, 


passing through (1, 5) 


3p Sa irs ey 
On Ani 36 8 36. Parabola, horizontal axis, 
2 F passing through (—1, 0), (1, —1), and (3, 1) 
13. x2 + 9y2 = 14. 100x? + 36y? = 225 
; ’ 37. Ellipse, foci (+2,0), vertices (580) 
15. 9x? — 18x + 4y* = 27 
16. x? +3y2 4+ 2x'— 12y + 10= 0 38. Ellipse, foci (0, +5), vertices (0, =13) 
39. Ellipse, foci (0, 2), (0,6), vertices (0, 0), (0, 8) 
17-18 Find an equation of the ellipse. Then find its foci. 40. Ellipse, foci (0, -1), (8, -1), vertex (9, -1) 
17. 18. 
| a Pel 41. Ellipse, center (—1, 4), vertex (—1,0), focus (—1, 6) 
/ IF 42. Ellipse, foci (+4, 0), passing through (—4, 1.8) 
1 
>| 5 >| 43. Hyperbola, vertices (+3,0), foci (+5, 0) 
x Xx 
44. Hyperbola, vertices (0, £2), foci (Ones) 
| 45. Hyperbola, vertices (—3, —4), (—3, 6), 
[ foci (—3, —7), (—3, 9) 


46. Hyperbola, vertices (—1, 2), (7, 2), 
19-24 Find the vertices, foci, and asymptotes of the hyperbola and foci (—2, 2), (8, 2) 
sKelgh HES EE Dah 47. Hyperbola, vertices (+3,0), asymptotes y = Ba 
a 2, ——-==1 
19. 75 a | 7" By5 Gl 48. Hyperbola, foci (2, 0), (2, 8), 
asymptotes y = 3 + txandy = 5 — +x 
21. x? — y* = 100 22. y* — 16x’ = 16 i ees Cie ee eee eee 


1. Homework Hints available at stewartcalculus.com 
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49, 


50. 


51. 


be: 


53. 
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The point in a lunar orbit nearest the surface of the moon is 
called perilune and the point farthest from the surface is called 
apolune. The Apollo /1 spacecraft was placed in an elliptical 
lunar orbit with perilune altitude 110 km and apolune altitude 
314 km (above the moon), Find an equation of this ellipse if 
the radius of the moon is 1728 km and the center of the moon 


is at one focus. 


A cross-section of a parabolic reflector is shown in the figure. 
The bulb is located at the focus and the opening at the focus 
is LOcm, 
(a) Find an equation of the parabola. 
(b) Find the diameter of the opening | CD |, 11 cm from 

the vertex. 


In the LORAN (LOng RAnge Navigation) radio navigation 
system, two radio stations located at A and B transmit simulta- 
neous signals to a ship or an aircraft located at P. The onboard 
computer converts the time difference in receiving these signals 
into a distance difference |PA| — | PB], and this, according to 
the definition of a hyperbola, locates the ship or aircraft on one 
branch of a hyperbola (see the figure). Suppose that station B is 
located 400 mi due east of station A on a coastline. A ship 
received the signal from B 1200 microseconds (ws) before it 
received the signal from A. 
(a) Assuming that radio signals travel at a speed of 980 ft/s, 

find an equation of the hyperbola on which the ship lies. 
(b) If the ship is due north of B, how far off the coastline is 

the ship? 


transmitting stations \ 


Use the definition of a hyperbola to derive Equation 6 for a 
hyperbola with foci (ce, 0) and vertices (a, 0). 


Show that the function defined by the upper branch of the 
hyperbola y’/a* — x°/b* = 1 is concave upward. 


54. 


55: 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


Find an equation for the ellipse with foci (1, 1) and (—1, —1) 
and major axis of length 4. 


Determine the type of curve represented by the equation 


2 2 


OG y 
4 = 
k fer ile) 


1 


in each of the following cases: (a) k > 16, (b)0 < k < 16, 

and (c) k < 0. 

(d) Show that all the curves in parts (a) and (b) have the same 
foci, no matter what the value of k is. 


. (a) Show that the equation of the tangent line to the parabola 


y* = 4px at the point (xo, yo) can be written as 
yoy = 2p(x + Xo) 


(b) What is the x-intercept of this tangent line? Use this fact to 
draw the tangent line. 


Show that the tangent lines to the parabola x* = 4py drawn 
from any point on the directrix are perpendicular. 


Show that if an ellipse and a hyperbola have the same foci, 
then their tangent lines at each point of intersection are 
perpendicular. 


Use parametric equations and Simpson’s Rule with n = 8 to 
estimate the circumference of the ellipse 9x* + 4y* = 36. 


The planet Pluto travels in an elliptical orbit around the sun 

(at one focus). The length of the major axis is 1.18 * 10'° km 

and the length of the minor axis is 1.14 * 10'° km. Use Simp- 
son’s Rule with n = 10 to estimate the distance traveled by the 
planet during one complete orbit around the sun. 


Find the area of the region enclosed by the hyperbola 
x*/a* — y?/b* = | and the vertical line through a focus. 


(a) If an ellipse is rotated about its major axis, find the volume 
of the resulting solid. 

(b) If it is rotated about its minor axis, find the resulting 
volume. 


Find the centroid of the region enclosed by the x-axis and the 
top half of the ellipse 9x* + 4y? = 36. 


(a) Calculate the surface area of the ellipsoid that is generated 
by rotating an ellipse about its major axis. 

(b) What is the surface area if the ellipse is rotated about its 
minor axis? 


Let P(x, yi) be a point on the ellipse x?/a? + y?/b? = 1 with 
foci F; and F, and let a and B be the angles between the lines 
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PF;, PF and the ellipse as shown in the figure. Prove that hyperbola. It shows that light aimed at a focus F> of a hyper- 
a = B. This explains how whispering galleries and lithotripsy bolic mirror is reflected toward the other focus F’.) 

work. Sound coming from one focus is reflected and passes 
through the other focus. [Hint: Use the formula in Problem 19 
on page 271 to show that tan a = tan B.] 


YA 


66. Let P(x), y;) be a point on the hyperbola x’/a* — y’/b? = 1 
with foci F; and F; and let @ and B be the angles between 
the lines PF,, PF) and the hyperbola as shown in the figure. 
Prove that a = B. (This is the reflection property of the 


10.9 | Conic Sections in Polar Coordinates 


In the preceding section we defined the parabola in terms of a focus and directrix, but we 
defined the ellipse and hyperbola in terms of two foci. In this section we give a more uni- 
fied treatment of all three types of conic sections in terms of a focus and directrix. Purther- 
more, if we place the focus at the origin, then a conic section has a simple polar equation, 
which provides a convenient description of the motion of planets, satellites, and comets. 


[1] Theorem Let F be a fixed point (called the focus) and / be a fixed line (called 
the directrix) in a plane. Let e be a fixed positive number (called the eccentricity). 
The set of all points P in the plane such that 


(that is, the ratio of the distance from F to the distance from / is the constant e) 
is a conic section. The conic is 


(a) an ellipse ife < 1 


(b) a parabola if e = | 


(c) ahyperbola if e > 1 


lies 


PROOF Notice that if the eccentricity is e = 1, then | PF| = | Pl 
tion simply becomes the definition of a parabola as given in Section 10.8. 


and so the given condi- 
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YA Let us place the focus F at the origin and the directrix parallel to the y-axis and 
d units to the right. Thus the directrix has equation x = d and is perpendicular to the 
polar axis. If the point P has polar coordinates (r, ), we see from Figure | that 


/ (directrix) 


|PF| =r | Pl] =d—rcos@ 


Thus the condition | PF |/| P/| = e, or | PF | = e| Pl|, becomes 


[2] r = e(d — rcos@) 
If we square both sides of this polar equation and convert to rectangular coordinates, 
we get 
x? + y? = ed — x)? = e*(d? — 2dx + x’) 
FIGURE 1 or (1 — e*)x? + 2de*x + y? = e*d? 


After completing the square, we have 


3] n ed tg y? e*d 
x cg avd te ayo 2 
1 -—e? l—e? (1 -—e’) 


If e < 1, we recognize Equation 3 as the equation of an ellipse. In fact, it is of the form 


— h 2 2 
(x wi gees 
ay b* 
where 
e-d . 2 2 2,42 
[4] ae 2 Le - 22) b* = se 5 
SNe (lote7)* Ly eo 
In Section 10.8 we found that the foci of an ellipse are at a distance c from the center, 
where 
492 
[5] Cs BE Gay 
Clasteet)3 
2 
This shows that c= | au ———h 
seb) 


and confirms that the focus as defined in Theorem | means the same as the focus defined 
in Section 10.8. It also follows from Equations 4 and 5 that the eccentricity is given by 


i sage 
a 

Ife > 1, then 1 — e* < O and we see that Equation 3 represents a hyperbola. Just as we 
did before, we could rewrite Equation 3 in the form 


Celery. he 
2 eaiige a a ] 


(on be 


and see that 


YA 
x=d 
directrix 
FL 
ed 
hae 5 1+ecos@ 
FIGURE 2 


Polar equations of conics 


ay 
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By solving Equation 2 for r, we see that the polar equation of the conic shown in Fig- 
ure | can be written as 


ed 
ae SSS 
1 + ecosé 
If the directrix is chosen to be to the left of the focus as x = —d, or if the directrix is cho- 


sen to be parallel to the polar axis as y = +d, then the polar equation of the conic is given 
by the following theorem, which is illustrated by Figure 2. (See Exercises 21-23.) 


YA 
YA 
x=—d y=d directrix 
directrix 
= + > 
F x > 
FI x 
y=—-d | directrix 
ed ed ed 
b — — ie ES 
yr 1—ecosé ky l+esin@ oe l1—esind 


[6| Theorem A polar equation of the form 


ed ed 
Sa or — ees 
1 + ecosé il = @ sin) 


represents a conic section with eccentricity e. The conic is an ellipse if e < 1, 
a parabola if e = 1, or a hyperbola if e > 1. 


(Y] (QE Find a polar equation for a parabola that has its focus at the origin and 
whose directrix is the line y = —6. 


SOLUTION Using Theorem 6 with e = | and d = 6, and using part (d) of Figure 2, we 


see that the equation of the parabola is 


6 


ff =a 
1 — sin@ 


7 GEA A conic is given by the polar equation 


os 10 
3 — 2cosé 


Find the eccentricity, identify the conic, locate the directrix, and sketch the conic. 


SOLUTION Dividing numerator and denominator by 3, we write the equation as 


10 


3 


: 
— 3 cos 0 
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x=-—5 
(directrix) 


YA 


10 


~ 3=2cos8 


FIGURE 3 


FIGURE 4 


12 


r 


10 


3 — 2 cos(@— 77/4) 


FIGURE 5 


~2+4sin 6 


: ; } D etc 10 
From Theorem 6 we see that this represents an ellipse with e = 3. Since ed = 5, 
we have 


10 10 
d=2=3=5 
e€ 3 
so the directrix has Cartesian equation x = —5. When 6 = 0, r = 10; when 6 = 7, 
r = 2. So the vertices have polar coordinates (10, 0) and (2, 7). The ellipse is sketched 
in Figure 3. ae 
a iimesee Sketch th icr= cw 
etch the coni¢r =~ ana: 


SOLUTION Writing the equation in the form 


6 
l =e 2 Sin 


we see that the eccentricity is e = 2 and the equation therefore represents a hyperbola. 
Since ed = 6, d = 3 and the directrix has equation y = 3. The vertices occur when 

6 = 7/2 and 37/2, so they are (2, 7/2) and (—6, 37/2) = (6, 7/2). It is also useful to 
plot the x-intercepts. These occur when 6 = 0, 7; in both cases r = 6. For additional 
accuracy we could draw the asymptotes. Note that r —> +o when 1 + 2 sin@ ~0°* or 
O° and 1 + 2 sin @ = 0 when sin @ = —4. Thus the asymptotes are parallel to the rays 
6 = 72/6 and 6 = 1177/6. The hyperbola is sketched in Figure 4. 


* 


asl 
(6, 7) 0 \ (6,0) 


focus 


When rotating conic sections, we find it much more convenient to use polar equations 
than Cartesian equations. We just use the fact (see Exercise 73 in Section 10.6) that the 


graph of r = f(@ — a) is the graph of r = f(@) rotated counterclockwise about the origin 
through an angle a. 


(% (SUAVRTY I the ellipse of Example 2 is rotated through an angle 7/4 about the ori- 
gin, find a polar equation and graph the resulting ellipse. 
SOLUTION We get the equation of the rotated ellipse by replacing 6 with @ — 77/4 in the 


equation given in Example 2. So the new equation is 


re 10 
3h 2 costo == 71/4) 


We use this equation to graph the rotated ellipse in Figure 5. Notice that the ellipse has 
been rotated about its left focus. sed 
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In Figure 6 we use a computer to sketch a number of conics to demonstrate the effect of 
varying the eccentricity e. Notice that when e is close to 0 the ellipse is nearly circular, 
whereas it becomes more elongated as e > 1. When e = 1, of course, the conic is a 
parabola. 


e=0.1 e=0.5 e= 0.68 e=0.86 e=0.96 


FIGURE 6 


M8 Kepler's Laws 


In 1609 the German mathematician and astronomer Johannes Kepler, on the basis of huge 
amounts of astronomical data, published the following three laws of planetary motion. 


Kepler's Laws 
1. A planet revolves around the sun in an elliptical orbit with the sun at one focus. 
2. The line joining the sun to a planet sweeps out equal areas in equal times. 


3. The square of the period of revolution of a planet is proportional to the cube of 
the length of the major axis of its orbit. | 


Although Kepler formulated his laws in terms of the motion of planets around the sun, 
they apply equally well to the motion of moons, comets, satellites, and other bodies that 
orbit subject to a single gravitational force. Here we use Kepler’s First Law, together with 
the polar equation of an ellipse, to calculate quantities of interest in astronomy. 

For purposes of astronomical calculations, it’s useful to express the equation of an ellipse 
in terms of its eccentricity e and its semimajor axis a. We can write the distance d from the 
focus to the directrix in terms of a if we use [4]: 

ed? a*(1 — e’)? a(1 — e’) 


2 = = ea => d= 
(Gh Bae e e 


So ed = a(1 — e?). If the directrix is x = d, then the polar equation is 


ed x al =e) 
~ 1+ ecosé 1 + ecosé 
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aphelion perihelion 


FIGURE 7 


FIGURE 5 


The polar equation of an ellipse with focus at the origin, semimajor axis a, 
eccentricity e, and directrix x = d can be written in the form 


a(1 — e”) 
pie eee 
1 + ecosé@ 


The positions of a planet that are closest to and farthest from the sun are called its peri- 
helion and aphelion, respectively, and correspond to the vertices of the ellipse. (See 
Figure 7.) The distances from the sun to the perihelion and aphelion are called the peri- 
helion distance and aphelion distance, respectively. In Figure | the sun is at the focus F, 
so at perihelion we have 0 = 0 and, from Equation 7, 


a(1 — e?) a(1 — e)(1 + e) 
1 + ecosO | =} @ 


= a(l — e) 


Similarly, at aphelion 6 = wand r= a(1 + e). 


The perihelion distance from a planet to the sun is a(1 — e) and the aphelion 


distance is a(1 + e). 


EXAMPLE 5 


(a) Find an approximate polar equation for the elliptical orbit of the earth around the sun 
(at one focus) given that the eccentricity is about 0.017 and the length of the major axis 
is about 2.99 X 10° km. 

(b) Find the distance from the earth to the sun at perihelion and at aphelion. 


SOLUTION 
(a) The length of the major axis is 2a = 2.99 x 108, so a = 1.495 X 108. We are given 
that e = 0.017 and so, from Equation 7, an equation of the earth’s orbit around the sun is 


a(1 — e?) a (1.495 x 108)[1 — (0.017)7] 
1+ ecos@ 1 + 0.017 cos @ 


or, approximately, 


. 49s aos 
1 + 0.017 cos 8 


(b) From [8], the perihelion distance from the earth to the sun is 


a(l — e) ~ (1.495 X 10°)(1 — 0.017) ~ 1.47 X 10®km 


and the aphelion distance is 


a(1 + e) ~ (1.495 x 108)(1 + 0.017) 


v 


1.52 X 10®km ee 


CS] 
K@ 
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1-8 Write a polar equation of a conic with the focus at the origin 
and the given data. 


1. Ellipse, eccentricity +, directrix x = 4 

. Parabola, directrix x = —3 

. Hyperbola, eccentricity 1.5, directrix y = 2 
. Hyperbola, eccentricity 3, directrix x = 3 

. Parabola, vertex (4, 3727/2) 

. Ellipse, eccentricity 0.8, vertex (1, 77/2) 


. Ellipse, eccentricity +, directrix r = 4 sec 0 


on ow fF wo NSN 


. Hyperbola, eccentricity 3, directrix r = —6 csc 


9-16 (a) Find the eccentricity, (b) identify the conic, (c) give an 
equation of the directrix, and (d) sketch the conic. 


4 1, 
) p=] SS 10ers 
5 —4sin 0 340 cosie, 

D 

hhc =—=— 12. Ral reel es 
34+ 3sin0 2+ 2cos@ 
Th ee 14. pus geet IRL 
6+ 2 cos0 ak So 5) Suny) 

10 
eg pl 0 eS 
4—8cos0 5 orsinG 


17. (a) Find the eccentricity and directrix of the conic 
r = 1/(1 — 2 sin) and graph the conic and its directrix. 
(b) If this conic is rotated counterclockwise about the origin 
through an angle 377/4, write the resulting equation and 
graph its curve. 


18. Graph the conic r = 4/(S + 6 cos 6) and its directrix. Also 
graph the conic obtained by rotating this curve about the origin 
through an angle 77/3. 


19. Graph the conics r = e/(1 — e cos @) with e = 0.4, 0.6, 
0.8, and 1.0 on a common screen. How does the value of e 
affect the shape of the curve? 


™ 20. (a) Graph the conics r = ed/(1 + e sin 6) fore = 1 and vari- 


ous values of d. How does the value of d affect the shape 


of the conic? 
(b) Graph these conics for d = 1 and various values of e. How 
does the value of e affect the shape of the conic? 


21. Show that a conic with focus at the origin, eccentricity e, and 


directrix x = —d has polar equation 
ed 
[oe ee 
1 — ecosé 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


31. 


. Show that a conic with focus at the origin, eccentricity e, and 


directrix y = d has polar equation 


ed 


= ee 
1 + e sin@ 


Show that a conic with focus at the origin, eccentricity e, and 


directrix y = —d has polar equation 
ed 
i E 
l= esi 


Show that the parabolas r = c/(1 + cos 6) and 
r = d/(1 — cos @) intersect at right angles. 


The orbit of Mars around the sun is an ellipse with eccen- 
tricity 0.093 and semimajor axis 2.28 X 10* km. Find a polar 
equation for the orbit. 


Jupiter’s orbit has eccentricity 0.048 and the length of the 
major axis is 1.56 X 10° km. Find a polar equation for the 
orbit. 


The orbit of Halley’s comet, last seen in 1986 and due to 
return in 2062, is an ellipse with eccentricity 0.97 and one 
focus at the sun. The length of its major axis is 36.18 AU. 
[An astronomical unit (AU) is the mean distance between the 
earth and the sun, about 93 million miles.] Find a polar equa- 
tion for the orbit of Halley’s comet. What is the maximum 
distance from the comet to the sun? 


The Hale-Bopp comet, discovered in 1995, has an elliptical 
orbit with eccentricity 0.9951 and the length of the major axis 
is 356.5 AU. Find a polar equation for the orbit of this comet. 
How close to the sun does it come? 


© Dean Ketelsen 


The planet Mercury travels in an elliptical orbit with eccen- 
tricity 0.206. Its minimum distance from the sun is 
46 X 10’ km. Find its maximum distance from the sun. 


_ The distance from the planet Pluto to the sun is 


4.43 X 10° km at perihelion and 7.37 X 10° km at aphelion. 
Find the eccentricity of Pluto’s orbit. 

Using the data from Exercise 29, find the distance traveled by 
the planet Mercury during one complete orbit around the sun. 
(If your calculator or computer algebra system evaluates defi- 
nite integrals, use it. Otherwise, use Simpson’s Rule.) 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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10 | Review 


Concept Check 


1. (a) What is a parametric curve? 
(b) How do you sketch a parametric curve? 


2. (a) How do you find the slope of a tangent to a parametric 
curve? 
(b) How do you find the area under a parametric curve? 


3. Write an expression for each of the following: 
(a) The length of a parametric curve 
(b) The area of the surface obtained by rotating a parametric 
curve about the x-axis 


4. What is the difference between a vector and a scalar? 


5. How do you add two vectors geometrically? How do you add 
them algebraically? 


6. If a is a vector and c is a scalar, how is ca related toa geomet- 
rically? How do you find ca algebraically? 


7. How do you find the vector from one point to another? 


8. What is a vector function? How do you find its derivative and 
its integral? 


9. How do you find the velocity, speed, and acceleration of a par- 
ticle that moves along a parametric curve? 


10. (a) Use a diagram to explain the meaning of the polar coordi- 
nates (7, @) of a point. 


True-False Quiz 


Determine whether the statement is true or false. If it is true, explain why. 
If it is false, explain why or give an example that disproves the statement. 


1. If the parametric curve x = f(t), y = g(t) satisfies g’(1) = 0, 
then it has a horizontal tangent when t = 1. 


2. If x = f(t) and y = g(t) are twice differentiable, then 
d*y/dx? = (d?y/dt?)/(d?x/dt?). 
3. The length of the curve x = f(t), y = g(t),a <t <b, is 


PVF OP + Ty OF at. 


4. The derivative of a vector function is obtained by differen- 
tiating each component function. 


5. If a point is represented by (x, y) in Cartesian coordinates 
(where x # 0) and (r, @) in polar coordinates, then 
6 = tan '(y/x). 


11. 


12. 


13. 


14. 


15. 


11. 


(b) Write equations that express the Cartesian coordinates (x, y) 
of a point in terms of the polar coordinates. 

(c) What equations would you use to find the polar coordinates 
of a point if you knew the Cartesian coordinates? 


(a) How do you find the slope of a tangent line to a polar 
curve? 

(b) How do you find the area of a region bounded by a polar 
curve? 

(c) How do you find the length of a polar curve? 


(a) Give a geometric definition of a parabola. 

(b) Write an equation of a parabola with focus (0, p) and direc- 
trix y = —p. What if the focus is (p, 0) and the directrix 
ies = =o; 


(a) Give a definition of an ellipse in terms of foci. 
(b) Write an equation for the ellipse with foci (+c, 0) and 
vertices (+a, 0). 


(a) Give a definition of a hyperbola in terms of foci. 

(b) Write an equation for the hyperbola with foci (+c, 0) and 
vertices (+a, 0). 

(c) Write equations for the asymptotes of the hyperbola in 
part (b). 


(a) What is the eccentricity of a conic section? 

(b) What can you say about the eccentricity if the conic section 
is an ellipse? A hyperbola? A parabola? 

(c) Write a polar equation for a conic section with eccentricity 
e and directrix x = d. What if the directrix is x = —d? 
y=d?y=—d? 


. The polar curves r = 1 — sin 26 and r = sin 26 — 1 have the 


same graph. 


. The following equations all have the same graph: 


r=2 
x*+lytiee 4 


== 2 Sin Bi y = 2 cos 3t OstsS27 


. The parametric equations x = t?, y = r4 have the same graph 


asx=pPiy= f°, 


. The graph of y* = 2y + 3x is a parabola. 
10. 


A tangent line to a parabola intersects the parabola only once. 


A hyperbola never intersects its directrix. 
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Exercises 


1-4 Sketch the parametric curve and eliminate the parameter to 


21. Find th f th i=3j —4i+j illus- 
find the Cartesian equation of the curve. e sum of the vectors 2i — 3j and —4i + j and illus 


trate geometrically. 


Be aE ls tS me pee Be ae a Bae 22. Copy the vectors in the figure and use them to draw each of 


1 
2.x=1+e%, y=e' the following vectors. 
3. x=tand, y= coté (ENS (b) a—b 
(c) —3a (d) 2a+b 
4.x=2cos@, y=1+sin@ 
5. Write three different sets of parametric equations for the 2 
curve y = /x. L 
6. Use the graphs of x = f(t) and y = g(t) to sketch the para- 
metric curve x = f(t), y = g(t). Indicate with arrows the : ; ' 
direction in which the curve is traced as f¢ increases. 23-24 Find (a) the length of a, (b) a unit vector having the same 
direction as a, (c) —4a + 3b, and (d) scalars s and ¢ such that 
\ i / c=sa+t tb. 
\ / Bia = (34nd =, 38 tc = (2,1) 
<a ee 4, a=2i+5j, b=-i+3j, c=itj 
wig : 
25-28 Find the slope of the tangent line to the given curve at the 
7. (a) Plot the point with polar coordinates (4, 27r/3). Then find point corresponding to the specified value of the parameter. 
its Cartesian coordinates. Keeney tt. tl 
(b) The Cartesian coordinates of a point are (—3, 3). Find 6 x= fo + 6t Helens 2h bn ee 


two sets of polar coordinates for the point. < 
Wh, pHe2? Sw 


8. Sketch the region consisting of points whose polar coor- 
28. r=34+c0s30; 0= 7/2 


dinates satisfy | < r < 2 and 7/6 < 0 < 57/6. 


9-16 Sketch the polar curve. 29-30 Find dy/dx and d?y/dx’. 


ch poh see Wieqems? 29.x=t+smt, y=t— cost 
= 2r=3+ 30 
1a cos 20 12. r= 3 + cos a0 dee kesh eer 
13. r2 = sec 20 14. r = 2 cos(0/2) = ee 
3 3 
15. r 1G Bigs 31. Let r(t) = ((e' — 1)/t, In(t + 1)). 


= ae Do 2) 0 
Le ® sin 6 . ae lea (a) Find the domain of r. 


(b) Find lim,--o r(t). 
(c) Find r'(‘). 


17-18 Find a polar equation for the curve represented by the 


given Cartesian equation. 32. Let r(t) = (1 — 4t, 2t — 327). 
Wxty=2 8. et+y= (a) Find a vector tangent to the curve given by r(t) at the 
i 7 = : z point where t = 3. 
(b) Find a vector equation for the tangent line to the curve at 
19. The curve with polar equation r = (sin @)/6 is called a the point where t = 3. ' 
cochleoid. Use a graph of r as a function of 6 in Cartesian (c) Find parametric equations for the tangent line. 
coordinates to sketch the cochleoid by hand. Then graph it 33. Let r(é) = (sin 2t, cos 21). 
with a machine to check your sketch. (a) Sketch the curve described by the vector equation. 
20. Graph the ellipse r = 2/(4 — 3 cos @) and its directrix. (b) Find r’(t) and r”(¢). 
Also graph the ellipse obtained by rotation about the origin (c) Sketch the position vector r(t), the tangent vector r’(‘), 


through an angle 27/3. and the vector r’(t) for t = 77/4. 


Graphing calculator or computer required 
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34. If r(t) = (t° — 4? + 2)i + (20? — 32)j represents the posi- 49-52 Find the length of the curve. 


tion of a particle at time f, find the position, velocity, acceler- C= 6h A ie EN OSS 


ation, and speed of the particle at time f = 2. 
50. x =2+ 31, y=cosh3t, 0S7rs1 


35. Find an equation of the tangent line to the curve with 
vector equation r(t) = ¢ cos ti + ft sin rj at the point where 


t= 7/4. Be eisin'(8/ 3) On =a 


.7=1/6, ws O08527 


36. A ball is tossed into the air. Its position at time ft is given by 
r(t) = 5ti + (100r — 16t)j, where distance is measured in 
feet and time f in seconds. 

(a) Find the velocity of the ball when t = 2. 
(b) Find the speed of the ball when t = 2. 
(c) How high does the ball go? 

(d) When will the ball hit the ground? 


53-54 Find the area of the surface obtained by rotating the given 
curve about the x-axis. 

1 
tae 


1=7s4 


? 
Se Aa ese 


Th 6 Sear Ne iS Gosn3y, OS i= il 


37. If r(t) = t?i + t cos mj, evaluate iP r(t) dt. 


38. Find the vector function r(*) that gives the position of a par- (4 55. The curves defined by the parametric equations 
ticle at time ¢ having acceleration a(t) = —i + 4j, initial r - 
velocity v(0) = 2i + 3j, and initial position r(0) = i + 2j. ie AS. = ttt = co) 


rtd 2 t+] 
39. At time tf = 0 a particle is located at point (1, 2). It travels in 


a straight line to the point (4, 1), has speed 2 at (1, 2) and are called strophoids (from a Greek word meaning “to turn 
constant acceleration 3i — j. Find r(¢), the position of the or twist”). Investigate how these curves vary as c varies. 
object at time fr. mo : ; - 
f=] 56. A family of curves has polar equations r* = | sin 20| where 
FY 40. (a) Use a graph to estimate the coordinates of the lowest a is a positive number. Investigate how the curves change as 
point on the curve x = ¢° — 3, y =f? + ¢ + 1. Then use a changes. 
calculus to find the exact coordinates. 
(b) Find the area enclosed by the loop of the curve. 57—60 Find the foci and vertices and sketch the graph. 
41. At what points does the curve 57. as ae cs =i] 
1¢ = Ya COS) = Gi COS Yi Y= 2H SIE = G Si Di 


i 58, 4x3 — 16 
have vertical or horizontal tangents? Use this information to 


help sketch the curve. 59. 6y? + x — 36y + 55 =0 


42. Find the area enclosed by the curve in Exercise 41. 60. 25x* + 4y* + 50x — 1l6y = 59 


43. Find the area enclosed by the curve r? = 9 cos 50. 
61. Find an equation of the parabola with focus (0, 6) and direc- 


44. Find the area enclosed by the inner loop of the curve trix y = 2. 
P= il — 3 gin) 
62. Find an equation of the hyperbola with foci (0, +5) and ver- 
45. Find the points of intersection of the curves r = 2 and tices (0, #2). 
r=4cos6@. 
63. Find an equation of the hyperbola with foci (+3, 0) and 
46. Find the points of intersection of the curves r = cot @ and asymptotes 2y = +x, 
Ta 23COSi0) 


64. Find an equation of the ellipse with foci (3, +2) and major 
47. Find the area of the region that lies inside both of the circles axis with length 8. 


r= 2 sin@ andr = sin@ + cos 8. 
65. Find an equation for the ellipse that shares a vertex and a 
48. Find the area of the region that lies inside the curve focus with the parabola x? + y = 100 and that has its other 
r = 2 + cos 26 but outside the curve r = 2 + sin @. focus at the origin. 


66. 


67. 


68. 


69. 


Show that if m is any real number, then there are exactly 
two lines of slope m that are tangent to the ellipse 
x’/a* + y?/b? = | and their equations are 


yee = We a 10 


Find a polar equation for the ellipse with focus at the origin, 
eccentricity +, and directrix with equation r = 4 sec 0. 


Show that the angles between the polar axis and the asymp- 
totes of the hyperbola r = ed/(1 — e cos @), e > 1, are 
given by cos '(+1/e). 


In the figure the circle of radius a is stationary, and for every 
6, the point P is the midpoint of the segment OR. The curve 
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traced out by P for 0 < 6 < mis called the longbow curve. 
Find parametric equations for this curve. 


YA 


1. A particle P moves with constant angular speed w around a circle whose center is at the origin 
and whose radius is R. The particle is said to be in uniform circular motion. Assume that the 
motion is counterclockwise and that the particle is at the point (R, 0) when t = 0. The position 
vector at time t > 0 is r(t) = Reos wti + R sin of j. 


(a) Find the velocity vector v and show that v - r = 0. Conclude that v is tangent to the circle 
and points in the direction of the motion. 

(b) Show that the speed | v | of the particle is the constant wR. The period T of the particle is the 
time required for one complete revolution. Conclude that 


aE 


pea eet 


(c) Find the acceleration vector a. Show that it is proportional to r and that it points toward the 
origin. An acceleration with this property is called a centripetal acceleration. Show that the 
magnitude of the acceleration vector is |a| = Ro’. 

(d) Suppose that the particle has mass m. Show that the magnitude of the force F that is required 
to produce this motion, called a centripetal force, is 


2: 
m| v |? 


jF|=7 


2. Acircular curve of radius R on a highway is banked at an angle @ so that a car can safely tra- 
verse the curve without skidding when there is no friction between the road and the tires. The 
loss of friction could occur, for example, if the road is covered with a film of water or ice. The 
rated speed ve of the curve is the maximum speed that a car can attain without skidding. Sup- 
pose a car of mass m is traversing the curve at the rated speed vg. Two forces are acting on the 
car: the vertical force, mg, due to the weight of the car, and a force F exerted by, and normal to, 
the road. (See the figure.) 

The vertical component of F balances the weight of the car, so that |F | cos 6 = mg. The 
horizontal component of F produces a centripetal force on the car so that, by Newton’s Second 
Law and part (d) of Problem 1, 


2 
MUR 


FIGURE FOR PROBLEM 2 


|F| sin 6 = 


(a) Show that vg = Rg tan 0. 
(b) Find the rated speed of a circular curve with radius 400 ft that is banked at an angle of 12°. 


(c) Suppose the design engineers want to keep the banking at 12°, but wish to increase the rated 
speed by 50%. What should the radius of the curve be? 


A : 3 
Graphing calculator or computer required 


CAS) Computer algebra system required 
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a 
» | 


Se ee ee 


3. A projectile is fired from the origin with angle of elevation @ and initial speed vp. Assuming 
that air resistance is negligible and that the only force acting on the projectile is gravity, g, 
we showed in Example 4 in Section 10.5 that the position vector of the projectile is 
r(t) = (v)cos a)ti + [(vosin at — 4gt?| j. We also showed that the maximum horizontal 
distance of the projectile is achieved when a = 45° and in this case the range is R = v6/g. 
(a) At what angle should the projectile be fired to achieve maximum height and what is the 

maximum height? 

(b) Fix the initial speed vp and consider the parabola x* + 2Ry — R* = 0, whose graph is 
shown in the figure. Show that the projectile can hit any target inside or on the boundary 
of the region bounded by the parabola and the x-axis, and that it can’t hit any target 
outside this region. 


yA yA 


Ms 


\ 
ey 
=P 0 R Xx 0 5 é 


(c) Suppose that the gun is elevated to an angle of inclination a in order to aim at a target 
that is suspended at a height h directly over a point D units downrange. The target is 
released at the instant the gun is fired. Show that the projectile always hits the target, 
regardless of the value vo, provided the projectile does not hit the ground “before” D. 


4. (a) A projectile is fired from the origin down an inclined plane that makes an angle 6 with 
the horizontal. The angle of elevation of the gun and the initial speed of the projectile are 
a@ and vo, respectively. Find the position vector of the projectile and the parametric equa- 
tions of the path of the projectile as functions of the time f. (Ignore air resistance. ) 

(b) Show that the angle of elevation a that will maximize the downhill range is the angle 
halfway between the plane and the vertical. 

(c) Suppose the projectile is fired up an inclined plane whose angle of inclination is #. Show 
that, in order to maximize the (uphill) range, the projectile should be fired in the direction 
halfway between the plane and the vertical. 

(d) In a paper presented in 1686, Edmond Halley summarized the laws of gravity and projec- 
tile motion and applied them to gunnery. One problem he posed involved firing a projec- 

FIGURE FOR PROBLEM 4 tile to hit a target a distance R up an inclined plane. Show that the angle at which the 
projectile should be fired to hit the target but use the least amount of energy is the same 
as the angle in part (c). (Use the fact that the energy needed to fire the projectile is pro- 
portional to the square of the initial speed, so minimizing the energy is equivalent to 
minimizing the initial speed.) 


5. Acurve is defined by the parametric equations 


1 COS U ; SIN U 
x= [> du y={ du 
1 u ! u 


Find the length of the arc of the curve from the origin to the nearest point where there is a 
vertical tangent line. 
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. (a) Find the highest and lowest points on the curve x* + y* = x? + y*. 


(b) Sketch the curve. (Notice that it is symmetric with respect to both axes and both of the 
lines y = +x, so it suffices to consider y > x > 0 initially.) 

(c) Use polar coordinates and a computer algebra system to find the area enclosed by the 
curve. 

What is the smallest viewing rectangle that contains every member of the family of polar 

curves r= 1 + c sin 6, where 0 < c S 1? Illustrate your answer by ie in several mem- 

bers of the family in this viewing rectangle. 


. Four bugs are placed at the four corners of a square with side length a. The bugs crawl 


counterclockwise at the same speed and each bug crawls directly toward the next bug at all 

times. They approach the center of the square along spiral paths. 

(a) Find the polar equation of a bug’s path assuming the pole is at the center of the square. 
(Use the fact that the line joining one bug to the next is tangent to the bug’s path.) 

(b) Find the distance traveled by a bug by the time it meets the other bugs at the center. 


a 


. Acurve called the folium of Descartes is defined by the parametric equations 


aes ar: 
Re ASS ar igie 


(a) Show that if (a, b) lies on the curve, then so does (b, a); that is, the curve is symmetric 
with respect to the line y = x. Where does the curve intersect this line? 

(b) Find the points on the curve where the tangent lines are horizontal or vertical. 

(c) Show that the line y = —x — 1 is a slant asymptote. 

(d) Sketch the curve. 

(e) Show that a Cartesian equation of this curve is x* + y* = 3xy. 

(f) Show that the polar equation can be written in the form 


2 3 sec 6 tan 0 
1 + tan*@ 


(g) Find the area enclosed by the loop of this curve. 
(h) Show that the area of the loop is the same as the area that lies between the asymptote 


and the infinite branches of the curve. (Use a computer algebra system to evaluate the 
integral.) 


AP10-1 


10g AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice 


For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator; 
however, show appropriate calculus notation in your work. Round all decimals to three decimal places. 


Multiple Choice 


1. Which of the following is the graph of the parametric equations 


x = 2t + cos 5t, y = 2t + sin t? 


(a) 


(b) vi 


(d) None of the above 


2. Which of the following integrals can be used to find the length 


of the curve x = Int, y = Vt on1 <¢ <2? 


il Pe alae ig 
—- — dt 
@>| 52 


(c) [vein edt 


(b) = ("Vin 2 +t dt 


(d) None of the above 


. Find a unit vector in the same direction as the vector (3, —2, 6). 


ue Bs ao) 


oH) 


. Find parametric equations for the line through (—1, 0, 2) and 


parallel to the vector (2, 2, —1). 

(@) x=2' + 1, y=24, z—1—-2 
(b) 2S e402, ye, ea 25 Il 
@) 2S =O i, PSA, 2S 2 
Qe=HwR= 1, vet seater 


. The unit tangent vector T(r) if r(t) = (sin(2r), cos(2r)) is 


(a) T(t) = 5r'(t) (b) T(t) = 2r(t) 
(c) T(t) = pr(?) (d) T(t) = 4r‘(t) 


. The position function of a particle is given by 


r(t) = (a cos(bt), a sin(bt) ) 


Which of the following statements is true? 
(a) r'(t) = r"(t) (b) v(t) = abr'(t) 
(c) r"(t) = —ab’r'(t) (d) v(t) = —b’r() 


. Find a polar equation for the curve represented by the 


Cartesian equation x* + y* = 49. 
(a) r= 49 (b) r=7 
(c) r=7sind (d) r=7sin@ + 7cosé 


. A particle starts at the origin with initial velocity of i. Its accel- 


eration is 4ri + 9¢°j. Find its position function. 


(a) r(t) = (3e? + it Gey +C 

(b) r(t) = 301 + Gj + C 

(c) r(t) = 24+ i+ Get + dj+C 
(d) r(t) = 0 


AP10-2 


Free Response 


9. Neglecting air resistance, the path of a projectile launched from (b) Find the maximum height of the football. At what time 
an initial height h with initial speed vp and angle of elevation 0 during the pass does the ball reach this height? 
is described by the vector function (c) How long will it take the ball, from the time the 


4 . : a leases it, to reach his teammate? 
r(t) = (vo cos @)ti + (h + tuo sind — sgt’)j quarterback telesses ae tate 


where g is the gravitational constant (32 ft/s*). Suppose that the Werks : 2 
quarterback of a football team releases a pass at a height of 10. conicasiziven by (be pols a ae 4 —3cos@ 
7 feet above the playing field and at an angle of 35°. The foot- (a) Find the eccentricity. 

ball is caught by a teammate, 12 yards directly downfield at a (b) Locate the directrix of the conic. 

height of 4 feet. (c) Identify and sketch the conic. 


(a) Find the speed of the football, vo, when it is released. 


— Infinite Sequences 
_ and Series 


we 


L Fa 
© Epic Stock / Shutterstock 


Infinite sequences and series were introduced briefly in A Preview of Calculus in connection with Zeno’s 
paradoxes and the decimal representation of numbers. Their importance in calculus stems from Newton’s 
idea of representing functions as sums of infinite series. For instance, in finding areas he often integrated 
a function by first expressing it as a series and then integrating each term of the series. We will pursue his 
idea in Section 11.10 in order to integrate such functions as e* . (Recall that we have previously been 
unable to do this.) Many of the functions that arise in mathematical physics and chemistry, such as Bessel 
functions, are defined as sums of series, so it is important to be familiar with the basic concepts of con- 
vergence of infinite sequences and series. 

Physicists also use series in another way, as we will see in Section 11.11. In studying fields as diverse 
as optics, special relativity, and electromagnetism, they analyze phenomena by replacing a function with 
the first few terms in the series that represents it. 
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11.1 | Sequences 


A sequence can be thought of as a list of numbers written in a definite order: 
a\, a2, a3, a4, So ease® Any +++ 


The number a, is called the first term, a» is the second term, and in general a, is the nth term. 
We will deal exclusively with infinite sequences and so each term a, will have a succes- 
SOF Gn+1- 

Notice that for every positive integer n there is a corresponding number a, and so a 
sequence can be defined as a function whose domain is the set of positive integers. But we 
usually write a, instead of the function notation f (n) for the value of the function at the 
number n. 


NOTATION The sequence {a;, a2, a3, .. .} is also denoted by 
{an} or {an} n=1 


Some sequences can be defined by giving a formula for the nth term. In the 
following examples we give three descriptions of the sequence: one by using the preced- 
ing notation, another by using the defining formula, and a third by writing out the terms 
of the sequence. Notice that n doesn’t have to start at 1. 


n | n ies a4, n 
(a) (Ci — Saale? Gar SMaeNT LSI CIS > b) 
Aan) S| eae ior il (te aA as iar Il 
(b) (=) "ieee “4 (= 1)%i Fel) mes i) _ oe Zt (1 a) 
aye 4 Bye 30 ee) ae eae Bye : 
(c) {Jn — 3}, GE Ni Bh ERS) (Oslo a ee 
no \ nT ay 1 ni 
(d) COR == i, = G3 —, 2= Ww |) eee nbd: Ee 
6 i = 6 ct 2 2 se 6 ; | 


(2 (SCQ02T24 Find a formula for the general term a, of the sequence 


Bo aia 6nd 
Shy bo 5ulnl25 195 62503 105 tiie 


assuming that the pattern of the first few terms continues. 


SOLUTION We are given that 


3 
GS (6 No opr (0 Nal caer: 2 Pee re oe 
5 J 4 


Notice that the numerators of these fractions start with 3 and increase by 1 whenever we 
go to the next term. The second term has numerator 4, the third term has numerator 5: in 
general, the nth term wi!l have numerator n + 2. The denominators are the powers of 5 


— 
0 


FIGURE 1 


NI + 


FIGURE 2 


ef 


SECTION 11.1 SEQUENCES 713 


so a, has denominator 5”. The signs of the terms are alternately positive and negative, 
so we need to multiply by a power of —1. In Example 1(b) the factor (— 1)” meant we 


started with a negative term. Here we want to start with a positive term and so we use 
(—1)""! or (—1)"*!. Therefore 


ap 2 
Aga eS Ea 


S0\ id's Here are some sequences that don’t have a simple defining equation. 


(a) The sequence {p,}, where p, is the population of the world as of January | in the 
year n. 


(b) If we let a, be the digit in the nth decimal place of the number e, then {a,,} is a well- 
defined sequence whose first few terms are 


RRR PD Ci nice OA EGov. a 
(c) The Fibonacci sequence { f,} is defined recursively by the conditions 
fi=1 fh=1 Si fee ee n= 3 
Each term is the sum of the two preceding terms. The first few terms are 
HIMES 2M BES S88 TSI TN ae 


This sequence arose when the 13th-century Italian mathematician known as Fibonacci 
solved a problem concerning the breeding of rabbits (see Exercise 83). ives 


A sequence such as the one in Example I(a), a, = n/(n + 1), can be pictured either by 
plotting its terms on a number line, as in Figure 1, or by plotting its graph, as in Figure 2. 
Note that, since a sequence is a function whose domain is the set of positive integers, its 
graph consists of isolated points with coordinates 


(1, a1) (2, ar) (3, a3) ae (n, an) 


From Figure | or Figure 2 it appears that the terms of the sequence a, = n/(n + 1) are 
approaching 1| as n becomes large. In fact, the difference 


n = 1 
ia ae. I im ar I 


can be made as small as we like by taking n sufficiently large. We indicate this by writing 
; n 
lim = 1 
noon + | 


In general, the notation 


lim a, = L 
means that the terms of the sequence {a,} approach L as n becomes large. Notice that the 
following definition of the limit of a sequence is very similar to the definition of a limit of 
a function at infinity given in Section 2.6. 
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[1] Definition A sequence {a,} has the limit L and we write 


linn aaa or Opa Laser 

no 
if we can make the terms a, as close to L as we like by taking n sufficiently large. 
If lim, + Gp, exists, we say the sequence converges (or is convergent). Otherwise, 
we say the sequence diverges (or is divergent). 


Figure 3 illustrates Definition 1 by showing the graphs of two sequences that have the 


limit L. 
a, 4) a, 
ig 2 it Sree 
FIGURE 3 j 
Graphs of two 
sequences with 0 Fe 0 — 
lim a,=L 
A more precise version of Definition 1 is as follows. 
[2] Definition A sequence {a,} has the limit L and we write 
lim a, = L or a, —> L as n= oo 
Compare this definition with Definition 2.6.7. 
if for every ¢ > 0 there is a corresponding integer N such that 
if bala NN eathenigggs |a,.— 1) < © 
Definition 2 is illustrated by Figure 4, in which the terms a), da, a3, .. . are plotted ona 


number line. No matter how small an interval (L — e, L + e) is chosen, there exists an N 
such that all terms of the sequence from ay, onward must lie in that interval. 


a, a3 ay ag Gn+1 4n+2 Gag a4 4s a4 a 
SS ° === * { ~ =~ }—-— o—_—_- —e— o— > 
FIGURE 4 0 IGEN IL GSR 


Another illustration of Definition 2 is given in Figure 5. The points on the graph of {a,,} 
must lie between the horizontal lines y = L + ¢ and y= L — ge ifn >N. This picture 
must be valid no matter how small ¢ is chosen, but usually a smaller ¢ requires a larger N. 


Ya 
1 sd UES NS (ET wal sty yy. y=Lt+e 
L 
y=L-e 
0 ot +—__+—++ a =< 
FIGURE 5 ee N n 


FIGURE 6 


Limit Laws for Sequences 
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If you compare Definition 2 with Definition 2.6.7 you will see that the only difference 
between lim, —.. a, = Land lim,—.. f(x) = Lis that n is required to be an integer. Thus we 
have the following theorem, which is illustrated by Figure 6. 


[3] Theorem If lim,—. f(x) = Land f(n) = a, when n is an integer, then 
lim, Gn = L. 


In particular, since we know that lim,_,., (1/x") = 0 when r > 0 (Theorem 2.6.5), we 
have 


[4 


If a, becomes large as n becomes large, we use the notation lim, —. a, = %. The fol- 
lowing precise definition is similar to Definition 2.6.9. 


1 
lm—=0 if r>0 


no fl 


[5] Definition lim,—.. a, = © means that for every positive number M there is an 
integer N such that 


if n>wN then an > M 


If lim,,~ a, = ©, then the sequence {a,,} is divergent but in a special way. We say that 
{a,} diverges to %, 

The Limit Laws given in Section 2.3 also hold for the limits of sequences and their proofs 
are similar. 


; 


If {a,} and {b,,} are convergent sequences and c is a constant, then 


lim b,, 


nao 


lim (a, + b,) = lim a, + 


no 


lim (a, — b,) = lim a, — lim Db, 
(oe) no n—o 


na. 


limc=c 


no 


lim ca, = c lim a, 


ne no 


lim (a,b,) = lim a, + lim by 


no no 


y lim a, 
hin ee RI eG 
nx b, lim b, n> 
no 
5 5 Pp. 
lim a? = [tim a,| if p > Oanda, > 0 
no no 
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Squeeze Theorem for Sequences 


Sa 
. 
Cf Pina Pas oA 


FIGURE 7 

The sequence {b,,} is squeezed 
between the sequences {a,} 
and {c,,}. 


This shows that the guess we made earlier 
from Figures 1 and 2 was correct. 


The Squeeze Theorem can also be adapted for sequences as follows (see Figure 7). 


If dn < by < cy for n = no and lim a, = lim c, = L, then lim bs 


nao no 


Another useful fact about limits of sequences is given by the following theorem, whose 
proof is left as Exercise 87. 


ic Theorem If lim |a,| = 0, then lim a, = 0. 


n 


eWigases Find lim 


noon + | 


SOLUTION The method is similar to the one we used in Section 2.6: Divide numerator 
and denominator by the highest power of n that occurs in the denominator and then use 
the Limit Laws. 


lim = lim = —— 
n—>2 fl Tee 1 x é, 1 
Lt = lim: 14> tim, — 
n nx nx 7 

1 
= Sl 
1 cre) 
Here we used Equation 4 with r = 1. sce J 


n 3 
PSCISE Is the sequence a, = Vid aan convergent or divergent? 


((Q) 4 a 


SOLUTION As in Example 4, we divide numerator and denominator by n: 


n 1 
ine oa 
n>o 10 +n n>% 10 1 

alte 


because the numerator is constant and the denominator approaches 0. So {a,} is 
divergent. mae 


] 
FQUIEA Calculate lim ~~ 


n 
no yp i 


SOLUTION Notice that both numerator and denominator approach infinity as n + ~%, We 
can’t apply l’Hospital’s Rule directly because it applies not to sequences but to functions 
of a real variable. However, we can apply I’ Hospital’s Rule to the related function 

f(x) = (In x)/x and obtain 


, din se : 
lim —— = lim —— = 0 


oD @ x—> 00 il 


Therefore, by Theorem 3, we have 


{+ 

SS Se + + + t > 
TR (A ok Be ae 4 n 
—|+ 

FIGURE 8 


The graph of the sequence in Example 8 is 
shown in Figure 9 and supports our answer. 


a,A 
{+ 
— > 
0 1 n 
mt . 
FIGURE 9 


Creating Graphs of Sequences 

Some computer algebra systems have special 
commands that enable us to create sequences 
and graph them directly. With most graphing 
calculators, however, sequences can be 
graphed by using parametric equations. For 
instance, the sequence in Example 10 can be 
graphed by entering the parametric equations 


x=t y=t!/t' 


and graphing in dot mode, starting with = 1 
and setting the t-step equal to 1. The result is 
shown in Figure 10. 


1 


0 
FIGURE 10 
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5(\\ialey), Determine whether the sequence a, = (—1)" is convergent or divergent. 


SOLUTION If we write out the terms of the sequence, we obtain 


(A) ie Sih ab Sih a 


al he graph of this sequence is shown in Figure 8. Since the terms oscillate between | and 
—] infinitely often, a, does not approach any number. Thus lim,—. (—1)" does not exist; 


that is, the sequence {(—1)"} is divergent. ana 
4 ineaie Evaluate lim ist if it exists. 
SOLUTION We first calculate the limit of the absolute value: 
| (-1)" | 
lim ( = lim—=0 
no n no PF 
Therefore, by Theorem 6, 
— ] n 
lim ia) =0 Bzai 
n—7o n 


The following theorem says that if we apply a continuous function to the terms of a con- 
vergent sequence, the result is also convergent. The proof is left as Exercise 88. 


Theorem If lim a, = L and the function f is continuous at L, then 


n 


lim flan) = f(L) 


Se\aeacs Find lim sin(7/n). 


SOLUTION Because the sine function is continuous at 0, Theorem 7 enables us to write 


lim sin(zr/n) = snl tin xin) = sin0=0 psa) 


no 


] {SELLE Discuss the convergence of the sequence a, = n! /n", where 
oe er 


SOLUTION Both numerator and denominator approach infinity as n — °% but here we 
have no corresponding function for use with I’ Hospital’s Rule (x! is not defined when 
x is not an integer). Let’s write out a few terms to get a feeling for what happens to a, 
as n gets large: 


a;=1 i= 


Ce ae) ae 
FAIS IH NON Ea TS EI) 


It appears from these expressions and the graph in Figure 10 that the terms are decreasing 
and perhaps approach 0. To confirm this, observe from Equation 8 that 


(2st) 
an — 
n\neneccsen 
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FIGURE 11 
The sequence a, =r” 


Notice that the expression in parentheses is at most 1 because the numerator is less than 


(or equal to) the denominator. So 


1 
KV<a7,Ss= 
n 


We know that 1/n — 0 as n — ~. Therefore a, — 0 as n — & by the Squeeze Theorem. 
ae 


(%) SSIS For what values of r is the sequence {r”} convergent? 


SOLUTION We know from Section 2.6 and the graphs of the exponential functions in 
Section 1.5 that lim,..a* = © fora > 1 and lim,—.a* = 0 for 0 < a < 1. Therefore, 
putting a = r and using Theorem 3, we have 


r Je |e ite o> 
oi oe MS | 


It is obvious that 
lim 17 = | and lim 0” = 


nao no 


If 1 7-0) then ("417-4 Les 


lim |r”| = lim |r|" = 0 
and therefore lim, —. r” = 0 by Theorem 6. If r < —1, then {r”} diverges as in 


Example 7. Figure 11 shows the graphs for various values of r. (The case r = —1 is 
shown in Figure 8.) 


0<r<il Flies 


[9] The sequence {r”} is convergent if —1 <r <1 and divergent for all other 
values of r. 


aya OO vw al<p< il 
| im p= il 


Definition A sequence {a,} is called increasing if a, < a,+; for alln > 1 
that is, a; < ay <a; <-:-. It is called decreasing if a, > a,+; foralln = 1. 
A sequence is monotonic if it is either increasing or decreasing. 


° 


The right side is smaller because it has a 
larger denominator. 
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Cara The sequence 


5 | is decreasing because 


n 
3 
pitt erty op Fire Dt) Seley 
n+ 5 (a 1) +5 n+6 
and so a, > dy+, for alln = 1. [ascnt 
PSGTEE Show that the sequence a, = ear is decreasing. 
n 


SOLUTION 1 We must show that a,+; < a,, that is, 


i ar l e n 
(n+ 1)?+1 n+) 


This inequality is equivalent to the one we get by cross-multiplication: 


gar il ee n 
(n+ 1)? + 1 n> +1 


SS nin + 1) nln) 1] 
S&S W+nWtnt 1 <n st 2n?4+2n 


SS en? on 


Since n = 1, we know that the inequality n* + n > 1 is true. Therefore a,+; <a, and 
so {a, } is decreasing. 


SOLUTION 2 Consider the function f(x) = 


ROeOTE 
Ko 2x2 1 — x? 
Coreen whenever x* > | 


Thus f is decreasing on (1, %) and so f(n) > f(n + 1). Therefore {a,} is decreasing. ll 


[11] Definition A sequence {a,} is bounded above if there is a number M such that 
a,=M for alln = 1 
It is bounded below if there is a number m such that 


mM = ay for alln = 1 


If it is bounded above and below, then {a,,} is a bounded sequence. 


For instance, the sequence a, =n is bounded below (a, > 0) but not above. The 
sequence ad, = n/(n + 1) is bounded because 0 < a, < 1 for all n. 

We know that not every bounded sequence is convergent [for instance, the sequence 
a, = (—1)" satisfies —1 < a, < 1 but is divergent from Example 7] and not every mono- 
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FIGURE 12 


tonic sequence is convergent (a, = n— ©). But if a sequence is both bounded and 
monotonic, then it must be convergent. This fact is proved as Theorem 12, but intuitively 
you can understand why it is true by looking at Figure 12. If {a,} is increasing anda, < M 
for all n, then the terms are forced to crowd together and approach some number L. 


nk 

M 

fi sasha ce ae ee 
{= S= ns 

Olii22 ; 


The proof of Theorem 12 is based on the Completeness Axiom for the set R of real 
numbers, which says that if S is a nonempty set of real numbers that has an upper bound @ 
(x S M for all x in S), then S has a least upper bound b. (This means that b is an upper 
bound for S, but if M is any other upper bound, then b < M.) The Completeness Axiom is 
an expression of the fact that there is no gap or hole in the real number line. 


[12] Monotonic Sequence Theorem Every bounded, monotonic sequence is 


convergent. 


PROOF Suppose {a,,} is an increasing sequence. Since {a,,} is bounded, the set 

S = {a, | n = 1} has an upper bound. By the Completeness Axiom it has a least upper 
bound L. Given ¢ > 0, L — e is not an upper bound for S (since L is the least upper 
bound). Therefore 


ET by eS for some integer N 


But the sequence is increasing so a, > ay for every n > N. Thus if n > N, we have 


EN by eS 
Ne) Oe anes 
since a, = L. Thus 
|L—a,|<e | whenever n>N 
s0 lim, >= 4d, = L. 
A similar proof (using the greatest lower bound) works if {a,} is decreasing. sss] 


The proof of Theorem 12 shows that a sequence that is increasing and bounded above is 
convergent. (Likewise, a decreasing sequence that is bounded below is convergent.) This 
fact is used many times in dealing with infinite series. 


Mathematical induction is often used in deal- 
ing with recursive sequences. See page 76 for 
a discussion of the Principle of Mathematical 

Induction. 


A proof of this fact is requested in Exercise 70. 
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SATS Investigate the sequence {a,,} defined by the recurrence relation 
Hee aan 3(d.0 for n=" fee 


SOLUTION We begin by computing the first several terms: 


a,=2 a, = 3(2 + 6) =4 a3 =3(4 + 6) =5 
Gas Our Ol = 5.5. 1ds = 5.15 Gg = 5.875 
ay = 5.9375 ds = 5.96875 de = 5.984375 


These initial terms suggest that the sequence is increasing and the terms are approaching 
6. To confirm that the sequence is increasing, we use mathematical induction to show 
that dn+1 > dn for all = 1. This is true for n = 1 because a, = 4 > aj. If we assume 
that it is true for n = k, then we have 


Asi > Ak 
so Gen 0 =a, 6 
and 5 (Ge pAe)) = 3 (ak 1) 
Thus An+2 > Akt 


We have deduced that a,+; > a, is true forn = k + 1. Therefore the inequality is true 
for all n by induction. 

Next we verify that {a,} is bounded by showing that a, < 6 for all n. (Since the 
sequence is increasing, we already know that it has a lower bound: a, = a; = 2 for 
all n.) We know that a, < 6, so the assertion is true for n = 1. Suppose it is true for 
n = k. Then 


ar <6 
Se) ay +6 <412 
and i (a, + 6) < 3(12) = 6 
Thus aoe ZS 


This shows, by mathematical induction, that a, < 6 for all n. 

Since the sequence {a,} is increasing and bounded, Theorem 12 guarantees that it has 
4 limit. The theorem doesn’t tell us what the value of the limit is. But now that we know 
L = lim,» a» exists, we can use the given recurrence relation to write 


lim ay41 = lim 3(a, + 6) = 2( lim a, + 6) = 3(L + 6) 
Since a, — L, it follows that a,+; > L too (asn > ™,n + 1 — © also). So we have 


L=3(L+ 6) 


Solving this equation for L, we get L = 6, as we predicted. Bag Gt) 
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11.1 | Exercises 


1. (a) What is a sequence? 
(b) What does it mean to say that lim, —. a, = 8? 
(c) What does it mean to say that lim,—.. a, = ©? 


2. (a) What is a convergent sequence? Give two examples. 


(b) What is a divergent sequence? Give two examples. 


3-12 List the first five terms of the sequence. 


3 — _2n 4 a, = 2 
Pate Pe Se iia ARE 
(-1)""! ni 
5. ‘Ui as, tL 6. tae eat 
a 5" a COs 7 
| (=1))a 

- dy, = ——— 8. a, = 

es (ae 1) : jal sie Ih 


uh a, = Il, An+1 = Sdn SF 3 


10. a,=6, adnri= 


11. Gh == . Oh) 


12a —2) a = 1 a = An — An-1 


13-18 Find a formula for the general term a, of the sequence, 


assuming that the pattern of the first few terms continues. 
130 eet eee 

14. {1,-4,4,-4,4,..} 

15. {-3, 2, 4,8, -§,.. } 

US eR IS ot 

VE SERA tee Wate 


18. 11.081) 051) 0s 120,.0} 


19-22 Calculate, to four decimal places, the first ten terms of the 
sequence and use them to plot the graph of the sequence by hand. 
Does the sequence appear to have a limit? If so, calculate it. If not, 


explain why. 


3 — n 

19. a, = z 20. aS 2+ ie We 
1+ 6n n 
21. a, = 1 + (—4)’ 22. a,=1+ = 


23-56 Determine whether the sequence converges or diverges. 
If it converges, find the limit. 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


41. 


43. 


45. 


47. 


49. 


» Gn 


a. = 1 = (Oy 
34+ 5n? 
an = bene 
i ae ie 
— el/n 
3; Qn 
a ai 1+ 8n 
Ae 
Qn = 
Jn? + 4n 
plas (=1)" 
wy 
An = cos(n/2) 
Qn — 1)! 
(Qn 1)! 
e” + (Qt 
e2" te 1 
{n?e"} 
cos’n 
an =x 
OPE 
dy = n sin(1/n) 


( 2) 
Oy = || ar = 
n 


a, = In(2n? + 1) — In(n? + 1) 


— (inn)? 
n 


. A, = arctan(In n) 


-Qn=n—-Jnt+1J~nt+3 


“0; 120, 0,12 0°00 ume 


(FY : : : : 
Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 


24. 


3 


an = 


nt 
ee 
26. a, = 
i ar il 
re Bie 
at On 
Sy: 
30 a i. ae || 
bat 9n + 1 
32. = 2n/(n+2) 
a (-1)"*'n 
Oa oe 
fiat Jn 
36. a, = cos(2/n) 
38 Inn 
* | In 2n 
pe Se 
n 
42. a, = In(n + 1) — Inn 
WAS a= ee 
46. a, = 2 "cosn7 
re sin 2n 


1+ Jn 


57-63 Use a graph of the sequence to decide whether the 
sequence is convergent or divergent. If the sequence is conver- 
gent, guess the value of the limit from the graph and then prove 
your guess. (See the margin note on page 717 for advice on 
graphing sequences.) 


57. 


a, = | + (—2/e)’ 


3 + 2n? 
G2= 4-5 
8n° +n 


58. a, = Jn sin(2/,/n ) 


59. 60. an = n/3n 4+. 5n 
Tha 

ers 

iho Shot otttoy OF 
(2, Gin = 2 Ge) 

n!} 

ilo Be : = 

Sree SD Cw = i) 
(2n)” 
64. (a) Determine whether the sequence defined as follows is 
convergent or divergent: 
a= 1 Anti = 4 — Qh forn 2 | 
(b) What happens if the first term is a; = 2? 

65. If $1000 is invested at 6% interest, compounded annually, 


66. 


67. 


then after n years the investment is worth a, = 1000(1.06)” 
dollars. 

(a) Find the first five terms of the sequence {an}. 

(b) Is the sequence convergent or divergent? Explain. 


If you deposit $100 at the end of every month into an 
account that pays 3% interest per year compounded monthly, 
the amount of interest accumulated after n months is given 
by the sequence 

5) 


(a) Find the first six terms of the sequence. 
(b) How much interest will you have earned after two years? 


WO0Z5% ol 
(Ee NCO) er 
0.0025 


A fish farmer has 5000 catfish in his pond. The number of 

catfish increases by 8% per month and the farmer harvests 

300 catfish per month. 

(a) Show that the catfish population P, after n months is 
given recursively by 


Iz, ce 1.08 n-1 300 Po == 5000 


(b) How many catfish are in the pond after six months? 


68. 


69. 
70. 


71, 
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Find the first 40 terms of the sequence defined by 


i 

2An 
an+1 = 

3dn 


and a, = 11. Do the same if a; = 25. Make a conjecture 
about this type of sequence. 


if a, 1s an even number 


if a, is an odd number 


For what values of r is the sequence {nr”} convergent? 


(a) If {a,} is convergent, show that 


lim a,+; = lim a, 


no n>-e 


(b) A sequence {a,,} is defined by a; = | and 
Gn+1 = 1/(1 + a,) for n = 1. Assuming that {ay} is 
convergent, find its limit. 


Suppose you know that {a,,} is a decreasing sequence and 
all its terms lie between the numbers 5 and 8. Explain why 
the sequence has a limit. What can you say about the value 
of the limit? 


72-78 Determine whether the sequence is increasing, decreasing, 
or not monotonic. Is the sequence bounded? 


720 —= (2) 
iT Aa 
73. dy = eee 
Dip sp 3 3n + 4 
I, GO, = w= 76. a, =ne" 
n ] 
77. an = ih} C= 72 — 
ji ar Ml n 
79. Find the limit of the sequence 
a NON DRe OR Pa OR | 
80. A sequence {a,} is given by ai = 2 Ane = Lan 
(a) By induction or otherwise, show that {a,,} is increasing 
and bounded above by 3. Apply the Monotonic Sequence 
Theorem to show that lim, a, exists. 
(b) Find lim, dn. 
81. Show that the sequence defined by 
il 
Oy = |) fie So 
an 
is increasing and a, < 3 for all n. Deduce that {a,,} is conver- 
gent and find its limit. 
82. Show that the sequence defined by 


1 


3 = Oe 


(Oh = D; Qn+1 — 


satisfies 0 < a, < 2 and is decreasing. Deduce that the 
sequence is convergent and find its limit. 
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83. 


84. 


AY 85. 


86. 
87. 
88. 


89. 


90. 
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(a) Fibonacci posed the following problem: Suppose that 
rabbits live forever and that every month each pair 
produces a new pair which becomes productive at age 
2 months. If we start with one newborn pair, how many 
pairs of rabbits will we have in the nth month? Show that 
the answer is f,, where { f,,} is the Fibonacci sequence 
defined in Example 3(c). 

(b) Let a, = fr+i/f, and show that a,-; = 1 + 1/a,-2. 
Assuming that {a,} is convergent, find its limit. 


(a) Let a; = a, an = f(a), a3 = f(a2) =f(f(),..., 
An+1 = f(a), where f is a continuous function. If 
lim,—+« a, = L, show that f(L) = L. 

(b) Illustrate part (a) by taking f(x) = cos x, a = 1, and 
estimating the value of L to five decimal places. 


(a) Use a graph to guess the value of the limit 


(b) Use a graph of the sequence in part (a) to find the 
smallest values of N that correspond to e = 0.1 and 
€é = 0.001 in Definition 2. 


Use Definition 2 directly to prove that lim, —.. r” = 0 when 
We| els 


Prove Theorem 6. 
[Hint: Use either Definition 2 or the Squeeze Theorem. ] 


Prove Theorem 7. 


Prove that if lim,,... a, = 0 and {b,} is bounded, then 
Mian (1) = 0) 


1 n 
Let a, = (: i 1) ; 
n 


(a) Show that if 0 < a < b, then 


prt <r n+] 


i: Z((@ 4b ioe 

(b) Deduce that b"[(n + 1)a — nb] < a™!. 

(c) Usea = 1 + 1/(n + 1) and b = 1 + 1/n in part (b) to 
show that {a,} is increasing. 

(d) Use a = 1 and b = 1 + 1/(2n) in part (b) to show that 
a2n < 4. 

(e) Use parts (c) and (d) to show that a, < 4 for all n. 

(f) Use Theorem 12 to show that lim, 2 (1 + 1/n)" exists. 
(The limit is e. See Equation 3.6.6.) 


91. 


92. 


93. 


Let a and b be positive numbers with a > b. Let a, be their 
arithmetic mean and b, their geometric mean: 


@) 32 ID 
D 


b, = Jab 


Chi = 


Repeat this process so that, in general, 


Oh, IF lop vii 
aAn+1 = Dn+1 ae 


a n by 
y 


(a) Use mathematical induction to show that 


an = an+1 ee Dn+1 a Db, 


(b) Deduce that both {a,,} and {b,} are convergent. 

(c) Show that lim,—. a, = lim,_.~ b,. Gauss called the 
common value of these limits the arithmetic-geometric 
mean of the numbers a and b. 


(a) Show that if lim,—. @2, = L and lim, ~~ don+; = L, 
then {a,} is convergent and lim,» a, = L. 
(b) If a; = 1 and 


1 
Il SF Ge, 


An+1 = 1 ar 


find the first eight terms of the sequence {a,,}. Then use 
part (a) to show that lim,,.» a, = ./2. This gives the 
continued fraction expansion 


The size of an undisturbed fish population has been modeled 
by the formula 
bPn 
Pn+i = 4 
Oho ji 


where p, is the fish population after n years and a and b are 

positive constants that depend on the species and its environ- 

ment. Suppose that the population in year 0 is Po > 0. 

(a) Show that if {p,} is convergent, then the only possible 
values for its limit are 0 and b — a. 

(b) Show that pri: < (b/a)p,. 

(c) Use part (b) to show that if a > b, then limn;+« Dn = 0; 
in other words, the population dies out. 

(d) Now assume that a < b. Show that if Po < b — a, then 
{Pn} is increasing and 0 < p, < b — a. Show also that 
if po > b — a, then {p,} is decreasing and Pn > b —a. 
Deduce that if a < b, then limn;+xDn = b — a. 


“LABORATORY PROJECT | 


SECTION 11.2 SERIES 725 


LOGISTIC SEQUENCES 


[cas| 


A sequence that arises in ecology as a model for population growth is defined by the logistic 
difference equation 


Pati — kp,(1 ie Pn) 


where p, measures the size of the population of the nth generation of a single species. To keep 
the numbers manageable, p, is a fraction of the maximal size of the population, so 0 < p, = 1. 
Notice that the form of this equation is similar to the logistic differential equation in Section 9.4. 
The discrete model—with sequences instead of continuous functions—is preferable for modeling 
insect populations, where mating and death occur in a periodic fashion. 

An ecologist is interested in predicting the size of the population as time goes on, and asks 
these questions: Will it stabilize at a limiting value? Will it change in a cyclical fashion? Or will 
it exhibit random behavior? 

Write a program to compute the first n terms of this sequence starting with an initial population 
Po, where 0 < po < 1. Use this program to do the following. 


1. Calculate 20 or 30 terms of the sequence for po = + and for two values of k such that 
1 < k <3. Graph each sequence. Do the sequences appear to converge? Repeat for a dif- 
ferent value of po between 0 and 1. Does the limit depend on the choice of po? Does it 
depend on the choice of k? 


2. Calculate terms of the sequence for a value of k between 3 and 3.4 and plot them. What do 
you notice about the behavior of the terms? 


3. Experiment with values of k between 3.4 and 3.5. What happens to the terms? 


4. For values of k between 3.6 and 4, compute and plot at least 100 terms and comment on the 
behavior of the sequence. What happens if you change po by 0.001? This type of behavior is 
called chaotic and is exhibited by insect populations under certain conditions. 


[cas] Computer algebra system required 


11.2 | Series 


The current record (2011) is that a has been 
computed to more than ten trillion decimal 
places by Shigeru Kondo and Alexander Yee. 


What do we mean when we express a number as an infinite decimal? For instance, what 
does it mean to write 


ar = 3.14159 26535 89793 23846 26433 83279 50288 ... 


The convention behind our decimal notation is that any number can be written as an infi- 
nite sum. Here it means that 


~ - ~ 
10 10? INO) 10¢ 10° 10° 10’ iG 


where the three dots (---) indicate that the sum continues forever, and the more terms we 
add, the closer we get to the actual value of 7. 
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Sum of first 7 terms 


0.50000000 
0.75000000 
0.87500000 
0.93750000 
0.96875000 
0.98437500 
0.99218750 
0.99902344 
0.99996948 
0.99999905 
0.99999997 


INFINITE SEQUENCES AND SERIES 


In general, if we try to add the terms of an infinite sequence {a,,},-, we get an expression 
of the form 


[1] Gh, SOR, AOR AP PL AP Gy a2 8 


which is called an infinite series (or just a series) and is denoted, for short, by the symbol 


» an or 3 an 


n=! 


Does it make sense to talk about the sum of infinitely many terms? 
It would be impossible to find a finite sum for the series 


L+24+3444+5+4---+n4--- 


because if we start adding the terms we get the cumulative sums 1, 3, 6, 10, 15,21, .. . and, 
after the nth term, we get n(n + 1)/2, which becomes very large as n increases. 
However, if we start to add the terms of the series 


i 1 1 1 
+—+—~+— Fe +— +>. 


1 
+ — 
8 G2 eet zr 


1 1 
—+—+ 
2 4 


we get 7 ;, z R, zs o ..., 1 — 1/2",.... The table shows that as we add more and more 
terms, these partial sums become closer and closer to 1. (See also Figure 11 in A Preview 
of Calculus, page 6.) In fact, by adding sufficiently many terms of the series we can make 


the partial sums as close as we like to 1. So it seems reasonable to say that the sum of this 
infinite series is | and to write 


8 


1 1 1 | 1 ] 
— = — + — + —- + — ant 8 
rae ee Pa 8 16 phe 


i] 


n 


We use a similar idea to determine whether or not a general series [1] has a sum. We con- 
sider the partial sums 


AM = Gh 

OY) Se hi ae (eh 

3 = @h ar @ay =P a 
= Ot IP GE) ar Oey ae (ohh 


and, in general; 


n 
Sp = Gy + Gach Gg cies + Geng, 
i=] 


These partial sums form a new sequence {s,}, which may or may not have a limit. If 


lim), Sn = S exists (as a finite number), then, as in the preceding example, we call it the 
sum of the infinite series 5 a,. 


Compare with the improper integral 
[ * f(x) dx = lim i‘ f(x) dx 


To find this integral we integrate from 1 to ¢ 
and then let t —> °°. For a series, we sum from 
1 ton and then letn — =. 
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Bu Definition Given a series >,—| dy = a; + a2 + a3 +--+, let s, denote its 
nth partial sum: 


S = a, =a1 +. ap + + 


iil 


If the sequence {s,,} is convergent and lim, s, = s exists as a real number, then 
the series > a, is called convergent and we write 


Gia twC re wet LO hale a auS or > an =s 


n=1 


The number s is called the sum of the series. If the sequence {s,,} is divergent, then 


the series is called divergent. 
a =e] 


Thus the sum of a series is the limit of the sequence of partial sums. So when we write 
S°_1 d, = s, we mean that by adding sufficiently many terms of the series we can get as 
close as we like to the number s. Notice that 


oo 


SS om Sulina 


CO. 
n=1 mae il 


{SCIE Suppose we know that the sum of the first n terms of the series 2,=1 dn is 


2n 


CPU SaiChh mgs) nO aR! 5 Nia! aaeepe pee 
i se 3n + 5 


Then the sum of the series is the limit of the sequence {s, }: 


>; r ' 2n on 9) ») 
wwe it el 
n=l mae ? ae yay ae oe 5 3 
34 — 
n 


In Example | we were given an expression for the sum of the first n terms, but it’s usu- 
ally not easy to find such an expression. In Example 2, however, we look at a famous series 
for which we can find an explicit formula for s;,. 


(SUEA An important example of an infinite series is the geometric series 


Aan dr ar ear ee ee) GT a#0 
n=1 
Each term is obtained from the preceding one by multiplying it by the common ratio r. 


’ ° 1 
(We have already considered the special case where a = sand r = 3 on page 726.) 
five 10 then s; = @ a te oo — +oo, Since lim, 5, doesn’t exist, the 


geometric series diverges in this case. 
If r ~ 1, we have 


a+ar+ar?> +--+: +ar"! 


I 


Sn 


and Sia Ghar +)8-- ar® © + ar” 
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Figure 1 provides a geometric demonstration Subtracting these equations, we get 
of the result in Example 2. If the triangles are 
constructed as shown and s is the sum of the S) = 1. = @ = OP" 


series, then, by similar triangles, 


[3] oi il = 77 
lf —l= r= 1, we know trom (11.1.9) that 7” —= (0 as 7 —> so 


; Gib eo) a a Cane a 
lim § = be. $$ = = lim r” = 
ne novo | ay Lar l= pase eee g 


Thus when |r| < 1 the geometric series is convergent and its sum is a/(1 — r). 
If r < —1 orr > 1, the sequence {r”} is divergent by (11.1.9) and so, by Equation 3, 
lim, S, does not exist. Therefore the geometric series diverges in those cases. as 


We summarize the results of Example 2 as follows. 


|4] The geometric series 


ar”™'=at+art+art+-::: 


n=1 


FIGURE 1 : : : ; 
is convergent if |r| < 1 and its sum is 


In words: The sum of a convergent geometric 
series is 
first term 
1 — common ratio 


10 40 
ae es ie 


SOLUTION The first term is a = 5 and the common ratio is r = —¥. Since 7 mois els 
the series is convergent by [4] and its sum is 
10 20° 40 A 5 
qninsegioinegin nd Eieay &-* as 
What do we really mean when we say that the SA 
sum of the series in Example 3 is 3? Of course, es Sn ; 
we can't literally add an infinite number of 1 5.000000 
terms, one by one. But, according to Defini- : 
tion 2, the total sum is the limit of the 2 1.666667 
sequence of partial sums. So, by taking the 3 3.888889 2 le 41 ge Vai ee 
sum of sufficiently many terms, we can get as 4 2.407407 
close as we like to the number 3. The table 5 3.395062 
shows the first ten partial sums s, and the 6 2.736626 
graph in Figure 2 shows how the sequence of 7 3.175583 
partial sums approaches 3. 8 2.882945 0 os - 
2 3.078037 
10 2.947975 


FIGURE 2 


Another way to identify a and r is to write out 
the first few terms: 


4+ 24S... 


Module 11.2 explores a series that 
depends on an angle @ ina triangle and enables 
you to see how rapidly the series converges 
when 6 varies. 
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SEG Is the series }) 27"3'" convergent or divergent? 


n=1 
SOLUTION Let’s rewrite the nth term of the series in the form ar” ': 


ee) 


RA ea eS ee SS bead < 4\n-1 
eee A 3 ee aa) 
n=\ n=) = 
We recognize this series as a geometric series with a = 4 and r = * Since r > 1, the 
series diverges by [4]. ee 


2 CEES Write the number 2.317 = 2.3171717. .. as a ratio of integers. 


SOLUTION 


7 
23 a iiageso Oe ace tee: 
10° 10° 10" 


After the first term we have a geometric series with a = 17/10° and r = 1/10°. 
Therefore 


A 17 
== 10° 1000 
DEN Ap = eS) i a SE uuu 
sapere 99 
10? 100 


no paele eed 
10 990495 


SWISS Find the sum of the series }) x", where |x| < 1. 


n=0 


SOLUTION Notice that this series starts with n = 0 and so the first term is Vie eth 
series, we adopt the convention that x° = 1 even when x = 0.) Thus 


ep tyierex ach ea ee 
n=0 


This is a geometric series with a = 1 and r = x. Since |r| = |x| < 1, it converges and 
gives 
1 


[5] OF Lae: at 


ie) 1 ; 
fSCgi8 Show that the series > ERIN is convergent, and find its sum. 
n 


SOLUTION This is not a geometric series, so we go back to the definition of a convergent 
series and compute the partial sums. 


n=1 


pe Ai och Send sity ate Wh} ostuen seer ence Raw 
oe iGEM Oe Gaeas 4 ieee) 


We can simplify this expression if we use the partial fraction decomposition 


1 l 


Erb), ol neal 
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(see Section 7.4). Thus we have 


Notice that the terms cancel in pairs. 


This is an example of a telescoping sum: | | ] 1 
Because of all the cancellations, the sum = (l= ar he ap aa ae PS ae = ie 
collapses (like a pirate’s collapsing ; ; + 4 n 
telescope) into just two terms. 1 
= 1 _ 
2 i ar il 
Figure 3 illustrates Example 7 by show- 
ing the graphs of the sequence of terms i 
a, = 1/[n(n + 1)] and the sequence {s, } and so lim s, = lim { 1 — =1-0=1 
of partial sums. Notice that a, — 0 and Mme M2 Oeaesd 
Sn — 1. See Exercises 76 and 77 for two 
geometric interpretations of Example 7. Therefore the given series is convergent and 
A = 1 
ap te a= | ites Sa) 
Lae a Pe derek Bet acae se n=1 n(n 4= 1) 
{s,,} 4 4 
{) [SC2T28 Show that the harmonic series 
a | 1 1 ] 
Yo-=14+—-4+-—4+—-4-:: 
n=1 N 2) 3 4 
Ae ies {an} is divergent. 
0 i 


SOLUTION For this particular series it’s convenient to consider the partial sums 52, s4, Ss, 
S16, 532, ... and show that they become large. 


FIGURE 3 

= DS 

s=14+35+G4+5)>14+3+04+))=14+3 

malts (ae( titted) 
Sree (hte aiesey 
=1+5+3+5=1+3 

sig Vy +g +4) (se Shoe) (eee 
S14it (+t Ge t)e (ht tg) 
=1+z7+5+5+3=1+} 


Similarly, s3. > 1 + 2 Seg > 1 + 7 and in general 


n 
Se SS ll sp = 
es 


The method used in Example 8 for showing : 
that the harmonic series diverges is due to the This shows that s2,—> © as n — © and so {s,} is divergent. Therefore the harmonic 
French scholar Nicole Oresme (1323-1382). series diverges. =a 


(oe) 


[6] Theorem If the series >) a, is convergent, then lim a, = 0. 


n=1 n 
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PROOF Lets, = a; + ay + +++ + ay. Then a, = S, — Sp-1. Since > a, is convergent, the 
sequence {s,,} is convergent. Let lim,—. s, = s. Sincen — 1 > ©asn — ©, we also 
have lim,» S,-1 = s. Therefore 


lim an — lim (sa = Seat) = lim Sy = lim Sn-1 


nao n-7o no nae 


=s—s=0 Eas 


NOTE 1 With any series > a, we associate two sequences: the sequence {s,,} of its par- 
tial sums and the sequence {a,} of its terms. If = a, is convergent, then the limit of the 


sequence {s,} is s (the sum of the series) and, as Theorem 6 asserts, the limit of the sequence 
{an} is 0. 


@ NOTE 2 The converse of Theorem 6 is not true in general. If lim, —. a, = 0, we can- 
not conclude that S a, is convergent. Observe that for the harmonic series = 1/n we have 
ad, = 1/n > 0 asn— ©, but we showed in Example 8 that > 1/n is divergent. 


Test for Divergence If lim a, does not exist or if lim a, # 0, then the 


no 


series >) a, is divergent. 


n=1 


The Test for Divergence follows from Theorem 6 because, if the series is not divergent, 
then it is convergent, and so lim, ad, = 0. 


2 


SW QIaLE Show that the series ) ree diverges. 
n=\ ia 
SOLUTION 
li oe li 220 
possi pepe 7 tllonera, a cameaies 
Lae Gee ey, aE Gee Oe 
So the series diverges by the Test for Divergence. cae 


NOTE 3 If we find that lim,.~ a, ~ 0, we know that > a, is divergent. If we find that 
lim, >< a, = 0, we know nothing about the convergence or divergence of > a,. Remember 
the warning in Note 2: If lim, a, = 0, the series > a, might converge or it might diverge. 


] 
Theorem If >a, and > b, are convergent series, then so are the series 2 Cay 


(where c is a constant), © (an + bn), and > (a, — by), and 


(i) » Cay =G Ss an (ii) >» (dn ar bn) = ») an al >, by 
n=1 


n=1 n=1 n=1 n=1 


(iil) S (dn cor bn) = > an — S by, 


n=1 n=] 


pal 


These properties of convergent series follow from the corresponding Limit Laws for 
Sequences in Section 11.1. For instance, here is how part (ii) of Theorem 8 is proved: 
et 


a 


n oo e 
Sa = >») qj y= »; an ho >} b; i= », b,, 
i= 


n=| i=1 n=1 
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The nth partial sum for the series © (dn + bn) is 


n 


en = > (a; ee bi) 


i=1 


and, using Equation 5.2.10, we have 


nO jy no 


lim u, = lim y (a; + b;) = lim (3 ap a oy 
i=1 i=] 


= lim } qa, + lim > 3D; 


x 
nO j=] ES a 


=lms, + imf,=s+t 


no no 


Therefore > (a, + b,) is convergent and its sum is 


(oo) 


Se ee ee 


n=1 n=1 n=1 


Qe 


n=1 


1 
(S023) Find the sum of the series : [4 aD + +) 
n(n 


SOLUTION The series = 1/2” is a geometric series with a = 5 and r = 3, so 


1 
—S = i = \| 
eae aang 
In Example 7 we found that 
ie.) 1 rs 
pai ed) 


So, by Theorem 8, the given series is convergent and 


= 1 = l ean | 
+—]=3 }) ———~+ > — 
2 (— n(n oF 1) =| » n(n th 1) 2 the 


=3-1+1=4 


NOTE 4 A finite number of terms doesn’t affect the convergence or divergence of a 


series. For instance, suppose that we were able to show that the series 


Sy n 

3 
ad =F 1 
is convergent. Since 


fo) 


n | 2 3 = 
=—+—4 — 
eras 2 9 28 rer, se il 


it follows that the entire series 3¥_, n/(n? + 1) is convergent. Similarly, if it is known that 


the series ;=y+1 a, converges, then the full series 


SiS Yat s Ay, 


; n=1 n=N+1 
is also convergent. 
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ETP) Exercises 


1. (a) What is the difference between a sequence and a series? 2 ii 10” 
(b) What is a convergent series? What is a divergent series? ai: y 6(0.9)"" 22. >, (—9)r 
n= n=1 
2. Explain what it means to say that S;=1 a, = 5. 2 n=l 2 
23 » Meee 24 y u 
3-4 Calculate the sum of the series >;—; a, whose partial sums n= 4" &h (/2 )" 
are given. 5 i “ 
7 e” 
rs 25. > Bet 26. » = 


ip = 1 n=0 


3. Sim 2 —~ 3(0.8)" ——————— 
4n?> +1 


4. 5, = 


27-42 Determine whether the series is convergent or divergent. 


5-8 Calculate the first eight terms of the sequence of partial If it is convergent, find its sum. 


sums correct to four decimal places. Does it appear that the series 1] 1 1 1 1 
is convergent or divergent? 27. 3 fs a a ry e 12 a Ts ae 
= Il = 1 
5 > — ey 1 2) i 2 1 2 
2. 28. —+—+—+—4 + vee 
na 1 n=1 Inn + 1) 39 yee Bl. 243,720) 
oo a eo (—1)""! % co 
7. pad geben 8. y} uNeets ai i= | k(k + 2) 
- 29. a : ee 
n=1 {l Se Jn n=1 n! 2 3n — | 30 2 (k a 3) 
= = lar we = lh ae Sh 
9-14 Find at least 10 partial sums of the series. Graph both the 31. »y 3" av, SS qn 
sequence of terms and the sequence of partial sums on the same a ive 
screen. Does it appear that the series is convergent or divergent? 7, . ac 2 
If it is convergent, find the sum. If it is divergent, explain why. om » 2B a 2 (0.8) 03)") 
9. 5 i - 10. y cos n 35. s! In Cs Az 36 y ae 
n=1 (= ) n=] n=1 2n° aa SSIS: Gs 
ire n oe) gins 
11. By ——— 7 12. » n x k oo 
n=i fn? + 4 pak) 31, (z) 38. > (cos 1) 
k=0 k=1 


3. > pL = —.) 4. Y— : S 
; n  Vnt1 ehyall ieaew) 39. > arctann 40. > (3 7 ‘| 
n 


n=1 n=1 


1 1 2 n 
2n un. > (4 5 an) oe, SS 
Bypar Wt n=1 \@ n(n + 1) n=1 


15. Let a, = 


(a) Determine whether {a,,} is convergent. 


b) Determine whether >;-1 a, is convergent. : a : 
(b) gis 2 43—48 Determine whether the series is convergent or divergent 


by expressing s,, as a telescoping sum (as in Example 7). If it is 
convergent, find its sum. 


16. (a) Explain the difference between 


> ai and ya 
a ah = 2 . n 
(b) Explain the difference between “ae 2 nial os 2 ¥ avin | 
> aj and ay aj z 3 
i=1 i=1 45 
nai n(n + 3) 
17-26 Determine whether the geometric series is convergent or 5 \ 1 
divergent. If it is convergent, find its sum. 46. » (<0 7 cos eg =) 
n=1 


3-425 -57°*: 18. 4¢343+%+ °°: 


1910 2 2.0.4 70-08 sae be 
20, 2) 2.0,5)4-0.125 1003125 Fo 


Graphing calculator or computer required 


CAS) Computer algebra system required 


a7. ¥ (ec - 


1 
ey 


3 
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1. Homework Hints available at stewartcalculus.com 
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AOE cto —10)99900 ee. 
(a) Do you think that x < | orx = 1? 
(b) Sum a geometric series to find the value of x. 
(c) How many decimal representations does the number | 
have? 
(d) Which numbers have more than one decimal 
representation? 
50. A sequence of terms is defined by 
Ge a (Oe) Onan 


Calculate >7—1 ap. 


51-56 Express the number as a ratio of integers. 
51.0.8) 0.8888... 

53. 2.516 = 2.516516516... 
54. 10.135 = 10.135353535 ... 


55. 1.5342 56. 7.12345 


52. 0.46 = 0.46464646... 


57-63 Find the values of x for which the series converges. Find 
the sum of the series for those values of x. 


57. >» (—5)"x" 58. >) (x + 2)" 
n=1 n=\ 
00 - 2 n 0 
pees 60. > (—4)"(x — 5)" 
n=0 3 n=0 
00 2” co sit 
61. > 6200 
n=0 Ge n=0 3 


64. We have seen that the harmonic series is a divergent series 
whose terms approach 0. Show that 


= 
yy n( = 1) 
n=1 n 


is another series with this property. 


CAS 65-66 Use the partial fraction command on your CAS to find 


a convenient expression for the partial sum, and then use this 
expression to find the sum of the series. Check your answer by 
using the CAS to sum the series directly. 


* 3n?> + 3n4+ 1 2 i 
65. SECS Sb Be och 7s POE 
2 (n? + n)? . 2 n> — 5n°+ 4n 


67. If the nth partial sum of a series D7-; a, is 


i= Il 
ae il 


So 


find a, and Dp=1 Gz. 


68. 


69. 


70. 


71. 


72. 


If the nth partial sum of a series Yn=1 Ay 18 Sn = 3 — 22", 
find Grand 2 p=1ae. 


A patient takes 150 mg of a drug at the same time every day. 

Just before each tablet is taken, 5% of the drug remains in the 

body. 

(a) What quantity of the drug is in the body after the third 
tablet? After the nth tablet? 

(b) What quantity of the drug remains in the body in the long 
run? 


After injection of a dose D of insulin, the concentration of 

insulin in a patient’s system decays exponentially and so it 

can be written as De “’, where ft represents time in hours and 

a is a positive constant. 

(a) If a dose D is injected every T hours, write an expression 
for the sum of the residual concentrations just before the 
(n + 1)st injection. 

(b) Determine the limiting pre-injection concentration. 

(c) If the concentration of insulin must always remain at or 
above a critical value C, determine a minimal dosage D 
in terms of C, a, and T. 


When money is spent on goods and services, those who 

receive the money also spend some of it. The people receiv- 

ing some of the twice-spent money will spend some of that, 
and so on. Economists call this chain reaction the multiplier 
effect. In a hypothetical isolated community, the local 
government begins the process by spending D dollars. Sup- 
pose that each recipient of spent money spends 100c% and 
saves 100s% of the money that he or she receives. The val- 
ues c and s are called the marginal propensity to consume 
and the marginal propensity to save and, of course, 

Cars, 

(a) Let S, be the total spending that has been generated after 
n transactions. Find an equation for S,,. 

(b) Show that lim, S, = kD, where k = 1/s. The number 
k is called the multiplier. What is the multiplier if the 
marginal propensity to consume is 80%? 

Note: The federal government uses this principle to justify 

deficit spending. Banks use this principle to justify lending a 

large percentage of the money that they receive in deposits. 


A certain ball has the property that each time it falls from 

a height h onto a hard, level surface, it rebounds to a height 

rh, where 0 < r < 1. Suppose that the ball is dropped from 

an initial height of H meters. 

(a) Assuming that the ball continues to bounce indefinitely, 
find the total distance that it travels. 

(b) Calculate the total time that the ball travels. (Use the 
fact that the ball falls 5g? meters in ¢ seconds.) 

(c) Suppose that each time the ball strikes the surface 
with velocity v it rebounds with velocity —kv, where 
0 <k < 1. How long will it take for the ball to come 
to rest? 


73. Find the value of c if 


¥ (1 ac )etise<) 


n=2 


74, 


75. 


FY 76. 


71. 


78. 


Find the value of c such that 
Se = 10 


In Example 8 we showed that the harmonic series is diver- 
gent. Here we outline another method, making use of the 
fact that e* > 1 + x for any x > 0. (See Exercise 4.3.78.) 

If s, is the nth partial sum of the harmonic series, show that 
e” >n + 1. Why does this imply that the harmonic series is 
divergent? 


Graph the curves y = x”,0 = x <1, forn = 0, 1, 2, 3,4,... 
on a common screen. By finding the areas between successive 
curves, give a geometric demonstration of the fact, shown in 
Example 7, that 
z 1 7 
Ann t]) 


The figure shows two circles C and D of radius 1 that touch 
at P. T is a common tangent line; C; is the circle that touches 
C, D, and T; C> is the circle that touches C, D, and C\; C3 is 
the circle that touches C, D, and C2. This procedure can be 
continued indefinitely and produces an infinite sequence of 
circles {C,,}. Find an expression for the diameter of C,, and 
thus provide another geometric demonstration of Example 7. 


A right triangle ABC is given with ZA = 0 and |AC| = b. 
CD is drawn perpendicular to AB, DE is drawn perpendicular 
to BC, EF 1 AB, and this process is continued indefinitely, 
as shown in the figure. Find the total length of all the 
perpendiculars 


LGD Nee DE tas EE da Clete 


in terms of b and 0. 


79. 


80. 


81. 
82. 
83. 


84. 


85. 


86. 


87. 
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What is wrong with the following calculation? 


0=0+0+0+-:: 


I 


GS es eerie 


I| 


fade Viel elie oda te = - 


1+(-1+1)+(-1414+(-14+)+4 


1+0+0+0+-:-=1 


(Guido Ubaldus thought that this proved the existence of God 
because “something has been created out of nothing.”) 


Suppose that S;=1 a, (a, ~ 0) is known to be a convergent 
series. Prove that S;-; 1/a, is a divergent series. 


Prove part (1) of Theorem 8. 
If 5 a, is divergent and c # 0, show that = ca, is divergent. 


If = a, is convergent and > b,, is divergent, show that 
the series > (a, + b,) is divergent. [Hint: Argue by 
contradiction. | 


If } a, and > b, are both divergent, is © (a, + b,) neces- 
sarily divergent? 


Suppose that a series } a, has positive terms and its partial 
sums 5s, satisfy the inequality s, < 1000 for all n. Explain why 
>» a, must be convergent. 


The Fibonacci sequence was defined in Section 11.1 by the 
equations 


fi a iF h a i Sn = ft 1 Ind 


Show that each of the following statements is true. 


1 i ] 


n=3 


(a) 


Ves n+1 ” iho iihes 
b =1 
‘ y Hie ra 
=2 
©) res ie 1 se 


The Cantor set, named after the German mathematician Georg 

Cantor (1845-1918), is constructed as follows. We start with 

the closed interval [0, 1] and remove the open interval G, zy, 

That leaves the two intervals [0, ‘| and (5, 1] and we remove 

the open middle third of each. Four intervals remain and again 

we remove the open middle third of each of them. We continue 
this procedure indefinitely, at each step removing the open 
middle third of every interval that remains from the preceding 
step. The Cantor set consists of the numbers that remain in 

[0, 1] after all those intervals have been removed. 

(a) Show that the total length of all the intervals that are 
removed is 1. Despite that, the Cantor set contains infi- 
nitely many numbers. Give examples of some numbers in 
the Cantor set. 

(b) The Sierpinski carpet is a two-dimensional counterpart of 
the Cantor set. It is constructed by removing the center 
one-ninth of a square of side 1, then removing the centers 
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of the eight smaller remaining squares, and so on. (The fig- 
ure shows the first three steps of the construction.) Show 
that the sum of the areas of the removed squares is |. This 
implies that the Sierpinski carpet has area 0. 


88. (a) A sequence {a,} is defined recursively by the equation 
An = 5(An-1 + Gn-2) for n = 3, where a, and a> can be any 
real numbers. Experiment with various values of a; and a2 
and use your calculator to guess the limit of the sequence. 
(b) Find lim,,—.. a, in terms of a, and a2 by expressing 
An+1 — Gy in terms of a, — a, and summing a series. 


89. Consider the series S;-, n/(n + 1)!. 
(a) Find the partial sums 5), 52, 53, and ss. Do you recognize the 
denominators? Use the pattern to guess a formula for s,. 


11.3 | The Integral Test and Estimates of Sums 


90. 


(b) Use mathematical induction to prove your guess. 
(c) Show that the given infinite series is convergent, and find 
its sum. 


In the figure there are infinitely many circles approaching the 
vertices of an equilateral triangle, each circle touching other 
circles and sides of the triangle. If the triangle has sides of 
length 1, find the total area occupied by the circles. 


In general, it is difficult to find the exact sum of a series. We were able to accomplish this 
for geometric series and the series > 1/[n(n + 1)] because in each of those cases we could 
find a simple formula for the nth partial sum s,,. But usually it isn’t easy to discover such a 
formula. Therefore, in the next few sections, we develop several tests that enable us to 
determine whether a series is convergent or divergent without explicitly finding its sum. 
(In some cases, however, our methods will enable us to find good estimates of the sum.) Our 
first test involves improper integrals. 

We begin by investigating the series whose terms are the reciprocals of the squares of the 


~ positive integers: 

n = La 
5 1.4636 
10 1.5498 
50 1.6251 
100 1.6350 
500 1.6429 
1000 1.6439 
5000 1.6447 

the interval. 


FIGURE 1 


There’s no simple formula for the sum s, of the first n terms, but the computer-generated 
table of approximate values given in the margin suggests that the partial sums are approach- 
ing a number near 1.64 as n — ~ and so it looks as if the series is convergent. 

We can confirm this impression with a geometric argument. Figure 1 shows the curve 
y = 1/x’ and rectangles that lie below the curve. The base of each rectangle is an interval 
of length 1; the height is equal to the value of the function y = 1/x? at the right endpoint of 


SECTION 11.3 THE INTEGRAL TEST AND ESTIMATES OF SUMS 737 


So the sum of the areas of the rectangles is 


If we exclude the first rectangle, the total area of the remaining rectangles is smaller than 
the area under the curve y = 1/x” for x = 1, which is the value of the integral |*° (1/x*) dx. 
In Section 7.8 we discovered that this improper integral is convergent and has value |. So 
the picture shows that all the partial sums are less than 


Thus the partial sums are bounded. We also know that the partial sums are increasing 
(because all the terms are positive). Therefore the partial sums converge (by the Monotonic 
Sequence Theorem) and so the series is convergent. The sum of the series (the limit of the 
partial sums) is also less than 2: 


“pal tatel 


2 
n=1 


[The exact sum of this series was found by the Swiss mathematician Leonhard Euler 
(1707-1783) to be 7/6, but the proof of this fact is quite difficult. (See Problem 6 in the 
Problems Plus following Chapter 15.)] 

Now let’s look at the series 


ll 1 | 1 


1 
| eee 2 a ae ogee ea 


5 asia The table of values of s, suggests that the partial sums aren’t approaching a finite number, 
10 5.0210 so we suspect that the given series may be divergent. Again we use a picture for confirma- 
50 12.7524 tion. Figure 2 shows the curve y = sy A but this time we use rectangles whose tops lie 
100 18.5896 above the curve. 
500 43.2834 
1000 61.8010 yA 


5000 139.9681 


FIGURE 2 


The base of each rectangle is an interval of length 1. The height is equal to the value of 
the function y = 1//x at the left endpoint of the interval. So the sum of the areas of all the 
rectangles is 


1 


oe eee eC 


This total area is greater than the area under the curve y = = 1/VJx for x => 1, which is equal 
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In order to use the Integral Test we need to be 
able to evaluate |" f(x) dx and therefore we 
have to be able to find an antiderivative of f. 
Frequently this is difficult or impossible, so we 
need other tests for convergence too. 


to the integral f es (1/ Nes ) dx. But we know from Section 7.8 that this improper integral is 
divergent. In other words, the area under the curve is infinite. So the sum of the series must 
be infinite; that is, the series is divergent. 

The same sort of geometric reasoning that we used for these two series can be used to 
prove the following test. (The proof is given at the end of this section.) 


The Integral Test Suppose f is a continuous, positive, decreasing function on [1, ~) 
and let a, = f(n). Then the series >=; a, is convergent if and only if the improper 
integral |" f(x) dx is convergent. In other words: 


(i) If | i f(x) dx is convergent, then ») a, is convergent. 
1 


n=] 


(ii) If | ? f(x) dx is divergent, then >) a, is divergent. 
l n=1 


NOTE When we use the Integral Test, it is not necessary to start the series or the integral 
at n = |. For instance, in testing the series 


co 1 = 1 
ee ———- df. 
Pigerrrryy  eihe \, Coe 


Also, it is not necessary that f be always decreasing. What is important is that f be ulti- 
mately decreasing, that is, decreasing for x larger than some number N. Then >7-y dp is 
convergent, so ;=1 a, is convergent by Note 4 of Section 11.2. 


iow: 
Cataie Test the series >) 


; for convergence or divergence. 
n=1 11 St 1 


SOLUTION The function f(x) = 1/(x* + 1) is continuous, positive, and decreasing on 
[1, ©) so we use the Integral Test: 


t—0 


; ss 7 UE aE wowers 
= him | tans =) = 
toe 4 2 4 - 


Thus [" 1/(x* + 1) dx is a convergent integral and so, by the Integral Test, the series 
> 1/(n* + 1) is convergent. ed 


2 ol wal t 
een ees ee eee ay 
I ae dx lim ry dx = lim tan x}; 


; vo fi ocd 
WY GSESA For what values of p is the series }} —, convergent? 
n=1 


SOLUTION If p < 0, then lim, (1/n’) = ©. If p = 0, then lim, (1/n”) = 1. In 
either case lim,» (1/n”) # 0, so the given series diverges by the Test for Divergence 
(Ue 2 78) 


If p > 0, then the function f(x) = 1/x? is clearly continuous, positive, and decreasing 
on [1, %). We found in Chapter 7 [see (7.8.2)] that 


o | 
{ dx converges if p > 1 and diverges if p < 1 


xe 
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It follows frorn the Integral Test that the series > 1/n’ converges if p > | and diverges 
if 0 < p < 1. (For p = 1, this series is the harmonic series discussed in Example 8 in 
Section 11.2.) : ane 


The series in Example 2 is called the p-series. It is important in the rest of this chapter, 
sO we summarize the results of Example 2 for future reference as follows. 


Mice Ly 
La The p-series ») TP is convergent if p > | and divergent if p < 1. 


n=1 


LEXAMPLE 3 | 


(a) The series 


pete (eee ieee eA 
is convergent because it is a p-series with p = 3 > 1. 
(b) The series 
ee = 1 il 1 
=) = lt + + + 
2B 2a ane 
is divergent because it is a p-series with p = le [te a] 


NOTE We should not infer from the Integral Test that the sum of the series is equal to 
the value of the integral. In fact, 


Therefore, in general, 


yi an # {£0 dx 


n=1 


. ~wlinn 
(4 ESCs Determine whether the series Ss, — converges or diverges. 
n=1 n 
SOLUTION The function f(x) = (In x)/x is positive and continuous for x > 1 because the 
logarithm function is continuous. But it is not obvious whether or not f is decreasing, so 
we compute its derivative: 


(years Neal 
ae We 


i 


Thus f’(x) < 0 when In x > 1, that is, x > e. It follows that f is decreasing when x > e 
and so we can apply the Integral Test: 


» In- vo hin a enix) ; 
[ax = tim 198 y= tin 2 
| 


ae too Jl AG t— 00 V2, | 


Since this improper integral is divergent, the series ~ (In n)/n is also divergent by the 
Integral Test. eee | 
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M8) Estimating the Sum of a Series 


Suppose we have been able to use the Integral Test to show that a series > a, is convergent 
and we now want to find an approximation to the sum s of the series. Of course, any partial 
sum 5, is an approximation to s because lim,,—« Sn, = s. But how good is such an approxima- 
tion? To find out, we need to estimate the size of the remainder 


Ine SS ae Se oe Ce ar An+2 aF An+3 Din 


The remainder R,, is the error made when s,,, the sum of the first n terms, is used as an approx- 
imation to the total sum. 

We use the same notation and ideas as in the Integral Test, assuming that f 1s decreas- 
ing on [n, ©). Comparing the areas of the rectangles with the area under y = f(x) forx >1n 
in Figure 3, we see that 


R, — Ont =F Qn+2 ae Duet SS [re dx 
n 


Similarly, we see from Figure 4 that 


IK a An+1 al Qn+2 ar ee 8 f(x) dx 


n+1 


So we have proved the following error estimate. 


[2] Remainder Estimate for the Integral Test Suppose f(k) = a;, where f is a 
continuous, positive, decreasing function for x = n and > a, is convergent. If 
R, = s = S,, then 


Te 


* #(x) dx <R, < | * F(x) dx 


n+1 


FIGURE 4 


(a) Approximate the sum of the series > 1/n° by using the sum of the first 10 terms. 
Estimate the error involved in this approximation. 


(b) How many terms are required to ensure that the sum is accurate to within 0.0005? 


SOLUTION In both parts (a) and (b) we need to know {”* f(x) dx. With f(x) = 1/x*, which 
satisfies the conditions of the Integral Test, we have 


ot iL eae 
[ = 4 = lim = | el |e ee 
aS {> 2%) |s) vieee Dita Der 2n- 


(a) Approximating the sum of the series by the 10th partial sum, we have 


See ee ee ro, 
neat iat? 73 33 10) Ie 17S 


According to the remainder estimate in [2], we have 


ae ill il 1 


Ries | Saxe = 
: lk x -2(10)? 200 


So the size of the error is at most 0.005. 


Although Euler was able to calculate the exact 

sum of the p-series for p = 2, nobody has been 
able to find the exact sum for p = 3. In Example 
6, however, we show how to estimate this sum. 
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(b) Accuracy to within 0.0005 means that we have to find a value of n such that 
R, = 0.0005. Since 

« | 1 
Ie, SS 3 oo = an? 
we want : < 0.0005 
2n? : 
Solving this inequality, we get 
1 
? > —— = 1000 > = 
n 0001 or n 1000 =~ 31.6 

We need 32 terms to ensure accuracy to within 0.0005. a 


If we add s,, to each side of the inequalities in [2], we get 


[3] 


ar ik SACS b Ss Sse a [£00 dx 


because s, + R, = s. The inequalities in [3] give a lower bound and an upper bound for s. 
They provide a more accurate approximation to the sum of the series than the partial sum 
Sn does. 


=v il 
STAG Use |] with n = 10 to estimate the sum of the series )) —. 

n=1 11 
SOLUTION The inequalities in [3] become 


2 | o | 
so + [ ax <5 < 59 + [ax 
LIXY LORY 


From Example 5 we know that 


Ne) S10 


1 
+——< 
200) 

Using sio ~ 1.197532, we get 


1.201664 = s = 1.202532 


If we approximate s by the midpoint of this interval, then the error is at most half the 
length of the interval. So 


> with error < 0.0005 


| 
eos = 1.2021 
n 


If we compare Example 6 with Example 5, we see that the improved estimate in [3] can 
be much better than the estimate s ~ s,. To make the error smaller than 0.0005 we had to 
use 32 terms in Example 5 but only 10 terms in Example 6. 
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HB Proof of the Integral Test 


We have already seen the basic idea behind the proof of the Integral Test in Figures 1 and 
2 for the series S 1/n? and > 1/,/n. For the general series » a, look at Figures 5 and 6. The 
area of the first shaded rectangle in Figure 5 is the value of f at the right endpoint of [1, 2], 
that is, f{(2) = a2. So, comparing the areas of the shaded rectangles with the area under 
y = f(x) from | to n, we see that 


[4] a2 tay +--> +a, < ["flx) dx 


(Notice that this inequality depends on the fact that f is decreasing.) Likewise, Figure 6 
shows that 


[5 {"Fe) dx <a, t+aot-+:+a,-1 


(aby IN 7 f(x) dx is convergent, then [4] gives 


> Hee {’ f(x) dx < { f(x) dx 


FIGURE 6 


since f(x) = 0. Therefore 


Sn =a, + Ya;sa,t+ [£00 dx =m, say 


i=2 
Since s, < M for all n, the sequence {s,,} is bounded above. Also 
Sntl = Sn a An+1 = Sn 


since d,+,; = f(n + 1) = O. Thus {s,} is an increasing bounded sequence and so it is con- 
vergent by the Monotonic Sequence Theorem (11.1.12). This means that > a, is convergent. 
(ii) If |,” f(x) dx is divergent, then ea dx — © asn — © because f(x) = 0. But 
gives 
(eal 
| f(x) dx = » On 


=I 


and so s,-; —> ©. This implies that s,, — % and so > a, diverges. ae 


irs) Exercises 


1. Draw a picture to show that 3-8 Use the Integral Test to determine whether the series is 
convergent or divergent. 


= ill o | 
Pe 13 =| —a3 ax oo 
n=2 nN LX if % 1 
3 4, > = 
What can you conclude about the series? peat waa 
2. Suppose f is a continuous positive decreasing function for 5. S ja in Tes 6 y et = 
x > | anda, = f(n). By drawing a picture, rank the following nat (2n + 1)? = vn + 4 
three quantities in increasing order: 2 n os 
oe a 8 > ne" 


; é eu al 
(re dx Dp aj >) (ah — alt n=1 


i=1 2) 


CAS Computer algebra system required 1. Homework Hints available at stewartcalculus.com 


9-26 Determine whether the series is convergent or divergent. 


9. >» = 10. 5. 1-099 
n n=3 
Aree ah Je elie Oh ee 
Dil 64 125 
1 1 1 1 
12, 1 + —— + —— + —— + —— + - 
2 tis Oa eA ted Ao Os 
1 
Ey ip as te eee ea 
3 5 7 9 
1 i 
Ar al ba pam geal renee 
5 8 11 14 17 


~ eee oo 2 
uae 16s 


n=1 n=1 n° =F ] 
= 1 = 3 = 4 
17. = 18. = 
2 ie ae 4! 2 n> —2n 
= lhnig e 1 
19. 20. SSS SS 
2 n> 2 Raton +13 
21. 22. = 
2 ninn = nnn)? 
C-) 1/n w Y 
i i YS 
n=1 n=3 @ 
2 pyre 
; n=1 n aie n ; n=1 ap il 


27-28 Explain why the Integral Test can’t be used to determine 
whether the series is convergent. 


oa > cos’n 


; n=1 Jn n=1 1 tr n 


29-32 Find the values of p for which the series is convergent. 


oe) ] oe 1 
——— 30. 
ca 2 n(in n)? 2 ninn[In(In n)]’ 
ee “ Inn 
31. ¥ n(1 +n’)? aye, SY 


Pp 
n=1 n=1 Vt 


33. The Riemann zeta-function ¢ is defined by 


denacsies 


aie 


and is used in number theory to study the distribution of prime 


numbers. What is the domain of ¢? 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


[cas] 42. 
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Leonhard Euler was able to calculate the exact sum of the 
p-series with p = 2: 


=r | 7 
9) — SS 
o( »y n 6 
(See page 737.) Use this fact to find the sum of each series. 
| oo | 
(ayes b aa 
oe © 2G4P 
() 
n=1 (2n) 


] T 
(4) = Boa = op 


Use Euler’s result to find the sum of the series. 


& 4 

(a) 2 (2) 
n=1 \Nl 

(a) Find the partial sum so of the series >*_, 1/n*. Estimate the 
error in using 1 as an approximation to the sum of the 
series. 

(b) Use [3] with n = 10 to give an improved estimate of the 
sum. 

(c) Compare your estimate in part (b) with the exact value 
given in Exercise 35. 

(d) Find a value of n so that s,, is within 0.00001 of the sum. 


= 1 
b ———— 
OF ay 


(a) Use the sum of the first 10 terms to estimate the sum of the 
series D;- 1/n*. How good is this estimate? 

(b) Improve this estimate using [3] with n = 10. 

(c) Compare your estimate in part (b) with the exact value 
given in Exercise 34. 

(d) Find a value of n that will ensure that the error in the 
approximation s ~ s, is less than 0.001. 


Find the sum of the series 57-; 1/n° correct to three decimal 
places. 


Estimate 57; (2n + 1)~° correct to five decimal places. 


How many terms of the series S;=2 1/[n(In n)*| would you 
need to add to find its sum to within 0.01? 


Show that if we want to approximate the sum of the series 
>%_, n-'! so that the error is less than 5 in the ninth decimal 
place, then we need to add more than 10''*°' terms! 


(a) Show that the series >; (In n)’/n is convergent. 

(b) Find an upper bound for the error in the approximation 
Se ane 

(c) What is the smallest value of 1 such that this upper bound 
is less than 0.05? 

(d) Find s, for this value of n. 
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43. (a) Use to show that if s, is the nth partial sum of the har- (b) Interpret 


monic series, then | 
Ata = (ing 1) — in) ree, 


Gey Stl ar thine 


(b) The harmonic series diverges, but very slowly. Use part (a) 
to show that the sum of the first million terms is less than 
15 and the sum of the first billion terms is less than 22. 


as a difference of areas to show that ¢, — t,+; > 0. There- 
fore {t,} is a decreasing sequence. 
(c) Use the Monotonic Sequence Theorem to show that {t,,} is 


44. Use the foliowing steps to show that the sequence convergent. 
I I I 45. Find all positive values of b for which the series >;=; b'"” 
th=1+—+—+---+—-—Inn 

2 3 n converges. 

has a limit. (The value of the limit is denoted by y and is called 46. Find all values of c for which the following series converges. 

Euler’s constant.) : 

(a) Draw a picture like Figure 6 with f(x) = 1/x and interpret y (< =, Sol 7 

t, as an area [or use [5]] to show that ¢, > 0 for all n. NW ( ipa tl 


11.4 | The Comparison Tests 


In the comparison tests the idea is to compare a given series with a series that is known to 
be convergent or divergent. For instance, the series 


[7] ee 


panel 


reminds us of the series 2,-, 1/2", which is a geometric series with a = + and r = + and is 
therefore convergent. Because the series [1] is so similar to a convergent series, we have the 
feeling that it too must be convergent. Indeed, it is. The inequality 


I 1 
ae oS 
oe ee 


shows that our given series has smaller terms than those of the geometric series and 
therefore all its partial sums are also smaller than 1 (the sum of the geometric series). This 
means that its partial sums form a bounded increasing sequence, which is convergent. It 
also follows that the sum of the series is less than the sum of the geometric series: 


ee 1 
y= << 1 


LOS | 


Similar reasoning can be used to prove the following test, which applies only to series 
whose terms are positive. The first part says that if we have a series whose terms are 
smaller than those of a known convergent series, then our series is also convergent. The 


second part says that if we start with a series whose terms are larger than those of a known 
divergent series, then it too is divergent. 


The Comparison Test Suppose that a, and > b, are series with positive terms. 
(i) If = b, is convergent and a, < b, for all n, then S a, 18 also convergent. 


(ii) If > b, is divergent and a, => b, for all n, then > a, is also divergent. 


It is important to keep in mind the distinction 
between a sequence and a series. A sequence 
is a list of numbers, whereas a series is a sum. 
With every series > a, there are associated two 
sequences: the sequence {a,, } of terms and the 
sequence {s,,} of partial sums. 


Standard Series for Use 
with the Comparison Test 
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PROOF 


(i) Let FSO, t= » Di 1= Db, 


Since both series have positive terms, the sequences {s,} and {f,} are increasing 
(Sn41 = Sp + Qn+1 2 Sn). Also t, — t, Sot, = t for all n. Since a; S b;, we have sp = th. 
Thus s, < t for all n. This means that {s,,} is increasing and bounded above and therefore 
converges by the Monotonic Sequence Theorem. Thus > a, converges. 

(ii) If > b, is divergent, then f, — © (since {f,} is increasing). But a; > b; 80 Sn > tn. 
Thus s, — ©. Therefore > a, diverges. E32 


In using the Comparison Test we must, of course, have some known series > b, for the 
purpose of comparison. Most of the time we use one of these series: 


= A p-series [3 1/n? converges if p > | and diverges if p < 1; see (i331) 


= A geometric series [S ar” | converges if |r| < 1 and diverges if ales 
see (11.2.4)] 


= 5 
(2 ESGRE Determine whether the series Ss 


———— converges or diverges. 
n=1 Qn? =r An ae 3 % 


SOLUTION For large n the dominant term in the denominator is 2n’, so we compare the 


given series with the series ¥ 5/ (2n*). Observe that 


5 5 
2 = 2 
On anes on 


because the left side has a bigger denominator. (In the notation of the Comparison Test, 
a, is the left side and b, is the right side.) We know that 


is convergent because it’s a constant times a p-series with p = 2 > 1. Therefore 


s 5 
ay on 4 + 3 


is convergent by part (i) of the Comparison Test. i] 


NOTE 1 Although the condition a, < b, or dn > b, in the Comparison Test is given for 
all n, we need verify only that it holds for n > N, where N is some fixed integer, because 
the convergence of a series is not affected by a finite number of terms. This is illustrated in 
the next example. 


= thn fk i 
(2 GS@EA4 Test the series » oe for convergence or divergence. 
k=1 


SOLUTION We used the Integral Test to test this series in Example 4 of Section 11.3, but 
we can also test it by comparing it with the harmonic series. Observe that In k > | for 
k => 3 and so 

Ink 


— = 


= ke 3 
k k 
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Exercises 40 and 41 deal with the 
cases c = Oandc = ~. 


We know that > 1/k is divergent (p-series with p = 1). Thus the given series is diver- 
gent by the Comparison Test. Peg 


NOTE 2 The terms of the series being tested must be smaller than those of a convergent 
series or larger than those of a divergent series. If the terms are larger than the terms of a 
convergent series or smaller than those of a divergent series, then the Comparison Test 
doesn’t apply. Consider, for instance, the series 


y 1 


n=1 a 7 1 


The inequality 


ee ee 
gn 9 1 De 


is useless as far as the Comparison Test is concerned because > b, = > (5) is convergent 
and a, > b,. Nonetheless, we have the feeling that > 1/(2” — 1) ought to be convergent 
because it is very similar to the convergent geometric series > GG)". In such cases the fol- 
lowing test can be used. 


The Limit Comparison Test Suppose that > a, and > b, are series with positive 
terms. If 


where c is a finite number and c > 0, then either both series converge or both 
diverge. 


PROOF Let m and M be positive numbers such that m < c < M. Because a,,/b, is close 
to c for large n, there is an integer N such that 


a, 
m<—<M when n > N 


n 


and so mbn < An < Mb, when n > N 


If = b, converges, so does 5 Mb,,. Thus > a, converges by part (i) of the Comparison 
Test. If = b, diverges, so does © mb, and part (ii) of the Comparison Test shows that > a, 
diverges. Lag 


eo Sie Ad. 
(SCNT Test the series ¥; aa for convergence or divergence. 


n—1 


SOLUTION We use the Limit Comparison Test with 


and obtain 


5 an 4 VA Gk = 1) edie 1 
lim — = lim —————=. = _ jim ——— = tm» —__ = 
nob, nom 1/2" 0 2] eyo am ae 
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Since this limit exists and > 1/2” is a convergent geometric series, the given series con- 
verges by the Limit Comparison Test. een) 


; Sh ie Ny: 
{SETA Determine whether the series ) —————= converges or diverges. 


n=1 VS) AP ape 


SOLUTION The dominant part of the numerator is 2n° and the dominant part of the denom- 
inator is /n> = n°/. This suggests taking 


Qn? + 3n 2n* D) 
An => b = => 
dee ae ae 
ies dn Qn? +3n n'? Qn>!? + 3n3/? 
— = lim : = Jhian 
ne Dy no RS + n> D Use sce DS = n> 
pawns 
; n 2 ae @ 
= lim $a 
n> Daf ae il 
2 =a + ] 
a 


= 1), the given series diverges 


Ni 


Since S b, = 2 1/n'/” is divergent (p-series with p = 
by the Limit Comparison Test. esa 


Notice that in testing many series we find a suitable comparison series > b, by keeping 
only the highest powers in the numerator and denominator. 


M8 Estimating Sums 

If we have used the Comparison Test to show that a series 2 a, converges by comparison 
with a series ¥ b,, then we may be able to estimate the sum = a, by comparing remainders. 
As in Section 11.3, we consider the remainder 


Ky = 3 a Sp = Ciel T+ An+2 aig 
For the comparison series > b, we consider the corresponding remainder 
T, in Dn+1 aa Dn+2 adi 


Since d, < by for all n, we have R, < Th. If 2 Dn is a p-series, we can estimate its remain- 
der T, as in Section 11.3. If = b, is a geometric series, then T,, is the sum of a geometric 
series and we can sum it exactly (see Exercises 35 and 36). In either case we know that R,, 


is smaller than T,,. 


(' ESCESe Use the sum of the first 100 terms to approximate the sum of the series 
> 1/(n3 + 1). Estimate the error involved in this approximation. 


SOLUTION Since 
1 S ale 
n+ 1 n> 


parison Test. The remainder T,, for the compar- 


the given series is convergent by the Com 
le 5 in Section 11.3 using the Remainder Esti- 


ison series  1/n* was estimated in Examp 
mate for the Integral Test. There we found that 


Te =e OX Se 


We OG Dae 
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Therefore the remainder R,, for the given series satisfies 


1 
n = We S 
i 2n? 
With n = 100 we have 
1 
Rio S = _ = 0.00005 


2(100)° 
Using a programmable calculator or a computer, we find that 


oo 1 100 1 


Y= = Y =—— ~ 0.6864538 
nie sel mia Fir! 
with error less than 0.00005. i 
EER) Exercises 
1. Suppose = a, and > b, are series with positive terms and > b, ~ [Fy a) 2 te. 5) 
is known to be convergent. 21. Zh ee ol 22. yea ye 
(a) If a, > b, for all n, what can you say about > a,? Why? 
(b) If a, < b, for all n, what can you say about > a,,? Why? a5 db = on = 5n 
23. >) ——— 24. > ———— 
n=1 d ar aoe n=1 No =- if aril 


2. Suppose > a, and > b, are series with positive terms and > b, 


is known to be divergent. he 5 aa oc 1 
(a) Ifa, > b, for all n, what can you say about > a,? Why? 25.4; be 2 26. > 5 oe 
n=l 2, Lf 


(b) If a, < b, for all n, what can you say about > a,? Why? 


= e ‘ ‘ io} il Z 20 1/n 
3-32 Determine whether the series converges or diverges. rip (: £ 1) = 2. ¥ e 
oo n ea n> n=1 nA n=] n 
3. SS 4. 
2 2n? + 1 Py i al ew I ~ n! 
2. > + 30. > — 
60 ae e*) = jl n=1 * n=) 11 
a wee Gy eo 
n=1 AVN n=1 NVJ/N ~ 1 x 1 
31. » sin{ — 32. > 
C gr wo 6" n=1 nN ea a Le 
7. > —— 8 he 
n=1 3 si Oz n=] 5) = 1 
5 y Ink 10 sink 33-36 Use the sum of the first 10 terms to approximate the sum of 
haste Sd eye the series. Estimate the error. 
x Sk 20 (2k — 1)(k? —, 1) 33 > 1 = sin-n 
11. ee 12. ee ; aa a 34. > 3 
2 fie ie Ue ae) 2 (ke IVR A)? ive 1 
>) arctan n 3 vn 35. y 5~"cos?n yobs 
13. 2 n'? 14. 2 al n=1 » Bye + 4” 
Pr 5 antl x 1 
SAEs 16. 2 Want a 37. The meaning of the decimal representation of a number 
0.d\d>d;... (where the digit d; is one of the numbers 0, ik 
z 1 as 2 ere 9) is th 
i — 18. es 
n=1 fle ar 1 n=1 2n a 3 d d d d 
O.didsdrdy... =—- + — 4§ Sy Sy 
p n=1 ] at Sy ; n=1 N a 6” 


Show that this series always converges. 


1. Homework Hints available at stewartcalculus.com 


38. For what values of p does the series ©;=2 1/(n’ In n) converge? 


39. Prove that if a, = 0 and > a, converges, then > a,; also 
converges. 


40. (a) Suppose that > a, and > b, are series with positive terms 
and > b, is convergent. Prove that if 


then > a, 1s also convergent. 
(b) Use part (a) to show that the series converges. 


oe} 


Inn 
fy 03, a= 
n 


n=1 


@ ore 


n=1 ne" 


41. (a) Suppose that > a, and 5 b,.are series with positive terms 


and > b, is divergent. Prove that if 
- An 
(kita) <== 


> 0 
n in 


then > a, is also divergent. 


115 | Alternating Series 


42. 


43. 


44. 


45. 


46. 


SECTION 11.5 ALTERNATING SERIES 749 
(b) Use part (a) to show that the series diverges. 


7 1 aii 
aos Gi) > — 


n=2 In n n=1 


Give an example of a pair of series © a, and > b, with positive 
terms where lim, .. (a,/b,) = 0 and > b, diverges, but = a, 
converges. (Compare with Exercise 40.) 


Show that if a, > 0 and lim, ..na, # 0, then > a, is 
divergent. 


Show that if a, > 0 and > a, is convergent, then > In(1 + an) 
is convergent. 


If 5 a, is a convergent series with positive terms, is it true that 
> sin(a,) is also convergent? 


If © a, and 5 b, are both convergent series with positive terms, 
is it true that = a,b, is also convergent? 


The convergence tests that we have looked at so far apply only to series with positive 
terms. In this section and the next we learn how to deal with series whose terms are not 
necessarily positive. Of particular importance are alternating series, whose terms alternate 


in sign. 


An alternating series is a series whose terms are alternately positive and negative. Here 


are two examples: 


] i 1 = 1 
= Sb SSeS soon = =i) —— 

4 S) 6 2 ) n 

4 2) 6 = n 
Ne es Ona = Sy ily 

5 6 di 2 hee iea 


We see from these examples that the nth term of an alternating series is of the form 


an — (= 


labs or an = (-1)"b, 


where b, is a positive number. (In fact, b, = | an |.) 
The following test says that if the terms of an alternating series decrease toward 0 in 
absolute value, then the series converges. 


Alternating Series Test If the alternating series 


(o) 


Sat, De a ete 


n= 


satisfies 


then the series is convergent. 


Dae 


(Dain Ds for all n 


(ii) lim b, = 0 


750 


CHAPTER 11 


INFINITE SEQUENCES AND SERIES 


FIGURE 1 


Before giving the proof let’s look at Figure 1, which gives a picture of the idea behind 
the proof. We first plot s; = b; on a number line. To find s2 we subtract b2, so sz is to the 
left of s;. Then to find s; we add bs, so s3 is to the right of s7. But, since b3 < bp, 53 1s to 
the left of s;. Continuing in this manner, we see that the partial sums oscillate back and 
forth. Since b, — 0, the successive steps are becoming smaller and smaller. The even par- 
tial sums 5, 54, Se, . . . are increasing and the odd partial sums sj, 53, 55, .. . are decreasing. 
Thus it seems plausible that both are converging to some number s, which is the sum of the 
series. Therefore we consider the even and odd partial sums separately in the follow- 
ing proof. 


PROOF OF THE ALTERNATING SERIES TEST We first consider the even partial sums: 


5% =b-hZ0 since b, S b, 
54 = S. +*(b3 — ba) = 5p since by < b; 
In general Son Sopa Donat Dee Since D3, = bry 
Thus C= = = So = = SS 
But we can also write 
Sin = Dy — (b2 — bs) > {Di Ds) — “a (bye = Don) ee 


Every term in brackets is positive, so 52, < b for all n. Therefore the sequence {s>,, } 
of even partial sums is increasing and bounded above. It is therefore convergent by the 
Monotonic Sequence Theorem. Let’s call its limit s, that is, 


limess> — a5 


n> 


Now we compute the limit of the odd partial sums: 


lim 27+ 1 ae lim (S2n a bon+1) 


nao n—-o 


= lim S2n =F lim bon+1 


no n 


Sa 0 [by condition (ii)] 


Shy 


Since both the even and odd partial sums converge to s, we have lim,_.~ 5, = S 
[see Exercise 92(a) in Section 11.1] and so the series is convergent. aerate 


Figure 2 illustrates Example 1 by showing the 
graphs of the terms a, = (—1)" '/nand the 
partial sums s,,. Notice how the values of s,, 
zigzag across the limiting value, which appears 
to be about 0.7. In fact, it can be proved that 
the exact sum of the series is In 2 ~ 0.693 
(see Exercise 36). 


— 


S 
pot tt 


. 
the Vo. 1646 
o) 0, (0) fe! 6 ee 00.6 
fo) fetes eccsl16) (0c .e) sa at ee 
rapes? 


. 
CHO 35 
CO ROC SOE OS 


OeC atin 
Seams co ORONO 
ee 


FIGURE 2 


Instead of verifying condition (i) of the Alter- 
nating Series Test by computing a derivative, 
we could verify that bn+1 <b, directly by 
using the technique of Solution 1 of 

Example 13 in Section 11.1. 
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{) (SQUAD The alternating harmonic series 


il | ] % Bend \ ical 
pws eevee ener it os Tip 1) 
, 3 4 es n 
satisfies 
: 1 | 
(i) Date Dp because <— 
iar I n 


itage! 1 
(ii) lim b, = lim — = 0 


no no fl 


so the series is convergent by the Alternating Series Test. 


Cee (Ease 
a GSEUEs4s The series ae is alternating, but 
n=1 ih 
; : 6 
lim b, = lim = hn ———__— g 
n> cor n> a 4 
n 


50 condition (ii) is not satisfied. Instead, we look at the limit of the nth term of the series: 


; os ip 
fia, = hia $= — 
no n> 4n = ] 


This limit does not exist, so the series diverges by the Test for Divergence. 


2 
ne : 
Ti. Tae for convergence Or divergence. 
n=1 on il 


FSCtses Test the series Sane 


SOLUTION The given series is alternating so we try to verify conditions (i) and (ii) of the 
Alternating Series Test. 
Unlike the situation in Example |, it is not obvious that the sequence given by 
b, = n’/(n* + 1) is decreasing. However, if we consider the related function 
f(x) = x?/(x? + 1), we find that 
j Oa) 
a (x? + 1) 


Since we are considering only positive x, we see that f(x) < Oif 2 — x° <0, that is, 
x > 3/2. Thus f is decreasing on the interval (ey, 00), This means that f(n + 1) < f(n) 
and therefore b,+1 < b, when n = 2. (The inequality b, < b, can be verified directly but 
all that really matters is that the sequence {b,} is eventually decreasing.) 

Condition (ii) is readily verified: 


] 
n? n 
lim b, = lim ——— = lim =0 
no no no + n> 2 
ee 


3 
n 


Thus the given series is convergent by the Alternating Series Test. 
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You can see geometrically why the Alternating 
Series Estimation Theorem is true by looking at 


Figure 1 (on page 750). Notice that s — sy < bs, 


| s — ss| < bs, and so on. Notice also that s 
lies between any two consecutive partial sums. 


By definition, 0! = 1. 


In Section 11.10 we will prove that 
e* = Yn=0 x"/n! for all x, so what we 
have obtained in Example 4 is actually an 


approximation to the number e~'. 


MH Estimating Sums 


A partial sum s, of any convergent series can be used as an approximation to the total sum 
s, but this is not of much use unless we can estimate the accuracy of the approximation. The 
error involved in using s ~ s, is the remainder R, = s — s,. The next theorem says that 
for series that satisfy the conditions of the Alternating Series Test, the size of the error is 
smaller than b,,,;, which is the absolute value of the first neglected term. 


Alternating Series Estimation Theorem If s = > (—1)"~'b, is the sum of an alternating 
series that satisfies 


(GO) (ee == 1 and (11) lim b, = 0 


| Rn] = 


|s = Sn| S Das 


PROOF We know from the proof of the Alternating Series Test that s lies between any two 
consecutive partial sums s, and s,+,. (There we showed that s is larger than all even par- 
tial sums. A similar argument shows that s is smaller than all the odd sums.) It follows 
that 


Se =) | Sp S| = Da eS 


0 =| n 
Ad ESCUTEEE Find the sum of the series ¥ ( Ey 


correct to three decimal places. 
n=0 Nn: 


SOLUTION We first observe that the series is convergent by the Alternating Series Test 
because 
1 1 l 
i - a 
@) (teed)! Oth) n! 


53 1 1 
(11) O sai uit Sale so ——O asn—o 
n! n n! 


To get a feel for how many terms we need to use in our approximation, let’s write out 
the first few terms of the series: 


hd 
eee larete et oat a i 


Oe See he Pa ae 
=1-1+4+35 sta — potas Eyre 
Notice that b; = mam < am = 0.0002 
and s=1-1+35;-§+H%—-Wt > = 0.368056 


By the Alternating Series Estimation Theorem we know that 
|s — s5| = by < 0.0002 


This error of less than 0.0002 does not affect the third decimal place, so we have 
s ~ 0.368 correct to three decimal places. mea 
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@ NOTE The rule that the error (in using s, to approximate s) is smaller than the first 
neglected term is, in general, valid only for alternating series that satisfy the conditions of 
the Alternating Series Estimation Theorem. The rule does not apply to other types of series. 


11.5 | Exercises 


1. (a) What is an alternating series? 
(b) Under what conditions does an alternating series 
converge? 
(c) If these conditions are satisfied, what can you say about 
the remainder after n terms? 


2-20 Test the series for convergence or divergence. 


ee 
3. -2+¢-S+i-P+: 
4 1 7 1 fe 1 = 1 e 1 
A 2 4g as/Seq ol: tnSovn’ 
ex (—1)"! % (-1)""! 
a} —— 6. eee 
2 2n+ 1 x In(n + 4) 
= syn — Il = n 
Ly Da)" 8. > (-1)’ — 
2 Dar sk 2 ftaynios) 
< . vn 
9. —]| rom 10. — n 
2 be » ( LE ereaee 
= ne 2 
11. y (ie ae 12. » (lye nen: 
De 14. >) (-1)" / arctan n 
n=1 n=1 
15 y sin(n oF S)ar 16 y N COS NTT 
Fleet Oh alee eae Sri yaaa he 


7. 3-1 sn(2) 18, ¥ (-1)" cos(=) 
1 n : el n 


n= 


n 


19. y Cir 20. s (-1)"(/n + 1 - Vn) 


n=] n} n=1 


22. > (-1)"'— 
n=l Sil 


23-26 Show that the series is convergent. How many terms of 
the series do we need to add in order to find the sum to the indi- 
cated accuracy? 


=]| n+] 


rah DS oo (| error | < 0.00005) 
n=1 


24. 5 


(| error | < 0.0001) 


25. 


26. y (-1)""'ne™ (Jerror| < 0.01) 


27-30 Approximate the sum of the series correct to four 
decimal places. 


x (-1)" e) (-1)""! 
27. = 28. ae 
2 (2n)! 2 ie 

0 (—1)" 'n? C (-1)" 
29. ie 30. 
2 ios » 3"n! 


21-22 Graph both the sequence of terms and the sequence of 
partial sums on the same screen. Use the graph to make a rough 
estimate of the sum of the series. Then use the Alternating Series 
Estimation Theorem to estimate the sum correct to four decimal 
places. 

Sale 038)" 


21. >, 


n=\ n! 


Graphing calculator or computer required 


31. Is the 50th partial sum sso of the alternating series 
>%_, (—1)" '/n an overestimate or an underestimate of the 
total sum? Explain. 


32-34 For what values of p is each series convergent? 


es 


m Seyret 


n 


33. eum 


eae ar 7 


35. Show that the series © (—1)""'b,, where b, = 1/n ifn is odd 
and b, = 1/n’ if n is even, is divergent. Why does the Alter- 
nating Series Test not apply? 


1. Homework Hints available at stewartcalculus.com 
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36. Use the following steps to show that (b) From Exercise 44 in Section 11.3 we have 
i, — Wi as n> 2% 
o (—1)"! « 5 
2 ie one and therefore 
: ho, — In(2n) = y as n> 2 
Let h,, and s,, be the partial sums of the harmonic and alter- 
nating harmonic series. Use these facts together with part (a) to show that 
(a) Show that 52, = fo, — hy. Son > In2 asn > &, 


11.6 | Absolute Convergence and the Ratio and Root Tests 


Given any series > a,, we can consider the corresponding series 


20 
[an] = [ai] + Jaz] + fas] + --- 
1 


n= 


whose terms are the absolute values of the terms of the original series. 


We have convergence tests for series with [1] Definition A series > a, is called absolutely convergent if the series of 
positive terms and for alternating series. But absolute values © | an | is convergent. 

what if the signs of the terms switch back and 
forth irregularly? We will see in Example 3 that 
the idea of absolute convergence sometimes 
helps in such cases. 


Notice that if = a, is a series with positive terms, then |a,| = a, and so absolute con- 


vergence is the same as convergence in this case. 


ae \\ilaesae The series 


ee 1 
eS Stee 
Sir eae 25 5: ey 4° 
is absolutely convergent because 
Kee S al 1 1 
py EE tp eaten BL 
n=1 Nh n=1 Ne z 4° 
is a convergent p-series (p = 2). Es 
2.0\g"s7) We know that the alternating harmonic series 
SSIES | 1 l 
2 n De 83 


is convergent (see Example | in Section 11.5), but it is not absolutely convergent because 
the corresponding series of absolute values is 


a! 1 1 
=) —-=1+—-+—+-—4--. 
aS D) 3 4 


which is the harmonic series (p-series with p = 1) and is therefore divergent. hia 


Figure 1 shows the graphs of the terms a, and 
partial sums 5, of the series in Example 3. 
Notice that the series is not alternating but 
has positive and negative terms. 


A 
0st. 
oe {5,3 
{a,} 
mai o 7% st a5 
FIGURE 1 
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[2] Definition A series > a, 1s called conditionally convergent if it is convergent 
but not absolutely convergent. 


Example 2 shows that the alternating harmonic series is conditionally convergent. Thus 
it is possible for a series to be convergent but not absolutely convergent. However, the next 
theorem shows that absolute convergence implies convergence. 


[3] Theorem If a series > a, is absolutely convergent, then it is convergent. 


PROOF Observe that the inequality 
0 <a, + |a,| = 2\a,| 
is true because | a,| is either a, or —a,. If = a, is absolutely convergent, then > |an| is 


convergent, so > 2|a,| is convergent. Therefore, by the Comparison Test, > (a, + |an|) is 
convergent. Then 


D an =X (an + |an|) — 2 Lar 


is the difference of two convergent series and is therefore convergent. ras | 


(77 ESCREEEF Determine whether the series 


y! cosn cos | in cos 2 cos 3 


2 Sa 2 
i) n iF hg aS 


+ ++; 


is convergent or divergent. 


SOLUTION This series has both positive and negative terms, but it is not alternating. 
(The first term is positive, the next three are negative, and the following three are posi- 
tive: The signs change irregularly.) We can apply the Comparison Test to the series of 
absolute values 


a S | cos n| 


2 


=, | COS 70 
Dineen 


n=\ 


n=1 
Since |cos n| < 1 for all n, we have 


|cos n| I 
a = = 
n° a 
We know that © 1/n? is convergent (p-series with p = 2) and therefore > |cos n|/n? is 
convergent by the Comparison Test. Thus the given series > (cos n)/n° is absolutely 
convergent and therefore convergent by Theorem 2 iss] 


The following test is very useful in determining whether a given series 1s absolutely 
convergent. 
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The Ratio Test 


co 


= L < 1, then the series >) a, is absolutely convergent 
An n=1 


antl 


(i) If lim 


(and therefore convergent). 


(ii) If lim = L> 1or lim |——| = &, then the series }) a, 


n—>0 Gr no ayn =| 


wo 
An+1 An+1 


is divergent. 


Ao és QAn+1 5 nee 5 5 A 
(iii) If lim sea fe 1, the Ratio Test is inconclusive; that is, no conclusion can 


no An 


be drawn about the convergence or divergence of > a,. 


PROOF 
(1) The idea is to compare the given series with a convergent geometric series. Since 
L < 1, we can choose a number r such that L < r < 1. Since 


A An+1 
liiea) |= || = IL, and Nh ie 


no 


an 


the ratio | dn+1/a,| will eventually be less than r; that is, there exists an integer N 


such that 
An+1 
——— eae whenever n = N 
an 
or, equivalently, 
[4] |an+1]<J|an|r whenever n > N 


Putting n successively equal to N, N + 1,N + 2,...in [4], we obtain 
|aw+1| <|ay|r 


| ay+2 | < |aveilr< | ay|r? 


| av+3| < |ans2|r< |ay|r? 
and, in general, 
[5] | av+k| < |an|r* for allk > 1 
Now the series 
D lay|rt= Janle + faye? + fay|r + = 


is convergent because it is a geometric series with 0 < r < 1. So the inequality 
together with the Comparison Test, shows that the series 


D | an | ae » | ase = | a1 | ar | av. | at | avs | So 
n=N+1 k=1 


The Ratio Test is usually conclusive if the nth 
term of the series contains an exponential or a 
factorial, as we will see in Examples 4 and 5. 


Estimating Sums . 

In the last three sections we used various meth- 
ods for estimating the sum of a series—the 
method depended on which test was used to 
prove convergence. What about series for 

which the Ratio Test works? There are two 
possibilities: If the series happens to be an alter- 
nating series, as in Example 4, then it is best to 
use the methods of Section 11.5. If the terms are 
all positive, then use the special methods 
explained in Exercise 38. 
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is also convergent. It follows that the series >;=; | an | is convergent. (Recall that a finite 
number of terms doesn’t affect convergence.) Therefore > a, is absolutely convergent. 

(ii) Tf | Qn41/an|—L > 1 or | an+i/an|— ©, then the ratio | a,+1/a,| will eventually be 
greater than 1; that is, there exists an integer N such that 


Qn+1 
== || > || whenever n = N 


an 


This means that |a,+1| > |a,| whenever n > N and so 


lim a, ~ 0 


no 


Therefore > a, diverges by the Test for Divergence. ey 


NOTE Part (iii) of the Ratio Test says that if lim,—- |an+i1/an| = 1, the test gives no 
information. For instance, for the convergent series > 1/ n° we have 


1 
LW iby n° | 


SS ee EWS) if) = 22 

l rN ; 
+1) (+4) 

n n 


whereas for the divergent series © 1/n we have 


Qn+1 


an 


i) 


Therefore, if lim, —. |@n+i/adn| = 1, the series = a, might converge or it might diverge. In 
this case the Ratio Test fails and we must use some other test. 


2) 3 
n 


Se\lakees Test the series S (iy 3m for absolute convergence. 
n=1 


SOLUTION We use the Ratio Test with a, = (—1)"n°/3”: 


(-1)"""\(n ae 1}? 


nai = Byron a (n ale ive Bye 
dn (—1)"n? ayer n> 
aye 


1/n+1\ ] iw? 1 
== =—|1+-—] -7<1 
mS) n 3 n 3 


Thus, by the Ratio Test, the given series 1s absolutely convergent and therefore 
convergent. Sea 


758 


CHAPTER 11 


INFINITE SEQUENCES AND SERIES 


n" 
ni 


( ESCUTGTSS Test the convergence of the series >) 

n=1 

SOLUTION Since the terms a, = n"/n! are positive, we don’t need the absolute value 
signs. 

OS OA ese 1) eer! 


An Coe WE Wale 


(Geers Ine nm 


(n + 1)n! ibe 


(24) ( 7) 
==" (ee AS Thien ss 
n n 


(see Equation 3.6.6). Since e > 1, the given series is divergent by the Ratio Test. Mim 


I 


NOTE Although the Ratio Test works in Example 5, an easier method is to use the Test 
for Divergence. Since 


ho “ne: 
an = —— eres See rae ae) 


it follows that a, does not approach 0 as n — ~. Therefore the given series is divergent by 
the Test for Divergence. 

The following test is convenient to apply when nth powers occur. Its proof is similar to 
the proof of the Ratio Test and is left as Exercise 41. 


The Root Test 


oo 


Gy) lie lim V/|an| = L <1, then the series > ays absolutely convergent 


n=1 


(and therefore convergent). 


oa) 


(ii) If lim |a,| =L> 1 or lim ¥/|a,| = ©, then the series }) a, is divergent. 


n=1 


(iii) If lim ¥/|a,| = 1, the Root Test is inconclusive. 


If lim,—. ¥/|a,| = 1, then part (iii) of the Root Test says that the test gives no infor- 
mation. The series = a, could converge or diverge. (If L = 1 in the Ratio Test, don’t try the 
Root Test because L will again be 1. And if L = 1 in the Root Test, don’t try the Ratio Test 
because it will fail too.) 


n=1 


=f 2ndegay 
( (SQW Test the convergence of the series ¥ ( ‘ a 


3n+ 2 
SOLUTION 


Thus the given series converges by the Root Test. ERB 
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Ml Rearrangements 


The question of whether a given convergent series is absolutely convergent or conditionally 
convergent has a bearing on the question of whether infinite sums behave like finite sums. 

If we rearrange the order of the terms in a finite sum, then of course the value of the sum 
remains unchanged. But this is not always the case for an infinite series. By a rearrange- 
ment of an infinite series > a, we mean a series obtained by simply changing the order of 
the terms. For instance, a rearrangement of > a, could start as follows: 


Gly ar Gb ar Gg ae GR TP Gu sr whe se G3 sein se Gay se 9 
It turns out that 


if > a, is an absolutely convergent series with sum s, 
then any rearrangement of > a, has the same sum s. 


However, any conditionally convergent series can be rearranged to give a different sum. To 
illustrate this fact let’s consider the alternating harmonic series 
[6 | 1-$+3—-a4t;-<et+;-i;7 °° =—Imn2 


(See Exercise 36 in Section 11.5.) If we multiply this series by 5, we get 


1 \ I I in 
ove Ai Lente 84) Abreu 


In 2 


Nile 


Inserting zeros between the terms of this series, we have 
Adding these zeros does not affect the sum of 
the series; each term in the sequence of partial Oar ; aF Ohi i Ste ats : = Oi i St 5 In 2 
sums is repeated, but the limit is the same. 

Now we add the series in Equations 6 and 7 using Theorem 11.2.8: 


L+4-—34+5t+5-G+-°-=3ln2 


Notice that the series in [8] contains the same terms as in [6], but rearranged so that one neg- 
ative term occurs after each pair of positive terms. The sums of these series, however, are 
different. In fact, Riemann proved that 


if > a, is a conditionally convergent series and r is any real number what- 
soever, then there is a rearrangement of > a, that has a sum equal to r. 


A proof of this fact is outlined in Exercise 44. 


11.6 | Exercises 


1. What can you say about the series > a, in each of the following = (=i ZB (=3h" 
y= 6 > 
cases? conan | cay (OX ie Dy 
an . An+ 
(a) lim |——| = 8 (b) lim || = 0.8 : 4 
Me n a n Ze 8 
7 2 k(3) 2 100” 
ay 
One aN | ra x (ine 20 
aa n = 5 nN 
Be n 10 —])" 
. 2 ae n* » Teli 


2-30 Determine whether the series is absolutely convergent, 
conditionally convergent, or divergent. 


= (—1)\eu" = sin 4n 
= (=2)" (Tee Ds a iV DS rr 
2. 5 n=1 n=1 
2 ie 
fo) Dn nx 10” 0 n'® 
a =i) a 13 SSS — 14. SS 
: 2 a s 2, e+ 4 2G pem 2 C10" 


1. Homework Hints available at stewartcalculus.com 
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2 (Sih) aiveeng a 3 = (OR 
Ty Syste 16, Saat ae 
n=] n- nll = 2 
SA 5 if! 
ye) 18, Y — 
n=2 Inn n=1 
3 cos(n7r/3) 20. y (2): 


ve y aan i 5 -2n \" 

NOE eo inet | 
c ie = (2n)! 
ra}, (: + 1) 24>, a 
n=1 


ji n (n!) 

re) n° 100" ca Qn 
ik See 26. > = 

n=] Nn. n=1 s 


Fi ls as eee si 7! ‘ 
iba 3 o.5} (2n = 1) 
at (i )ye 
ioe) (2n — 1)! 
? DONG Royo i) Iho 2 I@o ie! 
TS de ee ee 
5 Doe 5) 2th 2 Wil 5 oo iil o 4! 


oy yp ip aes 


al n! 


= Dig 
30. IL} 
2 ( 52 Reel Giivh 2) 


31. The terms of a series are defined recursively by the equations 


ay ae Il 
Appts wa 


a\ =2 An+1 = 


Determine whether > a, converges or diverges. 
32. A series } a, is defined by the equations 


2+ cosn 
Qi 1 OF an 


Vn 


Determine whether > a, converges or diverges. 


33-34 Let {b,} be a sequence of positive numbers that converges 
to 3. Determine whether the given series is absolutely convergent. 


2 Sein 


33 > b? cos nar 
: ; n=1 nb br b3 eee b,, 


n=1 n 


35. For which of the following series is the Ratio Test inconclusive 
(that is, it fails to give a definite answer)? 


oo 1 fo o} 
@ >= @ 3 


2 n 
n=1 Nl n=1 D 


0 = n-1 oe) 
ep ae 


5 
n=1 Jn n=1 1 ate is 


36. For which positive integers k is the following series convergent? 


eve 
n=1 (kn)! 


M 


37. (a) Show that 5% x"/n! converges for all x. 
(b) Deduce that lim,—. x”"/n! = 0 for all x. 


38. Let Da, be a series with positive terms and let r, = Gn+i [Gy 
Suppose that lim, 7, = L < 1, so 2 a, converges by the 
Ratio Test. As usual, we let R, be the remainder after n terms, 
that is, 


R, (6h | aie Qn+2 = Qnt+3 aTeaeae 


(a) If {r,} is a decreasing sequence and r,+; < 1, show, by 
summing a geometric series, that 


a 
R, < n+] 
i = Tn+) 


(b) If {r,} is an increasing sequence, show that 


Qn+1 


lie, SS 
rae lh 


39. (a) Find the partial sum s; of the series Y=; 1/(n2”). Use Exer- 


cise 38 to estimate the error in using ss as an approximation 
to the sum of the series. 

(b) Find a value of 7 so that s, is within 0.00005 of the sum. 
Use this value of n to approximate the sum of the series. 


40. Use the sum of the first 10 terms to approximate the sum of 


the series 


8 


n 
: 9" 


n 


Use Exercise 38 to estimate the error. 


41. Prove the Root Test. [Hint for part (i): Take any number r such 


that L < r < 1 and use the fact that there is an integer N such 
that */|a,| <r whenever n > N.] 


42. Around 1910, the Indian mathematician Srinivasa Ramanujan 


discovered the formula 


pe ye 5 (4n)'(1103 + 26390n) 
9801 (n!)*396"" 


William Gosper used this series in 1985 to compute the first 
17 million digits of 7. 

(a) Verify that the series is convergent. 

(b) How many correct decimal places of 7 do you get if you 


use just the first term of the series? What if you use two 
terms? 


43. Given any series > a,, we define a series = a whose terms are 


all the positive terms of = a, and a series = a; whose terms 
are all the negative terms of > a,. To be specific, we let 


+ = 
meat Ge | an | pene | an | 


2) 2) 


Notice that if a, > 0, then a+ = a, and az = 0, whereas if 


a, < 0, then a; = a, and at = 0. 
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Take just enough positive terms a} so that their sum is greater 
than r. Then add just enough negative terms a; so that the 


Ss j . 3 9 : : 
(a) If = a, is absolutely convergent, show that both of the cumulative sum is less than r. Continue in this manner and use 


series = a{ and ¥ a; are convergent. 


(b) If = a, is conditionally convergent, show that both of the 


series } a; and 5 a; are divergent. 


Theorem 11.2.6.] 


45. Suppose the series > a, is conditionally convergent. 
(a) Prove that the series 5 n7a, is divergent. 
(b) Conditional convergence of > a, is not enough to deter- 


44. Prove that if > a, is a conditionally convergent series and mine whether 5 na, is convergent. Show this by giving an 
r 1s any real number, then there is a rearrangement of > a, example of a conditionally convergent series such that 
whose sum is r. [Hints: Use the notation of Exercise 43. > na, converges and an example where > na, diverges. 


Strategy for Testing Series 


We now have several ways of testing a series for convergence or divergence; the problem 
is to decide which test to use on which series. In this respect, testing series is similar to inte- 
grating functions. Again there are no hard and fast rules about which test to apply to a given 
series, but you may find the following advice of some use. 

It is not wise to apply a list of the tests in a specific order until one finally works. That 
would be a waste of time and effort. Instead, as with integration, the main strategy is to 
classify the series according to its form. 


1. 


2. 


A) 


If the series is of the form > 1/n’, it is a p-series, which we know to be convergent 
if p > 1 and divergent if p < 1. 


If the series has the form © ar” ' or > ar", it is a geometric series, which converges 
if |r| < 1 and diverges if || > 1. Some preliminary algebraic manipulation may 
be required to bring the series into this form. 


_ If the series has a form that is similar to a p-series or a geometric series, then 


one of the comparison tests should be considered. In particular, if a, is a rational 
function or an algebraic function of n (involving roots of polynomials), then the 
series should be compared with a p-series. Notice that most of the series in Exer- 
cises 11.4 have this form. (The value of p should be chosen as in Section 11.4 by 
keeping only the highest powers of n in the numerator and denominator.) The com- 
parison tests apply only to series with positive terms, but if © a, has some negative 
terms, then we can apply the Comparison Test to > | a,| and test for absolute 
convergence. 


. If you can see at a glance that lim,—. a, ~ 0, then the Test for Divergence should 


be used. 


_ If the series is of the form > (—1)""'b, or > (—1)"b,, then the Alternating Series 


Test is an obvious possibility. 


_ Series that involve factorials or other products (including a constant raised to the 


nth power) are often conveniently tested using the Ratio Test. Bear in mind that 
| @n+1/An |= 1 as n — ~ for all p-series and therefore all rational or algebraic 
functions of n. Thus the Ratio Test should not be used for such series. 


_ Ifa, is of the form (b,,)", then the Root Test may be useful. 


. If a, = f(n), where ny) dx is easily evaluated, then the Integral Test is effective 


(assuming the hypotheses of this test are satisfied). 
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In the following examples we don’t work out all the details but simply indicate which 
tests should be used. 


Oo GE Y 


Since a, > + ¥ 0 as n > %, we should use the Test for Divergence. ees 


his se I 


= Jn +1 
| EXAMPLE 2 [eens 


yeas afi 


Since a, is an algebraic function of n, we compare the given series with a p-series. The 
comparison series for the Limit Comparison Test is = b,, where 


Via ni 1 


3n3 33? 33/2 


ms 
I'VE EXAMPLE 3 Bam 
n=1 


Since the integral iP xe* dx is easily evaluated, we use the Integral Test. The Ratio Test 
also works. EBA 


n> 


EXAMPLE 4 ys ( (—1)" 


n=1 ere 


Since the series is alternating, we use the Alternating Series Test. Er] 


Vb EXAMPLE 5 NE — 


iat k! 
Since the series involves k!, we use the Ratio Test. Ree 
SAMPLES BOR rare 
Since the series is closely related to the geometric series 1/3”, we use the Comparison 
Wests GEE 
Exercises 
1-38 Test the series for convergence or divergence. = (4 
S ; n 3(5+4) 2 3 
1. J 2 yr ja aa Er 
Hal eae SY n=l es 
= = 3° n? = Siin Yip 
i a 13.4); 14), 
3 (-1 E ec = | n 
2 ip ce 2 : 2 ) n +92 a! n=1 ll ae 2 
hes iv ies = hee ry ey 
5 n 6. I 15. > —— 16. > — 
n=1 (G5) n= 2n+ 1 k=] k n=1 Ne ar il 
x 1 = kp =i) [ke Ol yoke chee = 
y >) 2*k! 7. COpeea) 
n=? nv Inn int (kK + 2)! a OO (Ga = iW) 
9. Sy (eg 10. Sy ne” 18. y is 
k=] n= n=2 Jn =a ] 


23. ) tan(1/n) 


n=1 


= ! 
ae eee 


n? 
n=1 @ 


(o) 


97. k ee 
k=1 (k == 1) 


Power Series 
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20. eS Ty 29. ») it 30. ») (-1 poe 
22. = 31. > an 32. » _ 

24. » n sin(1/n) seh s (- ‘ -) oe » aa a 
os 3 “+ 1 35. » 7 36. Laon 

ie 5 ei 37. 3 (V2 - 1)" 38. 5 (/2 -1) 


n=1 n=) 


Trigonometric Series 


A power series is a series in which each term is 


a power function. A trigonometric series 


oo 


S) (an cos nx + b, sin nx) 


n= 


is a series whose terms are trigonometric 


( 


) 


functions. This type of series is discussed on 


the website 


www.stewartcalculus.com 


Click on Additional Topics and then on Fourier 


Series. 


Notice that 


(ee a) a al) oo Ore ic 
=(n + 1)n! 


Oa 


| 


A power series is a series of the form 


oO 
[1] DY Cex” = co + cx + ox? + ax? +> 
n=0 


where x is a variable and the c,,’s are constants called the coefficients of the series. For each 
fixed x, the series | 1] is a series of constants that we can test for convergence or divergence. 
A power series may converge for some values of x and diverge for other values of x. The 
sum of the series is a function 


f(x) = co + ex + cnx? +++ tex" to: 


whose domain is the set of all x for which the series converges. Notice that f resembles a 
polynomial. The only difference is that f has infinitely many terms. 
For instance, if we take c, = 1 for all n, the power series becomes the geometric series 


xem = Lt xtxr ter + xttee- 
n=0 


which converges when —1 < x < | and diverges when |x| > 1. (See Equation 11.2.5.) 
More generally, a series of the form 


fos) 


[2] Sy C(x — a)” =co te(x — a) +O(x -— alto: 


n=0 
is called a power series in (x — a) or a power series centered at a or a power series about 
a. Notice that in writing out the term corresponding to n = O in Equations | and 2 we have 


adopted the convention that (x — a)’ = 1 even when x = a. Notice also that when x = a 
all of the terms are 0 for n = 1 and so the power series [2] always converges when x = a. 


(% §SCEE For what values of x is the series )) n!x" convergent? 


n=(0 


SOLUTION We use the Ratio Test. If we let a,, as usual, denote the nth term of the series, 
then a, = n!x". If x # 0, we have 


= lim (n+ 1)|x| = 


n= 
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National Film Board of Canada 


Notice how closely the computer-generated 
model (which involves Bessel functions and 
cosine functions) matches the photograph of a 
vibrating rubber membrane. 


By the Ratio Test, the series diverges when x ~ 0. Thus the given series converges only 


when x = 0. as 


n 


« Srulx = 3) 
GSES For what values of x does the series Sy) ——— converge? 


n=1 n 


SOLUTION Let a, = (x — 3)"/n. Then 


An+1 (= aye P n 
a n+1 (x — 3)” 
i 
Sree | wee Sileageall ie Bs asn—>© 
ie: 
n 


By the Ratio Test, the given series is absolutely convergent, and therefore convergent, 
when |x — 3| < 1 and divergent when |x — 3| > 1. Now 


(iae-02|< vrei eerie P< 2 


so the series converges when 2 < x < 4 and diverges when x < 2 or x > 4. 

The Ratio Test gives no information when |x — 3| = 1 so we must consider x = 2 
and x = 4 separately. If we put x = 4 in the series, it becomes = 1/n, the harmonic 
series, which is divergent. If x = 2, the series is © (—1)"/n, which converges by the 
Alternating Series Test. Thus the given power series converges for 2 S x < 4. Ss 


We will see that the main use of a power series is that it provides a way to represent 
some of the most important functions that arise in mathematics, physics, and chemistry. In 
particular, the sum of the power series in the next example is called a Bessel function, after 
the German astronomer Friedrich Bessel (1784-1846), and the function given in Exercise 35 
is another example of a Bessel function. In fact, these functions first arose when Bessel 
solved Kepler’s equation for describing planetary motion. Since that time, these functions 
have been applied in many different physical situations, including the temperature distri- 
bution in a circular plate and the shape of a vibrating drumhead. 


(S029) Find the domain of the Bessel function of order 0 defined by 


S o (—1)"x?" 
Jo(x) — ee 22"(n1)? 


SOLUTION Let a, = (—1)"x?"/[2?"(n!)*]. Then 


(Slr 2?"(n!)? 
Dee (i) aiid 1)!]? (—1)"x?" 


An+1 


an 


nt? 2?"(n!)? 


x? 
—— < 
Ain +1)? Oil for all x 


Thus, by the Ratio Test, the given series converges for all values of x. In other words, 
the domain of the Bessel function Jo is (—~, ©) = R. SASS 


FIGURE 1 


Partial sums of the Bessel function J, 


yA 


FIGURE 2 


FIGURE 3 
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Recall that the sum of a series is equal to the limit of the sequence of partial sums. So 
when we define the Bessel function in Example 3 as the sum of a series we mean that, for 
every real number x, 


Jo(x) = lim s,(x) where SG) — >s lees 
no i=0 DEAE 


The first few partial sums are 


x? x? 4 
5o(x) = 1 =3 {he = yes a see 
o(x) 51(Xx) i 52(x) nea 
2 x* x x? x4 x x8 
so) — a =i = 2 Ss Aiea 
sta) 4 64 2304 2) 4 64 2304 147,456 


Figure | shows the graphs of these partial sums, which are polynomials. They are all approx- 
imations to the function Jo, but notice that the approximations become better when more 
terms are included. Figure 2 shows a more complete graph of the Bessel function. 

For the power series that we have looked at so far, the set of values of x for which the 
series is convergent has always turned out to be an interval [a finite interval for the geometric 
series and the series in Example 2, the infinite interval (—~, ©) in Example 3, and a col- 
lapsed interval [0, 0] = {0} in Example 1]. The following theorem, proved in Appendix F, 
says that this is true in general. 


[3] Theorem For a given power series ), c,(x — a)" there are only three 
possibilities: n=0 


(i) The series converges only when x = a. 
(ii) The series converges for all x. 


(iii) There is a positive number R such that the series converges if |x — a| <R 
and diverges if |x — a| > R. 


The number R in case (iii) is called the radius of convergence of the power series. By 
convention, the radius of convergence is R = 0 in case (i) and R = © in case (ii). The inter- 
val of convergence of a power series is the interval that consists of all values of x for which 
the series converges. In case (1) the interval consists of just a single point a. In case (ii) the 
interval is (—2, ~). In case (iii) note that the inequality |x — a| < R can be rewritten as 
a-R<x<a+R. When x is an endpoint of the interval, that is, x = a + R, anything 
can happen—the series might converge at one or both endpoints or it might diverge at both 
endpoints. Thus in case (iii) there are four possibilities for the interval of convergence: 


(a — R,a + R) (Ga ROC are | [a — R,a + R) [a—R,a+R| 
The situation is illustrated in Figure 3. 


convergence for |x —a|<R 


— —oO- > 
GK a a+R 
t__________ divergence for |x —a|>R + 
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INFINITE SEQUENCES AND SERIES 


We summarize here the radius and interval of convergence for each of the examples 


already considered in this section. 


Series Radius of convergence Interval of convergence 
Geometric series ee: R=1 (=1, 1) 
n=0 
Example 1 Yi nlx R=0 {0} 
n=0 
oo _s 3 n 
Example 2 > iter R=1 [2,4 
n=1 n 
a) ee 2n 
Example 3 sae oes (7-00, 00) 
n=0 oe "(n!)° 


In general, the Ratio Test (or sometimes the Root Test) should be used to determine the 
radius of convergence R. The Ratio and Root Tests always fail when x is an endpoint of the 
interval of convergence, so the endpoints must be checked with some other test. 


S02" Find the radius of convergence and interval of convergence of the series 


SOLUTION Let a, = (— 


oo (ane 


> Vn ae Il 
Bk al. hen 


One Gar ln He il : n aie 1 
- —= Xx 
an Vn oF ? s yy ue oe ith =F 2 
ely) II 3 |x| 
= SS 58 3% > oo 
ee (2/n) X X as nh 


By the Ratio Test, the given series converges if 3|x| < 1 and diverges if 3|x| > 1. 
Thus it converges if |x| < ; and diverges if |x| > }. This means that the radius of con- 


: 1 
Versence isk — a. 


5 : : 1 

We know the series converges in the interval (— a t). but we must now test for con- 
1 
3 


vergence at the endpoints of this interval. If x = —3, 


splat 
n=0 dn+1 


1 1 


the series becomes 


1 
=—— + —= + —~ + —— + 
n=0 /n + 1 = fie ND: NE 4 


which diverges. (Use the Integral Test or simply observe that it is a p-series with 


ye  ieg a i horeoaiats 


which eonviciees by the _Mrsmunlennya Series Test. Therefore the given power series con- 
verges when —; <x < 


3, So the interval of convergence 1s (— 3s +]. ees 
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1% (SCA Find the radius of convergence and interval of convergence of the series 


x 


n=0 


SOLUTION If a, = n(x + 2)"/3"*', then 


An+1 


Byars 


( 1 
n 


an 


(n + 1)(x + 2)"*! 


eae) 
es 
3 3 


Sk ee 
antl 


Bn 
n(x + 2)" 


eee Pe 


GIS) f) 22 eo 


Using the Ratio Test, we see that the series converges if |x + 2|/3 < 1 and it diverges 
if |x + 2|/3 > 1. So it converges if |x + 2| < 3 and diverges if |x + 2| > 3. Thus the 
radius of convergence is R = 3. 


The inequality |x + 2 


< 3 can be written as —5 < x < 1, so we test the series at 


the endpoints —5 and 1. When x = —S, the series is 
San) a = 
2s =nrotiol)in 


which diverges by the Test for Divergence [(—1)"n doesn’t converge to 0]. When x = 1, 
the series is 


which also diverges by the Test for Divergence. Thus the series converges only when 


—5 < x < 1, so the interval of convergence is (—5, 1). 


11.8 | Exercises 


1. What is a power series? 


2. (a) What is the radius of convergence of a power series? 


How do you find it? 


(b) What is the interval of convergence of a power series? 


How do you find it? 


3-28 Find the radius of convergence and interval of convergence 


of the series. 


(oa) oo (See 
— n n 4. ee 
5}. 2 ( 1) nx fe ay 
= xt = (=1)'x" 
5. 6. ——— 
2 Di = J. 2 n” 
7. hs 8. >; n™x” 


Graphing calculator or computer required 


09 Zi yae C 10"x” 
9 > (-1I) 10. > 

n=1 yy n=1 n 

oO =—3 n o x” 
ES, oe 125) ceo 

Zl TV = 10) 

oo x” os xn h 
13. =} 14, —1)"— 

2 ) 4" Inn 2 ( (2n + 1)! 

2 (Ge = Dy z (a3) 
15. 16. iy? 

2 n+ 1 2 ( ) Dia ae ll 

~ n + 4 n oo 
poy aie 18) 

n=1 Jn n=1 4 

= (ea = Dye (Ose = ie 
19. 20. 

2 ihe 2 5" Jn 


[cas] Computer algebra system required 


1. Homework Hints available at stewartcalculus.com 


768 


21. 


23. 


73), 


7h 


28. 
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yee ay™ b>0 

n=1 BD” 

x De 

y —(«- a)", b>0 

n=2 Inn 

e) oo n>x" 

! = aye 24. 

2 ni(2x — 1) 2 2:4-6----+(2n) 

x (5x en 4)" 20 x” 
aaa 26. 

2 n 2 n(In n)° 

o x” 

Peerere (Qi al) 


29. 


30. 


31. 


32. 


33. 


34. 


If Sx-0 ¢,4" is convergent, does it follow that the following 
series are convergent? 


(a) >) en(—2)" 


n=0 


(b) & en(—4)” 

n=0 
Suppose that D;;=0 c,x" converges when x = —4 and diverges 
when x = 6. What can be said about the convergence or 
divergence of the following series? 


@) Dc 


n=0 


(Dy) os 


n=0 


d) > (=1)"c,9" 


(c) Ges) 
n=0 n=0 
If k is a positive integer, find the radius of convergence of 
the series 
2 (Os 


n=0 (kn)! 


Let p and q be real numbers with p < gq. Find a power series 
whose interval of convergence is 

(a) (p, 4) (b) (p, 4] 

(c) [p. g) (d) [p. 4] 


Is it possible to find a power series whose interval of conver- 
gence is [0, 2)? Explain. 


Graph the first several partial sums s,(x) of the series >} x", 
together with the sum function f(x) = 1/(1 — x), on a com- 

mon screen. On what interval do these partial sums appear to 
be converging to f(x)? 


11.9 | Representations of Functions as Power Series 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


The function J; defined by 


a (—1)"x?""! 


» 


et ni(n ats Lio 


Ix) = 


is called the Bessel function of order 1. 

(a) Find its domain. 

(b) Graph the first several partial sums on a common 
screen. 

(c) If your CAS has built-in Bessel functions, graph J, on the 
same screen as the partial sums in part (b) and observe 
how the partial sums approximate J. 


The function A defined by 


x? x? x? 
EE SIR aire 53), 5d Gane 
is called an Airy function after the English mathematician 
and astronomer Sir George Airy (1801-1892). 
(a) Find the domain of the Airy function. 
(b) Graph the first several partial sums on a common screen. 
(c) If your CAS has built-in Airy functions, graph A on the 
same screen as the partial sums in part (b) and observe 
how the partial sums approximate A. 


A function f is defined by 
PU) ee a ee 


that is, its coefficients are c2, = 1 and c2,+; = 2 for all 
n = 0. Find the interval of convergence of the series and find 
an explicit formula for f(x). 


If f(x) = Yr-0 Gx", where Cn+4 = Cp for all n = O, find the 
interval of convergence of the series and a formula for f(x). 


Show that if lim,—. ~/|c, | = c, where c ¥ 0, then the 
radius of convergence of the power series > c,x" is R = 1/c. 


Suppose that the power series > c,(x — a)” satisfies Cn ~ 0 
for all n. Show that if lim, | c,/cn+1| exists, then it is equal 
to the radius of convergence of the power series. 


Suppose the series = c,x" has radius of convergence 2 and 
the series 2-d,x" has radius of convergence 3. What is the 
radius of convergence of the series ¥ (c,, + d,,)x"? 


Suppose that the radius of convergence of the power series 
= Cnx" is R. What is the radius of convergence of the power 
Sees. .cae tu 


In this section we learn how to represent certain types of functions as sums of power series 
by manipulating geometric series or by differentiating or integrating such a series. You might 
wonder why we would ever want to express a known function as a sum of infinitely many 
terms. We will see later that this strategy is useful for integrating functions that don’t have 
elementary antiderivatives, for solving differential equations, and for approximating func- 
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tions by polynomials. (Scientists do this to simplify the expressions they deal with; computer 
scientists do this to represent functions on calculators and computers.) 
We start with an equation that we have seen before: 


(ee) 


Ne EP ao ee een et dO ll allie i 


n=() 


Penree ier erenot cqleion eenonn We first encountered this equation in Example 6 in Section 11.2, where we obtained it by 
in Figure 1. Because the sum of a series is the observing that the series is a geometric series with a = | and r = x. But here our point of 
limit of the sequence of partial sums, we have view is different. We now regard Equation | as expressing the function f(x) = 1/(1 — x) 


as a sum of a power series. 


Sy, 


1 : 
—— = = Ihe S12) 
—x no YA ( 

Se 


] 
where 


s(x) =1Ltxtx?+--- +x" 


is the nth partial sum. Notice that as n 
increases, s,,(x) becomes a better approxi- 
mation to f(x) for -1 <x <1. 


FIGURE 1 


f(x)= i U - and some partial sums 
(1) SSCSISE Express 1/(1 + x7) as the sum of a power series and find the interval of 
convergence. 
SOLUTION Replacing x by —x” in Equation 1, we have 


ne eres ore 
Il ar Ne le (—x*) n=0 


Sea a a a eet 


n=(0) 


Because this is a geometric series, it converges when | —x*| < 1, that is, x° < 1, or 

| x | < 1. Therefore the interval of convergence is (—1, 1). (Of course, we could have 
determined the radius of convergence by applying the Ratio Test, but that much work is 
unnecessary here.) ea 


FQUEA Find a power series representation for 1/(x + 2). 


SOLUTION In order to put this function in the form of the left side of Equation 1, we first 
factor a 2 from the denominator: 


i 


ae Ce Ie) 


I 
Nile 
iMs 
FT 
| 

ws 
“——" 
| 
iMs 
Si 
+) 


This series converges when | —x/2| < 1, that is, |x| < 2. So the interval of conver- 
gence is (—2, 2). eae, 
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It's legitimate to move x* across the 
sigma sign because it doesn’t depend on n. 
[Use Theorem 11.2.8(i) with c = x*] 


In part (ii), f co dx = cox + C, is written as 
Co(x — a) + C, where C = C, + acy, so all 
the terms of the series have the same form. 


SE Find a power series representation of x*/(x + 2). 


SOLUTION Since this function is just x° times the function in Example 2, all we have to 
do is to multiply that series by x°*: 


Another way of writing this series is as follows: 


3 co —j| n—1 
x = ») eed x” 
jack ® en gn-2 
As in Example 2, the interval of convergence is (—2, 2). fete | 


ME Differentiation and Integration of Power Series 


The sum of a power series is a function f(x) = Dn=0 cn(x — a)” whose domain is the inter- 
val of convergence of the series. We would like to be able to differentiate and integrate such 
functions, and the following theorem (which we won’t prove) says that we can do so by dif- 
ferentiating or integrating each individual term in the series, just as we would for a polyno- 
mial. This is called term-by-term differentiation and integration. 


as 
[2] Theorem If the power series > c,(x — a)" has radius of convergence R > 0, 
then the function f defined by 


f(x) =co + (x — a) +(x — al? +--:: = a (x — a)’ 


is differentiable (and therefore continuous) on the interval (a — R, a + R) and 


co 


G) f(x) = ci 26% —a) + 3G =a) + = > nel a 
a a eee, (ear aa 
(ii) | f0) dx = C + co(x — a) + cy —— + c —— + 
2 3 
- 2 (x pa a) ae 
7 Ct dtr a= il 


The radii of convergence of the power series in Equations (i) and (ii) are both R. 


NOTE 1 Equations (1) and (ii) in Theorem 2 can be rewritten in the form 


(iii) 4] 3 clu a)" |= See eee 


way AX 


(iv) | [3 Cae aya => | Cit 10) as 
C n=0 n=0 
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We know that, for finite sums, the derivative of a sum is the sum of the derivatives and the 
integral of a sum is the sum of the integrals. Equations (iii) and (iv) assert that the same is 
true for infinite sums, provided we are dealing with power series. (For other types of series 
of functions the situation is not as simple; see Exercise 38.) 


NOTE 2 Although Theorem 2 says that the radius of convergence remains the same 
when a power series is differentiated or integrated, this does not mean that the interval of 
convergence remains the same. It may happen that the original series converges at an end- 
point, whereas the differentiated series diverges there. (See Exercise 39.) 


NOTE 3 The idea of differentiating a power series term by term is the basis for a power- 
ful method for solving differential equations. We will discuss this method in Chapter 17. 


Wats In Example 3 in Section 11.8 we saw that the Bessel function 


a us S 
tC y Seite 2"(nl2- 
n=0 ae 
is defined for all x. Thus, by Theorem 2, Jo is differentiable for all x and its derivative is 
found by term-by-term differentiation as follows: 


20 d (eae 0 (—1)"2nx?""! 
Jo(x) = =O ae 
atx) = Lh dx 22"(n!)>- i)? n=1 OF (ni)s 


P 


0 GSCGTS Express 1/(1 — x)’ as a power series by differentiating Equation 1. What 
is the radius of convergence? 


SOLUTION Differentiating each side of the equation 


1 8 = 
HSltxtxrtxe ters Seas 
1 = he n=0 
l 2 . ll 
we get = ee = 
( “ia x)< n=1 
If we wish, we can replace n by n + | and write the answer as 
Ealing! 1x" 
= = n ae 
( = x) n=0 


According to Theorem 2, the radius of convergence of the differentiated series is the 
same as the radius of convergence of the original series, namely, R = 1. aaa) 


(STAG Find a power series representation for In(1_ + x) and its radius of 
convergence. 


SOLUTION We notice that the derivative of this function is 1/(1 + x). From Equation 1 
we have 


= = ] xt+x2?—x7+--- Plea 
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The power series for tan” 'x obtained 
in Example 7 is called Gregory's series after 
the Scottish mathematician James Gregory 
(1638-1675), who had anticipated some of 
Newton's discoveries. We have shown that 
Gregory's series is valid when —1 < x < 1, 
but it turns out (although it isn't easy to prove) 
that it is also valid when x = +1. Notice that 
when x = | the series becomes 

7 


=|]- 


a 
4 3 


1 
—-+ ++. 
7 


This beautiful result is known as the Leibniz 
formula for 77. 


nl 
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Integrating both sides of this equation, we get 


| 3 
In(l +x) = | ; rapeg aml —x4t¢x?—xi3 +++) dx 


we 38 i, 
H=xy- D+ Ste + 
ee eo aed 
= 3 e-yrs + Gigk |X| 1 


n=) 


To determine the value of C we put x = 0 in this equation and obtain In(1 + 0) = 
Thus C = 0 and 


2 3 4 x an 


te Dept |x| <1 


ry, G 
4 | n 


(Pee) et Se re 
n X X 7 3 


The radius of convergence is the same as for the original series: R = 1. 


[2 ESCA Find a power series shay anda for f(x) = tan7'x. 


SOLUTION We observe that f’(x) = 1/(1 ) and find the required series by integrating 
the power series for 1/(1 + x*) found in eee Ly 


| 5 
tan x = \ everest: = | (—x?+x4-x°+:+:+-Jadx 
ua 
P 
——~ fe 4 f- oe 
7 


To find C we put x = 0 and obtain C = tan’'0 = 0. Therefore 


3} bs al x 2n+l 
Xx x Xx = x 

+ —— ++ = YD (-1)" —— 
3) 5 if ne) an + 


tan x =x — 


Since the radius of convergence of the series for 1/(1 + x) is 1, the radius of conver- 
gence of this series for tan” 'x is also 1. a 


(a) Evaluate { [1/(1 + x’)]dx as a power series. 
(b) Use part (a) to approximate {)°[1/(1 + x’)]dx correct to within 1077, 
SOLUTION 


(a) The first step is to express the integrand, 1/(1 + x’), as the Adios of a power series. 
As in Example I, we start with Equation | and replace x by —x! 


| | 
1+ x’ 


= 3 (Hx = 1x? 4x — 


n=() 


SECTION 11.9 REPRESENTATIONS OF FUNCTIONS AS POWER SERIES 773 


This example demonstrates one way in Now we integrate term by term: 

which power series representations are useful. 

Integrating 1/(1 + x’) by hand is incredibly 1 © e 

difficult. Different computer algebra systems a ah Os | »S (= Nels OP AES ») Gl) 
return different forms of the answer, but they Paes ae So Int | 
are all extremely complicated. (If you have a 

CAS, try it yourself.) The infinite series answer ae (ber ros dle cipir Rak sp. 

that we obtain in Example 8(a) is actually much 8 15 DD, 

easier to deal with than the finite answer 
provided by a CAS. 


In+1 


This series converges for | —x’| < 1, that is, for |x| < 1. 


(b) In applying the Fundamental Theorem of Calculus, it doesn’t matter which anti- 
derivative we use, so let’s use the antiderivative from part (a) with C = 0: 


wae} Bs awe 2D M2 
: a re 
\ (ees eras ese) . 
os 1 1 (-1)" 
ee a a ee ee ore 
J eae Eee Soe (7n + 1)2™ 


This infinite series is the exact value of the definite integral, but since it is an alternating 
series, we can approximate the sum using the Alternating Series Estimation Theorem. If 
we stop adding after the term with n = 3, the error is smaller than the term with n = 4: 


I 
———_ ~ 64 Xx 10" 
heels 
So we have 
ose a) 1 1 1 ] 
——— dx = = = et ooo es ®: 0.4995 1374 zs 
\ 1+x’ p eo Ok: ore we PINES Kar 
11.9 | Exercises 
1. If the radius of convergence of the power series E;=0 Cnx" 7. f(x) = x 8. f(x) = = 
is 10, what is the radius of convergence of the series ete ne? ae Sl 
>e_1. nc, x" |? Why? : 
I Si 38 x 
9. f(x) = tee 10. f(x) = Ae 


2. Suppose you know that the series D;-o b,x" converges for 
|x| < 2. What can you say about the following series? Why? 


11-12 Express the function as the sum of a power series by first 


Dn using partial fractions. Find the interval of convergence. 


ce 
ae 3 x 2 
io) = SS 12.0 5). ae ee 
; bea Next ee Digs el 
3-10 Find a power series representation for the function and deter- 
mine the interval of convergence. (a 
5 13. (a) Use differentiation to find a power series representation for 
= 4. ee 
Ka ae9) eee f(x) fea 
; eat 
2 =e) 
Bi Sh ae 5 6.8) 5 oo LO What is the radius of convergence? 


Graphing calculator or computer required 1. Homework Hints available at stewartcalculus.com 
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(b) Use part (a) to find a power series for 


1 


F(x) (at 


(c) Use part (b) to find a power series for 


2 


-\ — x" 
F(x) (1 + x) 
14. (a) Use Equation | to find a power series representation for 
F(x) = In(1 — x). What is the radius of convergence? 
(b) Use part (a) to find a power series for f(x) = x In(1 — x). 
(c) By putting x = ; in your result from part (a), express In 2 
as the sum of an infinite series. 


15-20 Find a power series representation for the function and 
determine the radius of convergence. 


15. f(x) = In(5 — x) 16. f(x) = x? tan™'(x’) 


17 PGE aoithanits 18. f(x) = x_\ 
se thay Chiis4ah? eh 2-x 
lix x+x 

19. f(x) = ———— L = ——_. 
F(x) Gas 20. f(x) (i ae 


FS 21-24 Finda power series representation for f, and graph f and 
several partial sums s,(x) on the same screen. What happens as n 


increases? 
x 
21. f(x) = ——— i = In(x’ 
f(x) Si GE 22. f(x) = In(x* + 4) 
x 
23. f(x) = n( = ‘) 24. f(x) = tan”'(2x) 


25-28 Evaluate the indefinite integral as a power series. What is 
the radius of convergence? 


2 SSE 26. | - 2 = dt 
i -| 

27. | x*In(1 + x) dx 28. | a 
w 25 


29-32 Use a power series to approximate the definite integral to 
six decimal places. 


= dx 30. |" In( + x4) dx 


31. (" : x arctan(3x) dx 


34. 


35, 


36. 


3); 


38. 


ou: 


40. 


Use the result of Example 7 to compute arctan 0.2 correct to 
five decimal places. 


Show that the function 


w (- ee 


£0) = 2 on 


is a solution of the differential equation 
f"(x) + f(x) = 0 


(a) Show that Jo (the Bessel function of order 0 given in 
Example 4) satisfies the differential equation 


x7 I(x) + xJi (x) + x7Jo(x) = 0 
(b) Evaluate i Jo(x) dx correct to three decimal places. 


The Bessel function of order | is defined by 


x (-—1)"x?""! 
If — ) 
(x) x n! (n ae 1)! gent l 


(a) Show that J, satisfies the differential equation 
x7S (x) + xJ'(x) + (x? -— DJi(x) = 0 
(b) Show that Jo (x) = —J,(x). 


(a) Show that the function 


n 


ey ee 


nao 1! 


is a solution of the differential equation 


(b) Show that f(x) = e*. 


Let f,(x) = (sin nx)/n*. Show that the series » f,(x) 

converges for all values of x but the series of derivatives 

> f(x) diverges when x = 2n7r, n an integer. For what values 
of x does the series » f,(x) converge? 


Let 


2 
net 


Find the intervals of convergence for f, f', and f”. 


(a) Starting with the geometric series Y%~9 x", find the sum of 
the series 


> nx" | 


n=l 


Loe 


(b) Find the sum of each of the following series. 


(1) yi) nx", px (ii) es 
ne nel 


(c) Find the sum of each of the following series. 


(i) & n(n — 1)x", easel 


n=2 


(ii) ye 


=D ME 


41. Use the power series for tan 'x to prove the following 
expression for 7 as the sum of an infinite series: 


wg Watcy fee la 


n=0 es ibyeke 


ye 
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42. (a) By completing the square, show that 


i dx eet 
O- Xe eT) 35/3) 


(b) By factoring x* + 1 as a sum of cubes, rewrite the inte- 
gral in part (a). Then express 1/(x* + 1) as the sum of a 
power series and use it to prove the following formula 
for 7: 


(= D, 1 
4 are = Bia ae Il 3n+2 


In the preceding section we were able to find power series representations for a certain 
restricted class of functions. Here we investigate more general problems: Which functions 
have power series representations? How can we find such representations? 

We start by supposing that f is any function that can be represented by a power series 


F(a) eytei(x. 9a) ese 10) eres (eata) + ci = a) fx ia | 


Let’s try to determine what the coefficients c, must be in terms of f. To begin, notice that if 
we put x = a in Equation 1, then all terms after the first one are 0 and we get 


f(a) = co 
By Theorem 11.9.2, we can differentiate the series in Equation | term by term: 
Wi iO 20k er hae Ca (Xa a)? + 4ce4(x — af +-:: amen 
and substitution of x = a in Equation 2 gives 

TG) aac 
Now we differentiate both sides of Equation 2 and obtain 
Wh (i) = 2a 2 Cala ee) EAC xa aytee: loc Feral teselk 
Again we put x = a in Equation 3. The result is 

ff @) = 26, 

Let’s apply the procedure one more time. Differentiation of the series in Equation 3 gives 
GEC SRS SYOS eS VO ION Cs a0) ONY 5es(x — a’ +::: xe eee re 


and substitution of x = a in Equation 4 gives 


eS) 
= 


fa) =7- 3c3 = 


By now you can see the pattern. If we continue to differentiate and substitute x = a, we 


obtain 
f(a) = 9-3°-4de-++ snc, = n'Cy 
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Taylor and Maclaurin 


The Taylor series is named after the English 
mathematician Brook Taylor (1685-1731) 

and the Maclaurin series is named in honor 

of the Scottish mathematician Colin Maclaurin 
(1698-1746) despite the fact that the Maclaurin 
series is really just a special case of the Taylor 
series. But the idea of representing particular 
functions as sums of power series goes back 

to Newton, and the general Taylor series 

was known to the Scottish mathematician 
James Gregory in 1668 and to the Swiss 
mathematician John Bernoulli in the 1690s. 
Taylor was apparently unaware of the work of 
Gregory and Bernoulli when he published his 
discoveries on series in 1715 in his book 
Methodus incrementorum directa et inversa. 
Maclaurin series are named after Colin Maclau- 
rin because he popularized them in his calculus 
textbook Treatise of Fluxions published in 1742. 
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Solving this equation for the nth coefficient c,, we get 


Fo 


n! 


n 


This formula remains valid even for n = 0 if we adopt the conventions that 0! = | and 
f° = f. Thus we have proved the following theorem. 


[5] Theorem If f has a power series representation (expansion) at a, that is, if 


eel ek, 


x)= yee ay 
n=0 


then its coefficients are given by the formula 


f(a) 


Cr = 
n! 


Substituting this formula for c, back into the series, we see that if f has a power series 
expansion at a, then it must be of the following form. 


(n) 
B] fa) = YAM - ay 


fra) ye 4 £@) 


Regs IN rs 3! 


= f(a) + (ay 4 


f(a) 
1! 


The series in Equation 6 is called the Taylor series of the function f at a (or about a or 
centered at a). For the special case a = 0 the Taylor series becomes 


co (9 
Hl 2 ara ical eee serer 


This case arises frequently enough that it is given the special name Maclaurin series. 


NOTE We have shown that if f can be represented as a power series about a, then f is 
equal to the sum of its Taylor series. But there exist functions that are not equal to the sum 
of their Taylor series. An example of such a function is given in Exercise 74. 


{7 §SQ020ESE Find the Maclaurin series of the function f(x) = e* and its radius of 
convergence. 


SOLUTION If f(x) = e*, then f(x) = e*, so f™(0) = e® = 1 for all n. Therefore the 
Taylor series for f at 0 (that is, the Maclaurin series) is 


y EO) aS yr A ene 


n=0 n! 


Sy = T(x) 


FIGURE 1 


As n increases, 7,,(x) appears to approach e* in 
Figure 1. This suggests that e* is equal to the 
sum of its Taylor series. 
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To find the radius of convergence we let a, = x"/n!. Then 


xt n! 


ie) x" 


An+\ 


An 


so, by the Ratio Test, the series converges for all x and the radius of convergence 
is R = ©, sear) 


The conclusion we can draw from Theorem 5 and Example | is that if e* has a power 
series expansion at 0, then 


So how can we determine whether e* does have a power series representation? 

Let’s investigate the more general question: Under what circumstances is a function 
equal to the sum of its Taylor series? In other words, if f has derivatives of all orders, when 
is it true that 


As with any convergent series, this means that f(x) is the limit of the sequence of partial 
sums. In the case of the Taylor series, the partial sums are 

n f(a) 
T,(X) a yy; i! (x 


i=) 


a)! 


=a) + FP - a + £9 


nN 


ADA eee BHI 


aes f(a) 
n 


Notice that 7, is a polynomial of degree n called the nth-degree Taylor polynomial of f at 


a. For instance, for the exponential function f(x) = e’, the result of Example | shows that 
the Taylor polynomials at 0 (or Maclaurin polynomials) with n = 1, 2, and 3 are 


2 2 3 
x? x ai 
JAC 9 Pal ares T(x) = a Xt oh T(x) = 1 txt 2! 3! 


The graphs of the exponential function and these three Taylor polynomials are drawn in 
Figure 1. 
In general, f(x) is the sum of its Taylor series if 


f(x) = lim T(x) 
If we let 
R(x) = f(x) — Thlx) so that f(x) = Tr(x) + R(x) 


then R,(x) is called the remainder of the Taylor series. If we can somehow show that 
lim, > R(x) = 0, then it follows that 


lim 7,(x) = lim [ f(x) — Ra(x)] = f(x) - lim R(x) =f) 


no 


We have therefore proved the following theorem. 
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Formulas for the Taylor Remainder Term 
As alternatives to Taylor's Inequality, we have 
the following formulas for the remainder term. 
lf #~" is continuous on an interval J and 

x € J, then 


1 px 
et Nectar id seit 9) paling (9)h 23 
n. a 


This is called the integral form of the remainder 
term. Another formula, called Lagrange’s form 


of the remainder term, states that there is a num- 


ber z between x and a such that 


ers) 
R,(x) = f { 


a (n + 1)! Sls 


This version is an extension of the Mean Value 
Theorem (which is the case n = 0). 

Proofs of these formulas, together with 
discussions of how to use them to solve the 
examples of Sections 11.10 and 11.11, are given 
on the website 


www.stewartcalculus.com 


Click on Additional Topics and then on Formulas 
for the Remainder Term in Taylor series. 
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Theorem If f(x) = T,(x) + R,(x), where T, is the nth-degree Taylor polyno- 
mial of f at a and 
lim R,(x) = 0 


for |x — a| < R, then f is equal to the sum of its Taylor series on the interval 
[ec Rea eects 


In trying to show that lim,,.~ R,(x) = 0 for a specific function f, we usually use the fol- 


lowing theorem. 


[9] Taylor's Inequality If Rier“es), <= M for |x — a| < d, then the remainder 
R,(x) of the Taylor series satisfies the inequality 


M 


| Rn(x) | aeecatea|. fOr) "aad 


= 
(n + 1)! 


To see why this is true for n = 1, we assume that | f"(x)| < M. In particular, we have 
f(x) < M, so for a Sx <a + d we have 


[ra <|'Mat 


An antiderivative of f” is f’, so by Part 2 of the Fundamental Theorem of Calculus, we 
have 


FO)-f@=Ma>a) or f(x) sf'@ + Ma— a) 


Thus [Fd < |" LF@ + Mi — @)] at 


FQ) — fla) = fai — a) + yee 


fle) — fla) ~ f@(x ~ a) <> (x = a) 


But Ri(x) = f(x) — Tix) = f(x) — f@ — f'(@(x — a). So 


So | Ri(x) | S 


Although we have assumed that x > a, similar calculations show that this inequality is also 
true for x < a. 


In 1748 Leonhard Euler used Equation 12 to 
find the value of e correct to 23 digits. In 2007 
Shigeru Kondo, again using the series in [12], 
computed e to more than 100 billion decimal 
places. The special techniques employed to 
speed up the computation are explained on the 
website 

numbers.computation free. fr 
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This proves Taylor’s Inequality for the case where n = 1. The result for any n is proved 
in a similar way by integrating n + | times. (See Exercise 73 for the case n = 2.) 


NOTE In Section 11.11 we will explore the use of Taylor’s Inequality in approximating 
functions. Our immediate use of it is in conjunction with Theorem 8. 


In applying Theorems 8 and 9 it is often helpful to make use of the following fact. 


n 


mek 
Li) for every real number x 


no n! 


This is true because we know from Example | that the series = x"/n! converges for all x and 
so its nth term approaches 0. 


1) (SCENES4 Prove that e* is equal to the sum of its Maclaurin series. 


SOLUTION If f(x) = e*, then f"*"(x) = e* for all n. If dis any positive number and 
|x| < d, then | f"*"(x) | = e* < e*. So Taylor’s Inequality, with a = 0 and M = e%, says 
that 


ef 


| Ri(x) | <= eaiye 


eae for |x| <d 


Notice that the same constant M = e“ works for every value of n. But, from Equa- 


tion 10, we have 
n+l 


=() 


d 


iy Lx | 
eaten s 


|x |"*! = e* lim 


It follows from the Squeeze Theorem that lim,,—..| R,(x) | = 0 and therefore 
lim,,—-R,(x) = 0 for all values of x. By Theorem 8, e* is equal to the sum of its 
Maclaurin series, that is, 


[1] =D for all x mans 


In particular, if we put x = 1 in Equation 11, we obtain the following expression for the 
number e as a sum of an infinite series: 


ay yee oe Lee 
[2] ae ee es 


Selatan Find the Taylor series for f(x) = e* ata = 2. 
SOLUTION We have f (2) = e? and so, putting a = 2 in the definition of a Taylor series 
[6], we get 
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(x) =x 
: x" 
T{x) =x - = 
x rs: 
Tax) =x -— + 
2 


Notice thet, 68 m increases, T)(a) becomes & 


better aaproumevan % sin x 


FIGURE 2 


Again it can be verified, as in Example 1, that the radius of convergence is R = *. As in 
Example 2 we can verify that lim,~ R(x) = 0, so 


= > 


3) > —(x ead x for all x Ba 


“ae n= 71: 


We have two power series expansions for e*, the Maclaurin series in Equation 11 and the 
Taylor series in Equation 13. The first is better if we are interested in values of x near 0 and 
the second is better if x is near 2. 


Seta) Find the Maclaurin series for sin x and prove that it represents sin x for all x. 


SOLUTION We arrange our computation in two columns as follows: 


f(x) = snx f(0) =0 
f'(x) =cosx f(0)=1 
f(x) = -sinx f'(0) =0 
f(x) = —cos x f'(0) = -1 

f°) = sinx f°(0) =0 


Since the derivatives repeat in a cycle of four, we can write the Maclaurin series as 
follows: 
FO) FOP, FAO): 

“oes ts x p> + 2 


FO apa oi ee ree 
x x a = xo 
ad SS 3. wee = —] ——— 
3! 5! 7! 2 ) (2n + 1)! 


Since f~"'(x) is =sin x or =cos x, we know that | #"~''(x)| < 1 for all x. So we can 
take M = 1 in Taylor's Inequality: 


———s M Ee 
14 R(x) | < —————| x1 = ba 
a (7 + 1)! 


By Equation 10 the right side of this inequality approaches 0 as n > ~, so | R,(x) | > 0 
by the Squeeze Theorem. It follows that R,(x) + 0 as n —> &, so sin x is equal to the sum 


of its Maclaurin series by Theorem 8. [sews] 


We state the result of Example 4 for future reference. 


(GE Find the Maclaurin series for cos x. 


The Maclaurin series for e*, sin x, and cos x 


that we found in Examples 2, 4, and 5 were dis- 


covered, using different methods, by Newton. 
These equations are remarkable because they 
say we know everything about each of these 

functions if we know all its derivatives at the 
single number 0. 


We have obtained two different series 
representations for sin x, the Maclaurin series 
in Example 4 and the Taylor series in Example 
7. \t is best to use the Maclaurin series for val- 
ues of x near 0 and the Taylor series for x near 
q/3. Notice that the third Taylor polynomial 73 
in Figure 3 is a good approximation to sin x 
near 7/3 but not as good near 0. Compare it 
with the third Maclaurin polynomial 7; in Fig- 
ure 2, where the opposite is true. 


FIGURE 3 
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SOLUTION We could proceed directly as in Example 4, but it’s easier to differentiate the 
Maclaurin series for sin x given by Equation 15: 


a. d Xe i oa 
SESS inet ST) a, 
be bi 


d d 3! 5)! 7! 
_ ee ote Tae ee Cee se eee 
Bi bail) «sinew a ye pein oe 


Since the Maclaurin series for sin x converges for all x, Theorem 2 in Section 11.9 tells us 
that the differentiated series for cos x also converges for all x. Thus 


n=0 


(SCQTTA Find the Maclaurin series for the function f(x) = x cos x. 


SOLUTION Instead of computing derivatives and substituting in Equation 7, it’s easier to 
multiply the series for cos x (Equation 16) by x: 


co 2n ee) 2n+1 


0 x Xx 
x COS X = x U(-1) Chie 2(-) (2n)! 


SETA Represent f(x) = sin x as the sum of its Taylor series centered at 77/3. 


SOLUTION Arranging our work in columns, we have 


f(x) = sin x 


f(x) =" Sinn x ie 


f'(x) = cos x r( 


f (xt ==cos x 


Bae apa ial Pe es S00f > eetere:\ el ey) Seo 
DFAT! Bb maa! aR heey 3 
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The proof that this series represents sin x for all x is very similar to that in Example 4. 
(Just replace x by x — 77/3 in [14].) We can write the series in sigma notation if we sepa- 
rate the terms that contain Ae : 


; x CAy ls ~ 2n 2 (—1)” 7 2n+1 
Sy NG = =] FD = 
=. 2 2(2n)! (: =) > Orns anes 


The power series that we obtained by indirect methods in Examples 5 and 6 and in 
Section 11.9 are indeed the Taylor or Maclaurin series of the given functions because 
Theorem 5 asserts that, no matter how a power series representation f(x) = 2 ¢n(x — a)" is 
obtained, it is always true that c, = f\”(a)/n!. In other words, the coefficients are uniquely 
determined. 


Find the Maclaurin series for f(x) = (1 + x)*, where k is any real number. 


SOLUTION Arranging our work in columns, we have 


f@) = (1 4+ 2} f(0) = 1 
f@=Ki+x° f(0) =k 
f(x) = kk — 1) + x? f"(0) = kk — 1) 


f'"(x) = Mk — 1k — 2)(1 + FP £0) = kk — 1)(k — 2) 


f(x) = Mk — 1)--- (kK —n + 1)(11 + xh” fO) = Kk — 1)--- (kK—n+ 1) 
Therefore the Maclaurin series of f(x) = (1 + x)‘ is 


2 aa () ~ kk —1)--- = 
yo r=y ( ) (k te 


n=O ; n=0 


n! 


This series is called the binomial series. Notice that if k is a nonnegative integer, then 
the terms are eventually 0 and so the series is finite. For other values of k none of the 
terms is 0 and so we can try the Ratio Test. If the nth term is a,, then 


Anat) _ kk —1)---(k—n+ 1)(k — n)x”™! n! 
os (n + 1)! k= Decme(k = me 1)x® 
pe iE 
eS, n| 
Se SL dT as n—> 
jiaat 
ie 
n 


Thus, by the Ratio Test, the binomial series converges if |x| < 1 and diverges 
if |x| > 1. ct 


The traditional notation for the coefficients in the binomial series is 


(ea 


n n!\ 


and these numbers are called the binomial coefficients. 
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The following theorem states that (1 + x)* is equal to the sum of its Maclaurin series. It 


is possible to prove this by showing that the remainder term R,,(x) approaches 0, but that 
turns out to be quite difficult. The proof outlined in Exercise 75 is much easier. 


[17] The Binomial Series If k is any real number and |x| < 1, then 


he (Es tt ee ¢ SEED, MEE DE=D 
nN 


2! 31 


Although the binomial series always converges when |x| < 1, the question of whether 
or not it converges at the endpoints, +1, depends on the value of k. It turns out that the 
series converges at | if —1 < k < Oand at both endpoints if k > 0. Notice that if k is a pos- 
itive integer and n > k, then the expression for (*) contains a factor (k — k), so(*) = 0 for 
n > k. This means that the series terminates and reduces to the ordinary Binomial Theorem 
when k is a positive integer. (See Reference Page 1.) 


1 
(%] (Se ‘Find the Maclaurin series for the function f(x) = === and its radius 


of convergence. V4 — x 


SOLUTION We rewrite f(x) in a form where we can use the binomial series: 


fore I I =a (: x)" : 
ete A oo ee : 
4 : 4 
Using the binomial series with k = —+and with x replaced by —x/4, we have 


l x —1/2 1 0 -. x n 
= eagle) 


We know from [I7] that this series converges when | —x/4| < 1, that is, |x| < 4, so the 
radius of convergence is R = 4. ia 


We collect in the following table, for future reference, some important Maclaurin series 
that we have derived in this section and the preceding one. 
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TABLE 1 


Important Maclaurin Series and 
Their Radii of Convergence 


ni 


AG ne a Sap A est b ete 
n=1 n 


(1+ x)= > @: = 
n=0 n 


: 1 
2 ¢\\"2issie Find the sum of the series 7 = 3. + 3p age 


SOLUTION With sigma notation we can write the given series as 


= ' ; 1 = Es 
Sent = Sey 
n=1 n- ZL =i 


2 n 
Then from Table 1 we see that this series matches the entry for In{1 + x) with x = =. So 
7 BA psy | : ; 
Y(-1)"" — = In{i + 5) = In= bas] 
= w=. 2" 
Module 11.10/11.11 enables you to see One reason that Taylor series are important is that they enable us to integrate functions 


how successive Taylor polynomials approach the 


that we couldn’t previously handle. In fact. in the introduction to this chapter we mentioned 
Original function. 


that Newton often integrated functions by first expressing them as power series and then 
integrating the series term by term. The function f(x) = e~* can’t be integrated by tech- 
niques discussed so far because its antiderivative is not an elementary function (see Sec- 
tion 7.5). In the following example we use Newton's idea to integrate this function. 


Vg EXAMPLE 11 


(a) Evaluate { e* dx as an infinite series. 
(b) Evaluate is e* dx correct to within an error of 0.001. 


SOLUTION 


(a) First we find the Maclaurin series for f(x) = e. Although it’s possible to use the 
direct method, let’s find it simply by replacing x with —x* in the series for 2° given in 
Table 1. Thus, for all values of x, 


We can take C = O in the antiderivative 
in part (a). 


Some computer algebra systems compute 
limits in this way. 
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Now we integrate term by term: 


Z a x2 x4 x? x2" 
fe we f(i-Pe ED a ee cpte dx 


Be} 5 Wl 2n+1 


+ teee + (— YO ae 
Ors eon eee Gel Gretna 


= (C ap ie = 


This series converges for all x because the original series for e * converges for all x. 


(b) The Fundamental Theorem of Calculus gives 


if oe xe Xe oe we 
[et ax = x= = = cle — +e 
0 5y-all! Spo) Tesh 9-4! 


= 1 1 1 ae 
mL say 19) ay 2 


= 1—3 a5 — @ tae © 0.7475 


The Alternating Series Estimation Theorem shows that the error involved in this approxi- 
mation is less than 


I 1 
——__ = —_ < 0.001 ere 
Hoar ey 


Another use of Taylor series is illustrated in the next example. The limit could be found 
with l’ Hospital’s Rule, but instead we use a series. 


eo || = 


e 
a4 ilieeva; Evaluate tim — = 
m= BY 


SOLUTION Using the Maclaurin series for e*, we have 


Fe OR aoe 
(: 1 Gee le es ee aeilbcots 
Cee ae RU eA el 
lim A = lim - 
x—0 } ae x0 De 
2 3 4 
—+—+— + 
yy 2h aly A! 
= lim = 
x0 i 
\ ee x x | 
== AY Paget pee gee ag eee = 
pO) eens eae S'S! 2 
because power series are continuous functions. mm 


ME Multiplication and Division of Power Series 


If power series are added or subtracted, they behave like polynomials (Theorem 11.2.8 
shows this). In fact, as the following example illustrates, they can also be multiplied and 
divided like polynomials. We find only the first few terms because the calculations for the 
later terms become tedious and the initial terms are the most important ones. 
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Find the first three nonzero terms in the Maclaurin series for (a) e* sin x 
and (b) tan x. 


SOLUTION 
(a) Using the Maclanrin series for e* and sin x in Table 1, we have 


We multiply these expressions. collecting like terms just as for polynomials: 


rs 5k: gk 


Thus esmx=—xitx°+5x°+--- 


Thus tnx =x +i,> +4 2,5 + --- a 


Although we have not aitempted to justify the formal manipulations used in Example 13, 
they are legitimate. There is a theorem which states that if both f(x) = ¥ c.x* and 
g(x) = 5 b,x" converge for |x| < R and the series are multiplied as if they were polyno- 
muals. then the resulting series also converges for x < R and represents f(x) g(x). For divi- 
sion we require 6, = 0- the resulting series converges for sufficiently small x}. 


Exercises 
1. If f(x) = Sheo b,(x — 5)" for all x, write a formula for bs. 
2. The graph of f is shown. 


yh 


(a) Explain why the series 
1.6 — 0.8(% — 1) + 0.4(%-— 1)? —- 0.1@-— 1)? +°:: 
is not the Taylor series of f centered at |. 

(b) Explain why the series 
2.8 + 0.5(x — 2) + 1.5(x — 2)? — O.1(x — 2)? ++: 
is not the Taylor series of f centered at 2. 


af 1h f(0) = (n+ 1)! forn = 0, 1,2,..., find the Maclaurin 
series for f and its radius of convergence. 


4. Find the Taylor series for f centered at 4 if 


(=1)"n! 
(n) — 
pa 3"(n = LL) 


What is the radius of convergence of the Taylor series? 


512 Find the Maclaurin series for f(x) using the definition of a 
Maclaurin series. [Assume that f has a power series expansion. 
Do not show that R,,(x) — 0.] Also find the associated radius of 
convergence. 


Berrie (1s x) 
7. f(x) = sin ax 

Sey (a) ce 

11. f(x) = sinh x 


6. f(x) = In(1 + x) 
8. f(x) =e 

10. f(x) = x cos x 
12. f(x) = cosh x 


13-20 Find the Taylor series for f(x) centered at the given value 
of a. [Assume that f has a power series expansion. Do not show 
that R,,(x) — 0.] Also find the associated radius of convergence. 


13. f(x) = ete 3x? seal ie | 
142 f(x) ax x, eg = 2 

16. fG@) =1/x, a= -3 
18, f(x) =sinx, a= 7/2 


20. f(x) = Vx, a= 16 


15. f(x) =lnx, a=2 
f(x) =e, 2 =3 


19. f(x) =cosx, a=T7 


Graphing calculator or computer required 
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21. Prove that the series obtained in Exercise 7 represents sin 7x 
for all x. 


22. Prove that the series obtained in Exercise 18 represents sin x 
for all x. 


23. Prove that the series obtained in Exercise 11 represents sinh x 
for all x. 


24. Prove that the series obtained in Exercise 12 represents cosh x 
for all x. 


25-28 Use the binomial series to expand the function as a power 
series. State the radius of convergence. 


25. 41 — x 26. /8 +x 


| 
27. Cia 28. (1 — x)? 


29-38 Use a Maclaurin series in Table | to obtain the Maclaurin 
series for the given function. 


29. f(x) = sin 7x 
31, f(x) = a7 + e* 


30. f(x) = cos(7x/2) 

BF, lo) = ae De 

33. f(x) = x cos(4x?) 34. f(x) = x7 In(l + x’) 
x ie 


SSS 3 " j oi yee 
WAL oe 36 ba) LP) ae 3 


37. f(x) = sin’x [ Hint: Use sin2x = 3(1 — cos 2x).| 


ob}, Gee) = 


ye = Chal ee 


38. f(x) = Xe 
; if x =0 


if x ~0 


39-42 Find the Maclaurin series of f (by any method) and its 


radius of convergence. Graph f and its first few Taylor polynomials 
on the same screen. What do you notice about the relationship 
between these polynomials and f? 


39. f(x) = cos(x’) 40. f(x) =e* + cosx 
M1. f(x) = xe” 42. f(x) = tan '(x’) 


43. Use the Maclaurin series for cos x to compute cos 5° correct to 
five decimal places. 


44. Use the Maclaurin series for e* to calculate 1/4/e correct to 
five decimal places. 


45. (a) Use the binomial series to expand WiRval = x2. 
(b) Use part (a) to find the Maclaurin series for sin ‘x. 


46. (a) Expand 1/1 + x as a power series. 
(b) Use part (a) to estimate 1 /¥/1.1 correct to three decimal 
places. 


1. Homework Hints available at stewartcalculus.com 
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47-50 Evaluate the indefinite integral as an infinite series. 


48. | 


50. | arctan(x) dx 


B= Ih 


47. | x cos(x*) dx dx 


ey 
49. | sabe sei 
“ Dt 


51-54 Use series to approximate the definite integral to within the 


indicated accuracy. 


51. he x*arctanx dx (four decimal places) 


52. [ sin(x*) dx (four decimal places) 


53. Re V1 + x4 dx (lerror] <5 Xx 107°) 


54. eee “dx (Jerror| < 0.001) 


55-57 Use series to evaluate the limit. 


ge = lil Se il = Cogs: 
pee ae] 56. lim 
x0 5 ew x30 1+ x -— e* 
_ sinx —x +x? 
57. lim 5 
x0 XG 


58. Use the series in Example 13(b) to evaluate 


5 eee aes 
lim ——— 
x0 B 


We found this limit in Example 4 in Section 4.4 using 
!’Hospital’s Rule three times. Which method do you prefer? 


59-62 Use multiplication or division of power series to find the 


first three nonzero terms in the Maclaurin series for each function. 


59. y =e cosx 60. y = sec x 


61. y= 


: 62. y= e*In(1 + x) 
sin x 


63 sie a 64. Seas Gal gay 
: n=0 n! n=0 6"(2n)! )! 
2 3” 20 an 
65. =i Meal <2 t < 66. Bs 
x if ave x Dan ! 


67. 


68. 


69. 


1. ee 


oo (—1)"9r?"*! 


71. 


72. 


73. 


74, 


75. 


76. 


If f(x) = (1 + x°)*, what is f©?(0)? 


Prove Taylor’s Inequality for n = 2, that is, prove that if 
| f'"(x) | < M for |x — a| Xd, then 


2 
i 


=lx-aP for|x —a|<d 


(a) Show that the function defined by 


[OS ie i 


is not equal to its Maclaurin series. 
(b) Graph the function in part (a) and comment on its behavior 
near the origin. 


if x #0 
if x =0 


Use the following steps to prove 


(a) Let g(x) = >7- 7-0 (K x eee this series to show that 


lt ee SS 


(b) Let h(x) = (1 + x) “g(x) and show that h'(x) = 0. 
(c) Deduce that g(x) = (1 + x). 


In Exercise 53 in Section 10.2 it was shown that the length of 
the ellipse x = a sin 6, y = b cos 6, where a > b > 0, is 


L=4a["" '/T — e? sin26 dé 


where e = a> — b*/ais the eccentricity of the ellipse. 

Expand the integrand as a binomial series and use the result 
of Exercise 50 in Section 7.1 to express L as a series in powers 
of the eccentricity up to the term in e°. 


LABORAT 
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This project deals with the function 


sin(tan x) — tan(sin x) 

jeer tee ER 

arcsin(arctan x) — arctan(arcsin x) 

1. Use your computer algebra system to evaluate f(x) for x = 1, 0.1, 0.01, 0.001, and 0.0001. 
Does it appear that f has a limit as x > 0? 


2. Use the CAS to graph f near x = 0. Does it appear that f has a limit as x > 0? 


3. Try to evaluate lim, —o f(x) with l’Hospital’s Rule, using the CAS to find derivatives of the 
numerator and denominator. What do you discover? How many applications of |’ Hospital's 
Rule are required? 


4. Evaluate lim,» f(x) by using the CAS to find sufficiently many terms in the Taylor series 
of the numerator and denominator. (Use the command taylor in Maple or Series in 
Mathematica.) 


5. Use the limit command on your CAS to find lim, —o f(x) directly. (Most computer algebra 
systems use the method of Problem 4 to compute limits.) 


6. In view of the answers to Problems 4 and 5, how do you explain the results of Problems 1 
and 2? 


[cas] Computer algebra system required 


WRITING PROJECT 


HOW NEWTON DISCOVERED THE BINOMIAL SERIES 


The Binomial Theorem, which gives the expansion of (a + b)‘, was known to Chinese mathe- 
maticians many centuries before the time of Newton for the case where the exponent k is a 
positive integer. In 1665, when he was 22, Newton was the first to discover the infinite series 
expansion of (a + b)* when k is a fractional exponent (positive or negative). He didn’t publish 
his discovery, but he stated it and gave examples of how to use it in a letter (now called the 
epistola prior) dated June 13, 1676, that he sent to Henry Oldenburg, secretary of the Royal Soci- 
ety of London, to transmit to Leibniz. When Leibniz replied, he asked how Newton had discovered 
the binomial series. Newton wrote a second letter, the epistola posterior of October 24, 1676, in 
which he explained in great detail how he arrived at his discovery by a very indirect route. He was 
investigating the areas under the curves y = (1 — x”)? from 0 to x forn = 0, 1, 2, 3, 4,.... 
These are easy to calculate if n is even. By observing patterns and interpolating, Newton was able 
to guess the answers for odd values of n. Then he realized he could get the same answers by 
expressing (1 — x*)"”” as an infinite series. 

Write a report on Newton’s discovery of the binomial series. Start by giving the statement of 
the binomial series in Newton’s notation (see the epistola prior on page 285 of [4] or page 402 
of [2]). Explain why Newton’s version is equivalent to Theorem 17 on page 783. Then read 
Newton’s epistola posterior (page 287 in [4] or page 404 in [2]) and explain the patterns that 
Newton discovered in the areas under the curves y = (1 — x’), Show how he was able to 
guess the areas under the remaining curves and how he verified his answers. Finally, explain 
how these discoveries led to the binomial series. The books by Edwards [1] and Katz [3] contain 
commentaries on Newton’s letters. 


1. C. H. Edwards, The Historical Development of the Calculus (New York: Springer-Verlag, 
1979), pp. 178-187. 
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Applications of Taylor Polynomials 


In this section we explore two types of applications of Taylor polynomials. First we look at 
how they are used to approximate functions—computer scientists like them because poly- 
nomials are the simplest of functions. Then we investigate how physicists and engineers 
use them in such fields as relativity, optics, blackbody radiation, electric dipoles, the veloc- 
ity of water waves, and building highways across a desert. 


ME Approximating Functions by Polynomials 
Suppose that f(x) is equal to the sum of its Taylor series at a: 


f(x) = 3 


n=0 


& (n) 
f(a) eee 
n! 
In Section 11.10 we introduced the notation 7,(x) for the nth partial sum of this series 
and called it the nth-degree Taylor polynomial of f at a. Thus 


n (i) 
Tx) = yo Can, 


! ” (n) 
ay eee) Ce oleae got lO Gomes 
1! 2! n! 
Since f is the sum of its Taylor series, we know that T,,(x) — f(x) asn — © and so T, can 
be used as an approximation to f: f(x) ~ T(x). 
Notice that the first-degree Taylor polynomial 


f(x) = f(a) Ff a)x = a) 


is the same as the linearization of f at a that we discussed in Section 3. 10. Notice also that 
T; and its derivative have the same values at a that f and f’ have. In general, it can be 
shown that the derivatives of 7, at a agree with those of f up to and including derivatives 
of order n. 
To illustrate these ideas let’s take another look at the graphs of y = e* and its first few 
> Taylor polynomials, as shown in Figure 1. The graph of 7; is the tangent line to y = e* 
at (0, 1); this tangent line is the best linear approximation to e* near (0, 1). The graph 
of T, is the parabola y= 1 +x + x?/2, and the graph of 7; is the cubic curve 
y=1+x+ x?/2 + x°/6, which is a closer fit to the exponential curve y = e* than 7». 
FIGURE 1 The next Taylor polynomial 7; would be an even better approximation, and so on. 


x= 0.2 x = 3.0 
T(x) 1.220000 8.500000 
T(x) 1.221400 16.375000 
T(x) 1.221403 19.412500 
T3(x) 1.221403 20.009152 
Tyo(x) 1.221403 20.079665 
a 1.221403 20.085537 
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The values in the table give a numerical demonstration of the convergence of the Taylor 
polynomials T,,(x) to the function y = e*. We see that when x = 0.2 the convergence is very 
rapid, but when x = 3 it is somewhat slower. In fact, the farther x is from 0, the more slowly 
T,(x) converges to e*. 

When using a Taylor polynomial 7, to approximate a function f, we have to ask the ques- 
tions: How good an approximation is it? How large should we take n to be in order 
to achieve a desired accuracy? To answer these questions we need to look at the absolute 
value of the remainder: 


| R(x) | = | f(x) — Tix) | 


There are three possible methods for estimating the size of the error: 


1. If a graphing device is available, we can use it to graph | R,(x) | and thereby esti- 
mate the error. 


2. If the series happens to be an alternating series, we can use the Alternating Series 
Estimation Theorem. 


3. In all cases we can use Taylor’s Inequality (Theorem 11.10.9), which says that if 
| f°") | S M, then 
| Ri(x) | < 


_ n+\ 
Geen jn 2 


WV EXAMPLE 1 
(a) Approximate the function f(x) = </x by a Taylor polynomial of degree 2 at a = 8. 
(b) How accurate is this approximation when 7 S x < 9? 


SOLUTION 

(a) {) =a 4(8).=2 
iOk=wee f'8)=7 
Atacama MON 


fe) —_ Diy fia 


Thus the second-degree Taylor polynomial is 


f'(8) 2 
7 (4.8) + AI (x ="8) 


2 ees) ee 8) 


Toa) = F(8) 


The desired approximation is 


4 


= Din) — 2 8) et 8) 


(b) The Taylor series is not alternating when x < 8, so we can’t use the Alternating 
Series Estimation Theorem in this example. But we can use Taylor’s Inequality with 
n=2anda= 


M 
| Ro(x) | =>, | — 8 
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where | f’"(x)| < M. Because x > 7, we have x*/* = 7°” and so 


mt 10 l 10 u 
f (x) = a7 . BOE — 37 ° 73 << 0.0021 


Therefore we can take M = 0.0021. Also7 Sx <= 9,so -—1 Sx -— 8 S1 and 
|x — 8| < 1. Then Taylor’s Inequality gives 


< 0.0004 


0.0021 0.0021 
| Ro(x) | = 31 . 13 = 


Thus, if 7 < x S 9, the approximation in part (a) is accurate to within 0.0004. ae 4 


FIGURE 2 


0.0003, 


FIGURE 3 


Let’s use a graphing device to check the calculation in Example |. Figure 2 shows that 
the graphs of y = ¥/x and y = T,(x) are very close to each other when x is near 8. Fig- 
ure 3 shows the graph of | R2(x) | computed from the expression 


| Ro(x) | = |/x — Tax) | 


We see from the graph that 
| Ro(x) | < 0.0003 


when 7 < x < 9. Thus the error estimate from graphical methods is slightly better than the 
error estimate from Taylor’s Inequality in this case. 


Vi EXAMPLE 2. 


(a) What is the maximum error possible in using the approximation 


x 
Si 35 SS 8 = SS 


3! 5! 


when —0.3 S x < 0.3? Use this approximation to find sin 12° correct to six decimal 
places. 
(b) For what values of x is this approximation accurate to within 0.00005? 


SOLUTION 
(a) Notice that the Maclaurin series 
EE SP oe +. 
SU Xs i ce 
3! 5! 7! 
is alternating for all nonzero values of x, and the successive terms decrease in size 
because |x| < 1, so we can use the Alternating Series Estimation Theorem. The error 
in approximating sin x by the first three terms of its Maclaurin series is at most 
__|a/ 
5040 


7! 


If —0.3 < x < 0.3, then |x| < 0.3, so the error is smaller than 


(0.3)7 
5040 


= 434102 


Module 11.10/11.11 graphically 
shows the remainders in Taylor polynomial 


approximations. 


4.3 


y = |Re(x)| 


(0h) 


FIGURE 4 


ams 


0.00006 


y = 0.00005 


ll 


FIGURE 5 


yao |Ro(x)| 


FIGURE 6 
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To find sin 12° we first convert to radian measure: 


Si tos atin (aos eee ( 2 
TOR) Manalells 

ce TE es aay (ll | EE G0 ee 

15 (s) 2h BoP a ao. 4 


Thus, correct to six decimal places, sin 12° ~ 0.207912. 


(b) The error will be smaller than 0.00005 if 
12! — o.q0005 
5040 ; 


Solving this inequality for x, we get 


[ol 025208 Tors lx] (0,252) = 0182] 


So the given approximation is accurate to within 0.00005 when |x| < 0.82. eee 


What if we use Taylor’s Inequality to solve Example 2? Since f(x) = —cos x, we have 
| f(x) | < 1 and so 


1 
[Rola) | < se [xP 


So we get the same estimates as with the Alternating Series Estimation Theorem. 
What about graphical methods? Figure 4 shows the graph of 


| Re(x) | = | sin x — (x — 4x? + ox?) | 


and we see from it that | Ro(x)| < 4.3 x 10°* when |x| < 0.3. This is the same estimate 
that we obtained in Example 2. For part (b) we want | Ro(x) | < 0.00005, so we graph both 
y = |Ro(x) | and y = 0.00005 in Figure 5. By placing the cursor on the right intersection 
point we find that the inequality is satisfied when |x| < 0.82. Again this is the same esti- 
mate that we obtained in the solution to Example 2. 

If we had been asked to approximate sin 72° instead of sin 12° in Example 2, it would 
have been wise to use the Taylor polynomials at a = 77/3 (instead of a = 0) because they 
are better approximations to sin x for values of x close to q/3. Notice that 72° is close to 
60° (or 77/3 radians) and the derivatives of sin x are easy to compute at a/3. 

Figure 6 shows the graphs of the Maclaurin polynomial approximations 


I 

T(x) =X T3(x) =X — ay 
x? x? x3 x? x! 
OD ey UNE) aS ey Ie = ag 


to the sine curve. You can see that as n increases, T,(x) is a good approximation to sin x on 
a larger and larger interval. 
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The upper curve in Figure 7 is the graph of 
the expression for the kinetic energy K of an 
object with velocity » in special relativity. The 
lower curve shows the function used for K in 
classical Newtonian physics. When v is much 
smaller than the speed of light, the curves are 
practically identical. 


Ka 


: ; 
K=mc — moc” 


FIGURE 7 


One use of the type of calculation done in Examples | and 2 occurs in calculators and 
computers. For instance, when you press the sin or e* key on your calculator, or when a 
computer programmer uses a subroutine for a trigonometric or exponential or Bessel func- 
tion, in many machines a polynomial approximation is calculated. The polynomial is often 
a Taylor polynomial that has been modified so that the error is spread more evenly through- 
out an interval. 


M88 Applications to Physics 


Taylor polynomials are also used frequently in physics. In order to gain insight into an equa- 
tion, a physicist often simplifies a function by considering only the first two or three terms 
in its Taylor series. In other words, the physicist uses a Taylor polynomial as an approxi- 
mation to the function. Taylor’s Inequality can then be used to gauge the accuracy of the 
approximation. The following example shows one way in which this idea is used in special 
relativity. 


( (SE0WE In Einstein’s theory of special relativity the mass of an object moving 
with velocity v is 
Mo 


lee Dees 


where po is the mass of the object when at rest and c is the speed of light. The kinetic 
energy of the object is the difference between its total energy and its energy at rest: 


MN = 


; 
K = mc? — moc? 


(a) Show that when v is very small compared with c, this expression for K agrees with 
classical Newtonian physics: K = $mov’. 

(b) Use Taylor’s Inequality to estimate the difference in these expressions for K when 
|v| < 100 m/s. 


SOLUTION 
(a) Using the expressions given for K and m, we get 


2 2\- 
re 2 vie 2 2 o3)\ 83 
Ba ING. ih Ce = TC Te = = || 
VL = 92/e? c 


With x = —v’/c’, the Maclaurin series for (1 + x)~'/? is most easily computed as a 
binomial series with k = —}. (Notice that |x| < 1 because v < c.) Therefore we have 
l 3 1 3 5 
= eee Ele) OD (—3)(—3)(—3) 3 
(ize x) see 1 x? + Salve Sy Me OSS 3 
= Liss Gx hand at 
and K = moc? 1 ee eg eee ae 
= moc PEELE yEFNT rEey  e o S 
? 202) .Secgan Gen: ; 


= mC Bay Bia : ua 
Woke fae Gis e 


If v is much smaller than c, then all terms after the first are very small when compared 
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with the first term. If we omit them, we get 


Lage 
eS, 2 ae 2 
K = moc (3 - | = 5mov" 
(on 


(b) If x = —v*/c?, f(x) = moc?[(1 + x)! — 1], and M is a number such that 
| f"(x) | < M, then we can use Taylor’s Inequality to write 


Vis 
|Ri(x)| S ale 


We have f(x) = zmoc(1 + x) *”? and we are given that |v| < 100 m/s, so 


nc, 3m? 3moc? 
ee tre 2/10 Ghani 
IO) Fa pea ~ a — 10070)? 


a) 


Thus, with c = 3 X 10° m/s, 


ns 3moc? 1004 
2 A — 1007 /e* ye" 


| Ri(x)| < < (4.17 X 107!°)mo 


So when |v| < 100 m/s, the magnitude of the error in using the Newtonian expression 
for kinetic energy is at most (4.2 X 10°" )mo. =e 


Another application to physics occurs in optics. Figure 8 is adapted from Optics, 
Ath ed., by Eugene Hecht (San Francisco, 2002), page 153. It depicts a wave from the point 
source S meeting a spherical interface of radius R centered at C. The ray SA 1s refracted 
toward P. 


FIGURE 8 


Refraction at a spherical interface 


Hecht, Eugene, Optics, 4th ed., © 2002. Printed and 
electronically reproduced by permission of 
Pearson Education, Inc., Upper Saddle River, NJ 


Using Fermat's principle that light travels so as to minimize the time taken, Hecht derives 
the equation 


n\ No 1 / nos; jadi, 
[1] Fag al 
i. £; R C; is 


where n, and m2 are indexes of refraction and ¢,, €), So, and s; are the distances indicated in 
Figure 8. By the Law of Cosines, applied to triangles ACS and ACP, we have 


[2] {, = JR? + (s, + R)? — 2R(s, + R) cos d 


Here we use the identity 
cos(a — ¢) = —cos £,= JR? + (5; — R)? + 2R(s; — R) cos b 
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Because Equation | is cumbersome to work with, Gauss, in 1841, simplified it by using the 
linear approximation cos ¢ ~ 1 for small values of ¢. (This amounts to using the Taylor 
polynomial of degree 1.) Then Equation | becomes the following simpler equation [as you 
are asked to show in Exercise 34(a)]: 


ny No liye Tl 


[3] iW 2 | TE e 


The resulting optical theory is known as Gaussian optics, or first-order optics, and has 
become the basic theoretical tool used to design lenses. 

A more accurate theory is obtained by approximating cos ¢ by its Taylor polynomial of 
degree 3 (which is the same as the Taylor polynomial of degree 2). This takes into account 
rays for which @¢ is not so small, that is, rays that strike the surface at greater distances h 
above the axis. In Exercise 34(b) you are asked to use this approximation to derive the more 
accurate equation 


ranean | eg aa ge 
Ne Si R DS ANS ee aK. 2S; \R > S; 
The resulting optical theory is known as third-order optics. 


Other applications of Taylor polynomials to physics and engineering are explored in 
Exercises 32, 33, 35, 36, 37, and 38, and in the Applied Project on page 799. 


1. (a) Find the Taylor polynomials up to degree 6 for 


8. f(x) =xcosx, a=0 


f(x) = cos x centered at a = 0. Graph f and these 9. f(x) =xe*, a=0 
polynomials on a common screen. 


(b) Evaluate f and these polynomi 
and 77. 


als atx = 7/4, 7/2, 10 f@)=tnex, a= 1 


(c) Comment on how the Taylor polynomials converge 


to f(x). 


2. (a) Find the Taylor polynomials up to degree 3 for 


f(x) = 1/x centered at a = 1. 


CAS] 11-12 Use a computer algebra system to find the Taylor poly- 
nomials 7, centered at a for n = 2, 3, 4,5. Then graph these 


(ein (ond these polynomials and f on the same screen. 


polynomials on a common screen. 11. f(x) = cot x, = 17/4 
(b) Evaluate f and these polynomials at x = 0.9 and 1.3. — 
(c) Comment on how the Taylor polynomials converge 12. fG) =V1+2x?, a=0 
to f(x). 


3-10 Find the Taylor polynomial 7;(x) 
centered at the number a. Graph f and 


Soa (Oe 


Ai) ee a — 0 


Graphing calculator or computer required 


for the function f 13-22 
T; on the same screen. (a) Approximate f by a Taylor polynomial with degree n at the 
number a. 


(b) Use Taylor’s Inequality to estimate the accuracy of the 
approximation f(x) ~ T,(x) when x lies in the given 
interval. 


(c) Check your result in part (b) by graphing | R,,(x) |. 
13-7 @) = We, GEM n= 2 dea eag 


14. f(xy) =x’, @=1, n=2, 09Sx=1] 


CAS’ Computer algebra system required 1. Homework Hints available at stewartcalculus.com 


15) Se S18 ee 1 
16. f(x) =sinx, a=7/6, n=4, 0SxS 7/3 
17. f(x) =secx, a=0, n=2, —-0.2<5x<02 
18. f(x) =In(1 + 2x), a=1, n=3, O55 x<15 
19. f(x) = = -a = 0, eal 6 = S01 

20. faj=H=xinx, a=1, n=3, 058x815 


21. f(x) =xsinx, a=0, n=4, -lsxsl 


22. f(x) =sinh2x, a=0, n=5, 


23. Use the information from Exercise 5 to estimate cos 80° cor- 
rect to five decimal places. 


24. Use the information from Exercise 16 to estimate sin 38° 
correct to five decimal places. 


25. Use Taylor’s Inequality to determine the number of terms of 
the Maclaurin series for e* that should be used to estimate 
e°! to within 0.00001. 


26. How many terms of the Maclaurin series for In(1 + x) do 
you need to use to estimate In 1.4 to within 0.001? 


27-29 Use the Alternating Series Estimation Theorem or 


Taylor’s Inequality to estimate the range of values of x for which 
the given approximation is accurate to within the stated error. 
Check your answer graphically. 


3 
7A, Sil 5B 35 = (| error | < 0.01) 


Ny 
Wicosxicenl Tis.< + Gq (| error | < 0.005) 


ae eee: 
29. arctan x ~ x — ina = ca (| error | ce 0.05) 


30. Suppose you know that 


(=1)*A! 


(4) = 
9 Ga sp i) 


and the Taylor series of f centered at 4 converges to f(x) 
for all x in the interval of convergence. Show that the fifth- 
degree Taylor polynomial approximates f (5) with error less 
than 0.0002. 


31. A car is moving with speed 20 m/s and acceleration 2 m/s? 
at a given instant. Using a second-degree Taylor polynomial, 
estimate how far the car moves in the next second. Would it 
be reasonable to use this polynomial to estimate the distance 
traveled during the next minute? 


CD] 
LI 


[5] 
LI 
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32. The resistivity p of a conducting wire is the reciprocal of the 
conductivity and is measured in units of ohm-meters ((2-m). 
The resistivity of a given metal depends on the temperature 
according to the equation 


a(t 20) 


p(t) = pe 


where f is the temperature in °C. There are tables that list the 
values of a (called the temperature coefficient) and p29 (the 
resistivity at 20°C) for various metals. Except at very low 
temperatures, the resistivity varies almost linearly with tem- 
perature and so it is common to approximate the expression 
for p(t) by its first- or second-degree Taylor polynomial 
at t = 20. 
(a) Find expressions for these linear and quadratic 
approximations. 
(b) For copper, the tables give a = 0.0039/°C and 
po = 1.7 X 10-* Q-m. Graph the resistivity of copper 
and the linear and quadratic approximations for 
—250°C = tS 1000°C. 
(c) For what values of ft does the linear approximation agree 
with the exponential expression to within one percent? 


33. An electric dipole consists of two electric charges of equal 
magnitude and opposite sign. If the charges are q and ~q and 
are located at a distance d from each other, then the electric 
field E at the point P in the figure is 

q q 


D? (D+d/ 


By expanding this expression for E as a series in powers of 
d/D, show that E is approximately proportional to 1/D°* 
when P is far away from the dipole. 


q ma | 
Pe — —_—-. -° 
Ik D a pr namet i ang 


34. (a) Derive Equation 3 for Gaussian optics from Equation 1 
by approximating cos in Equation 2 by its first-degree 
Taylor polynomial. 

(b) Show that if cos ¢ is replaced by its third-degree Taylor 
polynomial in Equation 2, then Equation | becomes 
Equation 4 for third-order optics. [Hint: Use the first two 
terms in the binomial series for €, ' and €; '. Also, use 

= sin | 
35. If a water wave with length L moves with velocity v across a 
body of water with depth d, as in the figure on page 798, then 
, _ whl 27d 


y* = — tanh 
9 


27 laf 


(a) If the water is deep, show that v ~ JgL/(27). 
(b) If the water is shallow, use the Maclaurin series for tanh 
to show that v ~ J/gd. (Thus in shallow water the veloc- 
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36. 


37. 


CHAPTER 11 INFINITE SEQUENCES AND SERIES 


ity of a wave tends to be independent of the length of the 
wave.) 


(c) Use the Alternating Series Estimation Theorem to show that 


if L > 10d, then the estimate v* ~ gd is accurate to within 
0.014gL. 


A uniformly charged disk has radius R and surface charge den- 
sity o as in the figure. The electric potential V at a point P at a 
distance d along the perpendicular central axis of the disk is 


V = 2mk.o(/d? + R? — d) 


where k, is a constant (called Coulomb’s constant). Show that 


_ 1k.R?o 
d 


for large d 


If a surveyor measures differences in elevation when making 

plans for a highway across a desert, corrections must be made 

for the curvature of the earth. 

(a) If R is the radius of the earth and L is the length of the 
highway, show that the correction is 


C=R sec(L/R) —R 


(b) Use a Taylor polynomial to show that 


(c) Compare the corrections given by the formulas in parts (a) 
and (b) for a highway that is 100 km long. (Take the radius 
of the earth to be 6370 km.) 


38. 


39. 


The period of a pendulum with length L that makes a maxi- 
mum angle 60 with the vertical is 


IL, (ai dx 
T=4 Al ———————— 
g Jo ee sinZx 


where k = sin(+ 40) and g is the acceleration due to gravity. (In 

Exercise 42 in Section 7.7 we approximated this integral using 

Simpson’s Rule.) 

(a) Expand the integrand as a binomial series and use the result 
of Exercise 50 in Section 7.1 to show that 


173? 3s 
ke Soa | 


If > is not too large, the approximation T ~ 27./L/g, 
obtained by using only the first term in the series, is often 
used. A better approximation is obtained by using two 


terms: 
T= 27, ee (1 + tk?) 
g 


(b) Notice that all the terms in the series after the first one have 
coefficients that are at most +. Use this fact to compare this 
series with a geometric series and show that 


21. ee (1 +ik?)<T<27 
g 


(c) Use the inequalities in part (b) to estimate the period of a 
pendulum with L = | meter and @) = 10°. How does it 
compare with the estimate T ~ 277./L/g ? What if 
A = ALON 


iL 4 — 3k 
re eae Y ee 


In Section 4.8 we considered Newton’s method for approxi- 
mating a root r of the equation f(x) = 0, and from an initial 
approximation x; we obtained successive approximations 
X2, X3,..., where 


_ fn) 
fs) 
Use Taylor’s Inequality with n = 1, a = x,, and x = r to show 


that if f”(x) exists on an interval J containing r, x,, and x41, 
and | f"(x)| < M, | f"(x)| = K for all x € J, then 


Xn+1 = Xn 


5 


ees wakes Siar 


M 
— 5, 
2K 
[This means that if x, is accurate to d decimal places, then x,,+, 
is accurate to about 2d decimal places. More precisely, if the 


error at stage n is at most 10°”, then the error at stage n + | is 
at most (M/2K)10°-?".] 
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Any object emits radiation when heated. A blackbody is a system that absorbs all the radiation that 
falls on it. For instance, a matte black surface or a large cavity with a small hole in its wall (like a 
blastfurnace) is a blackbody and emits blackbody radiation. Even the radiation from the sun is 
close to being blackbody radiation. 

Proposed in the late 19th century, the Rayleigh-Jeans Law expresses the energy density of 
blackbody radiation of wavelength A as 


8akT 
PY 


fA) = 


where A is measured in meters, 7 is the temperature in kelvins (K), and k is Boltzmann’s con- 
stant. The Rayleigh-Jeans Law agrees with experimental measurements for long wavelengths 
but disagrees drastically for short wavelengths. [The law predicts that f(A) — % as A — 0* but 
experiments have shown that f(A) —> 0.] This fact is known as the ultraviolet catastrophe. 

In 1900 Max Planck found a better model (known now as Planck’s Law) for blackbody 
radiation: 


8ahcrA > 


\) = 
f( ) e@lic/AKT) = || 


where A is measured in meters, T is the temperature (in kelvins), and 


h = Planck’s constant = 6.6262 X 10 *“J-s 


= speed of light = 2.997925 x 10° m/s 


ios 
| 


k = Boltzmann’s constant = 1.3807 X 10°” J/K 
1. Use |’Hospital’s Rule to show that 


lim f(A) = 0 and lim f(A) = 0 
A> 07 A> a 

for Planck’s Law. So this law models blackbody radiation better than the Rayleigh-Jeans 
Law for short wavelengths. 


2. Use a Taylor polynomial to show that, for large wavelengths, Planck’s Law gives approxi- 
mately the same values as the Rayleigh-Jeans Law. 


/™ 3. Graph f as given by both laws on the same screen and comment on the similarities and 
differences. Use T = 5700 K (the temperature of the sun). (You may want to change from 
meters to the more convenient unit of micrometers: | jm = 10° m.) 


4. Use your graph in Problem 3 to estimate the value of A for which f(A) is a maximum 
under Planck’s Law. 


/H 5. Investigate how the graph of f changes as T varies. (Use Planck’s Law.) In particular, 
graph f for the stars Betelgeuse (T = 3400 K), Procyon (T = 6400 K), and Sirius 
(T = 9200 K), as well as the sun. How does the total radiation emitted (the area under the 
curve) vary with 7? Use the graph to comment on why Sirius is known as a blue star and 
Betelgeuse as a red star. 


-Y Graphing calculator or computer required 
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etig| Review 


Concept Check 


1. (a) What is a convergent sequence? 
(b) What is a convergent series? 
(c) What does lim, ad, = 3 mean? 
(d) What does >7=1 a, = 3 mean? 


2. (a) What is a bounded sequence? 
(b) What is a monotonic sequence? 


it convergent? What is its sum? 


convergent? 


What is lim, a,? What is lim, 5,,? 


5. State the following. 
(a) The Test for Divergence 
(b) The Integral Test 
(c) The Comparison Test 
(d) The Limit Comparison Test 
(e) The Alternating Series Test 
(f) The Ratio Test 
(g) The Root Test 


6. (a) What is an absolutely convergent series? 
(b) What can you say about such a series? 


estimate its sum? 


you estimate its sum? 


(c) If a series is convergent by the Alternating Series Test, how 
do you estimate its sum? 


True-False Quiz 


1. If lim, a, = 0, then > a, is convergent. 
. The series Y;= n “"! is convergent. 


Sete tin eee ethene eto een 


converges. 


converges. 


8. (a) Write the general form of a power series. 
(b) What is the radius of convergence of a power series? 
(c) What is the interval of convergence of a power series? 
(c) What can you say about a bounded monotonic sequence? LEON y ; 2 ; 
9. Suppose f(x) is the sum of a power series with radius of 
3. (a) What is a geometric series? Under what circumstances is convergence R, 
(a) How do you differentiate /? What is the radius of conver- 
(b) What is a p-series? Under what circumstances is it gence of the series for f"? 
(b) How do you integrate f? What is the radius of convergence 
4. Suppose > a, = 3 and s,, is the nth partial sum of the series. of the series for | f(x) dx? 
10. (a) Write an expression for the nth-degree Taylor polynomial 
of f centered at a. 
(b) Write an expression for the Taylor series of f centered at a. 
(c) Write an expression for the Maclaurin series of f. 
(d) How do you show that f(x) is equal to the sum of its 
Taylor series? 
(e) State Taylor’s Inequality. 
11. Write the Maclaurin series and the interval of convergence for 
each of the following functions. 
- (a) 1/0. — x) (b) e* 
(c) What is a conditionally convergent series? (c) sinx (d) cos x 
7. (a) Ifa series is convergent by the Integral Test, how do you (e) tan 'x (f) In. + x) 
(b) If a series is convergent by the Comparison Test, how do 12. Write the binomial series expansion of (1 + x)*. What is the 
radius of convergence of this series? 
Determine whether the statement is true or false. If it is true, explain why. 2 (—1)" | 
If it is false, explain why or give an example that disproves the statement. 10. death ie nh 
2 11. If —1 < a <1, then lim,.. a” = 0. 
3 12. If > a, is divergent, then S |a,| is divergent. 
4. If = c,6" is convergent, then > c,(—2)" is convergent. 13. If f(x) = 2x — x? + 4x3 -—-.. converges for all x, 
F 4 wn —s 9 
5. If = c,6” is convergent, then 5 c,(—6)" is convergent. then f’"(0) = 2. 
6. If > c,x” diverges when x = 6, then it diverges when x = 10. 14. If {a,} and {b,} are divergent, then {a, + b,} is divergent. 
7. The Ratio Test can be used to determine whether S 1/n° : ‘ 
/n 15. If {a,} and {b,} are divergent, then {a,b,} is divergent. 
8. The Ratio Test can be used to determine whether ¥ 1/n! 16. If {a,,} is decreasing and a, > 0 for all n, then {a} is 
convergent. 
17. 


9. If 0 = a, = b, and > b, diverges, then > a, diverges. 


Ifa, > Oand > a, converges, then > (—1)"a, converges. 
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185i eas Olancaliny se (Gael Gy) a—elnthen lini eseiari—" 0: 21. If a finite number of terms are added to a convergent series, 
19. 0.99999... =] then the new series is still convergent. 
20. If lim a, = 2, then lim (an+3 — an) = 0. 22. If } an =A and > b, = B, then >, a,b, = AB. 
no no n=1 n=! n=1 
Exercises 
1-8 Determine whether the sequence is convergent or divergent E 1)"(n + 1)3" ei aie 
ca . —1)"Vn 
If it is convergent, find its limit. 25. Ses A201 26. tae 
n=\ n=2 
2 aie n gr - a eS = SS _ 
Lhe SS 2. an = , hal: Ba. 
1+2n3 ey Sia Oe 
27-31 Find the sum of the series. 
. 
(a oo n~1 90 
BL Gh 4. a, = cos(n7/2) (ees l 
2 n 27. 28. =e 
ase aa one 2 n(n + 3) 
“ane sin n 5 Inn 99 5! [ta Aigtahed eaten) 20 5 Wer 
. Ted FOS eer, . n n ee (ebal atd! ie 5 aa 4 
n- ++ 1 Jn n= n=0 3°"(2n)! 
2 3 4 
7. {(1 + 3/n)*"} 8. {(—10)"/n!} Bote pea eee 
2! 3! 4! 
9. A sequence is defined recursively by the equations a, = I, 32. Express the repeating decimal 4.17326326326... asa 


An+1 = (a, + 4). Show that {a,,} is increasing and a, < 2 
for all n. Deduce that {a,,} is convergent and find its limit. 


fraction. 


33. Show that cosh x > 1 + 5x? for all x. 
10. Show that lim, ..n*e~" = 0 and use a graph to find the 
smallest value of N that corresponds to ¢ = 0.1 in the pre- 


cise definition of a limit. é' eee ei) 
35. Find the sum of the series 5) -——— correct to four deci- 
a: 


mal places. ge. 


34. For what values of x does the series Y;—) (In x)" converge? 


11-22 Determine whether the series is convergent or divergent. 
2 a? 1 36. (a) Find the partial sum s5 of the series >;= 1/n° and 
estimate the error in using it as an approximation to the 


at + 1 arm tL 
ties ea sum of the series. 

2 43 e113 (b) Find the sum of this series correct to five decimal places. 
EL 3 = 14.. >, ——— en 

=i. n=1 Jn + 1 37. Use the sum ot the first eight terms to approximate the sum 

of the series 57-, (2 + 5")~'. Estimate the error involved in 

< 1 . Z this approximation 
15. >) —— 16. 2 In ( eo: 

2 nvyinn = ya ae Ml >is 

; : 38. (a) Show that the series Sewer is convergent. 
-p) eas cos 3n an y Ngee ae n= (27)! 
; of = 1 ae 5) 2\n , Me 
elo): i ( i (b) Deduce that lim ae 
(-5) no (2n)! 

ake aloe Reo efits Ore Da 8 a al = (Ears 
in 5"! 20.8 >; 729" 39. Prove that if the series ©;-; a, is absolutely convergent, then 

“ ‘ ay the series 

ae = int1—-vyn-1 = ah ll 
1 n-1 22. n 
an » - ) igh Sr 1 2 n 2 ( n Je 
= is also absolutely convergent. 

23-26 Determine whether the series is conditionally conver- 40—43 Find the radius of convergence and interval of conver- 
gent, absolutely convergent, or divergent. gence of the series. 
Za ear 2a, Y (-1)"'n aa, (-1) ns” na" 


n=1 n=1 n=1 


Graphing calculator or computer required 
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= 2x = 2)" Sti lient) (d) Check your result in part (c) by graphing | R,,(x) |. 
42. a rey’) 
n=1 (n sin 2) n=0 Wh a 3) 57. f(x) = af x; Ge il. i 3), 0.9 = — jhe 


44. Find the radius of convergence of the series 58 f(x) = secx) oS n= Or ei 1/6 


2 Wa) 


n=1 (n!) 


45. Find the Taylor series of f(x) = sin x ata = 7/6. 


59. Use series to evaluate the following limit. 


.. Sie = 
46. Find the Taylor series of f(x) = cos x ata = 77/3. lim Pe 


47-54 Find the Maclaurin series for f and its radius of conver- 
gence. You may use either the direct method (definition of a 
Maclaurin series) or known series such as geometric series, 


binomial series, or the Maclaurin series for e*, sin x, tan’ ‘x, 


60. The force due to gravity on an object with mass m at a 
height h above the surface of the earth is 


mgR? 
and In(1 + x). FH (R + 
Xe rs 
AERC (eae 48. f(x) = tan” (x) where R is the radius of the earth and g is the acceleration 
Es 3 due to gravity for an object on the surface of the earth. 

49. f(x) = In(4 — x) 50. f(x) = xe™ (a) Express F as a series in powers of h/R. 

AN (b) Observe that if we approximate F by the first term in the 
51. f(x) = sin(x") 52. f(x) = 10° series, we get the expression F ~ mg that is usually used 


when h is much smaller than R. Use the Alternating 
PEA GAD) alles Mey BAS fx) — (Laeeonae Series Estimation Theorem to estimate the range of val- 
- ues of h for which the approximation F ~ mg is accurate 
to within one percent. (Use R = 6400 km.) 


e* 
55. Evaluate | — dx as an infinit ies. 
uae ‘i daca Abb 61. Suppose that f(x) = Yx-0 c,x” for all x. 


: ‘ P : a) lta dd function, 
56. Use series to approximate Hf V1 + x* dx correct to two deci- OU BR Mere Gareth SOUL 


mal places. CaS epic ee a) 
57-58 (b) If f is an even function, show that 
(a) Approximate f by a Taylor polynomial with degree n at the f 
number a. : 
(b) Graph f and 7,, on a common screen. ae : 
(c) Use Taylor’s Inequality to estimate the accuracy of the (2n)! 


approximation f(x) ~ T,(x) when x lies in the given interval. 62. If f(x) = e*, show that f°”(0) = 


n! 


1s oe ea 
Se ee 


on Problems Plus 


Before you look at the solution of the example, 


cover it up and first try to solve the problem 
yourself. 


Problems 


Ps 


FIGURE FOR PROBLEM 4 


; = = ae 
eWiiaeaa Find the sum of the series Ss ad 
n=0 V1 . 


SOLUTION The problem-solving principle that is relevant here is recognizing something 
familiar. Does the given series look anything like a series that we already know? Well, it 


does have some ingredients in common with the Maclaurin series for the exponential 
function: 


) ?) 3 

: x x x” 

=) =14te+— ++ 
ra Zee 


We can make this series look more like our given series by replacing x by x + 2: 


-ye aoe Zi =1+(x+2) poaeel. +2 ees ms +f 


But here the exponent in the numerator matches the number in the denominator 


whose factorial is taken. To make that happen in the given series, let’s multiply and 
divide by (x + 2)?: 


py eal (hey: a ea pao) hake 


n=(0. (n ar 3)! (x a =: n=0 (ae 3)! 


valle eta. 


I 


3! 4) 


We see that the series between brackets is just the series for e*** with the first three 
terms missing. So 


pose (x + 2)" 


n=0 (n ay 3)! 


= (x + 2] =.1 — (ee 2) = 


(x + 2) 
a 


(ool f(ee=rsinty ») tnd 7 (0). 


2. A function f is defined by 


ent ol 
= jl - 
f(x) = lim Sia 
Where is f continuous? 
3. (a) Show that tan tx = cot ix = 2 OGL M 
(b) Find the sum of the series 
= ll i 
== (n= 
2 On ‘oye 


4. Let {P,} be a sequence of points determined as in the figure. Thus | AP; | = 1, 
| P,Pn+i| = 2" 1, and angle AP, P,+1 is a right angle. Find limy— 2PnAPn+1- 
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5. 


FIGURE FOR PROBLEM 5 


10. 


11. 
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To construct the snowflake curve. start with an equilateral triangle with sides of length 1. 
Step 1 in the construction is to divide each side into three equal parts, construct an equilateral 
triangle on the middle part, and then delete the middle part (see the figure). Step 2 is to repeat 
step 1 for each side of the resulting polygon. This process is repeated at each succeeding step. 
The snowflake curve is the curve that results from repeating this process indefinitely. 

(a) Let s,. J, and p. represent the number of sides. the length of a side, and the total length 
of the nth approximating curve (the curve obtained after step n of the construction), 
respectively. Find formulas for s.. /.. and p- 

(b) Show that p, — © asm > &. 

(c) Sum an infinite series to find the area enclosed by the snowflake curve. 


Note: Parts (b) and (c) show that the snowflake curve is infinitely long but encloses only a finite 
area. 


Find the sum of the series 


where the terms are the reciprocals of the positive integers whose only prime factors are 2s 
and 3s. 


. (a) Show that for xy = —1. 


ae 


arctan x — arctan y = arctan — 
1 + xy 


if the left side lies between —a/2 and w/2. 
(b) Show that arctan == — arctan & = a/4. 
(c) Deduce the following formula of John Machin (1680-1751): 
4 arctan = — arctan z5 = = 
(d) Use the Maclaurin series for arctan to show that 
0.1973955597 < arctan = < 0.1973955616 
(e) Show that 
0.004184075 < arctan & < 0.004184077 
(£) Deduce that, correct to seven decimal places, 7 ~ 3.1415927. 


Machin used this method in 1706 to find a correct to 100 decimal places. Recently, with 
the aid of computers, the value of 7 has been computed to increasingly greater accuracy. 

In 2009 T. Daisuke and his team computed the value of 7 to more than two trillion decimal 
places! ~ 


(a) Prove a formula similar to the one in Problem 7(a) but involving arccot instead of arctan. 
(b) Find the sum of the series }=, arccot(m? + n + 1). 


. Find the interval of convergence of =, n°x* and find its sum. 


If ag + a; + a> + --- + a; = 0, show that 


lim (aoyn + ain + 1 + mjnt+2 + ---+aqJj/n+k)=0 
If you don’t see how to prove this, try the problem-solving strategy of using analogy (see 
page 75). Try the special cases k = 1 and k = 2 first. If you can see how to prove the asser- 
tion for these cases, then you will probably see how to prove it in general. 


Find the sum of the series } n(1 = +) 


==. 1" 


on ae i 


FIGURE FOR PROBLEM 12 


FIGURE FOR PROBLEM 15 


P, Ps 


‘oD 
Was 


P, P, 


FIGURE FOR PROBLEM 18 


P, 
Z 


6 


See Te 


13. 


14. 


16. 


17. 


18. 


19. 


20. 


Suppose you have a large supply of books, all the same size, and you stack them at the edge 
of a table, with each book extending farther beyond the edge of the table than the one 
beneath it. Show that it is possible to do this so that the top book extends entirely beyond the 
table. In fact, show that the top book can extend any distance at all beyond the edge of the 
table if the stack is high enough. Use the following method of stacking: The top book extends 
half its length beyond the second book. The second book extends a quarter of its length 
beyond the third. The third extends one-sixth of its length beyond the fourth, and so on. (Try 
it yourself with a deck of cards.) Consider centers of mass. 


If the curve y = e ~/10 cin x, x = O, is rotated about the x-axis, the resulting solid looks like 


an infinite decreasing string of beads. 

(a) Find the exact volume of the nth bead. (Use either a table of integrals or a computer 
algebra system.) 

(b) Find the total volume of the beads. 


If p > 1, evaluate the expression 


lige a ts Parl 
1+—+—+—+ 


De ay AN 
1 1 1 

Se a 9 
oP 3p 4P 


Suppose that circles of equal diameter are packed tightly in n rows inside an equilateral tri- 
angle. (The figure illustrates the case n = 4.) If A is the area of the triangle and A, is the total 
area occupied by the n rows of circles, show that 


ashe 
pw AE) 3) 
A sequence {a,,} is defined recursively by the equations 
ao =a; = 1 nin — l)a, = (n — 1)(n — 2)a,-) — (n — 3)Gn-2 
Find the sum of the series };=0 dp. 


Taking the value of x* at 0 to be 1 and integrating a series term by term, show that 
rat 2 = || n= 
| barbus by etl ae 
0 


Starting with the vertices P;(0, 1), P2(1, 1), P3(1, 0), Ps(0, 0) of a square, we construct further 

points as shown in the figure: Ps is the midpoint of P;P2, Po is the midpoint of P2P3, P; is the 

midpoint of P;P;, and so on. The polygonal spiral path P;P2P3P4 P;P>P7... approaches a 

point P inside the square. 

(a) If the coordinates of P,, are (x, y,), Show that Xn + Xn41 + Xnv2 + Xn43 = 2 and find a 
similar equation for the y-coordinates. 

(b) Find the coordinates of P. 


ah oe as 
Find the sum of the series 2 Qn + D3" 


Carry out the following steps to show that 


+ 
Less 3-4 5:6 78 
(a) Use the formula for the sum of a finite geometric series (11.2.3) to get an expression for 
1—xt x? os x3 ais Gag GE x 2n-2 a xen) 
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6 \ i) 


(b) Integrate the result of part (a) from 0 to 1 to get an expression for 


sinh eth dodaci air fu ee 
2, 3 4 Dig = || 2n 
as an integral. 
(c) Deduce from part (b) that 
| i 1 1 it ase Ln ps 
—— + —— + — +>: + —— <<) ge" Ge 
(oy 3) 0 Gi! 5° (2n — 1)(2n) ® il ar x | 


(d) Use part (c) to show that the sum of the given series is In 2. 


21. Find all the solutions of the equation 


+—+—+ 
ZN ie Oli meee 3! 
Hint: Consider the cases x > 0 and x < 0 separately. 
22. Right-angled triangles are constructed as in the figure. Each triangle has height | and its base 


is the hypotenuse of the preceding triangle. Show that this sequence of triangles makes indef- 
initely many turns around P by showing that > 0, is a divergent series. 


23. Consider the series whose terms are the reciprocals of the positive integers that can be written 
in base 10 notation without using the digit 0. Show that this series is convergent and the sum 
is less than 90. 


24. (a) Show that the Maclaurin series of the function 


FIGURE FOR PROBLEM 22 fie = is Sfx 


| = Phat Si 
where /f,, is the nth Fibonacci number, that is, fi = 1, ff = 1, and f, = fi-1 + fro 
for n = 3. [Hint: Write x/(1 — x — x?) = co + cix + cox? +--+ and multiply both 
sides of this equation by | — x — x*.] 
(b) By writing f(x) as a sum of partial fractions and thereby obtaining the Maclaurin series 
in a different way, find an explicit formula for the nth Fibonacci number. 


a 6 9 
25. Let ih aes sins ee a eae 
3 6! Oo! 
x4 x! x10 
US 
4! 7) 10! 
x? x? 8 
fa ciara Go) ll 


Show that uw? + v° + w* — 3u0w = 1. 


26 Prove that ifn > 1, the nth partial sum of the harmonic series is not an integer. 
Hint: Let 2* be the largest power of 2 that is less than or equal to n and let M be the product 
of all odd integers that are less than or equal to n. Suppose that s, = m, an integer. Then 
M2's, = M2‘m. The right side of this equation is even. Prove that the left side is odd by 
showing that each of its terms is an even integer, except for the last one. 
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AP11-1 


ong AP* AB/BC Review Questions 


For multiple choice questions, determine which of the given choices is the best choice. Round all decimals to three decimal places 


For free response questions, show all supporting work. Numerical integrals and derivatives may be determined on the graphing calculator: 
however, show appropriate calculus notation in your work. 


Multiple Choice 


1. The series 


is the Maclaurin series for 
(a) 5x In(1 + x) 
(OS) Sea 


n 


(®) Sze lla = 32), 


2. Consider the series >) ~ If the Ratio Test is applied to the 


n=1 1 


series, which of the following inequalities results, implying that 


the series converges? 


(a) lim < il 


! 


x 
(w+ 1) 


(c) lim <a 


no 


oo 


n! 


~~ 


x 


SS || € 1 
(n+ 1)! 


3. Let f(x) = > (sin x)*". Evaluate f (57/6). 


n=1 


(a) -3 
(c) 5 


(d) The series diverges 


4. Find the values of x for which the series 5) ————— 


converges. 
(a) x = | only 
(c) -45x<6 


= (x = 1)" 
n=1 n=5)" 
(®) =4) < 2s 


(d) -4<x<6 


5. 


Which of the following is a term in the Maclaurin series for the 
function f(x) = sin 2x? 

(a) —3x° (b) —3x" 

(c) —i5x° (d) ax° 


. Suppose a, > 0 and b, > 0 for all n. If }) a, converges and 


n=) 


lim a = ().001, which one of the following statements must 


Ce) 
n= in 


be true? 


bn = 
(a) lim — = 2% (b) > (—1)"b, diverges 


nn? An n=1 


(c) » b, diverges (d) > b, converges 


n=1 ni 


. Let fbe a function with f(2) = 3, f'(2) = 4, f"(2) = —6, and 


f'"(2) = 18. Which of the following is the third-degree Taylor 
polynomial for f centered at x = 2? 

(a) 3 + 4(x — 2) — 6(x — 2)? + 18% — 2)° 

(b) 3 + 4(x — 2) — 3(x — 2)? + 3(x — 2)° 

(c) 3 + 4x? — 6x? + 18x? 

(d) 3 + 4x — 3x? + 3x? 


. What can you say about the error if the partial sum sso is used 


ree oes 
to approximate the sum s of the series » ame 
n 


n=1 


(a) | s — s50| < 0.00038 
(c) | s — ss0| < 0.000247 


(b) | s — s50| < 0.000385 
(d) | s — ss0| < 0.0000385 


AP11-2 


Free Response 
9. Let function f be defined by the power series 


f(x) =14+ (x-2) 4+ (x - 22 t---+—- 24°: 


I 
Mes 


(ot 2) 


0 


n 


for all real numbers x for which the series converges. 

(a) Find the interval of convergence of the power series for f. 
Justify your answer. 

(b) Find the sum of the series defined by f. 

(c) Let h be the function defined by h(x) = f(x? + 2). Find the 
first three nonzero terms and the general term of the Taylor 
series for h centered at x = 0, and find the value of h(3). 


10. Let f be the function given by 


3x? 


1+x° 


f(x) = 


(a) Write the first four nonzero terms and the general term of 
the Maclaurin series for f. 

Ohi 
1+x?’ 
write the first four nonzero terms of the Maclaurin series 

for y = In(1 + x’). 
(c) Use the series found in part (b) to find a rational number A 
such that | A = In(z) | < ja. Justify your answer. 


(b) Given that the derivative of y = In(1 + x*) is y’ = 
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A Numbers, Inequalities, and Absolute Values 


Calculus is based on the real number system. We start with the integers: 
oj ope 10, eo 


Then we construct the rational numbers, which are ratios of integers. Thus any rational 
number r can be expressed as 


m 


r= where m and n are integers andn # 0 
n 
Examples are 
; = 46=7 0.17 = io 
2 TI 7 s 100 


(Recall that division by 0 is always ruled out, so expressions like > and § are undefined.) 
Some real numbers, such as ./2, can’t be expressed as a ratio of integers and are therefore 
called irrational numbers. It can be shown, with varying degrees of difficulty, that the 
following are also irrational numbers: 


3 5 2, 7 Sinan logio 2 


The set of all real numbers is usually denoted by the symbol R. When we use the word 
number without qualification, we mean “real number.” 

Every number has a decimal representation. If the number is rational, then the corre- 
sponding decimal is repeating. For example, 


I 


1 = 0.5000... = 0.50 0.66666... = 0.6 


wir 


0 OL lee = 0,317 > = 1285714285714... = 1.285714 


(The bar indicates that the sequence of digits repeats forever.) On the other hand, if the 
number is irrational, the decimal is nonrepeating: 


ny 2 0174142135623 73095 0en Tor 4192653309793 aes 


If we stop the decimal expansion of any number at a certain place, we get an approxima- 
tion to the number. For instance, we can write 


tm ~ 3.14159265 


where the symbol ~ is read “is approximately equal to.” The more decimal places we retain, 
the better the approximation we get. 

The real numbers can be represented by points on a line as in Figure 1. The positive 
direction (to the right) is indicated by an arrow. We choose an arbitrary reference point O, 
called the origin, which corresponds to the real number 0. Given any convenient unit of 
measurement, each positive number x is represented by the point on the line a distance of 
x units to the right of the origin, and each negative number —x is represented by the point 
x units to the left of the origin. Thus every real number is represented by a point on the line, 
and every point P on the line corresponds to exactly one real number. The number associ- 
ated with the point P is called the coordinate of P and the line is then called a coordinate 


FIGURE 1 


——_—_$—$— 0 ———————— 
a b 


FIGURE 2 
Open interval (a, b) 


oS 
a b 


FIGURE 3 
Closed interval [a, b] 


APPENDIXA NUMBERS, INEQUALITIES, AND ABSOLUTE VALUES A3 


line, or a real number line, or simply a real line. Often we identify the point with its coor- 
dinate and think ofa number as being a point on the real line. 


res 
She 


ho 


The real numbers are ordered. We say a is less than b and write a < bif b — ais apos- 
itive number. Geometrically this means that a lies to the left of b on the number line. (Equiv- 
alently, we say b is greater than a and write b > a.) The symbol a S b (or b = a) means 
that either a < b or a = b and is read “a is less than or equal to b.” For instance, the fol- 
lowing are true inequalities: 


1 ap ALA 15 —3>-q7 ee) ql ESD) aD) 


In what follows we need to use set notation. A set is a collection of objects, and these 
objects are called the elements of the set. If S is a set, the notation a € S means that a is an 
element of S, and a € S means that a is not an element of S. For example, if Z represents 
the set of integers, then —3 € Z but 7 € Z. If S and T are sets, then their union S U T is 
the set consisting of all elements that are in S or T (or in both S and T). The intersection of 
S and T is the set S M T consisting of all elements that are in both S and T. In other words, 
S | T is the common part of S and T. The empty set, denoted by ©, is the set that contains 
no element. 

Some sets can be described by listing their elements between braces. For instance, the 
set A consisting of all positive integers less than 7 can be written as 


A t= 1? Ba 5, 6} 
We could also write A in set-builder notation as 
A = {x | xis an integer and 0 < x < 7} 


which is read “‘A is the set of x such that x is an integer and 0 < x < 7.” 


ME Intervals 


Certain sets of real numbers, called intervals, occur frequently in calculus and correspond 
geometrically to line segments. For example, if a < b, the open interval from a to b con- 
sists of all numbers between a and b and is denoted by the symbol (a, b). Using set-builder 
notation, we can write 


(a,b) ={x |a<x< bd} 


Notice that the endpoints of the interval—namely, a and b—are excluded. This is indicated 
by the round brackets () and by the open dots in Figure 2. The closed interval from a to 
b is the set 


[a,b] ={x|a=xx=b} 


Here the endpoints of the interval are included. This is indicated by the square brackets | 
and by the solid dots in Figure 3. It is also possible to include only one endpoint in an inter- 
val, as shown in Table 1. 
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[1] Table of Intervals Notation 
(a, b) 


Table 1 lists the nine possible types of intervals. 
When these intervals are discussed, it is always 
assumed that a < b. 


Set description 


Picture 


a, 
[a, b] 
[a, b) 
(a, b] 
(g, 2) 
[a, ©) 
(ec) 
(=%| 


ec) 


{x 
{x 
{x 
{x 
{ee 
{x 
{x 
{x 


a < se < [ph 
|a<x=<b} 
a=x=<b} 
a<x=b} 
x > a} 
x =a} 
herr); 
x S [Dh 


RX (set of all real numbers) 


a b 
dag i ne 
we se 
fs. 


We also need to consider infinite intervals such as 


(a,©) = {x | x > a} 


This does not mean that  (‘“‘infinity’’) is a number. The notation (a, ©) stands for the set of 
all numbers that are greater than a, so the symbol © simply indicates that the interval extends 
indefinitely far in the positive direction. 


ME Inequalities 


When working with inequalities, note the following rules. 


[2] Rules for Inequalities 
Islia a bsthen ad. da b +c. 
2. Ifa< bandc<d,thena+c<b¢d. 


3. Ifa < bandc > 0, then ac < be. 
4. Ifa < bandc < 0, then ac > be. 
5. If 0 < a < b, then 1/a > 1/b. 


Rule | says that we can add any number to both sides of an inequality, and Rule 2 says 
that two inequalities can be added. However, we have to be careful with multiplication. 
Rule 3 says that we can multiply both sides of an inequality by a positive number, but 
Rule 4 says that if we multiply both sides of an inequality by a negative number, then we 
reverse the direction of the inequality. For example, if we take the inequality 3 < 5 and 
multiply by 2, we get 6 < 10, but if we multiply by —2, we get —6 > —10. Finally, Rule 5 
says that if we take reciprocals, then we reverse the direction of an inequality (provided the 


numbers are positive). 


(SPEN Solve the inequality 1 + x < 7x + 5. 


SOLUTION The given inequality is satisfied by some values of x but not by others. To 
solve an inequality means to determine the set of numbers x for which the inequality is 
true. This is called the solution set. 


A visual method for solving Example 3 Is to 

use a graphing device to graph the parabola 

y = x? — 5x + 6 (as in Figure 4) and observe 
that the curve lies on or below the x-axis when 
2s=x 3. 


71 


FIGURE 4 
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First we subtract 1 from each side of the inequality (using Rule 1 with c = —1): 
x< 7x +4 
Then we subtract 7x from both sides (Rule 1 with c = —7x): 
=Ox = .4 
Now we divide both sides by —6 (Rule 4 with ec = — i): 
> b=} 


These steps can all be reversed, so the solution set consists of all numbers greater than 
—%. In other words, the solution of the inequality is the interval (— z, 00) eas 


Wig esva Solve the inequalities 4 < 3x — 2 < 13. 


SOLUTION Here the solution set consists of all values of x that satisfy both inequalities. 
Using the rules given in [2], we see that the following inequalities are equivalent: 


Aes Ok 2 13 


Os se< IS (add 2) 
DE eK (divide by 3) 
Therefore the solution set is [2, 5). net} 


SeNESEE Solve the inequality x* — 5x +6 <0. 
SOLUTION First we factor the left side: 


Gin) Kea S) i= 0 


We know that the corresponding equation (x — 2)(x — 3) = 0 has the solutions 2 and 3. 
The numbers 2 and 3 divide the real line into three intervals: 


(—®, 2) (2, 3) (3, 22) 
On each of these intervals we determine the signs of the factors. For instance, 
Lei -252) anes > Xk 2 0 


Then we record these signs in the following chart: 


Interval x-—2 x-—3 (x — 2)(x — 3) 
eSB = = ar 
DIKE <<e5 + — = 
ne 3 + ‘ 4: 


Another method for obtaining the information in the chart is to use test values. For 
instance, if we use the test value x = 1 for the interval (—%, 2), then substitution in 
x — 5x + 6 gives 


1? —=35(1) 46 = 2 


A6 APPENDIX A NUMBERS, INEQUALITIES, AND ABSOLUTE VALUES 


t -—-——— 


0 2 


FIGURE 5 


FIGURE 6 


Remember that if a is negative, 


then —a is positive. 


The polynomial x? — 5x + 6 doesn’t change sign inside any of the three intervals, so we 
conclude that it is positive on (—%, 2). 

Then we read from the chart that (x — 2)(x — 3) is negative when 2 < x < 3. Thus 
the solution of the inequality (x — 2)(x — 3) S Ois 


{x |2<x <3}=[2,3] 


Notice that we have included the endpoints 2 and 3 because we are looking for values 
of x such that the product is either negative or zero. The solution is illustrated in Figure 5. 
[inet | 


PeGWgeey Solve x° + 3x? > 4x. 


SOLUTION First we take all nonzero terms to one side of the inequality sign and factor the 
resulting expression: 


x? + 3x? — 4x >0 or x(x — 1)(x+ 4) >0 


As in Example 3 we solve the corresponding equation x(x — 1)(x + 4) = 0 and use the 
solutions x = —4, x = 0, and x = 1 to divide the real line into four intervals (—%, —4), 
(—4, 0), (0, 1), and (1, %). On each interval the product keeps a constant sign as shown 
in the following chart: 


Interval Xi = Il x+4 FCs — ee 275) 
x<-4 ] - - - - 
—4<x<0 - ~ - . 
OS =F = + _ 
x= + ~ - - 


Then we read from the chart that the solution set is 
1 [aes =r OlOl we = el yl =A Ol) 
The solution is illustrated in Figure 6. Ee 


MH Absolute Value 


The absolute value of a number a, denoted by ||, is the distance from a to 0 on the real 
number line. Distances are always positive or 0, so we have 


|a|=0O for every number a 
For example, 
[3 = 3 |S] 3° %) [0] = Os von! |af2 Ln 2R Se ers 
In general, we have 
[3 | lal|=a ifa=0 


|a| = -a if a= 0 
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SINS" Express | 3x — 2| without using the absolute-value symbol. 
SOLUTION 
3 Z Le i eS 
He ols a net FMW 
Ata OA Gui Bhs ed 210) 
NS ee 5 
2-3x ifx<: aa 


Recall that the symbol ,/ means “the positive square root of.” Thus \/r = s means 

@ s?=rands = 0. Therefore the equation ,/a? = a is not always true. It is true only when 

a = 0. If a < 0, then —a > 0, so we have Ja = —a. In view of [3], we then have the 
equation 


a | ete | 


which is true for all values of a. 
Hints for the proofs of the following properties are given in the exercises. 


[5 Properties of Absolute Values Suppose a and b are any real numbers and n is an 
integer. Then 


n 


1. |ab| = |a||d| 3. |a"| =|a 


For solving equations or inequalities involving absolute values, it’s often very helpful to 
use the following statements. 


[ 6 | Suppose a > 0. Then 
if and only if 


x=ta 


01 ZS Iw 


4. |x| =a 


5. |x| <a_ if and only if 


SS ee 6. |x|/>a ifandonlyit x>aorx<—a 
eT) ae 

Eades For instance, the inequality |x| <a says that the distance from x to the origin 1s less 

FIGURE 7 than a, and you can see from Figure 7 that this is true if and only if x lies between —a and a. 

If a and b are any real numbers, then the distance between a and b is the absolute value 
of the difference, namely, |a — b|, which is also equal to |b — a |. (See Figure 8.) 

Fae? ae 4 
b a (SZWETH Solve |2x — 5| = 3. 
pela] s SOLUTION By Property 4 of [6], |2x — 5| = 3 is equivalent to 
gs “ x-5=3 of 2x-5=-3 

FIGURE 8 


Length of a line segment = |a — b| 


So 2x = 8 or 2x = 2. Thus x = 4 orx = 1. 
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3 


FIGURE 9 


SiMgtee Solve |x — 5| <2. 


SOLUTION 1 By Property 5 of [6], |x — 5| < 2 is equivalent to 
So ee Se 
Therefore, adding 5 to each side, we have 
Apseee <a 


and the solution set is the open interval (3, 7). 


SOLUTION 2 Geometrically the solution set consists of all numbers x whose distance from 
5 is less than 2. From Figure 9 we see that this is the interval (3, 7). Cae 


Solve |3x + 2| > 4. 
SOLUTION By Properties 4 and 6 of [6], |3x + 2| = 4 is equivalent to 
3x +224 or e+ 2 = 4 


In the first case 3x > 2, which gives x > =. In the second case 3x < —6, which gives 
x < —2. So the solution set is 


{x|x<-2 or x = 2} = (—~, -2] u [3, ~) EA 


Another important property of absolute value, called the Triangle Inequality, is used 
frequently not only in calculus but throughout mathematics in general. 


The Triangle Inequality If a and b are any real numbers, then 


la + b| =|a| + [D| 


Observe that if the numbers a and b are both positive or both negative, then the two sides 
in the Triangle Inequality are actually equal. But if a and b have opposite signs, the left side 
involves a subtraction and the right side does not. This makes the Triangle Inequality seem 
reasonable, but we can prove it as follows. 

Notice that 


-|a| <a<|a]| 
is always true because a equals either | a| or —|a|. The corresponding statement for b is 
—|b] =bs|b| 
Adding these inequalities, we get 
—(|a| + |b|)Sa+b<|al+ |p| 


If we now apply Properties 4 and 5 (with x replaced by a + b anda by |a| + |b|), we 
obtain 


ja +b| <|al + {b| 


which is what we wanted to show. 
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ETS If |x — 4| < 0.1 and | y — 7| < 0.2, use the Triangle Inequality to estimate 
iy) 1 
SOLUTION In order to use the given information, we use the Triangle Inequality with 
a=x-—4andb=y—7: 
(x +) — 11] 1G —4) PX y — 7)! 
isn Mme) GS 8 oC) 


<0.1 + 0.2=03 


Thus ee eS ie 

WEY) Exercises 
1-12 Rewrite the expression without using the absolute value ature in degrees Celsius and F is the temperature in degrees 
symbol. Fahrenheit. What interval on the Celsius scale corresponds to 

15 23} 25) 1-33) the temperature range 50 = F < 95? 

3. |—7| 4. |r —2| 40. Use the relationship between C and F given in Exercise 39 to 

' find the interval on the Fahrenheit scale corresponding to the 

5. | v5 - 5| 6. ||—2] — |-3]| temperature range 20 < C < 30. 

7. |x—2| ifx<2 8 |x—2| ifx>2 41. As dry air moves upward, it expands and in so doing cools at 

OF x a 10. |2x —1 arate of about 1°C for each 100-m rise, up to about 12 km. 
Meet PS pests (a) If the ground temperature is 20°C, write a formula for the 


temperature at height h. 
(b) What range of temperature can be expected if a plane takes 
13-38 Solve the inequality in terms of intervals and illustrate the off and reaches a maximum height of 5 km? 
solution set on the real number line. 


42. If a ball is thrown upward from the top of a building 128 ft 


iE Gleb ith Sores) 14.53% =A high with an initial velocity of 16 ft/s, then the height h above 
15. 1—x<2 16 4 3x=6 the ground ¢ seconds later will be 
Aree ea 18. 1+ 5x>5 — 3x h = 128 + 16t — 1617 
iC, =) < 2k = DS < 7 205 1 =< 374.4 = 16 During what time interval will the ball be at least 32 ft above 
the ground? 

74), OS i) = se 1 (ib SSeS VS sg 
GE), ais se HS il = She ae 24. 2x -—3<x+4< 3x-2 43—46 Solve the equation for x. 
25. (x — 1)(x — 2) > 0 26. (2x + 3)(x — 1) 20 43. |2x| = 3 44. |3x+5|=1 
27. 2x7 +x<1 : 28. x°<2x+8 a 

5 Cie 4a oo (2a 46. — =3 
Doe et = 0 ee ions ae : me, 
314x158 32 ea) 
339° — x1 = 0 47-56 Solve the inequality. 
3A. (x + 1)(x — 2)(x + 3) =O 47. |x| <3 48. |x| =3 
oly pe Mess 36. x° + 3x < 4x? a9. |x —4| <1 mls — 6 — 01 
aye ng ee ey B1. |x +5) 22 BA xc 13 

Vs st 
53. | 2x — 3|/ =04 BA. [5x — 2| <6 

39. The relationship between the Celsius and Fahrenheit tempera- BS 1<|x|<4 6s O0<|x=—5|< 


ture scales is given by C = 2(F — 32), where C is the temper- es 
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57-58 Solve for x, assuming a, b, and c are positive constants. 65. Prove that |ab| = |a||b|. [Hint: Use Equation 4.] 
5]. albx — c) 2 be 58. a<=bx+c< 2a 
— — a 
66. Prove that a = ot 
58-60 Solve for x, assuming a, b, and c are negative constants. 
ax +b 67. Show that if 0 < a <b, thena’ < b°. 
Bitty oe 60. <b 
c - - 
68. Prove that |x — y| = |x| — |y|. [Hint: Use the Triangle 
Inequality with a = x — yandb= y.] 
61. Suppose that |x — 2| < 0.01 and | y — 3| < 0.04. Use the ; 
Triangle Inequality to show that |(x + y) — 5| < 0.05. 69. Show that the sum, difference, and product of rational numbers 


are rational numbers. 


62. Show that if |x + 3| <4, then |4x + 13| <3. 


63. Show that if a < b, thena < 


64. Use Rule 3 to prove Rule 5 of [2]. 


gee Coordinate Geometry and Lines 


70. (a) Is the sum of two irrational numbers always an irrational 
< b. number? 
(b) Is the product of two irrational numbers always an 
irrational number? 


Just as the points on a line can be identified with real numbers by assigning them coordi- 
nates, as described in Appendix A, so the points in a plane can be identified with ordered 
pairs of real numbers. We start by drawing two perpendicular coordinate lines that intersect 
at the origin O on each line. Usually one line is horizontal with positive direction to the 
right and is called the x-axis; the other line is vertical with positive direction upward and is 
called the y-axis. 

Any point P in the plane can be located by a unique ordered pair of numbers as follows. 
Draw lines through P perpendicular to the x- and y-axes. These lines intersect the axes in 
points with coordinates a and b as shown in Figure 1. Then the point P is assigned the 
ordered pair (a, b). The first number a is called the x-coordinate of P: the second number 
b is called the y-coordinate of P. We say that P is the point with coordinates (a, b), and we 
denote the point by the symbol P(a, b). Several points are labeled with their coordinates in 
Figure 2. 


yA YA 
5 47+ P(a,b) 44 
or 34 -« {1,3) 
es ae ee) 
Aer pee 
(5,0) 
——- re) i — —>. —+—__+—_+ +——_+—__+—__1___4_» 
=3 21 eee aie HP har ee 3-29) 1'0 4 8 ie ee 
— a ig | a = 
lee 2 
ul IV ee ay | 
—3+ : art 
sie | =e e (2,—4) 
FIGURE 1 FIGURE 2 


By reversing the preceding process we can start with an ordered pair (a, b) and arrive 
at the corresponding point P. Often we identify the point P with the ordered pair (a, b) and 
refer to “the point (a, b).” [Although the notation used for an open interval (a, b) is the 


FIGURE 3 


yA 
P,(X2, Ya) 
Yo j 
ly, y,| 
Pil, i) | 
Mh Ap ees 
f emeni aon 
= + > 
0 xy x x 


FIGURE 4 
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same as the notation used for a point (a, b), you will be able to tell from the context which 
meaning is intended. ] 

This coordinate system is called the rectangular coordinate system or the Cartesian 
coordinate system in honor of the French mathematician René Descartes (1596-1650), 
even though another Frenchman, Pierre Fermat (1601-1665), invented the principles of 
analytic geometry at about the same time as Descartes. The plane supplied with this coor- 
dinate system is called the coordinate plane or the Cartesian plane and is denoted by R’. 

The x- and y-axes are called the coordinate axes and divide the Cartesian plane into 
four quadrants, which are labeled I, II, II, and IV in Figure 1. Notice that the first quadrant 
consists of those points whose x- and y-coordinates are both positive. 


S\GESB Describe and sketch the regions given by the following sets. 
(a) {(x, y) | x = O} (b) {(x,y) |» = 1} (c) {@y | ly <1} 
SOLUTION 


(a) The points whose x-coordinates are 0 or positive lie on the y-axis or to the right of it 
as indicated by the shaded region in Figure 3(a). 


yA yA YA 
1 
| [> 
— —}—__+—> {——- | + __} > 
x 0 x 
a i al 
(a) x=0 (b) y=1 (c) |y|<1 


(b) The set of all points with y-coordinate | is a horizontal line one unit above the x-axis 
[see Figure 3(b)]. 


(c) Recall from Appendix A that 
Bares if and only if ie yea 


The given region consists of those points in the plane whose y-coordinates lie between 
—{ and 1. Thus the region consists of all points that lie between (but not on) the hori- 
zontal lines y = 1 and y = —1. [These lines are shown as dashed lines in Figure 3(c) to 
indicate that the points on these lines don’t lie in the set. [Esoey 


Recall from Appendix A that the distance between points a and b on a number line is 
(ae ab |b =a |. Thus the distance between points P,(x1, 1) and P3(x2, yi) on a hor- 
izontal line must be |x. — 1 | and the distance between P2(x2, y2) and P3(%, y;) on a ver- 
tical line must be | y2 — y: |. (See Figure 4.) 

To find the distance | P;P2| between any two points Pi(%1, y,) and P2(x2, y2), we note 
that triangle P,P2P3 in Figure 4 is a right triangle, and so by the Pythagorean Theorem 
we have 


[2iPs| = Dees ee | PoP3|? = Vike a oe ly. — yi |? 


=a V2 = <5) eam Oy ms yi)? 
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[1] Distance Formula The distance between the points P;(x1, y:) and P2(x2, y2) is 


Pi Pol a (ey oe (yn yn)? 


(S091) The distance between (1, —2) and (5, 3) is 


(5 -1)?+2 -— (-2))? =/4? + 5? = /41 ez 


HH Lines 


We want to find an equation of a given line L; such an equation is satisfied by the coordi- 
nates of the points on L and by no other point. To find the equation of L we use its slope, 
which is a measure of the steepness of the line. 


[2] Definition The slope of a nonvertical line that passes through the points 
P,(x1, yi) and Po(x2, yr) is 


AYER Ieay! 
Ax Sa, = Be 


The slope of a vertical line is not defined. 


FIGURE 6 


Thus the slope of a line is the ratio of the change in y, Ay, to the change in x, Ax. (See 
Figure 5.) The slope is therefore the rate of change of y with respect to x. The fact that the 
line is straight means that the rate of change is constant. 

Figure 6 shows several lines labeled with their slopes. Notice that lines with positive 
slope slant upward to the right, whereas lines with negative slope slant downward to the 
right. Notice also that the steepest lines are the ones for which the absolute value of the 
slope is largest, and a horizontal line has slope 0. 

Now let’s find an equation of the line that passes through a given point P;(x;, y,) and has 
slope m. A point P(x, y) with x ¥ x, lies on this line if and only if the slope of the line 
through P; and P is equal to m; that is, 


ae 
——— 
Neer 


This equation can be rewritten in the form 
y-y = mx — x3) 


and we observe that this equation is also satisfied when x = xX, and y = y,. Therefore it is 
an equation of the given line. 


[3] Point-Slope Form of the Equation of aLine An equation of the line passing 
through the point P;(x;, y:) and having slope m is 


y— yi = mlx ~ x1) 


FIGURE 7 


FIGURE 8 
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SL Find an equation of the line through (1, —7) with slope — 5. 


SOLUTION Using [3] with m = —3, x, = 1, and y, = —7, we obtain an equation of the 
line as 


Yreka sane 1) 


which we can rewrite as 


2yi tala S"S x31 or xt Dy, al 3 = 30 Say 


SETAT Find an equation of the line through the points (—1, 2) and (3, —4). 
SOLUTION By Definition 2 the slope of the line is 


sien tise UES 
3 (1) a 
Using the point-slope form with x; = —1 and y; = 2, we obtain 


pee ate Cig) 
which simplifies to 3x + 2y = 1 figew 


Suppose a nonvertical line has slope m and y-intercept b. (See Figure 7.) This means it 
intersects the y-axis at the point (0, b), so the point-slope form of the equation of the line, 
with x; = O and y,; = b, becomes 

y —-b=m(x — 0) 


This simplifies as follows. 


[4] Slope-Intercept Form of the Equation of aLine An equation of the line with slope 
mand y-intercept b is 


b y=mxt+b 


In particular, if a line is horizontal, its slope is m = 0, so its equation is y = b, where b 
is the y-intercept (see Figure 8). A vertical line does not have a slope, but we can write its 
equation as x = a, where a is the x-intercept, because the x-coordinate of every point on the 
line is a. 

Observe that the equation of every line can be written in the form 


[5] Ax + By + C=0 
because a vertical line has the equation x = aorx —~ a= 0(A = 1,B = 0,C = —a) and 
a nonvertical line has the equation y = mx + bor —mx + y— b= OA = Bian 
C = —b). Conversely, if we start with a general first-degree equation, that is, an equation 


of the form [5], where A, B, and C are constants and A and B are not both 0, then we can 
show that it is the equation of a line. If B = 0, the equation becomes Anite Cr ONO 
x = —C/A, which represents a vertical line with x-intercept —C/A. If B ¥ 0, the equation 
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FIGURE 9 


FIGURE 10 
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can be rewritten by solving for y: 


ee ra pes 


and we recognize this as being the slope-intercept form of the equation of a line 
(m = —A/B, b = —C/B). Therefore an equation of the form is called a linear 
equation or the general equation of a line. For brevity, we often refer to “the line 
Ax + By + C = 0” instead of “the line whose equation is Ax + By + C = 0.” 


(SEF Sketch the graph of the equation 3x — 5y = 15. 


SOLUTION Since the equation is linear, its graph is a line. To draw the graph, we can sim- 
ply find two points on the line. It’s easiest to find the intercepts. Substituting y = 0 (the 
equation of the x-axis) in the given equation, we get 3x = 15, so x = S is the x-intercept. 
Substituting + = 0 in the equation, we see that the y-intercept is —3. This allows us to 
sketch the graph as in Figure 9. Pes 


GW ids) Graph the inequality x + 2y > S. 


SOLUTION We are asked to sketch the graph of the set {(x, y) | x + 2y > 5} and we 
begin by solving the inequality for y: 


xy 
2yetane 5 
Vea —tx = 3 
Compare this inequality with the equation y = —5x + 3, which represents a line with 
slope — 4 and y-intercept >. We see that the given graph consists of points whose 
y-coordinates are Jarger than those on the line y = —}x + >. Thus the graph is the 
region that lies above the line, as illustrated in Figure 10. Bara 


M8 Parallel and Perpendicular Lines 


Slopes can be used to show that lines are parallel or perpendicular. The following facts are 
proved, for instance, in Precalculus: Mathematics for Calculus, Sixth Edition by Stewart, 
Redlin, and Watson (Belmont, CA, 2012). 


[ 6 | Parallel and Perpendicular Lines 
1. Two nonvertical lines are parallel if and only if they have the same slope. 


2. Two lines with slopes m, and m are perpendicular if and only if myn. = —1; 
that is, their slopes are negative reciprocals: 


(SQA Find an equation of the line through the point (5, 2) that is parallel to the 
line 4x + Sy + 5 = 0. 


SOLUTION The given line can be written in the form 
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which is in slope-intercept form with m = —%. Parallel lines have the same slope, so the 
required line has slope — ; and its equation in point-slope form is 


Ve ae (x2) 


We can write this equation as 2x + 3y = 16. seers 


Sei lakace Show that the lines 2x + 3y = 1 and 6x — 4y — | = Oare perpendicular. 


SOLUTION The equations can be written as 


ti —% and ig — ; 
Since mm: = —1, the lines are perpendicular. Baa 
SB] Exercises 
1-6 Find the distance between the points. 19. xy =0 20. |y| = 1 


121 eh) (4,5) 2 leo) eho, 1) 
3. (6.42) 01 Gaels) Ad 50) we (ole 3) 


5. (2.5), (4, 7) 6. (a,b), (b, a) 


7-10 Find the slope of the line through P and Q. 
Tee) O411) SP (= 166) O43) 
hay TO 9) 10. P(—1,—4), Q(6, 0) 


11. Show that the triangle with vertices A(0, 2), B(—3, —1), and 
C(—4, 3) is isosceles. 


12. (a) Show that the triangle with vertices A(6, = 7), XA, = Sh). 


and C(2, —2) is a right triangle using the converse of the 
Pythagorean Theorem. 

(b) Use slopes to show that ABC is a right triangle. 

(c) Find the area of the triangle. 


13. Show that the points (—2, 9), (4, 6), (I, 0), and (—5, 3) are the 


vertices of a square. 


14. (a) Show that the points A(—1, 3), BGs 11), and! C(S; 5) 
are collinear (lie on the same line) by showing that 
[ABl er |BC| = |ACl: 
(b) Use slopes to show that A, B, and C are collinear. 


15. Show that A(1, 1), B(7, 4), C(5, 10), and D(—1, 7) are vertices 


of a parallelogram. 


16. Show that A(1, 1), B(11, 3), C0, 8), and D(0, 6) are vertices 


of a rectangle. 


17-20 Sketch the graph of the equation. 
ley 23 18,.y = —2 


21-36 Find an equation of the line that satisfies the given 
conditions. 


21. Through (2, —3), slope 6 

22. Through (—1, 4), slope —3 

23. Through (1, 7), slope 

24) Through (=35 5). slope -} 

25. Through (2, 1) and (1, 6) 

26. Through (—1, —2) and (4, 3) 

27. Slope 3, y-intercept —2 

28. Slope 2, y-intercept 4 

29. x-intercept 1, y-intercept —3 

30. x-intercept —8, y-intercept 6 

31. Through (4,5), parallel to the x-axis 

32. Through (4,5), parallel to the y-axis 

33. Through (1, —6), parallel to the line x + 2y = 6 
34. y-intercept 6, parallel to the line 2x + 3y + 4= 0 


35. Through (—1, —2), perpendicular to the line 
2x + 5y +8 = 0 


36. Through G, —2), perpendicular to the line 4x — 8y = | 


37-42 Find the slope and y-intercept of the line and draw 
its graph. 


37. x + 3y =0 sh}, Dee = ay Sa) 
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40. 2x —3y +6=0 
42. 4x + 5y = 10 


39y— 2 
41. 3x — 4y = 12 


43-52 Sketch the region in the xy-plane. 

43. {(x, y) | x < 0} 44. {(x, y) | y > 0} 

45. {(x, y) | xy < 0} 46. {(x,y) | x = land y < 3} 
a7. {(x,y) | |x| <2} 

48. {(x, y) | |x| <3and|y| <2} 

49. {(x,y)|0<y <4 andx < 2} 

i AEA) eee il 

BI ay) le == y= 1 xt 

52. {(x, y) | -x <y <3(x + 3)} 


53. Find a point on the y-axis that is equidistant from (5, —5) 
avivel (il, i). 


54. Show that the midpoint of the line segment from P;(x;, y;) to 
P2(x2, yo) is 
xX] SF Xi yi a y2 
Toaemceed) 


55. Find the midpoint of the line segment joining the given points. 
(a) (1, 3) and (7, 15) (b) (—1, 6) and (8, —12) 


56. Find the lengths of the medians of the triangle with vertices 
A(1, 0), B(3, 6), and C(8, 2). (A median is a line segment from 
a vertex to the midpoint of the opposite side.) 


he) Graphs of Second-Degree Equations 


57. 


58. 


59. 


60. 


61. 


62. 


Show that the lines 2x — y = 4 and 6x — 2y = 10 are not 
parallel and find their point of intersection. 


Show that the lines 3x — Sy + 19 = O and 10x + 6y — 50 = 0 
are perpendicular and find their point of intersection. 


Find an equation of the perpendicular bisector of the line seg- 
ment joining the points A(1, 4) and B(7, —2). 


(a) Find equations for the sides of the triangle with vertices 
P(1, 0), OG, 4), and R(—1, 6). 

(b) Find equations for the medians of this triangle. Where do 
they intersect? 


(a) Show that if the x- and y-intercepts of a line are nonzero 
numbers a and b, then the equation of the line can be put in 
the form 


ESA? ac 
a b 


This equation is called the two-intercept form of an equa- 
tion of a line. 

(b) Use part (a) to find an equation of the line whose 
x-intercept is 6 and whose y-intercept is —8. 


A car leaves Detroit at 2:00 PM, traveling at a constant speed 
west along I-96. It passes Ann Arbor, 40 mi from Detroit, at 
2:50 PM. 

(a) Express the distance traveled in terms of the time elapsed. 
(b) Draw the graph of the equation in part (a). 

(c) What is the slope of this line? What does it represent? 


In Appendix B we saw that a first-degree, or linear, equation Ax + By + C= 0 represents 
a line. In this section we discuss second-degree equations such as 


ey eel 


y=x?+1 


Xe y? 
eee y= 
Oatery Foy Tada aes 


which represent a circle, a parabola, an ellipse, and a hyperbola, respectively. 
The graph of such an equation in x and y is the set of all points (x, y) that satisfy the 


equation; it gives a visual representation of the equation. Conversely, given a curve in the 
xy-plane, we may have to find an equation that represents it, that is, an equation satisfied by 
the coordinates of the points on the curve and by no other point. This is the other half of the 
basic principle of analytic geometry as formulated by Descartes and Fermat. The idea is 
that if a geometric curve can be represented by an algebraic equation, then the rules of alge- 
bra can be used to analyze the geometric problem. 


ME Circles 


As an example of this type of problem, let’s find an equation of the circle with radius r and 
center (h, k). By definition, the circle is the set of all points P(x, y) whose distance from 


yA 
P(x, y) 
ee |e eee 
0 x 
FIGURE 1 
FIGURE 2 


x>+y?+2x—-6y+7=0 
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the center C(h, k) is r. (See Figure 1.) Thus P is on the circle if and only if | PC| = r. From 
the distance formula, we have 


Veh += BP =r 
or equivalently, squaring both sides, we get 


(e — hy + (y - =P? 


This is the desired equation. 


[1] Equation of a Circle An equation of the circle with center (h, k) and radius r is 
(x -—hP+Q-kP =r? 
In particular, if the center is the origin (0, 0), the equation is 


P+ypaPr 


SY 2734 Find an equation of the circle with radius 3 and center (2, —5). 
SOLUTION From Equation 1 with r = 3, h = 2, and k = —5S, we obtain 


Gi 2) ty ta) = 9 aes 


(SESs Sketch the graph of the equation x* + y* + 2x — 6y + 7 = 0 by first show- 
ing that it represents a circle and then finding its center and radius. 


SOLUTION We first group the x-terms and y-terms as follows: 
(x? + 2x) + (y* — 6y) = —-7 


Then we complete the square within each grouping, adding the appropriate constants (the 
squares of half the coefficients of x and y) to both sides of the equation: 


(et Dx 1) Gy? — Gy 9) = — ae 
or (x + 1? + (y - 3 =3 
Comparing this equation with the standard equation of a circle (i Mweisee that jem, 


k = 3, andr= Ae , so the given equation represents a circle with center (—1, 3) and 
radius /3. It is sketched in Figure 2. 


7 
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M8 Parabolas 


The geometric properties of parabolas are reviewed in Section 10.5. Here we regard a 
parabola as a graph of an equation of the form y = ax* + bx + c. 


(SUE Draw the graph of the parabola y = x’. 


SOLUTION We set up a table of values, plot points, and join them by a smooth curve to 
obtain the graph in Figure 3. 


% y=x° 
0 0 
aie 
ar | 1 
ay) 4 
ae) 9 a 

X 

FIGURE 3 Cea 


Figure 4 shows the graphs of several parabolas with equations of the form y = ax? for 
various values of the number a. In each case the vertex, the point where the parabola 
changes direction, is the origin. We see that the parabola y = ax* opens upward if a > 0 
and downward if a < 0 (as in Figure 5). 


| YA 
0 
ae 
x 
> 
x 
(a) y=ax’, a>0 (b) y=ax*, a<0 


FIGURE 4 FIGURE 5 


Notice that if (x, y) satisfies y = ax’, then so does (—x, y). This corresponds to the geo- 
metric fact that if the right half of the graph is reflected about the y-axis, then the left half 
of the graph is obtained. We say that the graph is symmetric with respect to the y-axis. 


The graph of an equation is symmetric with respect to the y-axis if the equation is 
unchanged when x is replaced by —x. 


If we interchange x and y in the equation y = ax’, the result is x = ay’, which also rep- 
resents a parabola. (Interchanging x and y amounts to reflecting about the diagonal line 
y =x.) The parabola x = ay’ opens to the right if a > 0 and to the left if a < OA(See 


FIGURE 7 


yA 


(—a, 0) 


(0, b) 


FIGURE 6 


FIGURE 8 
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Figure 6.) This time the parabola is symmetric with respect to the x-axis because if (x, y) 
satisfies x = ay’, then so does (x, —y). 


YA % 


(a) w= ay”, a>0O (b) x=ay?, a<0 


The graph of an equation is symmetric with respect to the x-axis if the equation is 
unchanged when y is replaced by —y. 


SVE! Sketch the region bounded by the parabola x = y* and the line y = x — 2. 
SOLUTION First we find the points of intersection by solving the two equations. Substi- 
tuting x = y + 2 into the equation x = y’, we get y + 2 = y’, which gives 


O=y?-y-2=(y-2y+)) 


so y = 2 or —1. Thus the points of intersection are (4, 2) and (1, —1), and we draw 

the line y = x — 2 passing through these points. We then sketch the parabola x = y > by 
referring to Figure 6(a) and having the parabola pass through (4, 2) and (1, —1). The 
region bounded by x = y* and y = x — 2 means the finite region whose boundaries are 
these curves. It is sketched in Figure 7. aes 


Ml Ellipses 


The curve with equation 


[2] je 


where a and b are positive numbers, is called an ellipse in standard position. (Geometric 
properties of ellipses are discussed in Section 10.5.) Observe that Equation 2 is unchanged 
if x is replaced by —x or y is replaced by —y, so the ellipse is symmetric with respect to 
both axes. As a further aid to sketching the ellipse, we find its intercepts. 


The x-intercepts of a graph are the x-coordinates of the points where the graph 
intersects the x-axis. They are found by setting y = 0 in the equation of the graph. 


The y-intercepts are the y-coordinates of the points where the graph intersects the 
y-axis. They are found by setting x = 0 in its equation. 


If we set y = 0 in Equation 2, we get x? = a’ and so the x-intercepts are +a. Setting 
x = 0, we get y’ = b’, so the y-intercepts are +b. Using this information, together with 
symmetry, we sketch the ellipse in Figure 8. If a = b, the ellipse is a circle with radius a. 


A20 


FIGURE 9 
9x? + l6y” = 144 


FIGURE 10 


x2 
The hyperbola — —*> =1 
a 


FIGURE 11 


ay 


The hyperbola y = 
Gaal. 
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SEaeaee Sketch the graph of 9x? + 16y* = 144. 
SOLUTION We divide both sides of the equation by 144: 


2 
X 


2 
16 y 


The equation is now in the standard form for an ellipse [2], so we have a* = 16, 27= 9, 
a = 4, and b = 3. The x-intercepts are +4; the y-intercepts are +3. The graph is 
sketched in Figure 9. 


(—4, 0) 


(0, = 3) 


MN Hyperbolas 


The curve with equation 


[3 


is called a hyperbola in standard position. Again, Equation 3 is unchanged when x is 
replaced by —x or y is replaced by —y, so the hyperbola is symmetric with respect to both 
axes. To find the x-intercepts we set y = 0 and obtain x* = a” and x = +a. However, if we 
put x = 0 in Equation 3, we get y> = —b’, which is impossible, so there is no y-intercept. 
In fact, from Equation 3 we obtain 


ie y? 
aS 
a Ds 
which shows that x* > a’ and so |x| = x? = a. Theref h > i 
s that x7 > Vx? = a. Therefore we have x > a or x < —a. 


This means that the hyperbola consists of two parts, called its branches. It is sketched in 
Figure 10. 
In drawing a hyperbola it is useful to draw first its asymptotes, which are the lines 
y = (b/a)x and y = —(b/a)x shown in Figure 10. Both branches of the hyperbola approach 
the asymptotes; that is, they come arbitrarily close to the asymptotes. This involves the 
idea of a limit, which is discussed in Chapter 2. (See also Exercise 73 in Section 4.5.) 
By interchanging the roles of x and y we get an equation of the form 
Ve uae 
Ce 


=1 


which also represents a hyperbola and is sketched in Figure 11. 
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SUNTTH Sketch the curve 9x? — 4y? = 36. 
SOLUTION Dividing both sides by 36, we obtain 
x? y? 
4 9 


which is the standard form of the equation of a hyperbola (Equation 3). Since a? = 4, 
the x-intercepts are +2. Since b* = 9, we have b = 3 and the asymptotes are y = +(2)x. 
The hyperbola is sketched in Figure 12. 


FIGURE 12 
The hyperbola 9x” — 4y* = 36 


If b = a, a hyperbola has the equation x’ — y? = a’ (or y> — x* = a’) and is called an 
equilateral hyperbola [see Figure 13(a)]. Its asymptotes are y = +x, which are perpendi- 
cular. If an equilateral hyperbola is rotated by 45°, the asymptotes become the x- and 
y-axes, and it can be shown that the new equation of the hyperbola is xy = k, where k is a 
constant [see Figure 13(b)]. 


FIGURE 13 
Equilateral hyperbolas (a) x?-y?=a (b) xy =k (k>0) 


MH Shifted Conics 


Recall that an equation of the circle with center the origin and radius r is x? + y? =r’, but 
if the center is the point (A, k), then the equation of the circle becomes 


(geet Ht) cee awh) seer 


Similarly, if we take the ellipse with equation 


Al 2 


va 


Xe ae 
[4] Beit gaa 


a 
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and translate it (shift it) so that its center is the point (h, k), then its equation becomes 


a b? 


(See Figure 14.) 


Va x—h)? y—k)? 
3 (x se) 4 0 ) 


a b? a 


Ky) 


FIGURE 14 


Notice that in shifting the ellipse, we replaced x by x — hand y by y — kin Equation 4 
to obtain Equation 5. We use the same procedure to shift the parabola y = ax? so that its 
vertex (the origin) becomes the point (h, k) as in Figure 15. Replacing x by x — hand y by 
y — k, we see that the new equation is 


y —k=a(x — hy or y=a(x-—hP +k 


/ Bend y=a(x—h)?+k 
j 


/y=ax' 


/ (hk) 


FIGURE 15 : 
3 igtS) Sketch the graph of the equation y = 2x? — 4x + 1, 
SOLUTION First we complete the square: 
y= 2x? = 2x) $1 = 2 4 


In this form we see that the equation represents the parabola obtained by shifting 
y = 2x” so that its vertex is at the point (1, —1). The graph is sketched in Figure 16. 


yA 


FIGURE 16 


y= 2x? -—4x41 
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CTE Sketch the curve x = 1 — y?, 


SOLUTION This time we start with the parabola x = —y’ (as in Figure 6 with a = —1) 
and shift one unit to the right to get the graph of x = 1 — y*. (See Figure 17.) 


yA yA 
> - > 
0 3K 0 x 
1 
FIGURE 17 (a) ys (b)x=1-y? aes 
Cal Exercises 
1-4 Find an equation of a circle that satisfies the given conditions. 15. 16x? — 25y? =.400 16. 25x? + 4y? = 100 
1. Center (3, —1), radius 5 17457 y= 1 18 y=x?+2 
2. Center (—2, —8), radius 10 19. %=y?— 1 20. 9x? — 25y? = 225 
3. Center at the origin, passes through (4, 7) 21. 9y? — x? =9 22. 2x? + 5y? = 10 


4. Center (—1, 5), passes through (—4, —6) 23. xy = 4 24. y = x? + 2x 
a re ea a 25, 9(x — 1)? + 4(y — 2)? = 36 


5-9 Show that the equation represents a circle and find the 26. 16x" + 9y" — 36y = 108 


center and radius. 27. y =x? — 6x + 13 28. x7 = yy? — 47-3 ==0 
5. x? + y* — 4x + 10y + 13 =0 2..x=4-y° 30. y?— 2x + 6v+5=0 
6.x? + y?+6y+2=0 31. x? + 4y? — 6x +5 =0 


Lx?ty+x=0 32. 4x* + Oy? — 16x + 54y + 61 =0 


8. 16x? + l6y? + 8x + 32y +1=0 


9 2x2 + 22 — e+ Hd 33-34 Sketch the region bounded by the curves. 


- ~ a aaa 33. y= 3x, y=x? 4M. y=4—x) 2 —2y=2 
10. Under what condition on the coefficients a, b, and c does the 
equation x* + y* + ax + by + c = 0 represent a circle? 35. Find an equation of the parabola with vertex (1, —1) that 
When that condition is satisfied, find the center and radius of passes through the points (—1, 3) and (3, 3). 
the circle. 36. Find an equation of the ellipse with center at the origin that 


‘ passes through the points ah = 10/2 /3) and (—2, 5/5 /3). 
11-32 Identify the type of curve and sketch the graph. Do not plot 


points. Just use the standard graphs given in Figures 5, 6, 8, 10, 37-40 Sketch the graph of the set. 
and 11 and shift if necessary. lc eae 38. (x,y) | x2 +97 > 4] 
11. y = —x? Aewya ka — | 


B9e( yy = x Lt 40. {(x, y) | x? + 4y* = 4} 
13. x? + 4y? = 16 14, x =.-2y? inated fil Seti s 
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| D | Trigonometry 


E a 
oe, 
/ I 
/ 
il 
\ | 
\ / 
\ if 
\ Ve 
a be 
FIGURE 1 


Ml Angles 
Angles can be measured in degrees or in radians (abbreviated as rad). The angle given by 
a complete revolution contains 360°, which is the same as 277 rad. Therefore 


[1] a arrad = 180° 


and 
[2| lrad = Ay heh 1° = —"- rad ~ 0.017 rad 
7 180 
LEXAMPLE 1 | | 
(a) Find the radian measure of 60°. (b) Express 57/4 rad in degrees. 
SOLUTION 


(a) From Equation | or 2 we see that to convert from degrees to radians we multiply 


by 7/180. Therefore 
60° = 60| — 7 rad 
= — | =—r 
salience A PTET ee ee Pe 


(b) To convert from radians to degrees we multiply by 180/7r. Thus 


57 5a { 180 
— rad = —| —_ ] = 225° a 
4 4 T 


In calculus we use radians to measure angles except when otherwise indicated. The fol- 
lowing table gives the correspondence between degree and radian measures of some com- 
mon angles. 


Destress = Oeio Ome e4o OU sale Oe PAO) Wf MTs ysfo 150° L380". 2707 S308 


7 7 qT qT 277 3%r 51 347 ; 
bee 4 J 3 2 3 4 6 a 2 ai} 


Radians 0 


Figure | shows a sector of a circle with central angle @ and radius r subtending an arc 
with length a. Since the length of the arc is proportional to the size of the angle, and since 
the entire circle has circumference 27r and central angle 277, we have 


0 wen 


Solving this equation for @ and for a, we obtain 


[3 Cio “ a=r0 


Remember that Equations 3 are valid only when @ is measured in radians. 


FIGURE 2 


Angles in standard position 
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In particular, putting a = r in Equation 3, we see that an angle of | rad is the angle sub- 
tended at the center of a circle by an arc equal in length to the radius of the circle (see 
Figure 2). 


LEXAMPLE 2 | 


(a) If the radius of a circle is 5 cm, what angle is subtended by an arc of 6 cm? 
(b) If a circle has radius 3 cm, what is the length of an arc subtended by a central angle 
of 37/8 rad? 


SOLUTION 
(a) Using Equation 3 with a = 6 and r = 5, we see that the angle is 


G@ =.= 12 rad 


(b) With r = 3cmand 6= 37/8 rad, the arc length is 


The standard position of an angle occurs when we place its vertex at the origin of a coor- 
dinate system and its initial side on the positive x-axis as in Figure 3. A positive angle is 
obtained by rotating the initial side counterclockwise until it coincides with the terminal 
side. Likewise, negative angles are obtained by clockwise rotation as in Figure 4. 


yA yA 
initial side 


=Y 


terminal a) 


side 
@ initial side terminal side 


a 
¥ 


tad 


FIGURE3 020 FIGURE4 6<0 


Figure 5 shows several examples of angles in standard position. Notice that different 
angles can have the same terminal side. For instance, the angles 37/4, —5a/4, and 1177/4 
have the same initial and terminal sides because 


377 57 37 lla 
SER ON Yaa ee Seo 
4 4 4 4 
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hypotenuse ~~ ; 
ype ne “ opposite 


fie Bee 


adjacent 


FIGURE 6 


FIGURE 7 


If we put r = | in Definition 5 and draw a unit 
circle with center the origin and label @ as in 
Figure 8, then the coordinates of P are 

(cos 6, sin 8). 


yA 
P(cos @, sin @) 
—> 
1 a 
FIGURE 8 
4 a 
A_] ss = 
if§ as 
1 mea A 
A= z | 
Fe Ee \ 26 o 
| Ve 
FIGURE 9 


M8 The Trigonometric Functions 


For an acute angle @ the six trigonometric functions are defined as ratios of lengths of sides 
of a right triangle as follows (see Figure 6). 


a h 
[4] sin 0 = oer csc 0 = AYP 
hyp opp 
h 
cos 8 = ioe sec 0 = abe. 
hyp adj 
di 
tan 6 = SPP cot 9d = als 
adj opp 
err 


This definition doesn’t apply to obtuse or negative angles, so for a general angle @ in stan- 
dard position we let P(x, y) be any point on the terminal side of @ and we let r be the dis- 
tance | OP | as in Figure 7. Then we define 


Since division by 0 is not defined, tan 6 and sec 6 are undefined when x = 0 and csc 0 
and cot @ are undefined when y = 0. Notice that the definitions in and are consis- 
tent when @ is an acute angle. 

If @ is a number, the convention is that sin 6 means the sine of the angle whose radian 
measure is 6. For example, the expression sin 3 implies that we are dealing with an angle 
of 3 rad. When finding a calculator approximation to this number, we must remember to set 
our calculator in radian mode, and then we obtain 


sin 3 ~ 0.14112 


If we want to know the sine of the angle 3° we would write sin 3° and, with our calculator 
in degree mode, we find that 


sin 3° ~ 0.05234 


The exact trigonometric ratios for certain angles can be read from the triangles in Fig- 
ure 9. For instance, 


sin i v3 
i= = SS sin — = — SS = a 
4 5 A 5 wa 5 
cos as v3" kd 
—_—= CES = —_— = — 
J 5 on 
tan Pe ae eta t Toc 3 
4 6 3 og = 


yA 


sin > 0 all ratios > 0 
S A 
nd 
0 x 
T C 
tan d>0 cos 0> 0 
FIGURE 10 
3h 
P(-1, V3) 


=p) 
oly 
v 


FIGURE 11 


x= 21 


FIGURE 12 
16 


40° 


FIGURE 13 
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The signs of the trigonometric functions for angles in each of the four quadrants can be 
remembered by means of the rule “All Students Take Calculus” shown in Figure 10. 


2G\idhsey Find the exact trigonometric ratios for @ = 27/3. 


SOLUTION From Figure 11 we see that a point on the terminal line for 9 = 27/3 is 
P(—1, V3 ). Therefore, taking 


St gone psy 
in the definitions of the trigonometric ratios, we have 


(Xp NEY 2am 1 27 siz) 


St aa ee a eats ct MPS a 


sec — = —2 Qi S = Sey 


ee wae 3 3 ie 


The following table gives some values of sin 6 and cos @ found by the method of 
Example 3. 


9 0 7 1 7 7 27 37 57 377 5 
ae a = a 7 ae = ee ain oe T 
6 4 3 2 3 4 6 D) 
1 
1 1 3 3 1 | 
sin 6 0 = == v3 1 x3 — = 0) = 0 
2 D 6) D wD ») 
vey | | 1 1 3 
A || Sar le oe 0 == | === | —-— | -1 0 1 
Pesta lint xem hip oo 2 Ue 2 


TSUIRE If cos 6 = 5 and 0 < 6 < 7/2, find the other five trigonometric functions 
of 0. 

SOLUTION Since cos @ = 2, we can label the hypotenuse as having length 5 and the 
adjacent side as having length 2 in Figure 12. If the opposite side has length x, then the 
Pythagorean Theorem gives x° + 4 = 25 and sox* = 21,x = /21. We can now use 
the diagram to write the other five trigonometric functions: 


y21 y21 


Se IM 
6= 2 eee epg me Eel 
csc OTT sec 5 Ji 


(SGI Use a calculator to approximate the value of x in Figure 13. 


SOLUTION From the diagram we see that 


16 
tan 40° = — 
x 


16 
= = 19.07 Bas 
Therefore x Anais 
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MH Trigonometric Identities 


A trigonometric identity is a relationship among the trigonometric functions. The most ele- 
mentary are the following, which are immediate consequences of the definitions of the trig- 


onometric functions. 


| | 
ssc O = sec 90 = cot d= 
[6 | sv sin 0 : cos @ tan 0 
sin 0 cos 0 
tan 0 = cot 0 = — 
cos 6 sin 6 


For the next identity we refer back to Figure 7. The distance formula (or, equivalently, 
r°’. Therefore 


hn 4 9 
the Pythagorean Theorem) tells us that x° + y~ 
ythag : 


a) 2 ne xe? “F = y? r 
SINS 0 gt.COG— 9 ee meres ch : = >= 1 
ie r if r 


We have therefore proved one of the most useful of all trigonometric identities: 


[7] sin’?@ + cos?6 = 1 


If we now divide both sides of Equation 7 by cos’@ and use Equations 6, we get 


[8 | tan?@ + 1 = sec?0 


Similarly, if we divide both sides of Equation 7 by sin*6, we get 


| 9 | 1 + cot?@ = csc76 


The identities 


[10a] sin(— 0) = —sin 0 


[105] cos(—@) = cos 0 


Odd functions and even functions are discussed Show that sine is an odd function and cosine is an even function. They are easily proved by 
in Section 1.1. drawing a diagram showing @ and —@ in standard position (see Exercise 39). 
Since the angles @ and @ + 27 have the same terminal side, we have 


[11 | sin(@ + 27) = sin 0 cos(@ + 27) = cos 9 


These identities show that the sine and cosine functions are periodic with period 277. 


The remaining trigonometric identities are all consequences of two basic identities called 
the addition formulas: 
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sin(x + y) = sin x cos y + cos x sin y 


cos(x + y) = cos x cosy — sin x siny 


The proofs of these addition formulas are outlined in Exercises 85, 86, and 87. 
By substituting —y for y in Equations 12a and 12b and using Equations 10a and 10b, we 
obtain the following subtraction formulas: 


sin(x — y) = sin x cos y — cos x sin y 


cos(x — y) = cos x cosy + sin x siny 


Then, by dividing the formulas in Equations 12 or Equations 13, we obtain the corre- 
sponding formulas for tan(x + y): 


tan x + tan y 


tan(x + y) = 
1 — tan x tan y 
earpeetyy = tan x — tany 


1 + tan x tan y 


If we put y = x in the addition formulas [12], we get the double-angle formulas: 


sin 2x = 2 sin x COS xX 
cos 2x = cos’x — sin’x 


Then, by using the identity sin*x + cos’x = 1, we obtain the following alternate forms of 
the double-angle formulas for cos 2x: 


cos 2x = 2 cos’x — 1 
cos 2x = 1 — 2 sin’x 


If we now solve these equations for cos*x and sin*x, we get the following half-angle for- 
mulas, which are useful in integral calculus: 


4 cos2x 

COS ee ee 
Ds 

fe IeSFCOS) 2% 

17b sin’x = Cees 


Finally, we state the product formulas, which can be deduced from Equations 12 
and 13: 


A30 
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FIGURE 14 


sin x cos y = 5[sin(x + y) + sin(x — y)] 
cos x cos y = 3[cos(x + y) + cos(x — y)] 
sin x sin y = 3[cos(x — y) — cos(x + y)] 


There are many other trigonometric identities, but those we have stated are the ones used 
most often in calculus. If you forget any of the identities 13-18, remember that they can all 


be deduced from Equations 12a and 12b. 


(202039 Find all values of x in the interval [0, 277] such that sin x = sin 2x. 


SOLUTION Using the double-angle formula (15a), we rewrite the given equation as 


sin x = 2 sin x cos x or sin x(1 — 2cos x) = 0 


Therefore there are two possibilities: 


Sire) or iar COSECe—=) 
x = 0, 7, 27 cos x = 5 
ue went 
5 i ara aaa 
aS) 
The given equation has five solutions: 0, 77/3, 7, 57/3, and 27. are 2 


MN Graphs of the Trigonometric Functions 


The graph of the function f(x) = sin x, shown in Figure 14(a), is obtained by plotting 
points for 0 < x < 27 and then using the periodic nature of the function (from Equa- 
tion 11) to complete the graph. Notice that the zeros of the sine function occur at the 


(a) f(x) =sinx 


ob 
sy 


(b) g(x) = cos x 


FIGURE 15 
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integer multiples of 7, that is, 


sin x = 0 whenever x = nz, nan integer 


F WU 
cos xX = snl ar 2) 


(which can be verified using Equation 12a), the graph of cosine is obtained by shifting the 
graph of sine by an amount 77/2 to the left [see Figure 14(b)]. Note that for both the sine 
and cosine functions the domain is (—%, %) and the range is the closed interval [—1, 1]. 
Thus, for all values of x, we have 


Because of the identity 


The graphs of the remaining four trigonometric functions are shown in Figure 15 and 
their domains are indicated there. Notice that tangent and cotangent have range (—%, %), 
whereas cosecant and secant have range (—%, —1] U [1, %). All four functions are peri- 
odic: tangent and cotangent have period 7, whereas cosecant and secant have period 277. 


| 
| 
{ 7 
| in\* 
2 
| 
| 
| 
| 
| 
(a) y= tan x 
YA | 
| 
| | 
| y=sinx 
WZ | 
| 
ap 3 
ae Cine. ee 
E a + + > eae 
a | a 
={ 2 | 
| | 
| | 
| 
| | 
| 
(c) y=csc x 
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1-6 Convert from degrees to radians. 
1. 210° 7 KOO? ah 
(\ == Zils) 5. 900° 6. 36° 


7-12 Convert from radians to degrees. 


14 alll ek 
ay 2 we 
3 
(poe ie 12. 5 
3 8 


13. Find the length of a circular arc subtended by an angle of 
7/12 rad if the radius of the circle is 36 cm. 


14. If a circle has radius 10 cm, find the length of the arc 
subtended by a central angle of 72°. 


15. A circle has radius 1.5 m. What angle is subtended at the center 
of the circle by an are | m long? 


16. Find the radius of a circular sector with angle 37/4 and arc 
length 6 cm. 


17-22 Draw, in standard position, the angle whose measure is 
given. 


3 
17. 315° 18. —150° 19. sigs rad 


10 
20. 38 rad 21. 2 rad 77), 8) ieXal 


23-28 Find the exact trigonometric ratios for the angle whose 
radian measure is given. 


37 4a OT 
pe pened iy ee 
4 z 2 
Ne Wee re aaa 
6 4 


29-34 Find the remaining trigonometric ratios. 


; 3 T 
29. snd=—, 0<@<— 
5 2) 


30a) 0<a<> 


31. seo b= =15, es RZ 


377 


1 
32. cosx=-—-—, 7T<x<— 
3 » 


33. cotB=3, m<B<27 


34. 


4 3%r 
=-—, —< 9<2 
csc 0 3° 9 T 


35-38 Find, correct to five decimal places, the length of the side 


labeled x. 
35. 36. x 
CO 
10 cm 
x 
25 cm 
85m 
37. 38. 
22cm — 
x 
‘ 3a 
x 8 
Qa 
5 ba 
8cm 


39-41 Prove each equation. 


39. 
40. 
41. 


(a) Equation 10a (b) Equation 10b 
(b) Equation 14b 


(b) Equation 18b 


(a) Equation 14a 


(a) Equation 18a 
(c) Equation 18c 


42-58 Prove the identity. 


42. 


43. 


45. 
47. 
48. 
49. 
50. 


51. 


52. 


53. 
54. 


"1-cos¢ 


T ‘ 
COS\ saps | SI 
2) 
k T 
si Z +x) ~ cons 


sin 8 cot 0= cos @ 


44. sin(a — x) = sinx 


46. (sin x + cos x)? = 1 + sin 2x 
sec y — cOS y = tan y sin y 

tan*a — sin’a = tan’a sin’a 

cot?@ + sec?@ = tan?@ + csc26 


2 csc 2t = sect csct 


eisai! 
I mn e:tolee) 

1 aM dat 

ll = sin @) cen bie 


sin x sin 2x + cos x cos 2x = cos x 
sin’x — sin’y = sin(x + y) sin(x — y) 


sin d 
oe CSC. ECOL 


sin(x + 
56. ore a vices 
COS X COS y 


57. sin 36 + sin 0 = 2 sin 26 cos 6 
58. cos 36 = 4cos*@ — 3.cos 0 


59-64 If sin x = 4 and sec y = j, where x and y lie between 0 and 


a/2, evaluate the expression. 


59. sin(x + y) 60. cos(x + y) 
61. cos(x — y) 62. sin(x — y) 


63. sin 2y 64. cos 2y 


65-72 Find all values of x in the interval [0, 277] that satisfy the 
equation. ; 


65. 2cosx —-1=0 66. 3 cot*x = | 
67. 2 sin’x = 1 68. |tan x| = 1 
69. sin 2x = cos x 70. 2 cos x + sin 2x = 0 
MM. sin x = tan x 125233 cos 2% — 3 (Cos % 


73-76 Find all values of x in the interval [0, 277] that satisfy the 
inequality. 


73. sinx <3 74. 2cosx +1>0 
75. —1 <tanx <1 


76. sin x > cos x 


717-82 Graph the function by starting with the graphs in Figures 14 
and 15 and applying the transformations of Section 1.3 where 
appropriate. 


77. y=en(x- 2) 78. y = tan 2x 
7 tan 80. y= 1 + secx 
ee an AY 

, 7 
81. y = |sin x| gm. y=2+sin(e+ 2] 


83. Prove the Law of Cosines: If a triangle has sides with lengths 
a, b, and c, and @ is the angle between the sides with lengths a 
and b, then 

c2 =a’? + b? — 2ab cosé 


YA 
: P(x, y) 


| 

bf | 

| 

| 
Gd 
0 (a, 0) x 


[Hint: Introduce a coordinate system so that @ is in standard 


84. 


85. 


86. 


87. 


88. 


89. 
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position, as in the figure. Express x and y in terms of @ and 
then use the distance formula to compute c.] 


In order to find the distance | AB | across a small inlet, a point 


C was located as in the figure and the following measurements 
were recorded: 


ZC=103° |AC|=820m |BC|=910m 


Use the Law of Cosines from Exercise 83 to find the required 
distance. 


Use the figure to prove the subtraction formula 
cos(a — B) = cos a cos B + sina sin B 


[Hint: Compute c* in two ways (using the Law of Cosines from 
Exercise 83 and also using the distance formula) and compare 
the two expressions. ] 


yA 


A(cOSs @, Sin @) 
c 
1 Bicos B, sin B) 


a \8 


av 


Use the formula in Exercise 85 to prove the addition formula 
for cosine (12b). 


Use the addition formula for cosine and the identities 


co( 2 = ) = sin 0 so( 2 = ) = cos 0 


to prove the subtraction formula (13a) for the sine function. 


Show that the area of a triangle with sides of lengths a and b 
and with included angle @ is 


A = 4ab sin 6 


Find the area of triangle ABC, correct to five decimal places, if 


|AB| = 10cm |BC| =3cm ZABC = 107° 
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ES Sigma Notation 


This tells us to 
end withi=n. | 


This tells us 
to add. » aj 


This tells us to i 
start with i= m.—_ 


A convenient way of writing sums uses the Greek letter © (capital sigma, corresponding to 
our letter S) and is called sigma notation. 


[1] Definition If an, Qn+1,..., @, are real numbers and m and n are integers such 
that m <n, then 


> ai = Am Ae Am+1 1 Am+2 gree An-| 1F an 


With function notation, Definition | can be written as 
Dy fli) =f(m) + f(m + 1) + f(m + 2) + +++ + fin - 1) + fn) 


Thus the symbol >/_,, indicates a summation in which the letter i (called the index of 
summation) takes on consecutive integer values beginning with m and ending with n, that 
is,m,m + 1,...,n. Other letters can also be used as the index of summation. 


[EXAMPLE 1 | 


4 
(a) i? = 1? FO? + 3? + 4? = 30 


(= 


(HW se eee ee 


i=3 


5) 
(c) D 2/= 29+ 214 27+ 23+ 244 25 = 63 


j=0 
eh i | | 
d —=][+—4+—4---4 = 
@) 2 2D 3 n 
ae aed | 1-1 2= 1 3.=»] | | 13 
= 9 4 5) — ta = — 
ON gag +3 274+ 3 37 +3 : Fick 42 
4 
(f) $= 2404949=8 rer 


i=] 


2EMgNA Write the sum 2* + 3° + +--+ + n° in sigma notation. 


SOLUTION There is no unique way of writing a sum in sigma notation. We could write 


27+ 33+---+n3 = ¥ 73 
n=] 
or 2? + 3? ry ed) 
ipod 
or Pa ee scat 8 (a Yel (9ac cow) ra 
k=0 


The following theorem gives three simple rules for working with sigma notation. 
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rc 


[2] Theorem If c is any constant (that is, it does not depend on 7), then 


(aye), cay G2), a (3) C= en LA 


i=m i=m i=m i=m i=m 


orsign: kia 


L i=m i=m i=m 
ees | 


PROOF To see why these rules are true, all we have to do is write both sides in expanded 
form. Rule (a) is just the distributive property of real numbers: 


Clim Cama Ff °°* + Can = Clam + Ames + °° + G;) 
Rule (b) follows from the associative and commutative properties: 
(Gop iates Dye) et a Gee testea Desay) eect et a eta) 
(dec Gye to Gy Den ate Ot nO) 


Rule (c) is proved similarly. eee 


(Cy Find > 1. 
i=1 


n 


SOLUTION MilS=14+14+2-41=n eee) 
Ta ——————<—<_—_ 
n terms 


(ETM Prove the formula for the sum of the first 1 positive integers: 


n ‘bl 
Sisrs24ae- tna Me 
=I 


SOLUTION This formula can be proved by mathematical induction (see page 76) or by the 
following method used by the German mathematician Karl Friedrich Gauss (1777-1855) 
when he was ten years old. 

Write the sum S twice, once in the usual order and once in reverse order: 


Sa 1h Ole) oe eee ea) at 
S=nt+(n—1)+(m—-2)4+°°°+ 2 + ] 
Adding all columns vertically, we get 
28 =(n + Ntmt)tnt)t+--+@+HNt+a+) 
On the right side there are n terms, each of which is 7 a-* 15:80 


+ 1) 
25 = n(n + 1) or gees as) 


ST alsaal Prove the formula for the sum of the squares of the first n positive integers: 


nn + 1)2n- 1) 
6 


9) ”) 


P= 17274+274+374+---+n= 
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SOLUTION 1 Let S$ be the desired sum. We start with the telescoping sum (or collapsing 


sum): 


(CL Sie 1) ee 2 ail RO PR (A) i te) aera 


1 


Most terms cancel in pairs. 


n 
= 


= (n+ 1)? — 1? =n? + 3n? + 3n 
On the other hand, using Theorem 2 and Examples 3 and 4, we have 


we 


Se eS FS 3? sa] = 3? BD a + 
i=1 i=1 i=l i 


i=1 


ll 


+n=3S + jn? +3n 


4 
=39 +300 


Thus we have 
n> + 3n? + 3n = 3S + $n? + 3n 


Solving this equation for S, we obtain 
3S =n? +3n?+5n 


0 2r sn ee — n(n + 1)(Qn + 1) 


or iS. 


6 6 
Principle of Mathematical Induction SOLUTION 2 Let S, be the given formula. 
Let S,, be a statement involving the positive 
integer n. Suppose that I) + WO > i 4. ji 
1. S; is true, 1. S; is true because [= ae 


2. If S, is true, then S;., is true. 


Then S,, is true for all positive integers n. ; ; 
P pole 7 2. Assume that S; is true; that is, 


k(k + 1)(2k + 1) 
6 


Medes pee eae or ra a 


Then 


See pages 76 and 79 for a more thorough 
discussion of mathematical induction. 1D a 08 IT SIAN ( eo TIP ORES (PE 928 ee k?) + (k + 1) 


Kk + 1)(Qk + 1) 


=O eater ewe ls De 
6 (kK +1) 


k(2k + 1) + 6(k + 1) 

6 
2k? + 7k+6 

6 
_ k+ Ik + 2)(2k + 3) 
6 
_— k&+ DIK + 1) + 132 + 1) 4+ 1] 
6 


(ErOL) 


= (k + 1) 


So S41 is true. 


By the Principle of Mathematical Induction, S, is true for all n. [ee] 
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We list the results of Examples 3, 4, and 5 together with a similar result for cubes (see 
Exercises 37—40) as Theorem 3. These formulas are needed for finding areas and evalu- 
ating integrals in Chapter 5. 


[3] Theorem Let c be a constant and n a positive integer. Then | 
(a) Dl=n (b) }c=nc 
i=! i=1 
namo n(n He.) A eee Ae on) 
OS + a CO = 
a 2 i=l 6 
n at 1 2 
(e) Di? = E 4 
i=1 2 
| 
Balad Evaluate > i(4i? — 3). 
i=1 
SOLUTION Using Theorems 2 and 3, we have 
Sidi? — 3) = > 4 i — 4 
i=] i=1 i=] i=1 
2; n(n + 1) © g nin +1) 
2 2 
n(n + 1)[2n(n + 1) — 3] 
2) 
2 a 
e n(n + 1)(2n? + 2n — 3) 
2 
meet aia\s 
SUA Find lim > = (4) + | 
eT 
The type of calculation in Example 7 arises in SOLUTION 
Chapter 5 when we compute areas. ' 
| s ay ey li cee 
==> | [= = lim a oP 
“oe i=1 1 n NO j=] n° n 
ey ue : Bee 
= lim pu | 
Da=F2 | Ti FSi nN j=1 


3 6 n 


I 

38 
Pay === ra 
wil 

S |S 
SOT 

= 

— ~ se 
an 
a 
a 
bo 

= 

s+ 
SS 

ae 

WwW 
[|e | 


I 
ae 
as 

a) 


/ 
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rE | Exercises 


1-10 Write the sum in expanded form. 


5 6 1 
1 [ 2 
Xvi Pe 
6 6 
aes! eye 
i=4 ra 
gd or | S 
5. 6. : 
x 2k +.1 2 
n n+3 
7. yi” ee 
i=] jen 
n-1 n 
9. by (-1)/ 10. PIES Ax; 
j=0 r=! 
11-20 Write the sum in sigma notation. 
1.1+24+34+4+---4+10 
12.3 + /4 + 4/5 +./6 + J7 
13.5+3+¢+2+---+2 
4.34+¢4+34+5+---+2 
15.2+44+6+84+---+2n 
16.1+3+5+7+---+(2n-1) 
17.1+24+4+4+8+ 16+ 32 
8% ¢+a+5+e+Het+H 
LG te oa eo ate ai Oe 
DA x4 e* — x ae + (He 
21-35 Find the value of the sum. 
8 6 
21. > (3i — 2) 22. >) i(i + 2) 
i=4 i=3 
6 } 8 
yew EEE © 24. > cos ki 
j=l k=0 
20 100 
25. > (-1)" 26. + 4 
n=1 i=] 
4 4 
Ze Ko a) 2a go 
i=0 i=>2 
rk oye) 30. >) (2 — 5i) 
i=l i=l 
31. >} (i? + 3i + 4) 322) (3 227) 
i=1 i=] 
3. } G+ 1)G + 2) 34. > i(i + 1)(i + 2) 


36. Find the number n such that }) i = 78. 


i=1 


37. Prove formula (b) of Theorem 3. 


38. Prove formula (e) of Theorem 3 using mathematical 


induction. 


39. Prove formula (e) of Theorem 3 using a method similar to that 


of Example 5, Solution | [start with (1 + i)* — i*]. 


40. Prove formula (e) of Theorem 3 using the following method 


published by Abu Bekr Mohammed ibn Alhusain Alkarchi in 
about AD 1010. The figure shows a square ABCD in which 
sides AB and AD have been divided into segments of lengths 1, 
2, 3,...,n. Thus the side of the square has length n(n + 1)/2 
so the area is [n(n + 1)/2]°. But the area is also the sum of the 
areas of the n “gnomons” G;, G2, ... , G, shown in the figure. 
Show that the area of G; is i? and conclude that formula (e) is 


true. 
G 


ay er 


41. Evaluate each telescoping sum. 


n 100 

(ay [to Ge ()) a 
i=] i=1 
99 1 i n 

© 3 (4-24) (d) 2 (ai ~ ai) 


42. Prove the generalized triangle inequality: 


43-46 Find the limit. 


; n {| 1 2 n Us 3 
43. im 3 4(4) 44, im 34 (4) “4 | 
eS tea Fe n n>2 =) n n 
n p) 2i 3 2i 
45. lim = (2) ‘ (24) | 
nein | \ Tn n 
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3 n 
£3 i\\ 3 
46. im 821 (1 +) ~2(1 -#)| 48. Evaluate 2 5. 
n> j=1 N n n i=l 


49. Evaluate >) (2i + 2'). 


i=1 


47. Prove the formula for the sum of a finite geometric series with 
first term a and common ratio r # 1: 


Sa Siar ark bet our = alr" =U) 50. Evaluate > [3 (i +i} 
i=1 P= Il i=l 


| F Proofs of Theorems 


In this appendix we present proofs of several theorems that are stated in the main body of 
the text. The sections in which they occur are indicated in the margin. 


Section 2.3 Limit Laws Suppose that c is a constant and the limits | 
lim Td) ee and lim g(x) = M 
exist. Then 
1. lim [f() + g(x)] =L+M 2. lim [ f(x) — Gi) Lae 
3. lim [ef (x)] = ch 4. lim | f (x)g(x)] = LM 
5. lim 7 -— ifm<0 


PROOF OFLAW4 Let € > 0 be given. We want to find 6 > 0 such that 
if paul Sip Onn | pen | f(@x)g(x) — LM |< 


In order to get terms that contain | f(x) — L| and | g(x) — M], we add and subtract Lg(x) 
as follows: 


| f(x)g(x) — LM| = f(x) g(x) — Lg(x) + L(x) — LM| 
= lfG Lig@ Lge) =} 
Ss [ f(x) a L] g(x) | ale | LE g(x) = M)\ (Triangle Inequality) 


= | f(x) — L||9@)| + |Ellg@) — M1 


We want to make each of these terms less than e/2. 
Since lim, +4 g(x) = M, there is a number 5, > 0 such that 


E 
fOr ae oe then 9) MN ey) 


Also, there is a number 52 > 0 such that if 0 < |x — a| < 65, then 


(Gee lant 
and therefore 
|g(x)| =|g@) -M+M|S la) MM | |M | 
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Since lim,—, f(x) = L, there is a number 6; > 0 such that 


E 
; - — L| <——————_~ 
if ORS ee a| < 6; then | f(x) L| 2(1 + |M|) 


Let 6 = min{6y, 52, 53}. If 0 < |x — a| < 6, then we have 0 < |x — a| < 6, . 
0 < |x — a| < 6, and0 < |x — a| < 63, so we can combine the inequalities to obtain 


(fg) LM = FG) Lot Eig aa) 


I ees 
a(1 + |M]) a(1 + |L)) 
& -e 
aaa Gi tie =aieks) 
2 2 
This shows that lim,—. [ f(x) g(x)] = LM. ass) 


PROOF OF LAW3_ If we take g(x) = c in Law 4, we get 
lim [ef(x)] = lim [g(x) f(x) ] = lim g(x) - lim f(x) 
= lim c + lim f(x) 


= c lim f(x) (by Law 7) EW J 


xa 


PROOF OFLAW2 Using Law 1 and Law 3 with c = —1, we have 
lim Lf(x) — g)] = lim Lf(x) + (-Dg)] = lim f(x) + lim (—1)g(x) 
= dima (aya (al) lim g(x) = lim f(x) — lim g(x) Bice 


PROOF OFLAW 5 First let us show that 
1 1 


im —~ = — 
t= a 


g(x) M 


To do this we must show that, given e > 0, there exists 6 > 0 such that 


if) Oak O° seethen 
g(x) M 


1 l 


g(x) M 


Se Mi oa) | 


Observe that 
| Mg(x) | 


We know that we can make the numerator small, But we also need to know that the 
denominator is not small when x is near a. Since lim, ., g(x) = M, there is a number 
6, > 0 such that, whenever 0 < |x — a| < 6), we have 


|_M | 
| g(x) — M| < 5 
and therefore |M| =|M — g(x) + g(x) | <|M — g(x)| + | g(x) | 


|M| 


<3 + l9)| 
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This shows that 


Te Ye |) PO then Peles ea 


2 

and so, for these values of x, 
a Spey eee ol aes 
|Mg(x)| |M||g@)| = |M| |M| Mm 


Also, there exists 6, > O such that 


> 


ite Ore ral. Osa then lg) - M|<“-e 


Let 6 = min{6,, 62}. Then, for 0 < |x — a| < 6, we have 


2S 5555 0 < 
g(x) 


hl 
M 
It follows that lim, +, 1/g(x) = 1/M. Finally, using Law 4, we obtain 


Hey , eke, [Sih : Sl Dom fool 
Gra ons (a5) a) 2 gl) M 


# 
M 


[2] Theorem If f(x) < g(x) for all x in an open interval that contains a (except 
possibly at a) and 


lim f(x) =L and lim g(x) = M 


xa xa 


then L S M. 


PROOF We use the method of proof by contradiction. Suppose, if possible, that L > M. 
Law 2 of limits says that 


lim [ g(x) gat pea L 
Therefore, for any « > 0, there exists 6 > O such that 
if Opie a ene then lg) —f@))— @1—1)| <e 


In particular, taking e = L — M (noting that L — M > 0 by hypothesis), we have a num- 
ber 5 > O such that 


if Ora 76 then (gx) —f@)] -(M-D|<L-M 


Since a < |a| for any number a, we have 


if Opes eee see then (a) —f@)]-(-L)<L-M 
which simplifies to 
ife = O oleSigiyoeethen glx) < fl) 


But this contradicts f(x) < g(x). Thus the inequality L > M must be false. Therefore 
L=M. ares 
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Section 2.5 


[3] The Squeeze Theorem If f(x) < g(x) < h(x) for all x in an open interval that 
contains a (except possibly at a) and 


lim f(x) = lim h(x) = L 


xa” xa 


then lim g(x) = L 


xa 


PROOF Let e > 0 be given. Since lim,—., f(x) = L, there is a number 6, > 0 such that 
if OI =a 6, then Reo = le: 


that is, 
if “OR a0; theree™ L—"p) =< f(x) =alee e 


Since lim,., h(x) = L, there is a number 6) > 0 such that 
if QO |x = al— 6. “then alee) Llane 


that is, 
if O= |x —a\ = 6 then 9) 2) —"e= AG) =e 


Let 6 = min{6), 62}. If0 < |x = a| < 6, then0 < |x — a| < 6, and0 < |x —a| < 6;, 
so 
Lie =< f(x) =a ties a) — ee 


In particular, | Bio ed KE aa Gie WLS 


and so | g(x) — L| < e. Therefore lim,—, g(x) = L. eae 


Theorem If f is a one-to-one continuous function defined on an interval (a, b), 
then its inverse function f ' is also continuous. 


PROOF First we show that if f is both one-to-one and continuous on (a, b), then it must 
be either increasing or decreasing on (a, b). If it were neither increasing nor decreasing, 
then there would exist numbers x;, x2, and x3 in (a, b) with x; < x. < x3 such that f(x2) 
does not lie between f(x;) and f(x3). There are two possibilities: either (1) f(x3) lies 
between f(x,) and f(x2) or (2) f(x) lies between f(x.) and f (x3). (Draw a picture.) In 
case (1) we apply the Intermediate Value Theorem to the continuous function f to geta 
number c between x; and x such that f(c) = f(x3). In case (2) the Intermediate Value 
Theorem gives a number c between x» and x3 such that f(c) = f(x). In either case we 
have contradicted the fact that f is one-to-one. 

Let us assume, for the sake of definiteness, that f is increasing on (a, b). We take any 
number yo in the domain of f' and we let f~'(yo) = xo; that is, x is the number in 
(a, b) such that f(x) = yo. To show that f~' is continuous at yo we take any e > 0 such 
that the interval (xp — €, x9 + &) is contained in the interval (a, b). Since f is increasing, 
it maps the numbers in the interval (x) — ¢, x9 + ©) onto the numbers in the interval 
(f(xo — &), f(xo + e&)) and f~' reverses the correspondence. If we let 6 denote the 
smaller of the numbers 6; = yo — f(xo — &) and 6) = f(xo + e) — yo, then the interval 
(yo — 8, yo + 8) is contained in the interval (f(xo —), f(x + e)) and so is mapped 
into the interval (xo — €, xo + €) by f |. (See the arrow diagram in Figure 1.) We have 


Section 3.3 


therefore found a number 6 > O such that 
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if ly — yo| < 6 then ie oy) er RCo) eee 
F(X — &) Yo Gaye) 
i ° ' 
6, 5, 
if ig Aj 
{ { --e } a 
FIGURE 1 a Xo € *o Xo +é b 


ta 
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This shows that lim,—,, f-'(y) =f '(yo) and so f~' is continuous at any number yo in its 


domain. 


Theorem If f is continuous at b and lim,—. g(x) = b, then 


lim f(g(x)) = fO) 


PROOF Let e > O be given. We want to find a number 6 > 0 such that 


{Oreo |tt ee tnen 


Since f is continuous at b, we have 


| f(g(x)) — f(b) | <e 


lim f(y) = f(b) 


and so there exists 6, > O such that 


if O<|y—b/ <6 


then =| f(y) — f(b) |< 


Since lim, . g(x) = b, there exists 6 > 0 such that 


if O<|r= allo 


Combining these two statements, we see that whenever 0 < |x — a| < 6 we have 
| g(x) — b| < 6), which implies that | f(g(x)) == GAD) | < ge. Therefore we have proved 
HERE] 


that lim... f(g(x)) = f(0). 


then | g(x) — b| < 6 


sin 6 
The proof of the following result was promised when we proved that lim aha = 


Theorem If 0 < 0 < 77/2, then 0 S tan 0. 


PROOF Figure 2 shows a sector of a circle with center O, central angle 0, and radius 1. 


Then 


|AD| = |OA| tan @ = tan 0 


We approximate the arc AB by an inscribed polygon consisting of n equal line segments 
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D 


O 1 
FIGURE 2 


Section 4.3 


FIGURE 3 


and we look at a typical segment PQ. We extend the lines OP and OQ to meet AD in the 
points R and S. Then we draw RT || PQ as in Figure 2. Observe that 


LZRIO= ZPOO =. 90, 
and so ZRTS > 90°. Therefore we have 
|PQ| < | RT| < |RS| 
If we add n such inequalities, we get 
L, < |AD| = tan 6 
where L,, is the length of the inscribed polygon. Thus, by Theorem 2.3.2, we have 


lim L, S tan @ 


no 


But the arc length is defined in Equation 8.1.1 as the limit of the lengths of inscribed 
polygons, so 


6 = lim L, S tan 0 SA 


n= 


Concavity Test 


(a) If f(x) > 0 for all x in J, then the graph of f is concave upward on J. 


(b) If f”(x) < 0 for all x in J, then the graph of f is concave downward on J. 


PROOF OF (a) Let a be any number in /. We must show that the curve y = f(x) lies above 
the tangent line at the point (a, f(a)). The equation of this tangent is 


y=f(a) + fax — a) 


So we must show that 


f(x) > fla) + f'(a(x — a) 


whenever x € I (x ¥ a). (See Figure 3.) 


First let us take the case where x > a. Applying the Mean Value Theorem to f on the 
interval [a, x], we get a number c, with a < c < x, such that 


[1] F(x) — fla) = F'(c)(x — a) 


Since f" > 0 on J, we know from the Increasing/ Decreasing Test that f’ is increasing 
on /. Thus, since a < c, we have 


fila) <f') 


and so, multiplying this inequality by the positive number x — a, we get 


[2] fax — a) < f(x - a) 


Section 4.4 


See the biographical sketch of Cauchy 
on page 113. 
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Now we add f(a) to both sides of this inequality: 
PG) ay) 1G) af Ges f (ce) (eta) 
But from Equation | we have f(x) = f(a) + f'(c)(x — a). So this inequality becomes 
[3] fa) flay 7 (@G— a) 
which is what we wanted to prove. 


For the case where x < a we have f'(c) < f(a), but multiplication by the negative 
number x — a reverses the inequality, so we get [2] and |3] as before. Ea! 


In order to give the promised proof of |’Hospital’s Rule, we first need a generalization of 
the Mean Value Theorem. The following theorem is named after another French mathema- 
tician, Augustin-Louis Cauchy (1789-1857). 


[1] Cauchy's Mean Value Theorem Suppose that the functions f and g are continu- 
ous on [a, b] and differentiable on (a, b), and g'(x) # 0 for all x in (a, b). Then 
there is a number c in (a, b) such that 


if Cn) (0) met (a) 
Ne gq (c) gb) ==Ga) 


Notice that if we take the special case in which g(x) = x, then g'(c) = 1 and Theorem | 
is just the ordinary Mean Value Theorem. Furthermore, Theorem | can be proved in a sim- 
ilar manner. You can verify that all we have to do is change the function h given by Equa- 
tion 4.2.4 to the function 


fb) -f@_ 7. _ 
ae i) 9 


h(x) = f(x) — fla) 


and apply Rolle’s Theorem as before. 


L'Hospital’s Rule Suppose f and g are differentiable and g'(x) ¥ 0 on an open inter- | 
val J that contains a (except possibly at a). Suppose that 


lim f(x) = 0 and lim g(x) = 0 


xa xa 


or that lim f(x) = + and lim g(x) = + 


xa 
(In other words, we have an indeterminate form of type > or 26/00.) Then 


TO) Danes) 
va g(x) a g(x) 


if the limit on the right side exists (or is © or —%). 
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Section 11.8 


PROOF OF L'HOSPITAL’S RULE We are assuming that lim,—.. f(x) = 0 and lim,—. g(x) = 0. 


et ( 
L= lm f x) 
+a g (x) 


We must show that lim,—. f(x)/g(x) = L. Define 


F(x) = fe if x Aa Gio) = Be if x Aa 


0 ifx=a 0 if x=a 
Then F is continuous on / since f is continuous on {x € J | x # a} and 


lim F(x) = lim f(x) = 0 = F(a) 


xa 


Likewise, G is continuous on J. Let x € J and x > a. Then F and G are continuous on 
[a, x] and differentiable on (a, x) and G’ ¥ 0 there (since F’ = f’ and G' = g’). There- 
fore, by Cauchy’s Mean Value Theorem, there is a number y such that a < y < x and 


Fle waite) EG) 
G'(y) G(x) — Gla) Ga) 


Here we have used the fact that, by definition, F(a) = 0 and G(a) = 0. Now, if we let 
x — a’, then y — a’ (since a < y < x), so 


HAD (x) se AY) ao BOD 
=] = = 
Ge) RECN ene) LE AS 


A similar argument shows that the left-hand limit is also L. Therefore 


Free 
mm g(2) 


L 


This proves |’ Hospital’s Rule for the case where a is finite. 
If a is infinite, we let t = 1/x. Then t > 0* as x — ~, so we have 


bl Wad ee mretlti 


pais g(x) t>0t g(1/t) 
Danie) 
0+ g'(1/t)(—1/t?) 
Re er Le) eer at) 
st gla ae 


In order to prove Theorem 11.8.3, we first need the following results. 


(by l Hospital’s Rule for finite a) 


Theorem 


1. If a power series ¥ c,x" converges when x = b (where b # 0), then it converges 
whenever |x| < |b]. 


2. If a power series = c,x" diverges when x = d (where d ¥ 0), then it diverges 
whenever |x| > |d]. 
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PROOF OF 1 Suppose that > c,b” converges. Then, by Theorem 11.2.6, we have 
lim, Cn»b” = 0. According to Definition 11.1.2 with e« = 1, there is a positive integer 
N such that Geb” | < 1 whenever n = N. Thus, for n = N, we have 


n n 


Cn b ny n 


pe 


leqx™| = — Gb") 


x 
al) 5 
b 


set 
b 


If |x| < |b|, then |x/b| < 1, so 5 |x/b|" is a convergent geometric series. Therefore, 
by the Comparison Test, the series y= |C»x"| is convergent. Thus the series > c,x” is 
absolutely convergent and therefore convergent. ES 


PROOF OF 2 Suppose that > c,d” diverges. If x is any number such that |x| > |d|, then 
> c,x" cannot converge because, by part 1, the convergence of > c,x” would imply the 
convergence of > c,d”. Therefore > c,x” diverges whenever |x| > |d]. Bc) 


Theorem For a power series > c,x" there are only three possibilities: 


1. The series converges only when x = 0. 
2. The series converges for all x. 


3. There is a positive number R such that the series converges if |x| < R and 
diverges if |x| > R. 


PROOF Suppose that neither case | nor case 2 is true. Then there are nonzero numbers Db 
and d such that = c,x" converges for x = b and diverges for x = d. Therefore the set 

S = {x | = c,x” converges} is not empty. By the preceding theorem, the series diverges if 
|x| > |d|, so |x| < |d| for allx € S. This says that | d| is an upper bound for the set S. 
Thus, by the Completeness Axiom (see Section 11.1), S has a least upper bound R. If 

|x| > R, then x € S,so ¥ cnx" diverges. If |x| < R, then |x| is not an upper bound for 

S and so there exists b € S such that b > |x|. Since b € S, = c,b" converges, so by the 
preceding theorem > c,x" converges. he 


[3] Theorem For a power series > c,(x — a)" there are only three possibilities: 
1. The series converges only when x = a. 


2. The series converges for all x. 


3. There is a positive number R such that the series converges if |x — a | < Rand 
diverges if |x — a| > R. 


PROOF If we make the change of variable u = x — a, then the power series becomes 

> c,u" and we can apply the preceding theorem to this series. In case 3 we have con- 
vergence for |u| < R and divergence for |u| > R. Thus we have convergence for 

|x — a| < Rand divergence for |x — a| > R. as) 
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|G | The Logarithm Defined as an Integral 


0 


FIGURE 1 


yA 


0 


Xx 


FIGURE 2 


FIGURE 3 


Our treatment of exponential and logarithmic functions until now has relied on our intuition, 
which is based on numerical and visual evidence. (See Sections 1.5, 1.6, and 3.1.) Here we 
use the Fundamental Theorem of Calculus to give an alternative treatment that provides a 
surer footing for these functions. 

Instead of starting with a* and defining log, x as its inverse, this time we start by defin- 
ing In x as an integral and then define the exponential function as its inverse. You should 
bear in mind that we do not use any of our previous definitions and results concerning 
exponential and logarithmic functions. 


M8 The Natural Logarithm 


We first define In x as an integral. 


[1] Definition The natural logarithmic function is the function defined by 


z ill 
Inx=| ae Xe) 


The existence of this function depends on the fact that the integral of a continuous func- 
tion always exists. If x > 1, then In x can be interpreted geometrically as the area under the 
hyperbola y = 1/t from t = 1 to t = x. (See Figure 1.) For x = 1, we have 


1 
iad =I, eho 


xd 

or 0%, <a inx=["—ar=-['— ar <0 
Lif x ft 

and so In x is the negative of the area shown in Figure 2. 


'V i EXAMPLE 1 
(a) By comparing areas, show that 5 < In 2 <3. 
(b) Use the Midpoint Rule with n = 10 to estimate the value of In 2. 


SOLUTION 
(a) We can interpret In 2 as the area under the curve y = 1/t from 1 to 2. From Figure 3 


we see that this area is larger than the area of rectangle BCDE and smaller than the area 
of trapezoid ABCD. Thus we have 
pub <n? =< 1'-5(b4.) 
7<In2<2 


(b) If we use the Midpoint Rule with f(t) = 1/t,n = 10, and Ar = 0.1, we get 


Del 
In2= i — dt ~ (0.1L F(1.05) + f(L15) + +++ + f(1.95)] 


= (0.1)| —— + —— + ++- + —— J & 
( 105 1.15 1.95 oes aes 
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Notice that the integral that defines In x is exactly the type of integral discussed in Part 1 
of the Fundamental Theorem of Calculus (see Section 5.3). In fact, using that theorem, 
we have 


alata; 
Obs Wi i 


and so 


[2] 


We now use this differentiation rule to prove the following properties of the logarithm 
function. 


[3] Laws of Logarithms If x and y are positive numbers and r is a rational number, 
then 


1. In(xy) = Inx + Iny 2 n(=) =Inx —Iny 3. In(x’) = rlnx 
y 


PROOF 
1. Let f(x) = In(ax), where a is a positive constant. Then, using Equation 2 and the 
Chain Rule, we have 


i @ 1 
FQ) etd tae 
aie @bE ax EX 


Therefore f(x) and In x have the same derivative and so they must differ by a constant: 
In(ax) =Inx+C 

Putting x = | in this equation, we get na = Inl + C=0+ C=C. Thus 
In(ax) = Inx + Ina 

If we now replace the constant a by any number y, we have 
In(xy) = Inx + Iny 


2. Using Law 1 with x = I/y, we have 


1 1 
ne ny —( y)=mn1=0 
iy y 


1 
and so In % =-—Iny 


Using Law 1 again, we have 


] 
n(*) = n(x . 1) =Inx +In—=Inx—-Iny 
y y y 


The proof of Law 3 is left as an exercise. fest] 
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FIGURE 5 


f 


el — ify) 3 


f '(f@)) =x 
GP eo). = a 


In order to graph y = In x, we first determine its limits: 


[4] (a) lim Inx = © (b) lim In = == 


PROOF 

(a) Using Law 3 with x = 2 and r = n (where n is any positive integer), we have 
In(2”) = n In 2. Now In 2 > 0, so this shows that In(2”) > © as n — %. But In x is an 
increasing function since its derivative 1/x > 0. Therefore In x —> % as x > ™. 

(b) If we let t = 1/x, then t > © as x — 0°. Thus, using (a), we have 


1 
lim In x = lim n( 4] = lim (—Int) = —°% es] 
x—0t to to 


If y = In x, x > O, then 


d | ae 1 
1) and Y=- <0 
dx iB olre Xe 


which shows that In x is increasing and concave downward on (0, ©). Putting this infor- 
mation together with [4], we draw the graph of y = In x in Figure 4. 

Since In 1 = 0 and In x is an increasing continuous function that takes on arbitrarily 
large values, the Intermediate Value Theorem shows that there is a number where In x takes 
on the value 1. (See Figure 5.) This important number is denoted by e. 


[5| Definition e is the number such that In e = 1. 


We will show (in Theorem 19) that this definition is consistent with our previous defi- 
nition of e. 


M8) The Natural Exponential Function 


Since In is an increasing function, it is one-to-one and therefore has an inverse function, 
which we denote by exp. Thus, according to the definition of an inverse function, 


[6 | expix) =y = Iny=x 


and the cancellation equations are 


L exp(In x) = x and In(exp x) = x : 


In particular, we have 
exp(0)= 1 since Inl =O 
exp(1) =e since Ine=1 


We obtain the graph of y = exp x by reflecting the graph of y = In x about the line y=x. 


FIGURE 6 


yee 


S 
& 


FIGURE 7 
The natural exponential function 
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(See Figure 6.) The domain of exp is the range of In, that is, (—%, %); the range of exp is 
the domain of In, that is, (0, ©). 
If r is any rational number, then the third law of logarithms gives 
In(fe’)=rlne=r 


Therefore, by [6], exp(r) = e’ 


Thus exp(x) = e* whenever x is a rational number. This leads us to define e*, even for irra- 
tional values of x, by the equation 


e* = exp(x) 


In other words, for the reasons given, we define e* to be the inverse of the function In x. In 
this notation [6] becomes 


and the cancellation equations become 


[9] el = x 0 


The natural exponential function f(x) = e* is one of the most frequently occurring 
functions in calculus and its applications, so it is important to be familiar with its graph 
(Figure 7) and its properties (which follow from the fact that it is the inverse of the natural 
logarithmic function). 


Properties of the Exponential Function The exponential function f (x) = e* is an 
increasing continuous function with domain R and range (0, ©). Thus e* > 0 for 
all x. Also 

lim e*=0 lim e* = © 


x xn 


So the x-axis is a horizontal asymptote of f(x) = e*. 


We now verify that f has the other properties expected of an exponential function. 


[11] Laws of Exponents If x and y are real numbers and r is rational, then 


1. e*"” = e*e” 25 Cae pee 3.7) =e" 


A52 
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PROOF OFLAW1 Using the first law of logarithms and Equation 10, we have 
In(e*e”) = In(e*) + In(e’) = x + y = In(e*”) 


Since In is a one-to-one function, it follows that e*e” = e*”. 
Laws 2 and 3 are proved similarly (see Exercises 6 and 7). As we will soon see, Law 3 
actually holds when r is any real number. a, 


We now prove the differentiation formula for e*. 


PROOF The function y = e* is differentiable because it is the inverse function of y = In x, 
which we know is differentiable with nonzero derivative. To find its derivative, we use 
the inverse function method. Let y = e*. Then In y = x and, differentiating this latter 
equation implicitly with respect to x, we get 


MN General Exponential Functions 
If a > 0 and r is any rational number, then by [9] and [11], 


Boy = ring 


a’ =(e e 


Therefore, even for irrational numbers x, we define 


[13] a= exina 


Thus, for instance, 


ie. By 
v3 — ev3 In2 ~— e!20 aS Bey) 


The function f(x) = a* is called the exponential function with base a. Notice that a* is 
positive for all x because e* is positive for all x. 

Definition 13 allows us to extend one of the laws of logarithms. We already know that 
In(a") = r Ina when r is rational. But if we now let r be any real number we have, from 
Definition 13, 


In.’ = In(e"™*) = rina 


Thus 


Ina’=rlna___ for any real number r 
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The general laws of exponents follow from Definition 13 together with the laws of expo- 
nents for e*. 


[15] Laws of Exponents If x and y are real numbers and a, b > 0, then 


1. a” = a‘a’ ae —=a/a 3, (a) = ae 4. (ab)* = a*b* 


PROOF 
1. Using Definition 13 and the laws of exponents for e*, we have 


rN ee ler ybiles exinaty Ina 


OP an: 


xIna,ylna 


= e* "e = a‘a” 
3. Using Equation 14 we obtain 


) x x “y ) 
(a*) = ey ina ees eoxina = ery ina = qv 


The remaining proofs are left as exercises. Para 


The differentiation formula for exponential functions is also a consequence of Defini- 


tron 13; 
YA 
1 
2 PROOF 

0 ee 
d day d 
— (q*) = — (e*™*) = e*"4—_ «x Ina) =a’ Ina Ee 

lim a*=0, lima*= dx dx dx 


FIGURE8 y=a", a>1 Ifa > 1, then Ina > 0, so (d/dx) a* = a* Ina > 0, which shows that y = a*is increas- 


ing (see Figure 8). If 0 < a < 1, then Ina < 0 and so y = a‘is decreasing (see Figure 9). 


MH General Logarithmic Functions 


If a > O and a # 1, then f(x) = a’ is a one-to-one function. Its inverse function is called 
the logarithmic function with base a and is denoted by log.. Thus 


log =) <— j 
0 fc 


lim a*=©, lim a*=0 
Been od 


Nie a OO, 


In particular, we see that 


FIGURES y=a*, 0<a<l log. «=n 
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The laws of logarithms are similar to those for the natural logarithm and can be deduced 
from the laws of exponents (see Exercise 10). 
To differentiate y = log, x, we write the equation as a” = x. From Equation 14 we have 
ylna = Inx, so 
In x 


logax = Y= 7 


Since In a is a constant, we can differentiate as follows: 


M8) The Number e Expressed as a Limit 


In this section we defined e as the number such that In e = 1. The next theorem shows that 
this is the same as the number e defined in Section 3.1 (see Equation 3.6.5). 


PROOF Let f(x) = Inx. Then f'(x) = 1/x, so f’(1) = 1. But, by the definition of 
derivative, 


FU) ea eto ee mee 


h—0 h x0 x 
kal se xe) = ihn Il 1 
= pe ee = lim — In(1 + x) = lim In(1 + x)!” 
x0 BS x0 X x0 


Because f’(1) = 1, we have 


lim In(1 + x)" = 1 


Then, by Theorem 2.5.8 and the continuity of the exponential function, we have 


a (eee Bs x -) L/x . H 
e = eb = elmo ty — Jim e+ = jim (1 + x)!” eae 
= 0) 


x0 


= Exercises 


. (a) By comparing areas, show that 


(b) Use part (a) to show that In 2 > 0.66. 


Soin oe 3. By comparing areas, show that 


(b) Use the Midpoint Rule with n = 10 to estimate In 1.5. 


I 1 
PS EEE ia ee 
2. Refer to Example 1. 2 3 n 2S el 


(a) Find the equation of the tangent line to the curve y = 1/t 


4. (a) By comparing areas, show that In 2 < 1 < In3. 
that is parallel to the secant line AD. 


(b) Deduce that 2 < e < 3. 


1. Homework Hints available at stewartcalculus.com 
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5. Prove the third law of logarithms. [Hint: Start by showing that 9. Prove the fourth law of exponents [see [i5]]. 
both sides of the equation have the same derivative. ] 


6. Prove the second law of exponents for e* [see [i]. 


10. Deduce the following laws of logarithms from [5]: 
(a) loga(xy) = logax + logay 


7. Prove the third law of exponents for e* [see [ui]. (b) loga(x/y) = logax — logay 
8. Prove the second law of exponents [see [i5]]. (c) loga(x”) = y logax 


Im 4 
‘ir e2+3i 
e —4+2i + 
1+ 
$+} 4 ++ +> 
0] 1 Re 
=t 
=I) = Di O 3-21 
T 


FIGURE 1 
Complex numbers as points in 
the Argand plane 


A complex number can be represented by an expression of the form a + bi, where a and 
b are real numbers and i is a symbol with the property that i* = —1. The complex num- 
ber a + bi can also be represented by the ordered pair (a, b) and plotted as a point in a 
plane (called the Argand plane) as in Figure 1. Thus the complex number 7 = 0 + 1 : iis 
identified with the point (0, 1). 

The real part of the complex number a + bi is the real number a and the imaginary 
part is the real number b. Thus the real part of 4 — 37 is 4 and the imaginary part is —3. 
Two complex numbers a + bi and c + di are equal if a = c and b = d, that is, their real 
parts are equal and their imaginary parts are equal. In the Argand plane the horizontal axis 
is called the real axis and the vertical axis is called the imaginary axis. 

The sum and difference of two complex numbers are defined by adding or subtracting 
their real parts and their imaginary parts: 


(a+ bi) +(c+di)=(at+c)+(b+d)i 
(a+ bi) —-(c + di)=(a-c)+(b-d)i 
For instance, 


(1 —-i)+(4+7i)=0+4)+ (-1+7)i=5+ 6 


The product of complex numbers is defined so that the usual commutative and distributive 
laws hold: 
(a + bi)(c + di) = a(c + di) + (bi)(c + di) 


= ac + adi + bci + bdi’ 
Since i2 = —1, this becomes 


(a + bi)(c + di) = (ac — bd) + (ad + be)i 


LEXAMPLE 1 


(—1 + 3i)(2 — 5i) = (—1)@Q — 5i) + 3i(2 — Si) 


Oe O01 oe (1) = Sa ee ose 


Division of complex numbers is much like rationalizing the denominator of a rational 
expression. For the complex number z = a + bi, we define its complex conjugate to be 
Z =a — bi. To find the quotient of two complex numbers we multiply numerator and 
denominator by the complex conjugate of the denominator. 


allem coer) 


(SCs Express the number ———— in the forma + bi. 
3 ae Si 
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SOLUTION We multiply numerator and denominator by the complex conjugate of 2 + 5i, 


namely 2 — Si, and we take advantage of the result of Example 1: 
sg ey ara eee ihe i) Ly 
2 = ot in A es) 


-1+3i | 
2+ Si 


Pixs 1 By 


The geometric interpretation of the complex conjugate is shown in Figure 2: z is the 
reflection of z in the real axis. We list some of the properties of the complex conjugate in 


the following box. The proofs follow from the definition and are requested in Exercise 18. 


Properties of Conjugates 


z| of a complex number z = a + Di is its distance 


FIGURE 2 
The modulus, or absolute value, 
from the origin. From Figure 3 we see that if z = a + bi, then 


Notice that 
zz =(a+ bi)(a — bi) =a’ + abi — abi — bi? =a’? + b? 


zz = |z| 


FIGURE 3 
and so 
This explains why the division procedure in Example 2 works in general: 
Zong Zit zo 
wo |wP? 


W 


—1, we can think of 7 as a square root of —1. But notice that we also have 
—1 and so ~i is also a square root of —1. We say that i is the principal 


Since i? = 
(-i? =i? = 
square root of —1 and write /—1 = i. In general, if c is any positive number, we write 


J-c= ci 
With this convention, the usual derivation and formula for the roots of the quadratic equa- 


tion ax* + bx + c = O are valid even when b2 — 4ac < 0: 


—b = 4/b*— 4ac 


a 
2a 


CWidh se) Find the roots of the equation x7 + x + 1=0 
SOLUTION Using the quadratic formula, we have 


-1+VP=4e1 12 JS | le ai 
,) 5 a 


x= 
2 


ImA 


FIGURE 4 


FIGURE 5 
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We observe that the solutions of the equation in Example 3 are complex conjugates of 
each other. In general, the solutions of any quadratic equation ax* + bx + c = 0 with real 
coefficients a, b, and c are always complex conjugates. (If z is real, z = z, so z is its own 
conjugate. ) 

We have seen that if we allow complex numbers as solutions, then every quadratic 
equation has a solution. More generally, it is true that every polynomial equation 


Bare ‘iis Ga we Bi aOR a,x aie age 0) 


of degree at least one has a solution among the complex numbers. This fact is known as 
the Fundamental Theorem of Algebra and was proved by Gauss. 


GW Polar Form 


We know that any complex number z = a + bi can be considered as a point (a, ) and that 
any such point can be represented by polar coordinates (r, 0) with r > 0. In fact, 


a=rcosé@ b=rsin@ 
as in Figure 4. Therefore we have 
z=a+ bi=(rcos6) + (rsin b)i 


Thus we can write any complex number z in the form 


z = r(cos @ + isin @) 


b 
where r=|z| = Ja? + b? and tan @=— 


The angle @ is called the argument of z and we write 6 = arg(z). Note that arg(z) is not 
unique; any two arguments of z differ by an integer multiple of 277. 


SvV2IS" Write the following numbers in polar form. 
(zl (b) w= 3 -i 


SOLUTION 
(a) We have r = | z| Sle 4al = /2 and tan 6 = 1, so we can take 0 = 7/4. 
Therefore the polar form is 


= 2 (co Z + isin) 


4 


(b) Here we have r = |w| = /3 + | = 2 and tan 6 = —1/,./3. Since w lies in the 
fourth quadrant, we take @ = — 1/6 and 


«= 1{eo(—) + s0(-2)] 


The numbers z and w are shown in Figure 5. Belen) 
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“1*2 


FIGURE 6 


FIGURE 7 


FIGURE 8 


The polar form of complex numbers gives insight into multiplication and division. Let 


z, = r,(cos 6 + isin 0) Z. = r(cos @ + isin @2) 
be two complex numbers written in polar form. Then 


ZZ, = mr.(cos 6; + isin 0,)(cos 62 + i sin 02) 


= rr[(cos 6 cos 62 — sin O; sin 62) + i(sin A, cos 6 + cos 6; sin 62)] 


Therefore, using the addition formulas for cosine and sine, we have 
[1] Thi gy rir2[cos( A ar 0) ar i sin(0, aF 42) | 


This formula says that to multiply two complex numbers we multiply the moduli and add the 
arguments. (See Figure 6.) 

A similar argument using the subtraction formulas for sine and cosine shows that to 
divide two complex numbers we divide the moduli and subtract the arguments. 


In particular, taking z; = 1 and z) = z (and therefore 0; = 0 and @, = @), we have the 
following, which is illustrated in Figure 7. 


If z=r(cos 6+ isin 6), then 


1 1 f 
—— — (Cos G7 sin @). 
Z ie 


(SC00P099) Find the product of the complex numbers 1 + i and /3 — iin polar form. 
SOLUTION From Example 4 we have 


1+ i= VE (cos + isin) 


ee) 


So, by Equation 1, 


This is illustrated in Figure 8. eas | 
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Repeated use of Formula | shows how to compute powers of a complex number. If 


z = r(cos@ + isin @) 


> 


then ne 


I 


r-(cos 26 + isin 26) 
and z> = zz* = r*(cos 36 + isin 36) 


In general, we obtain the following result, which is named after the French mathematician 
Abraham De Moivre (1667-1754). 


[2] De Moivre's Theorem If z = r(cos @ + isin @) and 7 is a positive integer, then 


z" = [r(cos @ + isin @)]" = r"(cos nO + isin n6) 


This says that to take the nth power of a complex number we take the nth power of the 
modulus and multiply the argument by n. 


(CERT Find (; + 31)". 


SOLUTION Since 5 + i= (1 + i), it follows from Example 4(a) that + + 5i has the 


polar form 
= ( 


7 oo. 
COS —= sev SiN —— 
4 4 


So by De Moivre’s Theorem, 


Ligh eae lnaes\a xD ANA 107 |. 107 
S oF SI) = cos + 1S1n 
2 2) ?) 4 4 


2 ( Sy as sz) i 
i COG reais SLL ere deere a a 


De Moivre’s Theorem can also be used to find the nth roots of complex numbers. An 
nth root of the complex number z is a complex number w such that 


Writing these two numbers in trigonometric form as 
w = s(cos @ + isin ¢) and z=r(cos6 + isin 8) 
and using De Moivre’s Theorem, we get 
s"(cosn@ + isinnd) = r(cos @ + isin 0) 


The equality of these two complex numbers shows that 


s"=Fr or s= ni 


and cos nd = cos @ and sin nd = sin @ 
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ImA 


FIGURE 9 
The six sixth roots of z= —8 


From the fact that sine and cosine have period 277 it follows that 


6+ 2ka 
nob = 0+ 2kar or = a 
6 + 2ka ih Oar 2k 
Thus w = r/"| cos| ————] + isin ———— 
n n 
Since this expression gives a different value of w for k = ORI 2a ale cuhiavesthe 


following. 


[3] Roots of a Complex Number Let z = r(cos 6 + isin @) and let n be a positive 
integer. Then z has the n distinct nth roots 


| (22) a (2%) 
Yic = Ip GOS, <= || Se Sia) 
n nN 


worerte Ie = (Ih, Poe ang it 


Saba 


"Thus all the nth roots of 
z lie on the circle of radius r'/” in the complex plane. Also, since the argument of each suc- 
cessive nth root exceeds the argument of the previous root by 27/n, we see that the 
nth roots of z are equally spaced on this circle. 


2iNeSe Find the six sixth roots of z = —8 and graph these roots in the complex 
plane. 


SOLUTION In trigonometric form, z = 8(cos 7 + isin 7). Applying Equation 3 with 
n = 6, we get 


1/6 Tt eRe se Teel KT 
Ww. = 8 Coo el At ee 


We get the six sixth roots of —8 by taking k = 0, 1, 2, 3, 4,5 in this formula: 


Wy = ee “8 3) SS (= + +) 


2 2 


Vee cos + isin el, 


Ih 
Ws = 81(co ap Si uz) = ald ce ,) 


2 
All these points lie on the circle of radius /2 as shown in Figure 9. ars) 


We could write the result of Example 8(a) as 
e'7+1=0 


This equation relates the five most famous num- 
bers in all of mathematics: 0, 1, e, 7, and 7. 
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MH Complex Exponentials 


We also need to give a meaning to the expression e* when z = x + ty is a complex num- 
ber. The theory of infinite series as developed in Chapter 11 can be extended to the case 
where the terms are complex numbers. Using the Taylor series for e* (11.10.11) as our guide, 
we define 


[4] = eae 


and it turns out that this complex exponential function has the same properties as the real 
exponential function. In particular, it is true that 


[5] et? = Oi" 


If we put z'= iy, where y is a real number, in Equation 4, and use the facts that 


pee tie = tel 
REND) + \3 - \4 beNS) 
- ; ly ly 1 1 
we get py cay 2 AUD OI! kOe Ho 
¢ 2! 3) 4) 5! 
2 3 4 5 
y 
igh gi eee eee Tree 


I 
= a 
— 
| 
m2 |< 
75 i) 
&|< 
=. + 
| 
|< 
a ron 
+ 
Sone 
| 
™. if 
SY + 
| 
w | 
es we) 
+ 
wal 
= an 
| 
See 


= cosy + isiny 


Here we have used the Taylor series for cos y and sin y (Equations 11.10.16 and LOLS) 
The result is a famous formula called Euler’s formula: 


[6] e” =cosy + isiny 


Combining Euler’s formula with Equation 5, we get 


er) = ee = e*(cos y + sin y) 


Segean Evaluate: (a) e’” (byeeew: a2 


SOLUTION 
(a) From Euler’s equation [6] we have 


e™=cosm+isina = —1+i1(0)=—1 


(b) Using Equation 7 we get 

i 
— ess | 
(Z 


1 
@7 1 ee (cost + isin 2) = (0 ni(1)) = 
2: 2 e 


Finally, we note that Euler’s equation provides us with an easier method of proving 
De Moivre’s Theorem: 


[r(cos 6 + isin @)]" = (re*)” = r"e™ = r"(cos nO + i sin n@) 
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LH | Exercises 


1-14 Evaluate the expression and write your answer in the 
form a + bi. 


AS 61) (3 422i) 2. (4 — 41) — (9 + 31) 


3. (2 + 5i)(4 — i) 4, (1 — 2i)(8 — 3i) 
5. 12 + 7i 6. 2i(} — i) 
mee 3 3 2i 
"342i 1 = 4i 
l 3 
‘ 1+i W Ay ay 
(hh (Page 


EL i= 25 14 Sry = 12, 


15-17 Find the complex conjugate and the modulus of the 
number. 


ikh 12D Sy 
17. —4i 


16. -14+ 2.,/2i 


18. Prove the following properties of complex numbers. 
(a)zt+w=zt+w (b) zw =zw 


(c) z" =z", where n is a positive integer 
[Hint: Write z =a + bi,w=c + di.] 


19-24 Find all solutions of the equation. 

19. 4x7 +9=0 20. x* = 1 

21a or 5 = 0 22. 2x7 = 2x + 1=0 
23.27 +z+2=0 24,27 +47+i=0 


25-28 Write the number in polar form with argument between 0 
and 277. 


As}, = 3) a BY 
(ak 3 ae Ob 


26. 1— /3i 


28. 87 


23-32 Find polar forms for zw, z/w, and 1/z by first putting z and w 
into polar form. 


9.2=/3 +i, w=1+/3i 
30.2=4,/3 -4i, w=8i 

31.2= 2.3 —21, w=—1+; 
32g 4/97), wo = 3 — 31 


33-36 Find the indicated power using De Moivre’s Theorem. 
33. (1 + i)” 34. (1 — ¥3i)° 
35. (2/3 + 2i)° 36. (1 — i) 


37—40 Find the indicated roots. Sketch the roots in the complex 
plane. 


37. The eighth roots of 1 38. The fifth roots of 32 


39. The cube roots of i 40. The cube roots of | + 7 


41-46 Write the number in the form a + Di. 


41, e'7” 42. ¢°"! 
43, ei? Meeu? 
45. ein 46. Quer 


47. Use De Moivre’s Theorem with n = 3 to express cos 36 and 
sin 36 in terms of cos @ and sin 6. 


48. Use Euler’s formula to prove the following formulas for cos x 
and sin x: 


ee? € Ee 

OS. = —— ——— 

2 2i 

49. If u(x) = f(x) + ig(x) is a complex-valued function of a real 
variable x and the real and imaginary parts f(x) and g(x) are 
differentiable functions of x, then the derivative of u is defined 
to be u(x) = f(x) + ig'(x). Use this together with Equation 7 
to prove that if F(x) = e’, then F(x) = re’ when r = a + bi 
is a complex number. 


50. (a) If uw is a complex-valued function of a real variable, its 
indefinite integral { u(x) dx is an antiderivative of u. 
Evaluate 


Vets dx 


(b) By considering the real and imaginary parts of the integral 
in part (a), evaluate the real integrals 
| e* cos x dx and e” sin x dx 


(c) Compare with the method used in Example 4 in Sec- 
tion 7.1. 


Pats Answers to Odd-Numbered Exercises 


APPENDIX | 


ANSWERS TO ODD-NUMBERED EXERCISES 
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CHAPTER 1 


EXERCISES 1.1 # PAGE 19 


il. WES 
3. (a) 
ON ie 


3 © =02 @OQ3 @W 0s 
2, 4], [=1, 3] (f) [2 1] 


5. [—85,115] 7. No 


9. Yes 


SE, ONE hh 9) | lee 


11. Diet, exercise, or illness 
3A 


a ae 


—_|— > 


0 


15. (a) 


17. Ta 


is 


500 MW; 730 MW _(b) 4 AM; noon 


ee ARs 


midnight noon t 
19. Ee 
> 
0 price 


+ height 
of grass 


23. (a) 


Wed. Wed. Wed. Wed. Wed. dt 


Na 
200 + 
150%; 
100 + 
50 + 
+ + 4 i 4 > 
1996 2000 2004 t 
(midyear) 


(b) 126 million; 207 million 


7A WW 


6a’ — 
9a* — 


lei3a2 aie ba) aD, 3a a 4, 
Ia + 45120? = 2a + 2, 3a-— a’ + 2, 
6a? + 13a? — 4a + 4/34? + Gah + 3h? -—a—h+2 


7, —3-—h . 29.-—1/(ax) 
31. (—~, —3) U (—3, 3) U (3,%) 33. (—%, ©) 


35. (—~, 0) U (5, &) 
39. (—00, 0) 


37. [0, 4] 


l=x=5 53. f(x) = 1 =e =x 
if 0Os=x=3 
ie 3S oe SS 
57. A(L) = 10L — i OSL, <1 
59. A(x) = /3x2/4,x >0 61. S(x) =x? + (8/x),x > 0 
63. V(x) = 4x° — 64x? + 240x,0<x <6 
15440 -—x) if O<x< 40 
65. F(x) = 40 rhe AQ) SS ae SS OS) 
15(x — 65) if x > 65 
PA 
600 (100, 525) 
fo 40 65 100 
67. (a) R(%)A (b) $400, $1900 
15+ — 
10+ —— 


10,000 


20,000 


] (in dollars) 


ay 
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(c) T (in dollars) 
2500 


1000 


0 10,000 20,000 30,000 7 (in dollars) 
69. f is odd, g is even TA (ale (—3,-3) De eS) 
73. Odd 75. Neither 77. Even 


79. Even; odd; neither (unless f = 0 or g = 0) 


EXERCISES 1.2 = PAGE 33 


(b) Root (c) Rational 
(e) Exponential 


1. (a) Logarithmic 
(d) Polynomial, degree 2 
Rh Ff |g 
5. (a) y= 2x+ D, 

where b is the y-intercept. 


(f) Trigonometric 


pI 2D=0 


J 


(b) y= mx + 1 — 2m, 


where mm is the slope. 
(Cy 2 oe 
7. Their graphs have slope —1. yA 
C= —l 
e=—)) 
: ¥¢ 2 
OSI 
e=0 


Sa) 3a 1) eo 2) 
11. (a) 8.34, change in mg for every | year change 
(b) 8.34 mg 


13. (a) PA (b) 2, change in °F for every 

1°C change; 32, Fahrenheit 
, temperature corresponding 
F=2C+32 to 0°C 


(100, 212) 


NV 


(—40, —40) 


307 


15. (a) T=iN+* — (b) j, change in °F for every chirp per 
minute change (c) 76°F 


17. (a) P=0.434d + 15 (b) 196 ft 


19. (a) Cosine  (b) Linear 
21. (a) 15 Linear model is 
appropriate. 
0 61,000 


(b) y = —0.000105x + 14.521 
©) y= OMCs <r 113.5)! 


61,000 
(d) About 11.5 per 100 population (e) About6% (f) No 
23. (a) sof height (m) Linear model is 
zea + appropriate. 

55 — 

5.0T-4 +t 

a wl 

4.0++—+ aa 

3.5 f 

15 —— > 
/)1900 1920 1940 1960 1980 2000 year 

1896 
(b) y = 0.0265x — 46.8759 (c) 6.27 m;higher (d) No 
25. Four times as bright 
27. (a) N= 3.1046A°% ~~ (b) 18 
EXERCISES 1.3 = PAGE 42 
1. @) y=f@) +3 (by) y=fG) 3 Te ey =f eS) 
(d) y=fix + 3) ©) y=-f—@) “WH y=fCx) 
(g) y= 3f(x) (h) y=3f() 
3. (a) 3 (bya (eye ed) Sameatey 
5. (a) 


(b) 


(d) 


PENS y = sin(x/2) 


27 
25. L(t) = 12 + 2 so} 365 (t | 


27. (a) The portion of the graph of y = f(x) to the right of the 
y-axis is reflected about the y-axis. 


(b) (c) 


y=sin |x| ° 


29. (a) (f + g(x) =x? + D6 = 1s (= 02,.00) 
(ib) (f—g@ga)=x —x + 1; (-% ©) 
(OG) I ee cD) 


3 ») 2 
(@) (f/9)(x) = = {x |x # £1/V3} 


31. (a) (f° g)(x) = 4x” + 4x, (—%, ©) 
(b) (g°f)(x) = 2x? — 1, (-~, ©) 

(c) (fe f)(x) = x* — 2x7, (—, 0) 
(d) (g 2 g)(x) = 4x + 3, (—%, ©) 
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33. (a) (f° g)(x) = 1 — 3 cos x, (—%, ~) 
(b) (g°f)(x) = cos(1 — 3x), (—%, 2) 
(c) (f° f)@) = 9x = 2, (—~, ~) 

(d) (9° g)(x) = cos (cos x), (—%, %) 


2x? + 6x +5 
35. (a) (f° g)(x) CEL ye eee —2, —1} 
2 
(b) (gef)) = aaa {x |x # —1, 0} 
© (Fe f)@) =, tu |x #0) 
ee 


(d) (g° g(x) sige ea) 


3x45’ 
37. (f° g°h)(x) = 3 sin(x’) — 2 

39. (fogeh)(x) = Vx° + 4x° + 1 

M1. g(x) = 2x + x’, f() = x* 

43. g(x) = Vx, f(x) =x/(1 + x) 

45. g(t) = 2’, f(t) = sect tant 

a1. h(x) = Vx, g(x) =x — 1, f() = vx 
49. h(x) = ./x, g(x) = sec x, f(x) = x* 
51. (a) 4. (b) 3° (c) 0 (d) Does not exist; f(6) = 6 is not 
inthe domainofg. (e) 4 (f) —2 

53. (a) r(t)=60t (b) (Ac r)(t) = 360077’; the area of the 
circle as a function of time 


55. (a) s = Jd? + 36 =(b) d= 30t 
(c) (f° g)(t) = 900? + 36; the distance between the lighthouse 
and the ship as a function of the time elapsed since noon 


57. (a) (b) 


V(t) = 120H(t) 


V(t) = 240H(t — 5) 


59. Yes; m\m2 
61. @) f@)=2- +6 “(b) gaa x — 1 
63. Yes 


EXERCISES 1.4 = PAGE 50 


—300 
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5. 8 7. ~ 3500 


, 0 
iG > 
} ; 
—0.01 0.01 
0 


15. (b) Yes; two are needed 


17. 1 
1 1 
=i 
19. No Ah, SOY, WAP PAL (OMG 25. g 
"yk = Osil <se <= Sil 
29. (a) 3 (b) 


2 


(d) Graphs of even roots are similar to \/x, graphs of odd roots are 


similar to ¥/x. As n increases, the graph of y = %/x becomes steeper 
near Q and flatter for x > 1. 


31. 


2.5 


If c < —1.5, the graph has three humps: two minimum points and 
a maximum point. These humps get flatter as c increases until at 

c = —1.5 two of the humps disappear and there is only one mini- 
mum point. This single hump then moves to the right and 
approaches the origin as c increases. 

33. The hump gets larger and moves to the right. 

35. If c < 0, the loop is to the right of the origin; if c > 0, the loop 
is to the left. The closer c is to 0, the larger the loop. 


EXERCISES 1.5 = PAGE 57 


1(a)74 (Dee 

3. (a) 16b" = (b) 648y’ 

5. (a) fx) = 2sa = 0) by IRS he), (Oy) 

(d) See Figures 4(c), 4(b), and 4(a), respectively. 

7. 5 y=20* y=5* y=e All approach 0 as x > —%, 
all pass through (0, 1), and 
all are increasing. The larger 
the base, the faster the rate of 
increase. 


The functions with base 
greater than | are increasing 
and those with base less than 
1 are decreasing. The latter 
are reflections of the former 
about the y-axis. 


17. (a) y=e*—-2 
(dd) yao" 


(b) y= e* 2 
(e) y= -e™* 


(c) = Se" 
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ASE (aN) (aoe) HO = 111) IG) (Lest ib) i( 03, 00) 49. (a) (0, ©); (—0, 0)  (b) e” 

21h cee 027) At x = 135.8 (c) 

29. (a) 3200 (b) 100-2”? (c) 10,159 

(d) 60,000 oon 

: ¥9 51. (a) }(7 — In6) = (b) _ 4(e? + 10) 

31. P = 2614.086(1.01693)'. 5381 million; 8466 million 53, (a) 5 + log: 3or5 + (In3)/In2 (b) (1 + 1 + 4e) 
a @)O<e2< il (@) 2 in5 

EXERCISES 1.6 ™ PAGE 69 57. (a) (In3,%) (b) f “(x) = Infe* + 3);R 

1. (a) See Definition 1. ee 


(b) It must pass the Horizontal Line Test. 

3. No , ING 7k VES 9. No 11. Yes ‘13. No 
15. (a) 6 §=(b) 3 17. 0 

19. F =2C + 32; the Fahrenheit temperature as a function of the 
Celsius temperature; [—273.15, ©) 

21. y=+(x- 1)? -3,x21 

3B.y=s;(1+inx) 2. y=e*-3 


The graph passes the 
Horizontal Line Test. 


=i 
2 23. f@) = 5/4 GD ed 0 Din 2x0 ie 2), 
6 rn where D = 3/3 27x* — 40x? + 16; two of the expressions are 
. 


complex. 

61. (a) f '(n) = (3/In 2) In(n/100); the time elapsed when there 
aren bacteria (b) After about 26.9 hours 

63. (a) 7/3 (b) 7 65. (a) 7/4 (b) a/4 

67. (a) 10 (b) 7/3 

Texte x” 


0 6 73. 


7 es 
2 y=sin x 


a1 aera) = lee, Oliv ea 1 fe and fare the same 


function. (b) Quarter-circle in the first quadrant ee te 


The second graph is 
the reflection of the 
2 first graph about the 


33. (a) It’s defined as the inverse of the exponential function with 
base a, that is, logax = y <=> @ =x. 


(b) ©;,%) (c) R. @) See Figure.11. line y = x. 
(a) 3 ©) —3 Wh @) 3 (@) 2 39. In 1215 
41. In vx 
sear Il F 
y=log,;x All graphs approach 715) bees Ol) al <0) 2ean/ 2 | 
y=Inx —2 as x — 0", all pass Tinay g(x) =f (a) cc (b) ha) = ai) 
-1y=log,x through (1, 0), and all 
~ 14 are increasing. The larger CHAPTER 1 REVIEW ® PAGE 72 
y 103504 the base, the slower the } 
: True-False Quiz 
rate of increase. 
1. False 3. False 5. True 7. False 9. True 
11. False 13. False 
45. About 1,084,588 mi 
ATG) ee vA (b) Exercises 
| y=logio(x +5) 1. (a) 2.7 (b) 2.3,5.6 (c) [-6,6] (d) [-4,4] 
we > (e) [—4,4] (f) No; it fails the Horizontal Line Test. 
0 x 


(g) Odd; its graph is symmetric about the origin. 
3 2ath—2 5, (—«, 4) U(§, ~), (—, 0) U (0, ©) 
7. (—6, ©), R 
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9. (a) Shift the graph 8 units upward. 

(b) Shift the graph 8 units to the left. 

(c) Stretch the graph vertically by a factor of 2, then shift it 

1 unit upward. 

(d) Shift the graph 2 units to the right and 2 units downward. 
(e) Reflect the graph about the x-axis. 

(f) Reflect the graph about the line y = x (assuming f is 
one-to-one). 


11. y 


17. (a) Neither (b) Odd (c) Even’ (d) Neither 
19. (a) (f° g)(x) = In@? — 9), (—~, —3) U (3, &) 
(b) (g°f)(x) = (Un x)* — 9, (0, ) 

, Of) Gy in ini ©) 

(i(geG) Gi — a — 9) ON = eres) 

21. y = 0.2493x — 423.4818; about 77.6 years 

rah ih oo PAE Oe (Oe TORRE Oe 


27. (a) 1000 


~4.4 years 


10 


OOO 2 


QP 
to reach a given number P. 
(c) In 81 ~ 4.4 years 


(oD) #3 ( ; the time required for the population 


PRINCIPLES OF PROBLEM SOLVING = PAGE 80 


1. a=4V/h? — 16/h, where a is the length of the altitude and 
h is the length of the hypotenuse 
3. —2,9 


9. (a) yA 


(b) yA 


f(x) = max{sin x,cos x} 


BY 


1.5 13.x€[-1,1- /3)U(1+ 73,3] 
15. 40mi/h 19. f(x) =x?" 


CHAPTER 2 


EXERCISES 2.1 = PAGE 86 

1, (8) —44.4, = 38 89297 9) D166 

(b) —33.3.  (c) —333 

3. (ai) 2. (ii): LI11111 (iii) 1.010101 (iv) 1.001001 
(v) 0.666667 (vi) 0.909091 (vii) 0.990099 

(viii) 0.999001 (b) 1 (c) y=x-3 

5. (a) (i) —32 ft/s (ii) —25.6 ft/s (iii) —24.8 ft/s 
(iv) —24.16 ft/s  (b).—24 ft/s 

7. (a) G) 4.65 m/s (ii) 5.6m/s (iii) 7.55 m/s 

(iv) 7m/s_ (b) 6.3 m/s 

9. (a) 0, 1.7321, — 1.0847, —2.7433, 4.3301, —2.8173, 0, 
—2.1651, —2.6061, —5, 3.4202:no (c) —31.4 


EXERCISES 2.2 = PAGE 96 
1. Yes 
3. (a) lim,—.-s f(x) = %© means that the values of f(x) can be 


made arbitrarily large (as large as we please) by taking x suffi- 
ciently close to —3 (but not equal to —3). 


(b) lim, —4+ f(x) = —% means that the values of f(x) can be made 


arbitrarily large negative by taking x sufficiently close to 4 through 
values larger than 4. 

5. (a) 2 (b) 1 (c)4 £4) Doesnotexist (e) 3 

Th (@) =1 (b) —2  (c) Does not exist (@)) 2 (e) 0 
(f) Does not exist (g) 1 (h) 3 

9. (A) pa eb) oa (Cc) oe Fl) co (€) 

Oe S724 — —3. 3 — 014 — 6 

11. lim f(x) exists for all a except a = —1. 


1}, (@) 1 (b) O(c) Does not exist 


15. y 17. YA 
; [ 
i eS 
14 : —— ; SSS SSS 
OU Xs 
| 
0 “e T 
Paes 
92 21.5 2.5 #4%.2 27. (a) 1,5 
29. -0 31.0 33.-0 35-0 37,0 
39. —©0; 00 
41. (a) 2.71828 (b) 6 


= 2 


43. (a) 0.998000, 0.638259, 0.358484, 0.158680, 0.038851, 
0.008928, 0.001465; 0 

(b) 0.000572, —0.000614, —0.000907, —0.000978, —0.000993, 
—0.001000; —0.001 

45. No matter how many times we zoom in toward the origin, the 
graph appears to consist of almost-vertical lines. This indicates 
more and more frequent oscillations as x > 0. 

47. x ~ +0.90, +2.24; x = +sin '(27/4), (a — sin '(77/4)) 


EXERCISES 2.3 = PAGE 106 
1A) t= 60 (aes Cc) 2. (d) 6 
(e) Does notexist (f) 0 ~ 

3a OSM Se 7.000 wee See 11.4 
13. Does not exist 15. £ ih =O 19. 5 
Te ee eo ee ier 029.0 


31. 3x2 33. (a), (b) 5 0 37070 4. 4 
45. Does not exist 
47. (a) y (b) G) 1 
; (Gi) el 
(iii) Does not exist 
: (iv) 1 
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495 (a) Gs Gn) =5 


(b) Does not exist 


Lil @) @) =2 (aid) Imes moi Sagi Gin) =3 
(b) G) n-—1 (i) n_ (Cc) ais not an integer. 
57. 8 (eh 153 = il 


EXERCISES 2.4 = PAGE 116 

1. 0.1 (or any smaller positive number) 

3. 1.44 (or any smaller positive number) 

5. 0.0906 (or any smaller positive number) 

7. 0.011 (or any smaller positive number) 

9. (a) 0.031 —_(b) 0.010 

11. (a) 1000/7 cm (b) Within approximately 0.0445 cm 
(c) Radius; area; / 1000/7; 1000; 5; ~0.0445 

13. (a) 0.025 (b) 0.0025 

35. (a) 0.093 (b) & = (B”/? — 12)/(6B'/?) — 1, where 
Be D6e 108er 2/336 71324655 sils2 


41. Within 0.1 


EXERCISES 2.5 # PAGE 127 

1. lim,—+4 f(x) = f(4) 

3. (a) f(—4) is not defined and lim f(x) [for a = —2, 2, and 4] 
does not exist ee 

(b) —4, neither; —2, left; 2, right; 4, right 


OA ee 7. ya 
0 a 


“Y 


pee . S 


sO) a 
9/ eo eo 
5 0 e——o e—e 
a 3 > 


0| FiO Wi ev 


11. 4 17. f(—2) is undefined. 
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19. lim f(x) does not exist. 21. lim f(x) =f) 
x0 x— 


23. Define f(2) = 3. 
27. (—o, /2) U (8/2,%) 29. [-1, 0] 


31. (—x%, —1] U (0, ~) 


25. (—90, 00) 


33. x = 0 3 
4 + + + 4 
=i 
3.5 37.1 
41. 0, left 43. 0, right; 1, left 
’ yA 
(1, e) 
(0, 2) 
ye 
(0,1) 
2 0 No 
45.5 9 47. (a) g(x) =x +x? +x4+1 (db) g(x) =x? +x 
55. (b) (0.86, 0.87) 57. (b) 70.347 63. None 
65. Yes 


EXERCISES 2.6 = PAGE 140 


1. (a) As x becomes large, f(x) approaches 5. 

(b) As x becomes large negative, f(x) approaches 3. 
3) 2 (D2 (Ce aed). co 

(CQ)ie = hes = 3 = 7 


5. y=5 YA Uh y Tea) 
> 
0) Be 0 
Vine 
) | Nees 
y=3 
OL \ x 
x= 4 


110° 13,2090 11s 8 17. 0) 19S 214 
L s(a—b) 29, x 
31.-0 39/2 35 —3 37.0 


39. (a),(b) -$ 4 p= 23x =2 
Bly 2,4 = 2,2 = 1 [5 8 Git) ‘ia =) 
Di 59 5 
: a 51. (a) Z ls). 3) 
49. f(x) Fe) (a) z (db) 
53, —9o0, —o 55. —00, 00 
My 
ee ne 


57. (a) 0 (b) An infinite number of times 


1 


59. (a) 0) ~(b) 2a 61. 5 
63. (a) v* (b) 12 =(0).47 s 


0) 1 


65. N= 15 
69. (a) x > 100 


WA IN SS =O, IN Ss = 2D) 


EXERCISES 2.7 = PAGE 150 


1 Sa 10) Te) 
R= 3 x=>3 ees 


3.(a)2 (b)y=2x+1 (©) 6 


=] 


dh YS thie se 12 7. y =5x+4 
9. (a) 8a -— 6a* = (b) y = 2x + 3, y = —8x + 19 
(c) 


11. (a) Right:0 << 1 and4 <?t< 6; left: 2 <1 <3; 
standing still: 1 <¢<2and3<t<4 


(b) VA (m/s) 


> 

ae 

1+ [- 

$$$ pn) 

0 1 t 

it (seconds) 
135-24 it/s 


15. —2/a> m/s; —2 m/s; —{ m/s; -4 m/s 
17. g'(0), 0, g'(4), g'(2), g'(—2) 

19) 357 (2) = 4 

21. yA fv 


25a) es yak tg (b) 4 
aycem re 
.. SS 
=) 
2106 4 29 2 31 : 
5 LOGS = a ask a 
(a + 3)7 1 — 2a 


33. f(x) =x", a= lor f(x) =(1+x)",a=0 

35. f(x) = 2*%,a=5 

37. f(x) = cosx,a = worf(x) = cos(7 + x),a=0 
39. 1 m/s; 1 m/s 


41. A Temperature 
(in °F) 


Greater (in magnitude) 
2 


38 L}———-—-—-—= = 


++ > 
0 1 2, = Time 
(in hours) 


43. (a) (i) 23 million/year (ii) 20.5 million/year 

(iii) 16 million/year 

(b) 18.25 million/year (c) 17 million/year 

45. (a) (i) $20.25/unit (ii) $20.05/unit —(b) $20/unit 

47. (a) The rate at which the cost is changing per ounce of gold 
produced; dollars per ounce 

(b) When the 800th ounce of gold is produced, the cost of 
production is $17/oz. 

(c) Decrease in the short term; increase in the long term 
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49. The rate at which the temperature is changing at 8:00 AM; 
By i hska gia) 

51. (a) The rate at which the oxygen solubility changes with 
respect to the water temperature; (mg /L)/°C 


(b) S’(16) ~ —0.25; as the temperature increases past 16°C, 
the oxygen solubility is decreasing at a rate of 0.25 (mg/L)/°C. 


53. Does not exist 


EXERCISES 2.8 ™ PAGE 162 


1, (@) -02 ()0 ©1 @2 
(el (fh) 07 Mee 02 


3 (@) ll @) iN ©@) il @) UU 


* 


11. y 


av 


13. (a) The instantaneous rate of change of percentage of full 
capacity with respect to elapsed time in hours 

(b) yy The rate of change of percentage of 
full capacity is decreasing and 
approaching 0. 


1963 to 1971 


1950 1960 1970 1980 1990 
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17. fi) = e* aR oe ilbae os y f 
r=. te eae | Mises 
pie Sa yh Aa 6 0| ce % 
or Ne) eral ici ie 
| 55. (a) YA (b) All x 
19) (NONE 4™ 9(b) = 2 (6) f (a) — ox (c) f(x) = 2Ix| 
A. f'()=5.R,R 23. f(t) =5 = 18:,R, R 
25. f'(x) = 2x — 6x7, R, R 0 . 
1 x 
Ge) = Sn IN) 
AA) = si oa) oo). (—00, — —3, 00 
29. Gt) = Gp | LONG Sel Saks =) ROM a9) 


59°63" 
31, f(a) =4%°,R,R 33. (a) f(x) 4x02 2 
35. (a) The rate at which the unemployment rate is changing, in 


a 
percent mmemployed per year CHAPTER 2 REVIEW #® PAGE 166 


(b) ; u'(t) / U'(t) True-False Quiz 
fos ne Dont nue 1. False 3. True 5. False 7. True SS lire 
ae pe Ae ae 11. True 13. False 15. True 17. True 19. False 
2001 0.9 2006 | —0.25 BNR aad ue 
2002 0.65 |} 2007 0.6 Eroteises 
200 (Hal 20) 1e2 : - ane : ; 
os pe ee ib (i) @) D> Gi) © Gin) Dosing! (Gy) 
(v) © (vi) -—© (vil) 4 (vii) —1 
37. —4 (corner); 0 (discontinuity) 0) ya4e7 = 21 Oins.0, ve Fe —-3,0,274 
® —1 (vertical tangent); 4 (corner) Aa 5. 733 9. 2 11. 13. 4 
: 2 


15.920 TAZ 19. 27/2 21.x=0,y=0 Zaunl 


29. (a) (i) 3. (i) O (iii) Does not exist (iv) 0 (v) 0 (vi) O 


Differentiable at —1; 
(b) AtOand3  (c) 


not differentiable at 0 


=l 


3. 6 Sif DS fig Sef 

45. a = acceleration, b = velocity, c = position 31. R 
AT 6% 276 35. (a) —8 (Bey = —8x 4-17 

37. (a) (i) 3m/s_ (ii) 2.75 m/s (iii) 2.625 m/s 
(iv) 2.525 m/s  (b) 2.5 m/s 

39. (a) 10 (bry 40016 


(c) 12 
-4,-+—+ 4 
if @) =4n = 3x" 
f(x) =4 — 6x, 
Mee 36. % 
f(x) =0 41. (a) The rate at which the cost changes with respect to the 


interest rate; dollars /(percent per year) 

(b) As the interest rate increases past 10%, the cost is increasing 
at a rate of $1200/(percent per year). 

(c) Always positive 


a5. (a) f(x) = —3G — 5x)? (b) (-~, 3], (-», 3) 


47. —4 (discontinuity), —1 (corner), 2 (discontinuity), 

5 (vertical tangent) 

49. The rate at which the total value of US currency in circulation 
is changing in billions of dollars per year; $22.2 billion/year 

BE 


PROBLEMS PLUS ® PAGE 170 

sh st 5. (a) Does not exist (b) 1 
5/5 9.2 11.(b), Yes 
(c) f'G) = xo 


(c) Yes; no 


CHAPTER 3 


EXERCISES 3.1 ™ PAGE 181 


1. (a) See Definition of the Number e (page 180). 

5) 10.995 1033277 < 2-22.38 

Bef ix) = 0 seb fC) da f(x) x4 

Qlgix) = 21 —- 6x?" 11g) = —sr 13. A's) = 60/s° 
15. R(a)=18a £6 «17. S(p) = 3p” - 1 

19. y’ =3e% — 9x4? 21. A'(u) = 3Au? + 2Bu + C 


25. j'(x) = 2.4x"" 


2) 3 
23. y' =3/x+——--— = 
y ale i ENE 
DT BH ek 8 8k aa 
29, uw) = 46 + 100 


31. z’ = —-10A/y'' + Be” 33. y=ixtj 


35. Tangent: y = 2x + 2; normal: y = —3x +2 

U) is he A Se Tea  aiete k area 

41. (a) (Cc) Axe — 0x) ei 7 
50 100 


—40 


43. f'(x) = 100x? + 25x" — 1; f"@) =.900x* + 100x* 
45. f'(x) wee By Ff") =~ le 
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47. (a) v(t) = 3t? — 3, a(t) = 6t (b) 12 m/s” 

(c) a(1) = 6 m/s” 

49. (a) V=5.3/P 

(b) —0.00212; instantaneous rate of change of the volume with 


respect to the pressure at 25°C; m*/kPa 
51) (2,20), 9) 


55. y=12x—-15,y=12x+17 57. y=5x-5 
59 022, 4038 Ph) ex eS 
67. No 


69. (a) Not differentiable at 3 or —3 


Pictou Oc eam P a eee 
eye if |x| <3 
(b) YA 
9 if 
-3 O 3 x 
MN. y=2x?-x Ba=-7,b=2 Bm=4,b=-4 


77. 1000 TRY, 35 


EXERCISES 3.2 = PAGE 189 


1 26x 8 Se er ca a ace) 
10 
9. H'(u) = 2u — | 


5 y' LX 1. gi(x) 
‘ ) a a xX = cy aay AO 
y e* J (3 = Abs) 


eC ew B21 14 tae or) 
BOS (ay are 
7. y' =er(1+iv¥p t+p+pvp) 19. y' =2v-1/Vo 
4+ p12 Penne Ace 
ZF) Oey oe ater? 
Re) ocd, 
25. if (x) = oe 
27. (x* + 4x3)e*; (xt + 8x? + 12x*)e* 
One ak Ox 2 2 2 
29 : Who J SS ee 


Bien e (r in) 
33. y= 2x; y= —5x 
35. (a) y=axt+1 (b) 


—0.5 
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37. (a) eX(x7 + 3x? -—x-1) (b) 


4(1 — 3x7) 
(x? + 1) 


4.4 4. (a) -16 (b) -Z (c) 20 45.7 

47. y= —2x + 18 

49. (a) 0 (b) -3 

51. (a) y’ = xg'(x) + g(x) 

g(x) — xg'(x) , 
foi 2 seers 

53. Two, (-2 + 73,3(1 + V3)) 55. 1 

57. $1.627 billion /year 59. (c) 3e* 

61. f(x) = (x? + 2x)e*, f"(x) = (x? + 4x + 2)e’, 

FG) — "= 6x + Oe”, f OG) = ? + 8x 2ye*, 


(b) y= 


f(x) = (x? + 10x + 20)e7; f(x) = [x* + 2nx + n(n — 1)]e* 


EXERCISES 3.3 = PAGE 197 
1. f(x) =6x+2sinx 3. f'(x) =cosx — §csc’x 
5. y’ = sec 6 (sec’@ + tan’6) 


1h Y= Se Sie ae AG Cast se DSi 79) 
2 — tan x + x sec?x sec @ tan 0 
0) hs ee MO) 
: (2 = tein we) Fo) (Ie seci)- 
_. (@ + tcos t+ sint 
33) = 
(ea) 


1B. (Gs) = @ @xe case COL se ae SE Al) 
21. y = 2./3x = 2 3a + 2 
25. (a) y=2x (b) 


23. y=x-7-1 


74h (A) Sees: (ase = Il 

29. 6 cos @ + sin 6; 2 cos @ — 6 sin @ 

31. (a) f(x) = (1 + tanx)/secx (b) f'(x) =cosx + sinx 
26h (2es mee iar, n an integer 

35. (a) v(t) = 8 cost, a(t) = —8 sint 

(b) 4/3, —4, —4,/3; to the left 


37. 5ft/rad 39.3 «4163024. 


45. 47. -J2 4. -cosx SI. A=—-%, B= 
A 1 sin x 
32} (@) seco = = (is) Se 30 tei ae = 5 
cos*x cos*x 
: COU vial 
(©) Gs 2 — Si. 2 = = 
csc x 
55. | 
EXERCISES 3.4 » PAGE 205 
1 4 3 5 ev 
<< . 1 Sec? 1x —— 
33/0 + 4x)? OK 
7. F'(x) = 10x(* 4 3x? — 2)" (2x7 + 3) 
8. FW=- = = - 
ay Shar 2+ 1p 
13. y’ = —3x? sin(@® + x’) 15. y’ =e *(—kx + 1) 


17. f(x) = x= 3)? + x + 1) C8x* — 12d) 
19. h'(t) = 3(t + 1)-'(2t? — 1)?(202? + 18 — 1) 


Fae SOses? cows ae Sea 
ae Gee)! VT + 20% 


25. yi 5-*(n S56" 27. y' =. (r? 12 1)73/ 
29. F'(t) = e'"*"(2t cos 2t + sin 22) 


31. y’ = 2 cos(tan 2x) sec?(2x) 33. y’ = 2™"*(ar In 2) cos ax 


Ay 4e** sal se? 
y= ~ sin — 
Y (1 + e”)? 1+ e” 
37. y’ = —2 cos @ cot(sin 6) csc?(sin 6) 


39. f’(t) = sec*(e’)e’ + e™' sec*t 

41. f'(t) = 4 sin(e*™*) cos(e%"*) et sin t cost 

43. g'(x) = 2r’p(In a) (Qra™ +n)? 'a™ 

—7 cos(tan mx) sec?(ax) sins/sin(tan 7x) 


45. y' = : 
2./sin(tan 7x) 


47. y' = —2x sin(x?); y” = —4x?cos(x”) — 2 sin(x?) 


49. e*“(B cos Bx + a sin Bx); 


e“[(a? — B’) sin Bx + 2aB cos Bx] 
Hy (A lA Op a a 53. y= -x4+ 7 
55. (a) y=sx+1  (b) 


37. (a) f (x) = J 
ae 
59. ((77/2) + 2nm, 3), (37/2) + 2nz, —1), n an integer 
61. 24 63. (a) 30 = (b) 36 
65. (a) ; (b) Does not exist (c) —2 
67. —7./2 
69.: (a) F(x) ="e* fe"). “b) SG) = et UF L(5) 
71. 120 73. 96 
Th 2 cos 2x 79. v(t) = $7 cos(1072) cm/s 


h 
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dB Tog 27t ; X arccos x ‘ 
81a) = ee, b) 0.1 53. G'(x) = —1 = 55. h'(t) = 0 
SD eet SUGAR hs deren JI —x 
83. v(t) = 2e7'°"(2a cos 2mt — 1.5 sin 271) Sie i cine go yr = Cpr 
2 15 & . a+ bcosx 
x arcsin x 
6 
Sint 
) 65. yA 67. 
0 2 0 ?) 


=I =] 


xv 


85. dv/dt is the rate of change of velocity with respect to time; 

dv/ds is the rate of change of velocity with respect to displacement 

87. (a) Q = ab‘ where a ~ 100.01244 and b ~ 0.000045 146 

(b) —670.63 pA 

89. (b) The factored form 93. (b) —n cos” ‘x sin[(n + 1)x] 71. (a) 


Vi(nb — V) 
PV? — n’aV + 2nrab 
73, (#/3,0)" 75. (=1, 1), (1) 7.{b) = 
79. (a) 0 (b) —3 


(b) —4.04 L/atm 


EXERCISES 3.5 ™ PAGE 215 


1. (a) y’ =9x/y  (b) y= EV 9x? — 1, y’ = £9x/,/9x? -— 1 


3, @) yy =-y/x- (b) y=a/ — 1), = —V ee ay EXERCISES 3.6 ® PAGE 223 
oh ne eee = oc 1 y= 2x + y 1. The differentiation formula is simplest. 
fe y? ie DS) = 3s cos(In x) 1 

9 1 : 4 (2) = PG) = == 
bet By? = Sx" 4x? y “at 2x + y sin x fi(x) x fe) x 
1) Oi Deepal aos | 0) Sal Wt aa ginal : i 

Lot ay oy CO Ree) 7. f(x) = ae aaa. 9. f'(x) = Sea i, cos x In(5x) 
yOnmae (x? + 1) In 10 x 
13. y’ = tan x tan y tag meee eae eet 10 
De Oe i) = a Nel ee 
MR Cover en am ER MEAG 5 
De dagen sh Var x te Leay. (x1) 2 hey eral 
Lay = ND a y3 1 
oe ay or: ih, 26) = ——— 17. y’ = sec*(In(ax + b)) 
roe? e’ sin x + y cos(xy) 1 16 sins ax + b 
TB warm ty 5 S50) 
y ie = 1 
See Aesiay) 19. y' = as 21a Oe at 
ee Vie OA Va on et ; in 3 In 10 

a oe Ax?y? = 3x?y + 2y? Oe Bri 23) y’ =x + 2x In(2x); y’ = 3 + 2 In(2x) 
21 Via Xe 29. y=x+5 25. y' I mac 


vile | tae 
2x = § Ge Ab) In ely 


33. (a) y=3x—-3 (db) 


oR AC a (x- 11 -—Ine- DP’ 
(1,1 + €) U (1 + efeo) 
: Age = Il) 
29. f'(x) = ; (—20, 0) U (2, &) 31. | 
x(x — 2) 
33) y=3x—9 35. cosx + 1/x sy 7 
35. —81/y° 37) = 2x/y 39. 1/e? ; aah Nae’, 16x23 
M1. (a) Eight; x ~ 0.42, 1.58 39. y aga) aa a) Sones ay alloy 


are yall 1 a 2x? 
goa a\ 47121, 0 ee ee 


43. y’ = x*(1 + Inx) 
aff Sui 3 
45) = pus + cos 4 In : 
x 
47. y’ = (cos x)*(—x tan x + In cos x) 
b) y=—xtlyaixt2 © 1FH3 eee ae or sein et ‘) 
43, (+2./3, £3) 45. (xox/a?) — (yoy/b*) = 1 x tan x x pores 
Be tan |x 1 ia ed 53. f(x) = (=I)? Ge ! 


AS an maa ere teen e xP + y= 2y (1) 
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EXERCISES 3.7 ™ PAGE 233 


1. (a) 30° — 24¢4+36 ©(b)_ —9 ft/s ~“(c) F—2, 6 
@) OS SX, SO ©@y Sou 


(f) 1=8, (g) 6t — 24; —6 ft/s? 
s = 32 
= ©; 
s=0 
t=2, 
fee) s = 32 
s=0 
— + > 
0 20 s 
(h) 40 (i) Speeding up when 


Dee AN OR: S(O 
slowing down when 
0=1<20r4<7=6 


3. (a) =F sn( 2) (b) —g7/2 ft/s (c)t=0,4,8 


(dyA=<f2s “(e), 4 ft 
(f) t 


(g) —%a cos(mt/4); 4174/2 ft/s? 
(a) er 


(i) Speeding up when 0 <t<2,4<1<6,8<1r< 10; 
slowing down when 2 <t<4,6<t<8 

5. (a) Speeding up when 0 <t << lor2 <t< 3; 
slowing down when | < t < 2 

(b) Speeding up when 1 <t<20r3<t<4; 

slowing down when 0 <t< lor2<t<3 

7. (a) 4.9m/s;—-14.7m/s_ (b) After2.5s  (c) 323m 
@) =5.08s (e) =—25.3m/s 

9. (a) 7.56m/s (b) 6.24 m/s; —6.24 m/s 

11. (a) 30 mm?/mm; the rate at which the area is increasing 
with respect to side length as x reaches 15 mm 

(b) AA = 2x Ax 

13. (a2) G@) Sa Gi) 4.5m Gii) 4.17 

(b) 4a =(c) AA = :2ar Ar 

15. (a) 8arft’/ft (b) 16a ft?/ft (c) 247 ft?/ft 

The rate increases as the radius increases. 

17. (a) 6kg/m = (b) 12 kg/m (c) 18 kg/m 

At the right end; at the left end 

$9.(2)4.75A (b) 5A;t=3s5 

23. (a) dV/dP = —C/P* (b) At the beginning 

25. 400(3') In 3; ~6850 bacteria/h 


27. (a) 16 million/year; 78.5 million/year 

(b) P(t) = at? + bt? + ct + d, where a ~ 0.00129371, 

b = —7.061422, c ~ 12,822.979, d ~ —7,743,770 

(c) P'(t) =3ar’ + 2bt + 

(d) 14.48 million/year; 75.29 million/year (smaller) 

(e) 81.62 million/year 

29. (a) 0.926 cm/s; 0.694 cm/s; 0 

(b) 0; —92.6 (cm/s)/cm; —185.2 (cm/s)/cm 

(c) At the center; at the edge 

31. (a) C’(x) = 12 — 0.2x + 0.0015x? 

(b) $32/yard; the cost of producing the 201st yard 

(c) $32.20 

33. (a) [xp'(x) — p(x)]/x’; the average productivity increases as 
new workers are added. 

35. —0.2436 K/min 

37. (a) OandO (b) C=O 

(c) (0, 0), (500, 50); it is possible for the species to coexist. 


EXERCISES 3.8 = PAGE 242 


1. About 235 

3. (a) 100(4.2)' (b) ~7409 (c) ~10,632 bacteria/h 
(d) (In 100)/(n 4.2) ~ 3.2h 

5. (a) 1508 million, 1871 million (b) 2161 million 

(c) 3972 million; wars in the first half of century, increased life 
expectancy in second half 

7. (a) Ce °™ = (b) —2000 In 0.9 = 211s 

9. (a) 100X 2°/°mg (b) ~9.92mg (c) ~199.3 years 
11. ~2500 years 13. (a) ~137°F = (b) = 116 min 

15) (a))1333-C(b) 67.74 min 

17. (a) ~64.5kPa (b) ~39.9 kPa 

19. (a) (i) $3828.84 (ii) $3840.25 (iii) $3850.08 

(iv) $3851.61 (v) $3852.01 (vi) $3852.08 

(b) dA/dt = 0.05A, A(O) = 3000 


EXERCISES 3.9 # PAGE 248 


1. dV/dt = 3x* dx/dt 3. 48 cm?*/s 

5. 3/(257) m/min ih (@) i (Dy) 2s Gh ile 

11. (a) The plane’s altitude is 1 mi and its speed is 500 mi/h. 

(b) The rate at which the distance from the plane to the station is 
increasing when the plane is 2 mi from the station 

(c) x (d) y? =x?+1 

(e) 25073 mi/h 


13. (a) The height of the pole (15 ft), the height of the man (6 ft), 
and the speed of the man (5 ft/s) 

(b) The rate at which the tip of the man’s shadow is moving when 
he is 40 ft from the pole 


ikon . 
(c) (Dies ee VT 
15 
x y 
15. 65mi/h 17. 837//8674 ~ 8.99 ft/s 


19. —1.6cm/min 21. 2 ~55.4km/h 
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23. (10,000 + 800,0007/9) ~ 2.89 x 10° cm*/min 23. (a) lb) galis (Cc) 2) pid) 4 es Oay (hl 

25. 2cm/min 27. 6/(57) ~ 0.38 ft/min _—-29. 0.3 m/s (sae (a ee a) 0 

31.5m (33. 80cm3/min 35. 1” ~ 0.132 O/s 31. f(x) = xcoshx 33, h’(x) = tanh x 

37. 0.396 m/min —_39. (a) 360 ft/s —_(b) 0.096 rad/s 35. y’ = 3e°** sinh 3x 37. f(t) = —2e' sech’(e’) tanh(e’) 
M. 8 arkm/min 43. 1650/./31 ~ 296 km/h fel fies ec re J 

45. 7/15 ~ 6.78 m/s (1 + cosh x)? NEM) 


43. y’ = sinh’ '(x/3) 45. y’ = —csc x 
51. (a) 0.3572 (b) 70.34° 
EXERCISES 3.10 = PAGE 255 53. (a) 164.50m_ (b) 120 m; 164.13 m 
1. Laxy=-10x-6 3. L(x) =G5x4+1 55. (b) y = 2 sinh 3x — 4 cosh 3x 


vel =o hee ; 57. (In (1 + 2), v2) 


V0.9 ~ 0.95, ey 
Pant CHAPTER 3 REVIEW = PAGE 264 
J0.99 = 0.995 ae on 


True-False Quiz 


3 
<= 1. True Sh iba 5. False 7. False 9. True 
a 11. True 13. True 15. True 


7. -0.383<x<0.516 9 —0.368 <x < 0.677 Exercises ; ; 

if 5 
11. (a) dy= us 2x + sin 2x) dx » OS ree : Se + oh 2 | 3. Vx — ae as 
Le At a ie PB >) Oy (1 + > ae - na * re EG cos/x — Jx sin Vx 
15. (a) dy =the dx (b) 0.01 1 Sena oom waa ie oe a ae 
17. (a) dy = Se (b) —0.05 Ut a3 ee 


19. Ay = 0.64, dy = 0.8 oy 


1 1-7? t 
ee 19. ———— sec*| —— 
OR arctan (lets) (ih se eA F 1+? 


21,37 (in 3)(1 + In’) Zt ee) a 


5. 2x — ycos(xy) fi 2 
x cos(xy) + 1 (1 + 2x) In 5 
, 4x % 
29. cot x — sin x cos x 31. ————— + tan '(4x) 
ilar iene 
21. Ay = —0.1, dy = —0.125 33. 5 sec 5x 35. —6x csc? (3x? + 5) 
Bx 
37. cos\t ie 2/1 + x3) ——— 
nee. s( an +/ x )(see Ay x ) Rca 
39. 2 cos @ tan(sin 6) sec?(sin 8) 
= DV Gn = 550 152 : oe 
| eo ss g ) 43. 2x? cosh(x?) + sinh(x’) 
2.Jx + 1(x + 3) 
Pa ewen tiene 7 pes 
. 3 tanh 3x ——————— 
AV Sinh@ 
= —3 sin(eve™®) ev ® gec?(3x) 

23. 15.968 25. 10.003 27. 1 — 7/90 = 0.965 ; 49. ( — 51. -+ 
EL @) 270 ros soa ORO) Wn kr 10) 1) cm’, 0.006, 0.6% 53, —5x4/y!! ms 2,/3x fog ie 13/3 
35. (a) 84/a ~ 27 cm’; q ~ 0.012 = 1.2% iyi e il bys ort 2 y—x 7? 
(b) 1764/7? ~ 179 cm’; x ~ 0.018 = 1.8% Foe eck ae arena aris erate 
37. (a) 2arh Ar (b) a(Ar)h 2/5 —x ; 
43. (a) 4.8,5.2 (b) Too large (c) 


EXERCISES 3.11 = PAGE 262 
1.@)0 ‘bi %@) 2G) 5? — ”) ~ 3.62636 


5. (a) 1 (b) 0 ; : 
Zisesecolae= 2 sinh x = ;,csch x =), taniix —;, cothx = 7 
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65. (77/4, /2), (57/4, -/2) 69. (a) 2 (b) 44 
71, 2x0(x).+ x74 (x) 73. 2g(x)g'(x) 


75. g'(e*)e* 77. g'(x)/g(x) 79. 


(f(x) + go}? 
81. f’(g(sin 4x))g'(sin 4x)(cos 4.x)(4) 

83. (-3,0) 85 y= —fx?+ Bx 

87. v(t) = —Ae “[c cos(wt + 6) + wsin(wt + 6), 

a(t) = Ae “[(c? — w*) cos(wt + 5) + 2cw sin(wt + 8)] 
89! (a) o@) = 34 — 12:a@) = 6f Vb) ]2; 087 32 
@) 23 @) 2 


91. 4kg/m 

93. (a) 200(3.24)' (b) ~22,040 

(c) ~25,910 bacteria/h (d) (In 50)/(In 3.24) ~ 3.33 h 
95. (a) Coe (b) ~100h 97. $cm’/min 

99. 13 ft/s 101. 400 ft/h 

103. (a) L(x) = 1+ x; 2/1 + 3x ~ 14+ x; 3/1.03 ~ 1.01 
(b) —0.235 < x < 0.401 

105. 12+ 30~16.7cm? 107.4 109.5 111. gx? 


PROBLEMS PLUS # PAGE 269 

10 (26 (Oe) a bh 2a 11. (082) 

13. (a) 477/3/,/11 rad/s (b) 40(cos 6 + V8 + cos?0) cm 
(c) —4807 sin 6 (1 + cos 6/./8 + cos?) cm/s 

17. xr € (3, ©), yr € (2, ©), xy € (0, >), YE (-3, 0) 

i), (Dd) @) SORA) Gi) Gs Ge ily) 

21. R approaches the midpoint of the radius AO. 

23. -sina 25 2Ve 29. (1, —2), (-1, 0) 

31. 29/58. 38. 2 + Bar ~ 11.204 cm?/min 


CHAPTER 4 


EXERCISES 4.1 = PAGE 280 


Abbreviations: abs, absolute; loc, local; max, maximum; 
min, minimum 


1. Abs min: smallest function value on the entire domain of the 
function; loc min at c: smallest function value when x is near c 
3. Abs max at s, abs min at r, loc max at c, loc min at b and r, 
neither a max nor a min at a andd 

5. Abs max f(4) = 5, loc max f(4) = 5 and f(6) = 4, 

loc min f(2) = 2 and f(1) = f(5) = 3 

1m fy 9. y 


4 
nY 
BY 


POLO + 9) FQ)!’ 


©) 6 > ROK PS 2 


11. (a) yA (b) yA 


{ 


(c) yA 


Kx 
13. (a) YA (b) yA 
x 0 ie 
| Pe aw 


15. Abs max f(3) = 4 
19. Abs min f(0) = 0 
21. Abs max f(7/2) = 1; abs min f(—7/2) = —1 

23. Abs max f(2) = In 2 25. Abs max f(0) = 1 

27. Abs max f(3) = 2 2.3; 31.-2,3 33.0 
35.0,2 37.0,5  39.0,5,4 41. nz (nan integer) 
43.0,5 45.10 47. f(2)=16,f(5)=7 

49. f(—1) = 8, f(2)=—-19 51. f(—2) = 33, f(2) = —31 
53. (0.2) = 52, f(l) = 2 55. F222 fl) = Se 
57. f(1/6) = 3V3, f(a/2) = 0 

59. f(2) = 2//e, f(—1) = =1/Ve 

61. f(1) = In 3, f(—4) = In} 


a a‘b? 

63. Se 

i(- + ;) (@+ b)**? 
65. (a) 2.19, 1.81 .() $2 $2) 2 eg 
67. (a) 0.32,0.00 (b) 43,0 69. ~3.9665°C 
71. Cheapest, t ~ 0.855 (June 1994); 
most expensive, t ~ 4.618 (March 1998) 
73. (a) r=4ro = (b) v= Hkrh 
(c) 


17. Abs max f(1) = 1 


VA 


4 3 
apkrot 
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EXERCISES 4.2 = PAGE 288 29. 


i, 2 ah, ; 5. f is not differentiable on (—1, 1) 
Th O53) 8) (Oy3' gh. il 112 37nd 1311 
15. f is not continous at 3 23. 16 25. No 31. No 0 


y 


av 


EXERCISES 4.3 = PAGE 297 


Abbreviations: inc, increasing; dec, decreasing; CD, concave 
downward; CU, concave upward; HA, horizontal asymptote; 
VA, vertical asymptote; IP, inflection point(s) 


31. (a) Inc on (0, 2), (4, 6), (8,%); 
dec on (2, 4), (6, 8) 
(b) Loc max at x = 2, 6; 


1. (a) (1,3), (4.6) (b) 0,1),3.4) © ©,2) OU eC ree ae 

(d) (2,4), (4,6) (e) (2,3) (c) CU on G, 6), (6, ©); of ++ ++ > 
ae CD on (0, 3) oe oa rah 

3. (a) I/D Test (b) Concavity Test (d) 3 

(c) Find points at which the concavity changes. (e) See graph at right. 

5. (a) Inc on (1, 5); dec on (0, 1) and (5, 6) 

(b) Loc max at x = 5, loc min at x = 1 33. (a) Inc on (—™, —2), (2, ©); dec on (—2, 2) 


(b) Loc max f(—2) = 18; loc min f(2) = —14 

a ee (c) CU on (0, &), CD on (—~, 0); IP (0, 2) 

9. (a) Inc on (—™, —3), (2, ©); dec on (—3, 2) (d) 

(b) Loc max f(—3) = 81; loc min f(2) = —44 be) 

(c) CU on (-3, cc): CD on (—<, —t), IP (3, 7) 

11. (a) Inc on (—1, 0), (1, ©); dec on (—~™, —1), (0, 1) 

(b) Loc max f(0) = 3; loc min f(+1) = 2 

(c) CU on (=~, -/3/3), (3/3, &); 

CD on (—/3/3, ¥3/3); IP (+/3/3, 5} 

13. (a) Inc on (0, 77/4), (5277/4, 277); dec on (7/4, 57/4) 

(b) Loc max f(7/4) = /2; loc min f(577/4) = —./2 

(c) CU on (3277/4, 7717/4); CD on (0, 3277/4), (7717/4, 27); 

IP (3727/4, 0), (77/4, 0) 35. (a) Inc on (—%, —1), (0, 1); 
=i, O), l, ee 

15. (a) Inc on (-+ In 2, 2%); dec on (—o, —iln 2) dee on (1,0), (1%) 


b) Loc max f(—1) = 3, f(.) = 3; 
(b) Loc min f(—4 In 2) = 2°77 + 2% (c) CU on (—~, &) wv min f(0) f D 


yA 


17. (a) Inc on (1, %); dec on (0,1) = (b) Loc min f(1) = 0 (c) CU on (1/73, 1/./3); 
(c) CU on (0, 2); No IP CD on (—x, =1/y3), Gig. 00) 
+ we 
19. Loc max f(1) = 2; loc min f(0) = 1 a epee ) att 
21. Loc min f(x) =-j 
23. (a) f has a local maximum at 2. 37. (a) Inc on (—~%, —2), (0, ©); 
(b) f has a horizontal tangent at 6. dec on (—2, 0) 
(b) Loc max h(—2) = 7; 
Sting loc min h(0) = —1 
(CeCU on (= 1,2); 
(@) DYroynt co ll) 11 Ea is) 
(d) See graph at right. 5 
(ei 2s 4 Le 
39. (a) Inc on (—%, 4); dec on (4, 6) yA (4, 4)2) 
27. yA yA (b) Loc max f(4) = 4/2 
(c) CD on (—, 6); No IP 
(d) See graph at right. 
x ie a 0 4 6 x 
Eales 0 ae 5 0 i 
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61. (a) The rate of increase is initially very small, increases to a 
maximum at tf ~ 8 h, then decreases toward 0. 

(b) Whent=8  (c) CU on (0, 8); CD on (8, 18) 
63. K(3) — K(2); CD 

65. 28.57 min, when the rate of increase of drug level in the blood- 
stream is greatest; 85.71 min, when rate of decrease is greatest 

67. f(x) =$(2x? + 3x? — 12x + 7) 

69. (a) a=0,b=-1  (b) y= —xat (0,0) 


41. (a) Inc on (—1, ~); 
dec on (—, —1) 

(b) Loc min C(—1) = —3 
(c) CU on (—~, 0), (2, ~); 
CD on (0, 2); 

IP (0, 0), (2, 63/2) 

(d) See graph at right. 


(d) (8, 350) 


43. (a) Inc on (7, 277); 

dec on (0, 77) 

(b) Loc min f(z) = —1 

(c) CU on (7/3, 57/3); 
CD on (0, 7/3), (57/3, 277); 
IP (77/3, 4), (50/3, 3) 

(d) See graph at right. 


EXERCISES 4.4 =» PAGE 307 

1. (a) Indeterminate (b) 0 (c) 0 

(d) 2, —%, or does not exist (e) Indeterminate 

3. (a) —% (b) Indeterminate (c) © 

Be) D2) 9 ec ens ee 

17.0 19. =o 9219 62386" 275 ee oT 

29. 1 31. 1/In3 sk} (0) 35. —1/7 37. sa(a — 1) 
>a 
s 


MN. a7 84.3 45.0 47. -2/7 49. 5 
53.0 85. 1 Sliver, 594 1/e 


61.1 63e4 65 1/Je 67.c2 694 73.1 

75. fhas an absolute minimum for c > 0. As c increases, the mini- 
mum points get farther away from the origin. 

81.50 835, 85.56 89 (a) 0 


45. (a) VAx = 0; HAy=1 
(b) Inc on (0, 2); 

dec on (—%, 0), (2, ©) 

(c) Loc max f(2) = : 

(d) CU on (3, ©); 

CD on (—~%, 0), (0, 3); IP (3, 3) 
(e) See graph at right. 


EXERCISES 4.5 = PAGE 317 


47. (a) HAy = 0 YA Abbreviation: int, intercept 
(b) Dec on (—™, ©) 5 ; 
inane 1.A.R_ B. y-int 0; x-int 0, 6 
(ay CU on ere) C. None  D. None 
(e) See graph at right. : Be ins ome) Gre), 
; > dec on (2, 6) 
F. Loc max f(2) = 32; 


loc min f(6) = 0 

G. CU on (4, ~); CD on (—%, 4): 
IP (4, 16) 

H. See graph at right. 


49. (a) HAy =0 

(b) Inc on (—%, 0), dec on (0, ») 

(c) Loc max f(0) = 1 

(d) CU on (—~, -1Y2), (1//2, ~); 
CD on (—1/¥2, 1/2); 

IP (+1//2, e~"”) 


(e) See graph at right. 


3. A. RB. y-int 0; x-int 0, 3/4 ys 
C. None  D. None 

E. Inc on (1, ©); déc on (—%, 1) 
F 


51. (a) VAx = 0.x —e o Loe ming (jaa 


;, 
(b) Dec on (0, e) ean Gy CUion (—2, 20) 0 x 
(c) None H. See graph at right. 
(d) CU on (0, 1); CD on (1, e); 0 - 3) 
IP (1, 0) 
(e) See graph at right. 
5. A. RB. y-int 0; x-int 0, 4 
53. (3, 2) C. None  D. None 
55. (a) Loc and abs max f(1) = WD, no min E. Inc on (1, %); dec on (—29, 1) 


(b) 43 — /17) 


Loc min f(1) = —27 


Q@ a 


a7. (by CU oni (0.94 92.57), B.71, 5.35): 

CD on (0, 0.94), (2.57, 3.71), (5.35, 277); 

IP (0.94, 0.44), (2.57, —0.63), (3.71, —0.63), (5.35, 0.44) 
59. CU on (—~, —0.6), (0.0, 2); CD on (—0.6, 0.0) 


- CU on (—69, 2)) (4, <0) 
CD on (2, 4); 

IP (25-16), (450) 

H. See graph at right. 


7. A. RB. y-int 0; x-int 0 
C. About (0,0) D. None 
E. Inc on (—%, ©) 

F. None 


CG, CU on (—2, 0), (2, aE 
Dion con 2) (0)2) 
IPi 20) (050), 2)5) 
H. See graph at right. 


A. {x|x #1} B. y-int 0; x-int 0 
None D. VAx=1,HAy=1 
Dec on (—%, 1), (1, ©) 

None 

eG Uomo] GDion con |) 

. See graph at right. 


Touma» 


— 
—_ 


5 IN, (eg, I) We, 2) We, 23) 
y-int 0; x-intO  C. None 

.HAy = -1; VAx = 2 

Inc on (—®%, 1), (1, 2);(2, ©) 

None 

- CUlon (==; 1); (1, 2); 

CD on (2, 2) 

H. See graph at right. 


Qamnmuwmw 


13, Alice ois AB y-int—s 
C. About y-axis 
E. Inc on (—%, —3), (3, 0); 
dec on (0, 3), (3, ©) 

F. Loc max f(0) = —3 

G. CU on (—%, —3), (3, &); 
CID @n(=3,.3)} 

H. See graph at right. 


15. A. R 
C. About (0, 0) 
E. Inc on (—3, 3); 
dec on (—%, —3), (3, ©) 

F. Loc min f(—3) = —6: 

loc max f(3) = ¢: 

G. CU on (—3 V3, 0), (3 V3, ©); 
CD on (—~, —3/3), (0, 33); 
TEOnO) = 34/3524 3/12) 

H. See graph at right. 


B. y-int 0; x-int 0 
D. HAy=0 


17. A. (—%, 0) U (0,2) B. x-int 1 
C. None D. HAy=0;VAx=0 
E. Inc on (0, 2); 

dec on (—%, 0), (2, %) 

F. Loc max f(2) = i 

G. CU on (3, ©); 

CD on (—~, 0), (0, 3); IP (3, 5) 

H. See graph at right. 


D. VA x = +3, HAy =0 


“Vv 
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19. A. RB. y-int 0; x-int 0 

C. About y-axis D. HAy=1 

E. Inc on (0, %); dec on (—%, 0) 

F. Loc min f(0) = 0 

GT Cuan bal): 

CD on (—%, —1), (1, ©); IP (+1, 4) 
H. See graph at right. 


5 AN, {KO 29) 
. None 
. Inc on (1, ©); dec on (0, 1) 


21 B. y-int 0; x-int 0, 3 
(€ 
E 
F. Loc min f(1) = —2 
G 
H 


D. None 


. CU on (0, ©) 
. See graph at right. 


eAeg (E098 =) (MI) | 1560) yA 
» see =, II 

>, IN@ME — ID), IN@aE 

. Inc on (2 00) dec on (—c6, —2) 

. None 

. CD on (—%, —2), (1, ©) 

. See graph at right. 9 


. A. RB. y-int 0; x-int 0 
. About the origin 
. HAy=e1 

E. Inc on (—®%, 29) 
G. CU on (—®%, 0); 
CD on (0, ~); IP (0, 0) 
H. See graph at right. 


F. None 


27. A. {x||x| <1,x 40} =[-1,0) U @,1] 
B. xint=1 CC. About 0,0) yA 
D. VAx=0 

E. Dec on (—1, 0), (0, 1) 
F. None - > 
G. CU on (—1, —/2/3), (0, /2/3): ; ss 
CD on (—/2/3, 0), (2/3, 1); 
iP (+,/2/3, +1/V2) 


H. See graph at right. 


29. A. RB. y-int 0; x-int 0, +3,/3  C. About the origin 
D. None _ E. Inc on (—%, —1), (1, %); dec on (—1, 1) 

FE. Loc max f(—1) = 2; 
loc min f(1) = —2 

G. CU on (0, ©); CD on (—%, 0); 
IP (0, 0) 

H. See graph at right. 


(—33, 0) 


31.A.R  B. y-int —1; x-int =1 yA 
C. About y-axis D. None 

E. Inc on (0, ©); dec on (—%™, 0) 
EF Loemim (0) = —1 

G, Cw om (ils 1) 

GDeon (Hes, = 10), (lL, ey 

ice 0) 

H. See graph at right. 


(0, -1) 
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33. A. RB. y-int 0; 

x-int n7 (n an integer) 

C. About (0, 0), period 277 

D. None 

E-G answers for 0 <x S 7: 

E. Inc on (0, 77/2); dec on (a/2, 77) 
F. Loc max f(7/2) = 

G. Let a = sin '/2/3; 

CU on (0, a), (7 — a, 77); 

CD on (a, 7 — a); IP atx = 0, 7, a, T-— 
H. See graph at right. 


35. A. (—a/2, 7/2) B. y-int 0; x-int 0 


C. About y-axis 
D. VAx = =7/2 yA 
E. Inc on (0, 7/2); 


dec on (— 77/2, 0) ees 
F. Loc min f(0O) = 0 : 
G. CU on (— 77/2, 7/2) 
H. See graph at right. 


nia 


| 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


37. A. (0,37) C. None’ D. None 

E. Inc on (27/3, 57/3), (77/3, 377); 

dec on (0, 77/3), (57/3, 7717/3) 

F. Loc min f(7/3) = (7/6) — 3-73, f(77/3) = 
loc max f (57/3) = (57/6) + 4/3 y 

G. CU on (0, 77), (277, 377); 
CD on (7, 277); 

IP (a, 77/2), (277, 77) 

H. See graph at right. 


(77/6) — 4/3; 


39. A. All reals except (2n + 1)a (n an integer) 

y-int O; x-int 2n7 

. About the origin, period 27 

. VAx = (2n + 1)a 

. Inc on ((2n — 1), (2n + 1)m) FE None 

. CU on (2n7, (2n + 1)7); CD on ((2n — 1), 2n7); 
(2n7, 0) 


BOM ORS 


i8 37 Xx=-7 


| 
| 
| 
| 
| 
= 
| 
| 
| 
| 
' 


41. A. R 
C. None 
D. HAy=0,y= 77/2 

BS Incon\(= F. None 
G. CU on (—%, 0); CD on (0, ~); 


B. y-int 7/4 


00, 00) 


IP (0, 77/4) 
H. See graph at right. 


43. A.R_ B. y-int.5  C. None 
D. HAy=0,y= 1 
E. InconR EF None 


G. CU on (—~%, 0); CD on (0, °°); 
IP (0,4) H. See graph at right. 


45. A. (0,%)  B. None y 
C. None D. VAx =0 

E. Inc on (1, %); dec on (0, 1) 

F. Loc min f(1) = 

G. CU on (0, ~) 

H. See graph at right. 


(1, 1) 


47. A.R_ B. y-int? CC. None yA 
D. HAy=0,y=1 

E. DeconR FE None y=1 | 
G. CU on; CD on (—~, In 4); 

IP (ing,.5) (n 4,4) 
H. See graph at right. a) S 


49. A. All x in (2n7, (2n + 1)z) (n an integer) 
B. x-int 7/2 + 2nm CC. Period2a + D. VAx=nar 


E. Inc on (2n7, 7/2 + 2n7r); dec on (7/2 + 2nz, (2n + 1)7) 
F. Loc max f(7/2 + 2nm)=0  G. CDon (2n7m, (2n + 1)7) 


51. A. (—~, 0) U (0, ~) yA 
Be Nonessa@s Nonews DsaVAGy— 0 
E. Inc on (—~%, —1), (0, ~); 

dec on (—1, 0) OPE iT 
F. Loc max f(—1) = = 

G. CU on (0, ©); CD on (—, 0) 
H. See graph at right. 


tm A 


(Sie) 


53. A. RB. y-int 2 yA 
C. None D. None 


E. Inc on (4 In 4, 00); dec on (— 00, § In 3 
F, Loc min f(5 In 3) = (3)"° + (3) 
G. CU on (—%, ) 

H. See graph at right. 


Wir 


local / 


minimum | (0, 2) 


4 


0 


“Vv 


(0, my) jp=e 


57. (a) When t = (In a)/k 
(c) ya 


(b) When ¢ = (In a)/k 


59. 


61. y=x-1 (RL pes De 2 
65. A. (—9, 1) U (1, ~) 

B. y-int 0; x-intO C. None 

D. VAx=1;SAy=x 74 1 

E. Inc on (—%, 0), (2, ©); 

dec on (0, 1), (1, 2) 

F. Loc max f(0) = 0; 

loc min f(2) = 4 

G. CU on (1, %); CD on (—%, 1) 

H. See graph at right. 


67. A. (—~, 0) U (0, %) 
B. x-int —*/4 CC. None 
1D), WN se == 3 SAN I) = 25 
E. Inc. on (—%, 0), (2, ©); 
dec on (0, 2) 

FE. Loc min f(2) = 3 

G. CU on (—*%, 0), (0, ©) 
H. See graph at right. 


69. A. R 
C. None 
D) SAy= 1+ 5x 
E. Inc. on (In 2, ~); 
dec on (—%, In 2) 


B. y-int 2 


b= 
F. Loc min f(In 2) = } + 71n2 aii 5 + 5x ; 
G. CU on (—%, ©) re ioe . 


H. See graph at right. 
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EXERCISES 4.6 = PAGE 324 

1. Inc on (0.92, 2.5), (2.58, 2); dec on , (2.5, 2.58); 

loc max f(2.5) = 4; loo min f(0.92) ~ —5.12, (2.58) = 3.998; 
CU on (—®, 1.46), (2.54, 2); 

CD on (1.46, 2.54); IP (1.46, —1.40), (2.54, 3.999) 


4.04 


Lt 4 


3. Inc on (—15, 4.40), (18.93, ~) 

dec on (—%, —15), (4.40, 18. a 

loc max f (4.40) ~ 53,800; loc min f(—15) ~ —9,700,000, 
f(18.93) ~ —12,700,000; CU on (—«, —11.34), (0, 2.92), 
(15.08, ©); CD on (—11.34, 0), (2.92, 15.08); 


IP (0,0), ~ (TL 4, —6,250,000), (2.92, 31,800), 
(15.08, —8,150,000) 
10,000,000 60,000 
—13,000,000 —30,000 


5. Inc on (—%, —1.47), (—1.47, 0.66); dec on (0.66, ©) 
loc max f(0.66) ~ 0.38; CU on (—%, — LAI, (=O29, ie 
(1.10, ©); CD on (—1.47, —0.49), (0, 1.10); 

P (—0.49, —0.44), (1.10, 0.31) 
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7. Inc on (—1.40, —0.44), (0.44, 1.40); dec on (— 77, — 1.40), 
(—0.44, 0), (0, 0.44), (1.40, 7); loc max f(—0.44) ~ —4.68, 
f(1.40) = 6.09; loc min f(—1.40) ~ —6.09, f(0.44) ~ 5.22; 
CUlon (7, — 0:77), (0) 0:77)» CD on (= 0.77, 0) (OMT an) 
> (O94, 2), (OI; SPD) 


9. Inc on (-8 — 61, -8 + 61): dec on (—o0, ae Oaee 61), 
—§ + /61, 0), (0, ); CU on (—12 — ./138, —12 + ./138), 
(0, %); CD on (—2, —12 — 138), (—12 + eee , 0) 


1 


0.95 =10 
11. (a) 1 


—0.25 
(b) lim, _,- f(x) = 0 
(c) Loc min f(i/ve) = —1/(2e); CD on (0, e-?”); 
CU on (e772, «) 
13. Loc max f(—5.6) ~ 0.018, f(0.82) ~ —281.5, 
f(5.2) = 0.0145; loc min f(3) = 0 
yA 0.02 


~0.04 

500 0.03 
=I | 2 

~1500 25 : 

+ + 18x? — ~ 
15. f'( x(x + 1)*(x? + 18x? — 44x — 16) 
(=22)3(% — 4)° 
Wehrle (x + 1)(x® + 36x° + 6x4 — 628x3 + 684x2 + 672x + 64) 
Tf (ey =2 
(= Bye = Ay 


Chon (35.35 =5.0),. (= 1; =05)(0172)-2: 4), (4, 0): 
CD on (—~, —35.3), (—5.0, —1), (—0.5, —0.1); 

P:(-=35:3, —0.015), (=5.05—0:005), (=1-0). (—0.5, 0.00001), 
(—0.1, 0.0000066) 


17. Inc on (—9.41, —1.29), (0, 1.05); dec on (—%, —9.41), 
(—1.29, 0), (1.05, ©); loc max f(—1.29) = 7.49, f(1.05) ~ 2.35; 
loc min f(—9.41) ~ —0.056, f(0) = 0.5; CU on (—13.81, —1.55), 
(—1.03, 0.60), (1.48, %); CD on (—%, — 13.81), (—1.55, —1.03), 
(0.60, 1.48); IP (—13.81, —0.05), (—1.55, 5.64), (—1.03, 5.39), 
(0.60, 1.52), (1.48, 1.93) 


6 15 - 0 
Ora 


19. Inc on (—4.91, —4.51), (0, 1.77), (4.91, 8.06), (10.79, 14.34), 
(17.08, 20); 

dec on (—4.51, —4.10), (1.77, 4.10), (8.06, 10.79), (14.34, 17.08); 
loc max f(—4.51) ~ 0.62, f(1.77) = 2.58, , f(14.34) =~ 4.39; 

loc min f(10.79) ~ 2.43, f(17.08) ~ 3.49; 

CU on (9.60, 12.25), (15.81, 18.65); 

CD on (—4.91, —4.10), (0, 4.10), (4.91, 9.60), (12.25, 15.81), 
(18.65, 20); 

IP at (9.60, 2.95), (12.25, 3.27), (15.81, 3.91), (18.65, 4.20) 


( a 
=5 20 
0 


21. Inc on (—~, 0), (0, 2); 
CU on (—~, —0.42), (0, 0.42); 
CD on (—0.42, 0), (0.42, ©); 
IP ( +0.42, +0.83) 


ii | | ki ieee 3 


25. (a) 2 


nn 


(b) lim, 9+ )* = 0, lim- oa 
(c) Loc max f(e) =e (d) atx ~ 0.58. 4.37 


27. Max f(0.59) ~ 1, f(0.68) ~ 1, f(1.96) ~ 1; 

min f(0.64) ~ 0.99996, (1.46) ~ 0.49, f(2.73) ~ --0.51; 
IP (0.61, 0.99998), (0.66, 0.99998), (1.17, 0.72), 

(1.75, 0.77), (2.28, 0.34) 


ied) 


0.55 0.73 : 
0.9997 =12 


29. For c => 0, there is an absolute minimum at the origin. There 
are no other maximums or minimums. The more negative c 
becomes, the farther the two IPs move from the origin. c = 0 is a 
transitional value. 


—4 


0 c=0 


31. For c < 0, there is no extreme point and one IP, which 
decreases along the x-axis. For c > 0, there is no IP, and one 
minimum point. 


10 
a Ty s 
eel 
\ 
(ee eee 10 
/ C25 
eal! 
Cc B 
[} 
Ne al 
20 


33. For c > 0, the maximum and minimum values are always 
++, but the extreme points and IPs move closer to the y-axis as ¢ 
increases. c = 0 is a transitional value: when c is replaced by —c, 
the curve is reflected in the x-axis. 
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35. For |c| < | the graph has loc max and min values; for 

|c| = 1 it does not. The function increases for c > 1 and decreases 
for c < —1. As c changes, the IPs move vertically but not 
horizontally. 


37. 


For c > 0, lim,+« f(x) = 0 and lim,-. f(x) = —®™. 

For c < 0, lim, _,.. f(x) = ~ and lim, -» f(x) = 0. 

As |c| increases, the max and min points and the IPs get closer 
to the origin. 

39. (a) Positive  (b) 


EXERCISES 4.7 = PAGE 331 


1: (ayo 124 = (by SAT SEM, 3 10,104 e522 
7. 25 m by 25 m Ch Np == Il 
1. 
Me) 50 | 12,500 ft? 
250 
100 12,500 ft? | 


120 | 9000 ft? 
| 


75 


(b) | 


A86 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 
(c) A=xy (d) 5x +2y=750  (e) A(x) = 375x — 3x? 
(f) 14,062.5 ft? 

13. 1000 ft by 1500 ft 15. 4000 cm? 17. $191.28 

19. (—§, 2) 21. (4, te 4/2 ) 23. Square, side /2r 

25. L/2, /3L/4 27. Base /3r, height 37/2 

29. 40r3/(3./3) 31. ar(1 + J5) 38. 24 cm, 36 cm 
35. (a) Use all of the wire for the square 

(b) 40./3/(9 + 4./3) m for the square 
37. Height = radius = /V/ 7 com 

39. V=27R7/(9/3) = 43. E7/(4r) 
45. (a) 3s?csc 6 (csc 6 — ./3 cot 0) 
(c) 6s[h + s/(2V2)] 

47. Row directly to B 49. ~ 4.85 km east of the refinery 
Sir 10x/3/( AP <8) ft from the stronger source 

53. (a7? + p7/3)3/2 55. 2/6 


(b) cos"1(1/./3) ~ 55° 


57. (b) (i) $342,491; $342/unit; $390/unit (ii) 400 
(iii) $320/unit 

59. (a) p(x) =19 —apgx (b) $9.50 

61. (a) p(x) =550— x (b) $175 (c) $100 
65.935m 6%.x=6in. 71. 7/6 

73. Ata distance 5 — 2,/5 from A 75. 3(L + W) 


77. (a) About 5.1 km from B (b) C is close to B; C is close 
to D; W/L = 25 + x?/x, where x = | BC| 
(c) ~1.07; no such value (d) /41/4 ~ 1.6 


EXERCISES 4.8 = PAGE 342 


19@) 4 = 22,0,~3  (b) No 
Sue Sapte 711785" 9.125) + 11.91.82056420 
13. 1.217562 15. — 1.964636 


17. —3.637958, — 1.862365, 0.889470 

19. 1.412391, 3.057104 21., 05 =0:902025 

23. —1.93822883, —1.21997997, 1.13929375, 2.98984102 
25. 0.76682579 27. 0.21916368, 1.08422462 

29% (b) 3622777, 

35. (a) —1.293227, —0.441731, 0.507854 
37. (1.519855, 2.306964) 
41. 0.76286% 


(>) =2.0212 
39. (0.410245, 0.347810) 


EXERCISES 4.9 = PAGE 348 
1. F(x) = 5x? —Bx +1C 91 8 FG) She the —lstec 
5. F(x) =x? +4x27-—x4+C 7. F(x) = 5x"*'+ 40x17 +C 
9. F(x) =J2x+C 11. F(x) = 2x9? = 3.7 + 
13. F(x) = ax See Ath eC he <0 
pt er De tata havea) 
1B. Gt OP p82 S19)? ts 
17. H(6) = —2 cos @ — tan@ + C, on (na — 1/2, na + 7/2), 
n an integer 
19. F(x) = Se* — 3 sinhx + C 
21. F(x) = 3x? — In|x|— 1/x?+C 
235 Ft) axe — eA 26 f(x) ee Cx ED 
27. px? +Cx+D 29. f(t) =—sint+ C+ Dt+E 
31. f(x) =x + 2x77 4+ 5 33. f(t) = 4 arctan t — 7 
35. 2 sint + tant + 4 — 23 


37. 3x79 — Lif x > 0; 3x7 -Zifx <0 

39, —x? + 2x2? —x* + 12x 4 4 41. —sin@ — cos@+ 50+ 4 
N30 f= 2x" + an eo 45. x? — cos x — 57x 
LYE al se ae (in A)ge = lhn 2 49. 10 51. b 

Son 


1 


55. 


59. s(t) = 1 — cost — sint 

61. s(t) = 54° + 42? — 24 + 3 

63. s(t) = —10 sint — 3 cost + (6/m)t + 3 

65. (a) s(t) = 450 — 4.917 (b) V450/4.9 = 9.58 5 
(c) —9.8./450/4.9 =~ —93.9m/s__(d) About 9.09 s 
69. 225ft 71. $742.08 73. 2 ~11.8s 

75. is ~ 5.87 ft/s? —-77. 62,500 km/h? ~ 4.82 m/s? 
79. (a) 22.9125 mi (b) 21.675 mi — (c) 30 min 33s 
(d) 55.425 mi 


CHAPTER 4 REVIEW @® PAGE 351 


True-False Quiz 


1. False 3. False 5. True 7. False 9. True 
11. True 13. False 15. True 17. True 19. True 
Exercises 


1. Abs max f(4) = 5S, abs and loc min f(3) = 1 

3. Abs max f(2) = 2, abs and loc min f(—+) = —3 

5. Abs and loc max f(7/6) = 7/6 + V3, 

abs min f(—2) = —a — 2, loc min f(57/6) = 52/6 — /3 
Thi Oe i RWS 

15. | ‘ 


17. 


19. A. RB. y-int 2 yA 

C. None  D. None 

E. Dec on(—~,%) F. None 

(G, (CW om (22, OP : 

CD on (0, 22); IP (0, 2) Z 
H. See graph at right. 

21. A. RB. y-int 0; x-int 0, 1 YA 

Gy None Ds None at 

Eee incon G, 00), dec on (—00, ”) 


F. Loc min f() = —ie ly 
G. CU on (—», 5), (1, %); 

CD on (3, 1); IP (5, —%), (1, 0) 0 fe 
H. See graph at right. 
7&\ IN. {x | x = 0, 3} yA 
B. None  C. None 
D. HA y = 0; VAx = 0,x =3 | 
E. Inc on (1, 3); dec on (—%, 0), 
£0,1)5.(35,%) 0 
F. Loc min f(1) =j x= 3 
G. CU on (0, 3), (3, 2); CD on (—%, 0) 
H. See graph at right. 


ay 


cad 


25. A. {x|x ~ —8} Ay 
B. y-int 0, x-intO C. None Y, 
D. VAx = —8;SAy=x—8 fi Z 
E. Inc on (—%, —16), (0, ©); On x 
dec on (—16, —8), (—8, 0) 16, 232) be 
FE. Loc max f(—16) = —32; y 
loc min y 
G. CU on (—8, ©); CD on (—™, —8) 

H. See graph at right. 


27. A. [2 ~) yA 
B. y-int 0; x-int —2, 0 

C. None  D. None 

E. Inc on (—3, 20), de c on n(—2 —+) 

By Loc Se i) 4/6 > 
G.GUron (= 2, %) (es ai) 
H. See graph at right. ; 


29. A.[—7, 7] _ B. y-int 0; x-int —7, 0, 7 

C. None D. None 

E. Inc on (— 77/4, 37/4); dec on (—7, — 7/4), (32/4, 7) 

F. Loc a ay = 5/2 e?7* loc min f(— 77/4) = 3/2374 
G. CU on (—27/2, 27/2); CD on (—77, — 77/2), ( (a/2, 77); 


—/ Dee 7), rye) 


3a V2 aa/4 
G D 


H. yA 


APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES A87 


BT eA cc fo] Sen} ‘ 

B. None’ C. About (0, 0) a 

D. HAy =0 on ae 
E. Dec on (—™, —1), (1, ~) ‘(ees eee : 
F. None 2 

G, CU on (Cl, 92 OD on (=e, =I) 

H. See graph at right. 

337 AG R 

B. y-int —2; x-int 2 

C. None D. HAy=0 

E. Inc on (—®%, 3); dec on (3, %) 

F. Loc max f(3) =e” 


G. CU on (4, ~); CD on (—%, 4); 
IPG, 227") 
H. See graph at right. 


dec on (—», — V3), (V3, ~); 
loc max f(/3) =} 

loc min f(—/3) = -—5 V3; 
CU on (—Y6, 0), (v6, ~); 
CD on (—~, — 6), (0, v6): 
IP (/6, 35 V6), (v6, -6 V6) 


37. Inc on (—0.23, 0), (1.62, 2%); dec on (—%, —0.23), (0, 1.62); 
loc max f(0) =2; loc min f(—0.23) ~-1.96, (Glee) = = 122 
CU on (—%, —0.12), (1.24, 2); 

CD on (—0.12, 1.24); IP. (—0.12, 1.98), (1.24, — D1) 


15 Pes) 


0.5 0.4 


39. (+0,82, 0.22).(c/2/3, 6°) 


‘ 0 


41, —2.96, —0.18, 3.01; —1.57, 1.57; —2.16, —0.75, 0.46, 2.21 
43. For C > —1, f is periodic with period 277 and has local 
maxima at 2na@ + 7/2, n an integer. For C < —1, f has no graph. 
For —1 < C <1, f has vertical asymptotes. For C > 1, f is con- 
tinuous on R. As C increases, f moves upward and its oscillations 
become less pronounced. 

49. (a) 0 (b) CUonR 53. 3,37" 

55. 4/,/3 cm from D 57. L=C 
61. 1.297383 63. 1.16718557 


59. $11.50 


A88 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 


65. f(x) sine sin ee 5. (a) 8, 6.875 (D) D5 S378 


yh 


5 


67. f(x) = 2x9? + 2x77 4+ 

69. f(t) = 27 + 3cost +2 

1. f(x) =4$x? — x9 + 4x4 + 2x41 
73. s(t) = t? — tan 't+ 1 

7, (do) Okie” = @es 37 se OS) 


(c) 5 
F 
4 4 
-1 

77. No 
79. (b) About 8.5 in. by 2in.  (c) 20//3 in., 20./2/3 in. 
83. (a) 20/2 ~ 28 ft 

dl —480k(h — 4) : 
(b) i ba iments 1600]°2” where k is the constant (d) Msg 
of proportionality 7. n = 2: upper = 37 = 9.42, lower = 27 = 6.28 


PROBLEMS PLUS #® PAGE 356 


3. Abs max f(—5) = e*, no abs min 7. 24 

9. (—2, 4), (2, —4) 13. (m/2,m?/4) 15. as el” 
19. (a) T, = D/c,, T. = (2h sec 6)/c; + (D — 2h tan 0)/cy, 
T; = /4h? + D?2/c, 


(c) c: = 3.85 km/s, co ~ 7.66 km/s, h ~ 0.42 km 


P Gee n = 4: upper = (10 + /2 )(a/4) ~ 8.96, 
23. 3/(/2 — 1) ~ 11ph lower = (8 + /2 )(a/4) ~ 7.39 


CHAPTER 5 


EXERCISES 5.1 = PAGE 369 
1. (a) iki = 833}. R, = 4] 


n = 8: upper ~ 8.65, lower ~ 7.86 


(b) Lg ~ 35.2, Rs = 39.2 


3. (a) 0.7908, underestimate (b) 1.1835, overestimate 


yA yA 


1 
9. 0.2533, 0.2170, 0.2101, 0.2050; 0.2 


11. (a) Left: 0.8100, 0.7937, 0.7904: 
right: 0.7600, 0.7770, 0.7804 


13. 34.7 ft, 44.8 ft 15. 63.2 L, 70 L 17,5155 tt 


00 | 
=/A 


APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES A839 


cman 2 == 2t/n 2 ie 2a EXERCISES 5.3 = PAGE 394 
19.) lim), eee ae 21. lim > J/sin(ai/n) - iu 
i=1 


NO ja] a 21/7) = n 1. One process undoes what the other one does. See the 
23. The region under the graph of y = tan x from 0 to 7/4 Fundamental Theorem of Calculus, page 393. 
(4s (EN) Wh SINS I 3:\(a) O28 5. 7, 3 (d) 4 
OTR os n(n + 1)°(2n? + 2n — 1) a (b) (0, 3) 
27. (a) lim> = Li) = () > Cine 
29. sin b, | 
EXERCISES 5.2 = PAGE 382 
1. 5 YA y * 
The Riemann sum represents 34 f(x)=3- 1y 
the sum of the areas of the two 2 ne 5. (a), (b) x? 


rectangles above the x-axis 1+ 
minus the sum of the areas of = >) 
the three rectangles below the si 
x-axis; that is, the net area of the + 
rectangles with respect to the 
X-aX18. 

3. 2.322986 

The Riemann sum represents the sum 
of the areas of the three rectangles 
above the x-axis minus the area of the 
rectangle below the x-axis. 


10 12 14 


a 


Lg @)= a1) 9, g'(s) = (s — s*) 
11 eG) le secs 13. h’(x) = xe* 
15. y’ = tan x + «/tan x sec?x 


Baa) 3 


7. yi =———— 9.5 26 25 
Yh eee : ; 
i 25 eft 32a e270 29 ee oe 
] 
. F ger 9. 47/3 

5. (a) 6 (b) 4 (c) 2 Shy, lin 2st 7/ 37 Bly & 3 a/ 
7. Lower, L; = —64; upper, Rs = 16 Me. 1 43. 0 
9.°6.1820 11. 0.9071 13. 0.9029, 0.9018 45. The function f(x) = x * is not continuous on the interval 
15. [—2, 1], so FTC2 cannot be applied. 

é Rr The val f R, appear to be Seca : : 

lauren ie Y 47. The function f(@) = sec @ tan @is not continuous on the 
5 1.933766 approaching 2. interval [ 7/3, 7], so FTC2 cannot be applied. 

10 1.983524 49, >. 2 

50 1.999342 53. 3.75 

100 1.999836 
17, (oxin(l ix?) dx 19. [7 Gx" = 4x) dx 
21). Siem a Zoe 20cineg 

8 2+ 4i/n 4 

a oe » 14+ (2+ 4i/ny n 

Z San \\ ae 2 
31. lim > (sn sat) airs 

AO nh n 5) - ep 1 

9354 (bd) 108 (ors. (2 ayer SINCE il) eh OP ) 


4x? + 1 9x? + 1 


a2 37 Sem 8os.. 10. 43.3 
Wh IPMGe) = Dee = 


a5, e°—e? 47. f°, f(x) dx 48. 122 59. y’ = sinx In(1 + 2 cos x) + cos x In(1 + 2 sin x) 

Se eae ae te. r BI. (—4,0) 63. 29 

59. 3S lh vx dx <6 Di 12. = \y aya 12 v3 65. (a) —2V/n, J4n — 2, nan integer > 0 
(b) (0, 1), (—V4n — 1, J4n — 3), and (/4n — 1, /4n + ih) 


6.0<[xe"dr<2/e MN. [xide 73 —— niinteger=® 0° « (6) 0.74 


A90 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 


67. (a) Loc max at | and 5; 
loc min at 3 and 7 

(b) x =9 

(c) (5, 2), (4, 6), (8, 9) 

(d) See graph at right. 


OF NKfa)=x*4.a=9 
9. (b) Average expenditure over [0, ¢]; minimize average 
expenditure 


EXERCISES 5.4 = PAGE 403 


5. 5x°— (I/xs) + C 7. 3x5 — yxt + Gx? - 2x t+ C 
9.23 +3u2+4ut+C NW. 4x3-4¥e4+ 
13. —cos x + coshx + C 15. 407 + cscO+C 


17. tana +C 
19. sin x + 4x? ae 


1.-~ 232 @-2 £27.5e7+1 ° 29. 36 


: I 
Ve Soe in 38, 
me hae 1 Inl0 
39. 7A. r/o /6 45 3.5 
47. ~136 49. 3 


51. The increase in the child’s weight (in pounds) between the 
ages of 5 and 10 

53. Number of gallons of oil leaked in the first 2 hours 

55. Increase in revenue when production is increased from 
1000 to 5000 units 

57. Newton-meters 59. (a) -) m  (b) a m 

61. (a) v(t) =507? + 4¢+5m/s_ (b) 4163m 

63. 46;kg 65. 14mi 67. $58,000 

69. 5443 bacteria. = 71.: 4.75 X 10° megawatt-hours 


EXERCISES 5.5 ™ PAGE 413 
Ler +C  325@?+1°?+C 5 —tcoste+C 
7. -;cos(x?)+C 9. -#(1-2x)"+C 

1. 3(2x + x7)? +C 13. —;In[5 — 3x] +C 


15. —(1/a) cos wt + C 17. = G 

WE 
19. =,/3ax + bx3 +C . (nx) + Cy. 23; tan’6 + C 
Bete CG 227. ae + 3x) +C 


1 
7), = == (GON(S) sp 31 Coe aah = 


- SEG 
In 5 sin x 


37, 1 a4 


35. —2(cotx)#?+C 37. 3 sinh +C 

39. —In(1 + cos?x) +C 41. In|sinx| + C 

43. In| sin7'x| + ‘: 45. tan'x + 5In(1 + x°) + C 
47. £(2x + 5) — Z(2x+ 5)? +C 

49. Gee 1) c Be tae 1 


53. 2/7 55% 574 5%8e- Je 61.0 
63.3 65.4(2,/2-1)a> 67. 69.2 
1. infe+ 1) 73.2> = 75. 3-4 77. 67 
79. All three areas are equal. 81. ~4512L 

5 27 


By ——=|[ i = = | IL 85. 5 91. 77/4 
8 =( cos =) qr / 


CHAPTER 5 REVIEW ® PAGE 416 


True-False Quiz 


1. True 3. True 5. False 1h ibmre 9. True 
17. False 


11. False 13. True 15. False 


Exercises 


35+ 7/4 53 7. fise, flisb, f@ dtisa 
9.37 11.3. 13-76. 5 


19. ;sinl 21.0 
2. x? + 4x+C 
29. 2e + C 31. —5[In(cos x)? + C 

33. ;In(l+x*)+C 35 Injit+seco|+C 37.2 
39. 2/1 +sinx+C 1.9% ~ 3 hG)=—27/(] + x) 
45. g'(x) = 4x?cos(x*) a], y' = (2e* — ev*)/(2x) 


49. 4 < [> J/x?+3dx<4/3 55. 0.280981 


17. Does not exist 
Dv habe Wie eleeite ede 


1 
27. —sin?-at + C 
27 


57. Number of barrels of oil consumed from Jan. 1, 2000, through 


Jan. 1, 2008 


59.72,400 61.3 63 c~1.62 
65. e2(2x — 1/1 —e*) 71. 


Wir 


PROBLEMS PLUS = PAGE 420 

1a/2° 932% 8-1 he? 
11. (a) $(n — 1)n 

(b) 3[b)(2b — [>] — 1) — 3[al(2a — [a] - 1) 
17. 2(./2 — 1) 


ou 122) 


CHAPTER 6 


EXERCISES 6.1 = PAGE 427 


1% 3e-(i/e)+2 Se-(l/e) +z 72.3 


Sein weet well) 139072015, GU Samay 

1. 2/r+% 2..2-2mn2 25 2.3 27. In2 
29.3 31.3/3-1 33. 0, 0.90; 0.04 

She it 1125 286: 838" 32280123 © 739, 0.25142 
41.12/6-9 43. 117;ft 45. 4232 cm? 

47. (a) Car A (b) The distance by which A is ahead of B after 
1 minute (c) CarA (d) t= 2.2 min 

AQ 31051. 478 536 


i Oa = pie = 1 


EXERCISES 6.2 = PAGE 438 


1. 197/12 
3. 87 
y 7 yA 
y= eo 
> im 
0 1 y=0 free 


5. 16277 


APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 
plieey 
9. 6477/15 
11. 1177/30 yA yA 


oh ee 
mary (3.2) 


(—,3) ae 
y=1+secx 


15. 3727/5 


A91 


A92 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 


17. 10/2 2/3 


a x=3 


19. 7/3 21. 77/3 23. 7/3 

25. 130/45 27. 1/329. 17/45 

31. (a) f!, w(e*)? dx ~ 3.75825 

(b) f!, w{le* — (-DP - [0 — (-1)P} dx ~ 13.14312 
33. (a) 


2, w{l2 -(-—vt — ¥7/4)) - (2 -— JT — 37/4)} dx ~ 78.95684 
(b) f!, w{[2 — (-v4 — 4y2)} — (2 — V4 — 4y2)} dx ~ 78.95684 


35. —1.288, 0.884; 23.780 37. 4a 
39. Solid obtained by rotating the region 0 S x S 7, 
0 < y S vsin x about the x-axis 


41. Solid obtained by rotating the region above the x-axis bounded 


by x = y’ and x = y* about the y-axis 

43. 1110cm*> ~— 45. (a) 196 = (b) 838 

47. 3ar7h = 49. wh?(r —4h) 51. 37h 

53.10cm> 55.24 573 59% 

61. (a) 87R [i Vr? — y?dy (b) 2a°r°R 

63. (b) mr*h = 65. pr? — G7. 8 [" /R? — y?/r? — y? dy 


EXERCISES 6.3 ™ PAGE 444 


1. Circumference = 27x, height = x(x — 1)*; 7/15 


RY 


3. 67/7 5. w(1 — 1/e) 7. 87 9. 47 
13. 167/3 15. 7m/15 1%, 87/3 
21. (a) |; 2mx(xe™) dx —_(b) 4.06300 
23. (a) [7 2ar(m — x)[cos*x — (—cos*x)] dx  (b) 46.50942 
25. (a) [7 27(4 — y)Vsiny dy (b) 36.57476 

27. 3.68 


19. 57/14 


29. Solid obtained by rotating the region0 < y<x*,0 <x <3 


about the y-axis 
31. Solid obtained by rotating the region bounded by 


@) x = 1-—y*,x =0, and y = 0, or Gi) x= y?2, x = Landy) 


about the line y = 3 


“ 23. ~1.04 X 10° ft-lb 


11. 7687/7 


33.013 Baa? 37.87 394/30 (41. 42/3 
43.1177/5 9 45. Sar? 47. Gar’ 


EXERCISES 6.4 ™ PAGE 449 


1. (a) 7200 ft-lb (b) 7200 ft-lb 
3.45ftlb 5.180] 7. 3 ft-lb 


9. (a) 2~ 1.043 (b) 108cm 11. W. = 3W, 
13. (a) 625 ftlb (b) ~ ft-lb ~—- 15. 650,000 ft-Ib 


17. 38573 19. 2450] 21, =1.06 ~ 10°F 
25. 2.0 m 


i i 
29. (a) cmm( 2 = i) (b) ~8.50 X 10’J 
a 


EXERCISES 6.5 = PAGE 453 


1.2 38 5. Q/m(e-1) 7. 2/(Sm) 
9. (a) 1 (6) 254) (cms 

4+ 

1+ 

0 


Maya Vb) =1249 2381 
(Cc) 


15.3 17. (50 + 28/m)°F ~ 59°F 


19. 6 kg/m 
21. About 4056 million (or 4 billion) people 
23. 5/(47) ~ 0.4L 


CHAPTER 6 REVIEW ® PAGE 457 


Exercises 
Wy 3 OB. 44/64/15 9. 6560/5 
11. + a (2ah hye 13. ieee 2ar(x/2 iz x)(cos?x x 4) dx 


15. (a) 27/15 (6) 7/6 (Cc) 827/15 

17. (a) 0.38 — (b) 0.87 

19. Solid obtained by rotating the region 0 < y < cos x, 
0 <x S x/2 about the y-axis 

21. Solid obtained by rotating the region 0 < x < 7, 

0 < y S 2 — sin x about the x-axis 

23. 36 9 25. ax/3m 2 I 

29. (a) 8000/3 ~ 8378 ft-lb (b) 2.1 ft 


31. f(x) 


APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES A93 


PROBLEMS PLUS ® PAGE 459 EXERCISES 7.2 = PAGE 476 
1) (a) f@ = 3777 “&) f@ = V2x/a 3, = 1. 3 sin’x — ; sin’x + C 3 
5. (b) 0.2261 (c) 0.6736 m Ley, Ag? Lana 

LS Sul (a9) = = ee —gin! ie 
@ G)'1/(0sa)= 0.003 Ms 8 Gi) 4707/3 s = 6.5 min Ae AOS hdc Mie Ds 
9, y = 2x? 7. 77/4 9. 37/8 11. 7/16 
11 (a) V =. i al f(y) /? dy 13. it? = it sin 2t = i COS 2t + G 

pe : 5 2 ie ef oa) +4 

(c) f(y) = VkA/(aC) y"*. Advantage: the markings on the LC Fy a BAG) Me SUG eS SIEN) oC 
container are equally spaced. 1755 cose = In |cosx| + G9 19.9ln | sine || 2 sin ve 
13.b=2a 15. B=16A 21.5secx+C 23. tanax-x+C 

25. 5tan’x + Ftan’x +itanx+C 27, +2 
CHAPTER 7 29. + sec*x — secx + C 


31. ; sec*x — tan’x + In|secx| + C 
EXERCISES 7.1 = PAGE 468 33. xsecx —In|secx+tanx|+C 35. (3-47 
37. 3/2 -% 39 Fin ese cor |e 
M1. —icos3x —#cos13x+C 43. }sin4@— > sin60+C 
45.5/2 47. $sin2x+ C 
49. x tan x — In|sec x| — 3x7 + C 
51. ix? — <sin(x’) cos(x?) + C 


1.527 Inx—5x°+C 3, 5x sin Sx + 3 cos 5x +.C 
5. —ite *—je*+C 
7. (x? + 2x) sinx + (2x + 2) cosx —2sinx+C 
9. xIn</x — sx+C 11. ¢ arctan 4t — ‘In(1 + 167) +C 
13. 5f tan 2t — 7 In|sec 2t| + C 
ibaa i) in ee aC 
17. 4e7%(2 sin 30 — 3 cos 36) + C 
19. z°e? — 3z7e7 + 6ze? — 607 +C 
lag 7-2 
21. 4x 1) an (€ 23. ee 
melee  27.5,n3—5 * 2g —seU 
31. (7+ 6-3/3) 33. sinx(Insinx — 1) +C 
35. 2(In 2)? —$In2+ fs 
37. 2VxsinJx+2cos¥xt+C 39 —-;- 7/4 
a1. 32 — 1) nd +x) — 1x? tix +240 
43, sxe @—je 7 + C 


GO) SSTal 59s Ouee O1..727/4.  G.emi2yo — 3) 
65. s = (1 — cos*at)/(3a) 


EXERCISES 7.3 = PAGE 483 


cists sabres sole 1. - ee eh ear) s-'(2) LC 
3 xX 
=H pele 
DO BO WW 2a2 
2 2 9 In(iyx?+16+x)+C 11. sin (2x) + gxJ1 — 407 +C 
13. £ sec 1(x/3) — Vx? — 9/(2x”) + C 
is 5. -ra 8 savant © 
i“ 19. In|(/1 +22 -1/x|+VI+x?+C 21. x7 
; eee: Tex. 23, 3 sin" ((x — 2)/3) + 5(x — 2)V5 + 4x — 2? +C 
47. (b) —4 cos x sin’x + gx — jg Sin 2x + C 25, Gf eet tal (5 te AMO eee ae 1) core 
49. (b) 3.15 27, (x + 1)fx2 + 2x —4in |x + 1 + Vx? +2x|+C 
55. x[(In x)? — 3(Inx)> + 6Inx— 6] + C Md view aie ater ee 
57. £in2—% 59. —1.75119, 1.17210; 3.99926 29. pou (x°) ag vl-x a. 
614 = Sire Ga 2me 665 (2/7) In2 33, (./48 — sec !7) 37. gm? + G7 


67. 2 —e (t? + 2r+2)m 69. 2 41. 2m°Rr° 43. r/R? — r2 + ar?/2 — R? arcsin(r/R) 
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EXERCISES 7.4 = PAGE 492 


1. (a) z oo) 44+ g 
‘ 4y—3 2x+5 x PES — D5, 
Me eae Vie On, DEE 
; x? a 
Ne its a 
x+3 (x ++ 3)? * 33 (x — 3)? 


Ba(a)en sx 10 Ge + 
SE ROR PD 4 PSD 


6 Ax +B Cx+D Ex+F 
xe—-x4t1 x7 +2 (x? + 2) 

ext + x t gx? txt Infx—-1]/4+C 

9. 4Inj2xt+1)+2Injx-—1/+C 11, 21n3 

13,alnjx—b|/+C 15. 2+ Inj 

17. Zin 2 — 2 1n3 (or? In$) 


N92 10 Mra | 9) ial cD |e : + C 
Gre H2, 

21. $x? — 2 In(x? + 4) + 2 tan '(x/2) + C 

23. In|x — 1| — 3 In(x? + 9) — § tan '(x/3) + C 

Hide SON |e ae (ceils ae ges Paw eas (Os 


27. 4 In(x? + 1) + (1/2) tan7'(x/./2) + C 


f =o] 
29. 4In(x? + 2x + 5) + san(224) +C 
Bag eae tinicaeies Sal) eae ton eC 
& alleles = = adinlles- ee oe oe 
3 6 In(x x wae B 
: I 
33. i In %. iin |x| — alae’ + 4) + Fa te 
x-2 3x — 8 
37. 2./2 tan”! +— +C 
3 vg ( =) 4(x? — 4x + 6) 
39. 2 pam a i)+mn| e+ 1-1/+C 
41. -21n yx — Fe + 2in( Vx + 1) + € 
43, 4(x? + 1)? — 207? 4+ 1774+C 
45. 2/x + 32/x + 64% + 6In| Se —-1)+C 
mae D2 
jp ee 
e~+1 
49 in |tan et] ain Mant 2G 
51. x — Infe* + 1) + C 


53. (x — 5) n(x? — x + 2) - 2x4 Viran'(225+) +C 


55. —5In3 ~ —0.55 


2 tan(x/2) — | 
tan(o/2)) 4-2 


57. + In +C  61.iln +C 


63.4In¢+2 65. -1+4In2 
67. t= —In P — : In(0.9P + 900) + C, where C ~ 10.23 
DA 110) eet 668 =I 9438 l 
69. (a) = aa 
A879 5x +2 323 2x fT (80155.3n—7 
l 22,098x + 48,935 


260,015 xe+x+5 


334 3146 

) 3 Se ln] 5x + 2 — S--In|dx + 1] — Gores In| 3x — 7] + 
11,049 2 (2x07 o 
360,015 aM aint ae wO60015 (9 A aeeomINN S 
The CAS omits the absolute value signs and the constant of 
integration. 

i Lumina Men 
Ue a"(x — a) a™  a™ x? ax” 


EXERCISES 7.5 = PAGE 499 
1. sinx + 5 sin’x + C 
EW sitiiya spilin||(Gscee = Cee al aa 


5. FE an) 1G: gm lipeph = eae 
One Lite 5 In(x? — 4x + 5) + tan (x — 2) + C 
13. —icos't+5cos’t—jzcost+C 15. x//1 —x2+C 
17. $7? 19. e° +C 21. (x + 1) arctan /x — /x + C 
23.92 5. 3x + Fln|x —4| —FIn|x+2/+C 
21. en lee) ate 
29. coins 4/7281) = 
31. sin'x — /1 —x2+C 
: (: a ) x6 SP il 
33. 2 sin7!| ——— ] + —— 3 — 2x —3x24+C 
2 2 
35, cin 4c tye cin Or Cee ag 
39. Indisee) 1) In lisee hl 4c 
41. Otan 0 — 5 — In | sec 6| aL 43. 2 tan !(x3/?) rw 
45. —3(x3 + Der +C 
47. In|x — 1| — 3(¢—1)7 


ie aa Se 


49. dt ale de een eee + 
| 4x 4141 2x : 
Abe ?) 
53. —x~ cosh(mx) — = = COS ex) G, 
m m 


m 
55. 2In vx —2In(1 + Vx) +C 
57. $(x +. c)"3 —3e(x + 0)34+C 
59. sin(sin x) — + sin*(sinx) + C 
61. csc 8 — cot 8 + Cor tan(@/2) + C 
63. 2(x — 2Vx + 2e"X+C 
65... —tan-*(cos'x) C61 ei 1) a 
69. /2 — 2/./3 + In(2 + V3) — In(1 + V2) 
MN. e — Ind + e*) °C 
73. —/1 — x2 + S(arcsin x)? + C 
75, 3 In |x — 2| — % In(x? + 4) — } tan“(x/2) + C 


ay eres ateal 
Whe Abe Vil as ae ch oh) 
co a eal SO 


l eat} 1 1 
79. 3x sin’x + 3 C08 x = 5 Cos x + C 


81. 2/14 sink HO Sone 


EXERCISES 7.6 = PAGE 504 


=3 06 3. V13 — 2 n(4 + 13) —3 +203 
Ww i Ve i Stig = 3 
5. — — i In(l + ear? . § In| ———— 
8 «In ier) pol Sind ze ar 3 ihe 
9 4x2 9/ (9x) 4 C ih Ge 2 


13. —; tan?(1/z) — In|cos(1/z)| + C 
15. 3(e?* + 1) arctan(e*) — +e + C 


Sp hh 7 el 
7. = Verma + Lin 24) 


8 
mani: b-Ay — Ay?)?/2 


e+ /3 


a8 
23. ; tan xsec*x + ; tan xsec x + ¢In|sec x + tanx| + C 
25. (In x)/4 + (nx)? + 2 In[Inx + /4 + (nx)?] + C 
27. —3x cos (x~?) +3/1 — x4 +C 

29. Jex —1 = oy (er) are 
31. ¢In [x5 + Vx —2/+C 
37. 4 tan x sec*x + 4 tanx + C 
39. tx(x? + 2)J/x?2 +4 —2In(Vx?2?+4 +x) +C 


1 * 3 Bee 
Alecos © Si acta tae Six COST + CO 


1 
19) .sin-x (3 In(sinx) — 1) C ~~ 21-1 
6 x [3 In(sin x) ] 275 


33. 27? 


43, j tan*x — 3 tan?x — In|cosx| + C 


yp HE 
Fa || sea A a 
53 


both have domain (—1, 0) U (0, 1) 


45. (a) — je (C8 


EXERCISES 7.7 = PAGE 516 

1. (a) Ly = 6, Ro = 12, M2 ~ 9.6 

(b) L» is an underestimate, R. and M) are overestimates. 
@ = O<I Ons th SUSI Sis 

3. (a) T; ~ 0.895759 (underestimate) 

(b) M, = 0.908907 (overestimate) 

Te ZA Ms 

5. (a) Myo ~ 0.806598, Ey ~ —0.001879 

(b) Sio ~ 0.804779, Es ~ —0.000060 

Te inl25 0636 lee (byte 18362 Bac) al. 511519 

9. (a) 2.660833 (b) 2.664377 (c) 2.663244 

11. (a) 2.591334 (b) 2.681046 (c) 2.631976 

13. (a) 4.513618  (b) 4.748256 (c) 4.675111 

15. (a) —0.495333  (b) —0.543321 (c) —0.526123 
17. (a) 8.363853 = (b) 8.163298 = (c) 8.235114 


19. (a) Ts ~ 0.902333, Ms ~ 0.905620 
(b) | Er| < 0.0078, | Ev| < 0.0039 
(c) n = 71 for T,, n = 50 for M, 


21. (a) Ty ~ 1.983524, Er ~ 0.016476; 

Mio ~ 2.008248, Ev ~ —0.008248; 

Sio = 2.000110, Es ~ —0.000110 

(b) | Er| < 0.025839, | Eu | < 0.012919, Es| < 0.000170 
(c) n = 509 for T,, n = 360 for M,, n = 22 for S, 


ar AG: 
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23. (a) 2.8 (b) 7.954926518 (c) 0.2894 

(d) 7.954926521 (e) The actual error is much smaller. 

(f) 10.9 (g) 7.953789422  (h) 0.0593 

(i) The actual error is smaller. (j) n = 50 

25. 
n 1b. R, ig M,, 
5 0.742943 1.286599 1.014771 0.992621 
10 0.867782 1.139610 1.003696 0.998152 
20 0.932967 1.068881 1.000924 0.999538 
n E, Ep E, Ey 
5 0.257057 —0.286599 —0.014771 0.007379 
10 0.132218 —0.139610 —0.003696 0.001848 
20 0.067033 —0.068881 —0.000924 0.000462 

Observations are the same as after Example 1. 

oo em tee M, s 
6 6.695473 6.252572 6.403292 
12 6.474023 6.363008 6.400206 
n Er Eu Es 
6 — 0.295473 0.147428 —0.003292 
12 —0.074023 0.036992 —0.000206 

Observations are the same as after Example |. 

29. (a) 19.8 (b) 20.6 (c) 20.53 

31. @) 144. ) 3 

33. 64.4°F 35. 37.73 ft/s 37. 10,177 megawatt-hours 

39. (a) 190 = (b) 828 

41. 6.0 43. 59.4 

45. y 


EXERCISES 7.8 = PAGE 527 

Abbreviations: C, convergent; D, divergent 

1. (a), (d) Infinite discontinuity  (b), (c) Infinite interval 
3. + — 1/(2t7); 0.495, 0.49995, 0.4999995; 0.5 


OH The thc! ANE Den AEB Ga) 
1719 ZU 23 7 9 ee, dD 
29s eee 31D ee 3a 20S Des). —-2/e 

39. In 2 —§ 

41. I/e 


A96 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 


45. Infinite area 


I) 


47. (a) 

t {' [(sin2x)/x?] dx 

2 0.447453 

5) 0.577101 

10 0.621306 

100. 0.668479 

1,000 0.672957 

10,000 0.673407 


It appears that the integral is convergent. 


(c) 


A95CQ 51. DD (58nD. 255.7. Slop = 1, 1/0 =p) 
59. p>—1,-I/(p +1)? 65. /2GM/R 
67. (a) y 


(b) The rate at which the 


fraction F(t) increases as t 
increases 

(c) 1; all bulbs burn out 
eventually 


(in hours) 


69. 1000 

71. (a) F(s) = 1/s,s >0 
(c) F(s) = 1/s?,s > 0 

Wh (C2 iin? 79. No 


(b) F(s) = 1/(s — 1),s > 1 


CHAPTER 7 REVIEW ® PAGE 530 


True-False Quiz 


1. False 3. False 5. False 7. False 
9. (a) True’ (b) False 11. False 13. False 
Exercises 


ik Ss aha || 
the 9a— cos(lag) ir G 

13. 3e%(x7/3 — 2x13 +2) +C 
15. —5 In|x| + $ln|x +2) + 


Je sec alll | Sec ameeatan | aC 


Swoll/ ee eI Sones ill sere! 


1. /3 —in 


19. 5¢In(9x? + 6x + 5) + ‘tan [1 (3x + 1)| Sal; 


21. 


748}, II 


UIN NIW 


wa) Wey ce 
.te-5 ML x 
|, Ab linah == 
. (x + 1) In(x? + 2x + 2) + 2 arctan(x + 1) — 2x + C 
5) 


. 42x — 1)/4%2 = 43 — 


lini 22 Exe Ax eC 
ie? ae ll = Il 


% 
In(x? + 1) — 3 tan''x + V2 tan“'(x/./2) + C 
22.0 31.6—-s7 


ER ing Cee | er 
4 — x? a (+) 


37. + sin 2x — 3. cos 4x + G 
43. D 
49. 77/4 


n ae € 


47, —3 


In |2x — 1 + J4x2— 4x —3|+C 


. 5 sin x/4 + sin?x + 2 In(sinx + //4 + sin2x ) =2.C 
. No 

. (a) 1.925444 
. (a) 0.01348, n = 368 
. 8.6 mi 
i (a)o3.8 
. (a) D 
.2 0 15. 307? 


(b) 1.920915 (c) 1.922470 
(b) 0.00674, n 2 260 


(b) 1.7867, 0.000646 (c) n = 30 
(b) C 


PROBLEMS PLUS ® PAGE 534 
1. About 1.85 inches from the center a}, @ 


L. f@y=—a]2 11 at Ym 13. $0 -—4 

15. 2 — sin7!(2/,/5) 

CHAPTER 8 

EXERCISES 8.1 = PAGE 543 

1.4/5  3.3.8202 5. 3.6095 

7. (82V82-1) 92 01.2 

13. In/2+1) 1%2+4m2 17. In3-} 

19. /2+In(1+/2) — 21. 10.0556 

23. 15.49805; 15.374568 25. 7.094570; 7.118819 

27. (a), (b) 3 L, =4, 

Lo 4 6.43, 

0 ——— 4 

(c) {i V1 + [43 — »/BG = xX)F)P dx  (d) 7.7988 


29. /5 — In(5(1 + /5)) — V2 + In(1 + 2) 


33. s(x) = S[(1 + 9x)*? — 10/10] 
37. 209.1 m 


35. 2,/2(/1 + x — 1) 


39. 29.36 in. 41. 12.4 


EXERCISES 8.2 =» PAGE 550 


1. @) @ feo 2mtamxs/t + sectx dx 


(ii) [7 2axV1 + sectx dx (b) (i) 10.5017 (ii) 7.9353 
3. (a) (i) ie Qme J1 + 4x2 -2¥" dx | 
(ii) i QaxVJ1 + 4x2e72%' dx  (b) (i) 11.0753 (iii) 3.9603 


5. w7(145/145-1) 7. Sar 
9. 2/1 + 724+ (2/m)In(ot+ V1 4+ 7?) 1. Sar 
13. 57r(145/145 — 10/10) 15. za? 


17. 1,230,507 19. 24.144251 
21. tar[4 in(V17 + 4) — 4 In(,/2 + 1) — V17 + 42 
23. ![In(/10 + 3) + 3/10] 


27. (a) 47a? (b) Sr /3.a? 
2b sina? — B? 
hei ed beg EE 
iG = lo 
(py ore 2mab? Gar Wa? = Io 
a n 
4 a? — b b 
8 2c fa) ly Ie (ol? dx 33. 4°? 
EXERCISES 8.3 = PAGE 560 
teas sib tt 6b) 1875 bie (Cc) 562-5 1b 
3. 6000 Ib 56.1 10° N 129:85102 N 
9.1.2X104lb 11. $8ah? 
1395272 10° N ih, (@) SIBIN| — (y) B53) INI 


17. (a) 5.63 X 10° lb (b) 5.06 X 10* Ib 
(c) 4.88 X 10*Ib (d) 3.03 X 10° Ib 


19.4148 1b) 21.330; 22 231081421491) 25. (4,5) 
1 +1 
21. (4.4 ) ens.) 
aTy2—-—4 1 Bl 
~ 2, >_> eas 
a ir) 
35. 60; 160;(8,1) 37. (-3,-%) 41. (0,5) 45. sr 


EXERCISES 8.4 = PAGE 566 


1. $21,104 3. $140,000; $60,000 
7. $12,000 9. 3727; 937,753 


11. 2(16./2 — 8) ~ $9.75 million 13. 
17. 6.60 L/min 


5. $407.25 


(1 os. k)(b? * = Ge) 
(2 a ky(b'* =: a) 
19. 5.77 L/min 


15-119 x 100° cm/s 
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EXERCISES 8.5 = PAGE 573 


1. (a) The probability that a randomly chosen tire will have a 
lifetime between 30,000 and 40,000 miles 

(b) The probability that a randomly chosen tire will have a 
lifetime of at least 25,000 miles 

3, (a) f(x) = O for all x and [*, f(x) dx =1. (b) # 

5. (a) 1/a = (b) 5 

7. (a) f(x) = 0 for all x and {*, f(x) dx =1 (b) 5 

11. (a) e475 = 0.20 (b) 1-—e??5=0.55 (Cc) If you 
aren’t served within 10 minutes, you get a free hamburger. 


13. ~44% 15. (a) 0.0668 (b) ~5.21% 17. ~0.9545 
19. (b) 03a. = (c) 1x10" 
es 4x10" 


(d) 1 — 41e* ~ 0.986 (e) $a 


CHAPTER 8 REVIEW ® PAGE 575 


Exercises 

11.2 #3 @2 () Hr 

5, 3.8202 7.7% 9, =458lb 11. (2,1) 
13. (252) 915,027? 17) $7166.67 

19. (a) f(x) = 0 for all x and |”, f(x) dx = 1 

(b) ~0.3455 (Cc) 5, yes 
21. (a) 1 —e ® = 031 
(c) 8ln2 ~ 5.55 min 


(b) 6° =0229 


PROBLEMS PLUS ® PAGE 577 

1. 3a — 33 

3. (a) 2ar(r+d) (b) ~3.36 X 10° mi” 

(d) ~7.84 x 107 mi? 

5. (a) P(z) = Po + g {5 p(x) dx 

(b) (Po — pogH)(mr*) + pogHel™ "ev!" + 24/7? — x? dx 


7. Height /2 b, volume (3 V6 — 2)ab>_—-9.: 0.14 m 
11. 2/a,1/4r 13. (0, -1) 
CHAPTER 9 


EXERCISES 9.1 = PAGE 584 


3. (a) 3, -1 5. (d) 

7. (a) It must be either 0 or decreasing 

© y=0 @.y= 1 +2) 

9. (a) O0< P< 4200 (b) P > 4200 

(c) P=0, P = 4200 

eG) ile ble (co) LY = aI 

15. (a) At the beginning; stays positive, but decreases 
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A98 


Sw 
PeSS ise = ®) 


P----y 


SSS 


= 


———— 
a 
a 
a ey 


ler a= | 


a here ill 


N 
oO 
for 
| 
a 
S 
N 
| 
ll 
‘S) 
<== | 7 HS 
== 7 Ay 
==—=~ i747 
—-=~I177/7/ 
CON > sellin 
izes Acer 
Sumter et 
(esse 
<a at 
aA + \! 
~ 
= 
| 
S = Ss 
Q Qa 
— 
9 
am 


= 


EXERCISES 9.2 = PAGE 592 


1. (a) 


Underestimates 


19. (a) (i) 1.4 (ii) 1.44 (iii) 1.4641 


(b) 


aN | 7 ae 
BSN eee 


foro 


=~ 
Ss 


EB 


feee---7) 


---7/\1\N\~~~~eNN 
a--77 | \N~SSNN 


—---7 | S\N 


———- 


IV 


5. 


3. Il 


(iii) 0.0277 


It appears that the error is also halved (approximately). 


(c) (i) 0.0918 (ii) 0.0518 


23. 1.7616 


7) (@) @) 3 Cd) ZIEWS Cay ZS 


=i =a Oe, I 


21. 


(iv) 2.3681 


(iv) —0.0002 


It appears that the error is also divided by 10 (approximately). 


27. (a), (d) 


(ii) —0.0249 ii) —0.0022 


(©) @) =Oge7! 


(b) 3 


(c) Yes; OQ = 3 


3. y = ¥3x.+ 3Injx| + K 


yA 


EXERCISES 9.3 = PAGE 600 


us 


at 


ete 


att 


iy 
NAVAL Sv} 


+ 


NE Se VE Wh 


13. 


LT — NOR 


y 
Hine 3: 


f= Sais ee ath 


) hk Te YA ee SSN 
Ih th DDE OTS NIN a 


I Vee SN. 


1 
4 


+ 


5 


1 


2! 


5 


2x" 


== (ORY 


x eC 


2 


15. 


t? + tant + 25 


13. u = — 


x2+ 9 


fr) 
= 


eye 
3 SING a 


19. y=e*!? 


17. y 


7A 3 IK 5p I 
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23. (a) sin'y =x? + C 43. (a) C(t) = (Co — r/ke™ + r/k 
(b) y = sin(x”), -V/7/2 <x < J7/2 (c) No (b) r/k; the concentration approaches r/k regardless of the 
1 value of Co 
45. (a) 15Se/'™ kg (-b) 15e-°? = 12.3 kg 
47. About 4.9% 49. g/k 
51. (a) Li: = KL;* (b) B= KV°"™ 
CevMt _ 
63. (a) dA/dt=kVA(M—A) (b) AQ) =M|—>=,—— ], 
-\7/2 V2/2 Cex | 
0 RA 
One Stee SI : where C = Sire and Ap = A(0) 


EXERCISES 9.4 = PAGE 613 


1. (a) 100;0.05  (b) Where P is close to 0 or 100; 
on the line P = 50; 0 < Py < 100; Po > 100 


27. (a) 


Solutions approach 100; some increase and some decrease, some 
have an inflection point but others don’t; solutions with P, = 20 

and P, = 40 have inflection points at P = 50 

(d) P = 0, P = 100; other solutions move away from P = 0 and 
toward P = 100 


ae 3. (a) 3.23 X 107kg (b)_ ~1.55 years 

5. 9000 

7. (a) dP/dt = x3P(1 — P/100), P in billions 

(b) 5.49 billion —(c) In billions: 7.81, 27.72 

(d) In billions: 5.48, 7.61, 22.41 

Yo 

= ky(1 - b) y= 

9. (a) dy/dt=ky1-—y) (b) y SEE (noe 

(c) 3:36 PM 
31a CO 13. P(t) = 1578.3(1.0933)' + 94,000; 

32,658.5 
= ————_ + 94,000 
UN Pu) = F919. 75@ 01068 
SY Oi xy=k 
i — ; 130,000 
P 
(in thousands) 
—4 

Byaiter? 35 y= (5x? + 2) 50,000 
3, OMi=8— 3c 33 39. P(t) =M — Me“; M 1960 eae 2000 


A 
M1. (a) x=a-— (ia + 2/Jay 4 


5) i [p Ee 15. (a) P(t) = = + (> = a (b) m < kPy 
yh cw ed SG | eae a J a 
Coy AAD (1 (A) aE V OAD (c) m=kPo,m>kPo  (d) Declining 


A100 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 


17. (a) Fish are caught at a rate of 15 per week. 

(b) See part (d). (c) P = 250, P = 750 

(d) 0. SP) = 250:eie 0; 
Py = 250: P — 250; 
Py ae250; RES i50 


250 — 750ke'/° 900 


(OEE) Se reve ys 
where k = 77, —i 
0 120 
t 
19. (b) Oma ne 00: P => 0: 


Po = 200: P — 200; 
Po > 200: P — 1000 


m(M = Po) ats M(Po = m)e mk ye 
M-— Po + (Po os mye M—mkim yt 


(Po = 


21. (a) P(t) = Pye */Mlsint— 4) + sin é] (bh) Does not exist 


EXERCISES 9.5 = PAGE 620 


1. Yes 3. No 
Tey eens 


Ly y= Isr (2 
9. y = 3x + C/x 


| sin(x?) dx + C t? + 2t + 2C 

y= eee 1S ee 
sin x Qiao) 

i 1 3 
(Le) ies A WA ci 

x Xx x 
19 ye COS ee 

= “2 aE 

21. et eee Wt G 


a 


27. (a) I) =4—4e* (b) 4-467 = 157A 
29. Q(t) = 3(1 — e “), I(t) = 12e*" 


31. P(t) =M + Ce* P(t)A 


P(O) 


> 
4 t 


33. y = 2(100 + 2#) — 40,000(100 + 21)~*?; 0.2275 kg/L 
35. (b) mg/c — (c) (mg/c)[t + (m/c)e!" ] — m’q/c* 


M 
SO) ees aces 


EXERCISES 9.6 = PAGE 627 


1. (a) x = predators, y = prey; growth is restricted only by 
predators, which feed only on prey. 

(b) x = prey, y = predators; growth is restricted by carrying 
capacity and by predators, which feed only on prey. 

3. (a) Competition 

(b) (i) x = 0, y = 0: zero populations 

(ii) x = 0, y = 400: In the absence of an x-population, the 
y-population stabilizes at 400. 

(iii) x = 125, y = 0: In the absence of a y-population, the 
x-population stabilizes at 125. 

(iv) x = 50, y = 300: Both populations are stable. 

5. (a) The rabbit population starts at about 300, increases to 2400, 
then decreases back to 300. The fox population starts at 100, 
decreases to about 20, increases to about 315, decreases to 100, 
and the cycle starts again. 


(b) RA AF 
2500 + 


7. Species 24 

200 + bee 

150+ 

100 + t=1 

50+ 

t=0,5 
0 pa - ++» 
50 100 150 200 250 Species 1 


11. (a) Population stabilizes at 5000. 

(b) G) W= 0, R = 0: Zero populations 

(ii) W = 0, R = 5000: In the absence of wolves, the rabbit 
population is always 5000. 

(iii) W = 64, R = 1000: Both populations are stable. 


(c) The populations stabilize at 1000 rabbits and 64 wolves. 


(d) RA AW 
15004 /\ ie 
f + 60 
1000 +/ 
} + 40 
500 ai ab 20 
0 7 


CHAPTER 9 REVIEW ® PAGE 629 
True-False Quiz 


1. True 3. False 5. True 7. True 


Exercises 


Up ©) 


I\\ss>- 


SSS eS SS SS 
ees 


SS SS SSS SS SS 


Wi 


ee ee 


Be ee Ee ee es ee ee 


(i) 0 t "f 
(b) OSc<=4;y=0,y=2,y=4 
3. (a) yA y(0.3) = 0.8 
I ee eee 
—3 —-2 -1 0 1 2) 3x 
(b) 0.75676 
(c) y= x and y = —x; there is a loc max or loc min 
5. y=(x2+ Ce™ 
Toy =) ey Ine? °C) 
9. r(t) = Se" WW. y =5x(In x)? + 2x 13, x=C-3y 
2000 2 
= — —_,;, ~560 b) ¢= —10 Ing = 33.5 
15. (a) P(t) Teles! (b) 37 


17. (a) L(t) =L, — (Lo — LOJe" (b) L) = 53 — Axop ott 


19. 15 days 1. kinh+h=(-R/V)t+C 


23. (a) Stabilizes at 200,000 

(b) (i) x = 0, y = 0: Zero populations 

(ii) x = 200,000, y = 0: In the absence of birds, the insect 
population is always 200,000. 

(iii) x = 25,000, y = 175: Both populations are stable. 

(c) The populations stabilize at 25,000 insects and 175 birds. 
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(d) XA (insects) 
45,000 #\» 


(birds) A y 


35,000 +} \ 
25,000 + | 
insects 

15,000 + 100 


5,000 + 
0 


25. (a) y = (1/k) cosh kx + a — 1/k or 
y = (1/k) cosh kx — (1/k) coshkb + h_ (b) (2/k) sinh kb 


PROBLEMS PLUS ® PAGE 633 
1. f(x) = =10e* 5, y =x" 7. 20°C 


2 ae 2 
9. (b) f(x) =— = = sun( =) (c) No 


11. (a) 9.8h = (b) 31,9007 ft?; 200077 ft’/h 
(@) Soll in 
13, x? + (y — 6)? = 25 


15. y= K/x, K#0 


CHAPTER 10 


EXERCISES 10.1 = PAGE 641 


1. 
> 
5. (a) yA aes (b) y= ax -G 
7. (a) yA (b) x= —-(y + 2/ +1, 
(-3, 0) Vis REA) 
t=2 
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9. (a) ya (b) y=1—x7, x20 


(0,1) r=0 


(1,0) t=1 


(2,-3) t=4 


11. (a) x? + y? =1,y20 (b) 


13. (a) y=1/x4y>1 (b) 


(1,1) 


15. (a) y=4Inx + 1 


17. (a) YW —~-x?=1,y21 
(b) YA 


19. Moves counterclockwise along the circle 

(x — 3)? + (y — 1)? = 4 from (3, 3) to (3, —1) 

21. Moves 3 times clockwise around the ellipse 

(x7/25) + (7/4) = 1, starting and ending at (0, —2) 

23. It is contained in the rectangle described by 1 < x < 4 
and2 =y <3. 

25. YA 27. 


29. a 


iT 


31) (b= 2 ty — 7 80 
33. (a) x=2cost,y=1—-—2snt4,0StsS 27 
(b) x =2cost,yy=1+2snt4,0sts67 
(c) x=2cost,y=1+2sint, n/2 St = 37/2 
37. The curve y = x”? is generated in (a). In (b), only the portion 
with x = 0 is generated, and in (c) we get only the portion with 
xe => 0). 
M1. x =acos 6, y = b sin 0; (x*/a”) + (y?/b’) = 1, ellipse 
43. y 
2a 


45. (a) Two points of intersection 


(b) One collision point at (—3, 0) when t = 37/2 

(c) There are still two intersection points, but no collision point. 
47. For c = 0, there is a cusp; for c > 0, there is a loop whose size 
increases as c increases. 


49. The curves roughly follow the line y = x, and they start having 
loops when a is between 1.4 and 1.6 (more precisely, when 
Gan) ). The loops increase in size as a increases. 

51. As n increases, the number of oscillations increases; 

a and b determine the width and height. 


EXERCISES 10.2 = PAGE 651 


Di ae Al 


’ tcost+ sint 
ih WE 2s se 


3. y=-3x+7 5. y= axt wr? 
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9. y = 5x 20 57. [7 2at cost Jt? + 1 dt ~ 4.7394 

59. i Qa(t? + le'fe%(t + 1)°(t? + 2t + 2) dt ~ 103.5999 
ms (247-/13 + 64) 63. $ ara? 
. 27(949./26+1) 71.4 


EXERCISES 10.3 ™ PAGE 662 
2ihetd l 1. (a) 


2 BI 


—2t —3; 3 = b 
11. 5 5 es 13. e (1 — t), e *(2t — 3), t>3 0.2) (b) 
15. —} tan t, —j sec*r, 1/2 <t < 32/2 x : 
17. Horizontal at (0, —3), vertical at (+2, —2) 0 = AZ i. 
19. Horizontal at (;, —1) and (—5, 1), no vertical (7) acy 
zt Oe 2)-(5-6 9,68) 
23. y=xy=-x 
wh Z (2, Wan), (=2, af 3) (1, 57/4), (—1, 7/4) 
(c) 
Bes ; = j 
F O 
eee) 
*s (1) 32r/2), (— 1) Sar/2) 
27. (a) dsin 0/(r — dcos 6) _ 29. (35, 2), (—2, —4) 3. (@) ‘S 
31. mab 038. 3 -—e 3=— 38. 2a? + rd? , 
TaN yi Qeeeer adres 3.1416 s 
39. (*" /5 — 4 cost dt ~ 26.7298 41. 4,/2 — 2 un 4 —— io = 
43, 5/2 + $in(1 + V2) a 
45. ve (4 = 1) 8 (2,-22) 
(—1, 0) (ie v3) 
(c) 
he 
2 
25 0 pie) on > 
47. 16.7102 1.4 Bo 
a) 
V (/2, -v2) 
2.1 ei 2. 5. (a) (i) (2V2,77/4) Gi) (-2V2, 37/4) 
[ee SN ie (i) (2,27/3)" Gi). (— 2, 5ar/ 3) 


AI RGID 053M SIRO N22 
55. (a) 15 t € [0, 47] 


(b) 294 
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d@s=s0=> 23. (—~, «), r’(f) = (24, 1) 
25. [4, »), x(t) = (24, 1/(2Vt — 4)) 


45. (a), (b) 


i 27. (1/y10,3/V10) 23. (3/73, 2/73) 
‘ 31. (a), (c) ry () ¥'(t) = (1, 24) 
(=3;2) 
47. A circle with radius 1, centered at (%o, yo) 
EXERCISES 10.4 ™ PAGE 667 of x 
1 [t,5) 3.4.00) ~—«S. 21+ 3j 
uf 33. (a), (c) (b) v(t) = cos ti — 2sintj 
11. 35. (a), (c) y (b) r’'() = 2e7 i + ej 
r'(0) 
(1, 1) 
r(0) 
3 0 x 


37. (a)5i-3j (b)x=6+5ty=1-—44140 

> a 5 aie a NG Nua 4 5 
eh ee ip 39.41 —3 5 Mo2istGnr—-p+tC) Beri Bi 
(b)x=1-34y=3+44¢ 
15. (a) r(z) = (4, —1) + t(—6, 6) 
(b)x = 4 — 64, y= —-1 + 6t 
17. (a) r(t) = (—4, 5) + t(—2, 6) 1. (a), (b) 
(bt)x=-4-2,y=5+6r (c)y=-3x-7 
19. (a) (8,6) (b)t=3 (c)No (d)x=y?-6y+8 
21. (a) (b), (d) 


EXERCISES 10.5 # PAGE 672 


r(4.2) — r(4) 
0.2 


r(4.5) — r(4) 
0.5 


3. Ubi 4 jy 13871215 
5. v(t) = (-1, 1) 


a(t) = (—1, 0) 
LED. In) |= Ve +1 
0 1 x 
yee At it) 14) _ (4) 
(OM) ea LA) @)] 


7. v(t) = —3 sinti+t 2 cos tj 
a(t) = —3 costi — 2 sintj 


| v(t)| = V5 sin2t + 4 


9. (a) 10i — 2j (b) 104 ft/s 

11. v(t) ~ (—27,030 sin 3.56t, 27,030 cos 3.56f), 
| v| ~ 27,030 km/h, 

a(t) ~ (—96,131 cos 3.56t, —96,131 sin 3.56r) 


13. v(t) = i+ Qt — 1j, rd) =ti+ @ — dj 
15. (a)r(t) = (2? +¢+ 1Di+ ($A -—714+ Lj 
(b) 


17. F(t) = 6mti + 2mj 


19. (a) ~3535m (b) ~1531m_  (c) 200m/s 

21. 30 m/s Ve) ZAG, IES 

25. (a) 16m (b) ~23.6° upstream 
0 

0 40 

=4 12 


EXERCISES 10.6 = PAGE 681 
(b) 


bea @.3) 
As 0 
2 . 


(2, 77/3), (—2, 47/3) 
(c) 


(1, 39r/2), (—1, 54/2) 


3m 
4 


(1, 57/4), (—1, 77/4) 
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3. (a) (b) 
l,a “ 
bal 2 iu 
(2,22) 
(—1, 0) i=) 
(c) 


(2, =4/2) 
5. (a) (i) (2./2, 77/4) 
(b) i) (2, 27/3) 


(ii) (—2-V2, 37/4) 
(ii) (—2, 57/3) 


TER OR 


15. Circle, center O, radius AES 


17. Circle, center (1, 0), radius 1 
19. Hyperbola, center O, foci on x-axis 


21. r= 2csc@ 
25. r = 2c cos @ 
29. 


(a), P= lif(Gind = 3 cos) 
27. (a) 0=7/6  (b) x =3 
31. 


(4, 0) 
> 


A105 
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33. 35. 


37. 39. 


73. By counterclockwise rotation through angle 7/6, 7/3, 


41. 43. (3, 7/6) or a about the origin 
3, 7/4 : : fi . 
gai 75. For c = 0, the curve is a circle. As c increases, the left side gets 
< flatter, then has a dimple for 0.5 < c < 1, a cusp forc = 1, anda 
c > loop for c > 1. 


EXERCISES 10.7 = PAGE 687 


1.@ = er 3. 3 Ly bay 1. oa 
45. 9. 7 (2, #2) 1. lla 
(3, 77/2) 
(1, 77) 
r=2sin0 
0 = (3, 37/2) 
13. 3a 3 
49 51. 
4 4 
| 
(2,0) (6,0) 
= 
15. sat 1.4 
53. (a) For c < —1, the inner loop begins at 6 = sin '(—1/c) and 
ends at 6 = m7 — sin"'(—I/c); for c > 1, it begins at ES 
6 = m + sin“'(1/c) and ends at 9 = 24 — sin“(1/c). ‘ ay 
55. /3 57-7 59.1 
61. Horizontal at (3/,/2, 77/4), (—3/,/2, 37/4); =A 
vertical at (3, 0), (0, 7/2) 
: 3 3 ; 
63. Horizontal at ( 1/3), : 7) [the pole], and G, 51/3); 17. $a 19. ia 21. 7 — 3/3 23. 57 + 34/3 
vertical at (2, 0), (5, 27/3), (4, 47/3) 3.4/3 -j0 2.0 WAa-iy3 3ia-1 


65. Center (b/2, a/2), radius Ja? + b2/2 331-372 35. Ha + 3/3) 


37. (3, 77/6), (3, 57/6), and the pole 

39. (1, 6) where 0 = 7/12, 57/12, 1327/12, 1727/12 

and (—1, 0) where @ = 77/12, 117/12, 192/12, 2377/12 
41. (5/3, 2/3), (5-V3, 2277/3), and the pole 

43. Intersection at 0 ~ 0.89, 2.25; area ~ 3.46 


45. 2a 47. 3[(? + 1)°? — 1] 
49. = | 
0.75 1.25 
=I 
51. 2.4221 53. 8.0091 


55. (b) 2n(2 — V2) 


EXERCISES 10.8 ® PAGE 695 
1. (0, 0), (0, 3), y = —3 


yA 
6+ 


ie aaa ew Tet oe) I 


yA 


Saree 


Viel 


> 
x 


9. x = —y?, focus (—}, 0), directrix x = ; 


11. (0, +2), (0, +V2) 13. (+3, 0), (+2,/2, 0) 
A y 
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A107 


15. (1, +3), (1, +5) 17. 5+ 7 =, foci (0, +5) 


21. (+10, 0); (#104/2, 0), y = =x vA ia 


23.0 (42) 2s 


(3275, —2); 


Wietal a2 (C two) 


(10/2, 0) 


— 


aa): 


25. Parabola, (0, —1), (0, —;) 
27. Ellipse, (+/2, 1), (+1, 1) 
29. Hyperbola, (0, 1), (0, —3); (0, -1 + V5) 


31k, 4 ey et) 


Kon ys eG ace 
ae 
3]. 25 Ph 2 16 
(x+1)? . (y-4) aie! & 
he =1 @—--—= 
wt 12 16 9 16 
(y= 1)? —G@a 3) Xe 
=1 4—-== 
= 25 39 9 3 
x? y? 
49 


lL - tr 
3,763,600 


: = | 
3,753,196 


35. y — 3 = 2(x — 2) 
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121x? 121y? 17. (a) 2, y = -3 


51. SSS SS =] b) ~248 mi 
(@) 7500,625 3,339,375 (b) nn 
55. (a) Ellipse (b) Hyperbola  (c) No curve 
59. 15.9 
61 Ap n( is ) whore et = a! + 5° 
a @ 
63. (0, 4/7) 
1 
EXERCISES 10.9 = PAGE 703 Ao a eer en oe 
ONS TTR a) : 2 
4 6 
= 3.2 
DETICOS ¢ 2 oO sine 
8 4 
Se pS —2 
= Shan) Ds (COS (0) 
9. (a) = (b) Ellipse (c) y= —1 
(d) a 


(4, 7/2) 


19. The ellipse is nearly circular 
when e is close to 0 and becomes 
more elongated as e — 1 . At 

e = |, the curve becomes a 
parabola. 


11. (a) 1 (b) Parabola (Cc) y = i 5 += DX OF 
(d) 1 + 0.093 cos @ 
27. 35.64 AU 29. 7.0 X 10’ km 31. 3.6 X 10° km 


CHAPTER 10 REVIEW ® PAGE 704 


True-False Quiz 
1. False 3. False 5. False 7. True 9. True 


11. True 
13. (a) ;  (b) Ellipse (c) x=3 Exercises 
(d) 12) 1.x=y? — 8y+ 12 3. y= 1/x 
. Z YA yh 
(2-3) (0,6), 7=—4 
(G7) (po) | 
(5, 1), 0 x 
G27 I * 
_ 
15. (a) 2. (b) Hyperbola. (c) x = -? Se ya tt Ot ye a 
(a) ; x=tan’t,y=tantz,0<1<% 
1) (420) (b) (3-V2, 37/4), 
i (—3,2, 77/4) 


27 
Ne 
O —e 


(2724/3) 


23. (a)5  (b) (2,-$) © (-9,25) @s=n,t=5 
1+ sint 1+ cost+ sint 

250 27. ly 29. ; - 
1+ cost (1 + cos ft) 

31, (a) (—1,0) U ©,~), (b) (1,0) 


(ee it = @ ae Il 1 
Os z t+] 


33, (a), (C) yA 


r(a)=C40) | Ye(2)= 0-2) 


(b) (2 cos 2t, —2 sin 2t), (—4 sin 2t, —4 cos 2t) 


35. L(t) = (2 Fn), re oe); 


2) 8 


Cee, 
37ogi —-(2/7°)j 


39. v(t) = [322 + (6/V10)¢ + tit [-2° 


— (2//10)t + 2); 
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41. Vertical tangent at yA 


(3a/2, +./3 a/2), (—3a, 0); » 


horizontal tangent at 
(a, 0), (—a/2, +3,/3 a/2) (—3a, 0) (a, 0) 


43.18 45. (2,+7/3) 41. (7-1/2 49. 2(5,/5 — 1) 

2Jm2+1—./47? +1 [PE et + Jan? +1 +) 
 . —— SS 

2a; Tita iol 

53. 471,295 7/1024 
55. All curves have the vertical asymptote x = 1. For c < —1, the 
curve bulges to the right. Atc = —1, the curve is the line x = 1. 
For —1 <c < 0, it bulges to the left. At c = O there is a cusp at 
(0, 0). For c > 0, there is a loop. 


57. (1,0), (23, 0) 59. (— 3, 3), (—1, 3) 


Pg 


61. x2=8(y—4) 63. Sx? — 20y? = 36 

65. (x7/25) + ((8y — 399)?/160,801) = 1 

67. r= 4/G + cos 8) 

69. x = a(cot 6 + sin @cos 6), y = a(1 + sin’@) 


PROBLEMS PLUS ® PAGE 708 

1. (a) v = @R(-sin wtit+ cos tj) (c)a=—or 
3. (a) 90°, 06/(2g) 5. In(7/2) 

7. [-3¥3, 3V3] x [-1, 2] 

9. (a) At (0, 0) and (3, 3) 

(b) Horizontal tangents at (0, 0) ap (dee */4); 

vertical tangents at (0, 0) and Se a 

(d) m 


a 


#Y 


CHAPTER 11 


EXERCISES 11.1 = PAGE 722 


Abbreviations: C, convergent; D, divergent 
1. (a) A sequence is an ordered list of numbers. It can also be 
defined as a function whose domain is the set of positive integers. 


(b) The terms a, approach 8 as n becomes large. 
(c) The terms a, become large as n becomes large. 


A110 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 

3. 1 4 : eee 5 - G me = Gs as 7 : a a reget 

951, 2.7320 lst om 11. 2,4,5,5,5. 213 a, il) 1) 
2\n-1 A n? 

15. a, = —3(—3) Wh, Ge, = (Hil) a aak 


19. 0.4286, 0.4615, 0.4737, 0.4800, 0.4839, 0.4865, 0.4884, 
0.4898, 0.4909, 0.4918; yes; 5 
21. 0.5000, 1.2500, 0.8750, 1.0625, 0.9688, 1.0156, 0.9922, 
1.0039, 0.9980, 1.0010; yes; 1 


73 Suh 5 0S ake 27 eel 294 ee a1 AL iae 33. 0 
35,01) eno Omens 30:00 ee At (eee AS een 5a 
AT ee 49 elite 5 ait) 2a ee Sel) 
57 ie Soup OT. 1) 9 638.0 


65. (a) 1060, 1123.60, 1191.02, 1262.48, 1338.23 
67. (a) P, = 1.08P,-1 — 300 =(b) 5734 
(hep << Il 

71. Convergent by the Monotonic Sequence Theorem; 5 S L < 8 
73. Decreasing; yes 75. Not monotonic; no 

77. Decreasing; yes 
79.2 81. 3(3 + 5) 
85. (a) 0 (b) 9, 11 


(b) D 


83. (b) 3(1 + 5) 


EXERCISES 11.2 = PAGE 733 


1. (a) A sequence is an ordered list of numbers whereas a series is 
the sum of a list of numbers. 

(b) A series is convergent if the sequence of partial sums is a con- 
vergent sequence. A series is divergent if it is not convergent. 

a}, 2 

By Us WUZS), WIKOyAO, N/T, Ioteer7F, GWE), eB. hss CE 


7. 0.5, 1.3284, 2.4265, 3.7598, 5.3049, 7.0443, 8.9644, 11.0540; D 


9. —2.40000, — 1.92000, I 
—2.01600, — 1.99680, 
—2.00064, — 1.99987, 
—2.00003, —1.99999, 
—2.00000, —2.00000; 
convergent, sum = —2 


11. 0.44721, 1.15432, 10 

1.98637, 2.88080, 

3.80927, 4.75796, 

5.71948, 6.68962, 

7.66581, 8.64639; {s,} ° 
divergent : 


13. 0.29289, 0.42265, 1 
0.50000, 0.55279, 
0.59175, 0.62204, 
0.64645, 0.66667, 
0.68377, 0.69849; 
convergent, sum = | 


17. D 
2961) ame 31. 
Mefle—1) 3 4.7 


(b) D 
27. D 


15. (a) C 
25. D 
37. D 39. D 
AS'T(b) Le ORZ: 
decimal representation, except 0. 


51.5 053. S55. 5063/3300 
1 i Sue 
oe 59. —1 <x <5;——— 
eS ESTEE Ty 4 5x 
Ae Sie (mh je Op : 
39 = 2 il = @* 


65. | 67. a, = 0, a, = forn > 1, sum = 1 


n(n + 1) 

69. (a) 157.875 mg; “We(1 — 0.05") 

(il = e°) 
1 = 


(b) 157.895 mg 


71. (a)ase— (b)5  ~—-73. 3(./3 — 1) 


i 
ih > 79. The series is divergent. 


n(n + 1) 
85. {s,} is bounded and increasing. 


Le-2.0 1 <2 aes 
87. (a) 0,5,5,3,3) 5.9 | 


89. (a) 3, 6) 24> 1203 (c) 1 


(n + 1)! 


EXERCISES 11.3 # PAGE 742 


Ce ee 

0 
2°D) 5. C7 De 9) Cee TIC 13 
1I5kGage 17. C19. Cc 21th acm ete 


27. fis neither positive nor decreasing. 

7a yin ll ih, jo =i 33. (1, ~) 

35. (a) pat = (b) Hr - 2 

37. (a) 1.54977, error < 0.1 =(b) 1.64522, error < 0.005 
(c) 1.64522 compared to 1.64493 (d) n > 1000 

39. 0.00145 45. b < l/e 


EXERCISES 11.4 = PAGE 748 


1. (a) Nothing (b) C JG a, 1D) 7h 9. D 
11. C iby C ik}, 1B) iW 1B) 19. D 7A AC 
236 25. D Zine 7a), C Sh, 1D) 

33. 1.249, error < 0.1 35. 0.0739, error < 6.4 X 1078 

45. Yes 


EXERCISES 11.5 = PAGE 753 


1. (a) A series whose terms are alternately positive and 


negative (b) 0<5b,,,; <b, and lim, _,,, b, = 0, 
where-b, =!)4, || 9. (c)<|R, l= bag 
35D pe iF )B) I2G Le 13. D 15. 


47.e-—1 
(d) All rational numbers with a terminating 


We € 19. D 74\, AO). a 0)7/ 23. 5 25. 4 
27. —0.4597 239. 0.0676 31. An underestimate 
33. p is not a negative integer 35. {b,,} is not decreasing 


EXERCISES 11.6 = PAGE 759 


Abbreviations: AC, absolutely convergent; 
CC, conditionally convergent 


1. (a) D- (b) C_ (c) May converge or diverge 

oe Gem 5. Game) WAC 9D) 6 11 AC 13. AC 

Tn eACeII RCC. 192 AC™ .21MAGGAG 23.4Di) 09257 AC 
UNC) Peis) LP aap ecko Xe 

35. (a) and (d) 

39. (a) St ~ 0.68854, error < 0.00521 

(b) n = 11, 0.693109 

Se oa 


n=2 nin No n= 


EXERCISES 11.7 = PAGE 762 


se 3. D a} 7.D u), € ie 

iB (C 15. C wh C ith € 21. D 23. D 
(diy, (C “af, C 7a), (C 31. D 

se} 35. D 29h (C 


EXERCISES 11.8 = PAGE 767 


1. A series of the form Di=0 c,(x — 
and a and the c,’s are constants 


a)", where x is a variable 


ae (-1.1)) 5..1,{—1,,1) 
Waco ey $2, (2 2) 111. |= 2 
13, 4,(-4,4] 15 1,[1,3]  17.4,[-¥%, -4) 
19. 0,(—0,0) 2.b,(a—bat+b) 23.0,{3} 
25, 1,[2,1] 27. «,(—o, 0) 29. (a) Yes (b) No 
31. k* 33. No 
35. (a) (—™, &) 
(b), (c) 2 Sq Sq Sq 
So 5; $3 Ss 
37, ( = Df) — (1 4 2x)/1 2) Aa? 
EXERCISES 11.9 # PAGE 773 
Ome. Me Lene) 520 oa a eho). 
n=0 n=0 
tt (3 aye 91 2-3 x, (EI, 1) 
j 2 ( "ona ral | ) 2 


41: > [cor ~ aif —1,1) 


APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 


13. (a) y (—1)"(n + 1)x",R=1 


n=0 


(b) = > (-1)"(n + 2)(n + 1)x",R=1 


n=(0, 


(oe) 


(c) 1 ¥ (-1)'n(n — 1)x",R = 1 


oo n 


15 cin Ss 


= k=5 
=] ios 


1.) Ge la Ry 
n=0 


19. >, (n+ 1)x7,R=1 


n=0 


ntl R = 4 


21. =) = 
Jorge 


oo Ix 2nt+1 
=] 
a ie 2n+1’ 
2} 
oe 8n+2 
Sle ,R=1 
os : » 8n ae a 
n+3 
np (Oar Dye Rew 

SNe » ( n(n + 3) 
29. 0.199989 31. 0.000983 33. 0.19740 
35. (b) 0.920 eC calla Ul ala tk (al legs 


EXERCISES 11.10 = PAGE 787 
1. b, =f®G6)/8! 3. > (n+ Ix", R=1 


n=0 


5 > w+ ix", R=1 


7 antl 
—]| n en — love) 
12M Gra Dy 
oo (In Dye 00 2n+1 _ 
——— x" = 11. ————— ,R=% 
a 2 Ape wa » Gn + 1)! 
(&}, il = A(ve— 1) ae Hee — 1)? + 4(x - 1° + (x - 1), 


A111 


= 0 


A112 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 


< 1 x ort? 
=x. 17a Np aa Sires 2 "R=2 f ae —])" R= 
15. In2+ 2 (—1) sof (x — 2)", 47. C x ) PED Gal 
= Diep -) 1 
17. >; (x = Bie R= . a = ie om R=0c 
Sa EC aN erry 
19 y (-1)"! (x — 7)",R = 51. 0.0059 53. 0.40102 55.3 57. ia 
b ' > 4 
San icy S08 Oe 59, 1—2x2+3x* GL +x? +ayx4 3. e* 
CUS pins 2) SAR a RN em API 65. In& 67. W/2.0, .69..€% 01 
= ar ING ae 2) 
7. > (-1y Ie ae x".R=2 EXERCISES 11.11 ™ PAGE 796 
n=0 
z mnt 1. (a) Ty(x) = 1 = T, (x), Tox) = 1 — 2x7 = T(x), 
ape 2nt+l p — 
Bee NGM. onarriy§ ued sane T(x) = 1 — 3x? + ket = T4(x), 
5S Sere RO Ney rg ee 
] n=0 n! ; 
geeks 2 
¥ 4 
1)" oie Re ——AGo T,) =T, 
8. 2 CU Saal * 


1 eg walh-13): St: > Qn =I) M \ ai al 
so re y. 2 vey ni 2e"*! a5 ‘ R=2 ay ey, Y/ 27 
2n—1 
R= 


= 2 
a7) == jl nt+1 2n 5) 
2 ot * 
= 1 if, 2 i=l 
39. ie x", R= 
ey Higa () agar 
: x i To = T, Tr ‘— T; Ts .@ Ts Ts 
7 0.7071 I 0.6916 | 0.7074 0.7071 
T 
y 0 1 —0.2337 | 0.0200 —0.0009 
7 = 1 —3,9348 | 0.1239 Slee 
(c) As n increases, T,(x) is a good approximation to f(x) ona 
larger and larger interval. 
3.5 —4(x — 2) + #(x — 2)? - 4x — 2) 
oo (—1)""! 2 
41. 50 BIR SS Bo 
2u-p* 
0 4 
1 3 
be S(t) a 
2 6 2 
sa 
43. 0.99619 
ai. ilo Bho 5) 6 ome. (yA 
45. (a) 1+ > ural i a 
a= 2"n! 
iS Sho 8 ee OrA 
(b) x+ ¥ as a) gee oe 


n=1 (2n + 1)2"n! 


9. x — 2x7 + 2x? 


TES —4 


117 s(x) == a ~ 2) + a — 2) = Sf. = =) 


13. (a) 2+ 4(x — 4) — a(x — 4) 
15. (a) 1 + 2(x — 1) —4(x — 1)? + aG@ — 1)? 


(6), 15625. 10 
(b) 0.000097 


17. (a) 1 + 4x? = (b) 0.0014 

19. (a) 1 +x? (b) 0.00006 ~— 21. (a) x? — gx* = (b) 0.042 
fa), OWS AA owe rah MB <a < vey 

29. —0.86 < x < 0.86 31. 21 m, no 

37. (c) They differ by about 8 X 10° km. 

CHAPTER 11 REVIEW # PAGE 800 

True-False Quiz 

1. False 3. True 5. False 7. False 9. False 
11. True 13. True 15. False 17. True 

19. True 21. True 

Exercises 

(eee gees Ueeeecmeetes (11.0 913. C 
15. D 17. C 19. C 7ah, KC 7}, (CLC 25. AC 
7,4 2. 7/4= 231. e° —-36. 0.9721 


APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 


37. 0.18976224, error < 6.4 X 10°’ 
41. 4, [—-6, 2) AZM i225 350) 


1 & 1 a 2n M3 Pe 2n+1 
Gale (ay a2 
7 XY ee (: z) oF ince)! ( =) 


49 ind = R= 4 


= aie: 
51. > re, Rises 
53. >t 5 Ae, a So RG 
55. C + In|x| + y — 


57. (a) 1 +4(x — 1) — d(x — 1% + x(x — 1) 
(b) 15 (c) 0.000006 


59. —/ 


PROBLEMS PLUS ® PAGE 803 
1. 15!/5! = 10,897,286,400 
3. (b) O if x = 0, (1/x) — cot x if x # ka, k an integer 


5. (a) n= 3° 4", dn = 1/3", pn = 4/3"! (0) 53 
xe+ 4x7 +x 
PRAT ea Rag b Rene mia es 
( ) Goan 
We Ind 13. (a) Balen D/5 — ee7/5) — (b) ar 
T 
19 = 
2/3 


2135 (z = xt] where k is a positive integer 


APPENDIXES 
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EXERCISES A ™ PAGE AQ 
iy ie 37 5 5-4/5 


se Il 
a iettl= 4" 


= "ll 


Ih PA v8 


ioe je = =I 
nor a= —l 


15. [—1, ©) 


W. x7 4+ 1 


13. (—2, ~) 


= 0 =i 


A114 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 


17. 


21. 


25. 


(A) 


33: 


37. 


39. 
(b) 
47. 
53. 


(3, ©) 


OOOO 
3 


(0, 1] 


(seers) 8) (2599) 


— OO 
te 


(—o, ©) 


————————— 


ort) 
On et 


(—90, 0) U (4, &) 


10= G@=35 
—30°C $< T S 20°C 
(=3, 3) 49. (3, 5) 
3s Ma 


19. (2, 6) 
as Sea a 

23. [-1,3) 

ae 
27. [-1,4] 

a 
318i = 1/3473) 

—\/3 0 V3 


35. (—1, 0) U (1, ~) 


=| (il 


41. (a) T=20- 10h,0<A< 12 
43. +3 45. 2,-4 

51. (—2, —7] U [-3, ~) 
55. [—4, -1] U[1, 4] 


43. 


47. 


51. 


53. 
59. 


YA 45. 
| 
| 
| : 
0} x 
| 
| 
| 
| 
| 
49. 
(0, —4) 55. (a) 4,9) AD) gl G:55 3) 
y=x-3 61. (b) 4x — 3y — 24=0 


57. x => (a + b)c/(ab) 59. x > (c — b)/a 


EXERCISES B = PAGE A15 


ihe “SR AAlO GROEN 9), ye 
17. y 19. YA 
(2 Lay = 
0 3 x Olah 
215 y= O21 7£}, Joye = Shy ae I) 10) 
25. 5x + y= 11 215 y —"3x —) 2 29. y = 3x — 3 
31. y=5 oe}, sae Oy sp lil = 


37. m = —3,b=0 


Shh See = Dy ae Il = © 


kh w= 0,0 = =2 


M. m=i,b=-3 


EXERCISES C = PAGE A23 


1. (& = 3)? + (y+ 12 = 25 3. xe = 6 


Hh (Gil, ==) 


5. (2,-5),4 7. (-3,0),3 9 (4, -4), 10/4 
11. Parabola 13. Ellipse 
y YA 
0 x < 
—4 
-2 
15. Hyperbola 17. Ellipse 
YA 4 YA 
ema a 1 
Wa 
i 
Pa) SS gi =4 2 


y=—4x =I 


21. Hyperbola 


23. Hyperbola 25. Ellipse 


YA y 


27. Parabola 29. Parabola 


YA YA 


(3, 4) 


EXERCISES D ™ PAGE A32 


(a7 Gee 37/2085. Screed. 120 9 9.15" 
1. —67.5° 13.3mcm 15. rad = (120/7)° 


17. rr 9: + 


21. 


ba 


APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES A115 


23. sin(37/4) = 1/./2, cos(37/4) = —1/,/2, tan(37/4) = 1, 
esc(37/4) = /2, sec(37/4) = —J2, cot(37/4) = -1 

25. sin(Q7/2) = 1, cos(9m/2) = 0, csc(9m/2) = 1, cot(97/2) = 0, 
tan(97/2) and sec(97/2) undefined 


27. sin(57/6) = 3, cos(57/6) = —./3/2, tan(57/6) = —1//3, 
esc(52r/6) = 2, sec(57/6) = —2//3, cot(57/6) = —/3 

29. cos 6 = 3, tan 6 = j, csc 0 = 2, sec 0 = 3, cot 0 = 4 

31. sin d = /5/3, cos 6 = —3, tan bd = —/5/2, csc b = 3/4/5, 
cot d = —2/,/5 

33. sin B = —1/,/10, cos B = —3/,/10, tan B = 3, 

csc B = —,/10, sec B = —/10/3 
35. 5.73576 cm 37. 24.62147 cm 
61.4(3 +8 /2) 63. 2 
67. 77/4, 37/4, 57/4, 7707/4 69. 77/6, 7/2, 57/6, 3707/2 
71. 0, 7, 27 73.0 <x S w/6and57/6 Sx S277 
715. O<x < w/4, 30/4 <x < 50/4, 70/4 <x S277 


59. (4 + 6/2) 
65. 77/3, 57/3 


(=) 
wy + 
Nn 
3 


89. 14.34457 cm* 


EXERCISES E # PAGE A38 


1. JL + V2 + 73 +44 + V5 


ae ee ae PW 7 a le 


10 


Oh vb Sees bey te se eae anh Sane 
i=l 


3.37 433° 


19 * n 5 
(Ee = Te ae 
i=1 


i 

Su Bar ill i=0 i=l 
21. 80 23. 3276 2550 27. 61 29. n(n + 1) 
31. n(n? + 6n + 17)/3 33. n(n? + 6n + 11)/3 


A116 APPENDIX! ANSWERS TO ODD-NUMBERED EXERCISES 
35. n(n? + 2n* — n — 10)/4 

M1. (a) n* (6) 5'™—-1 ©) Wd a—a 

43} ae (CSAS IA | 8495 276 totor? + ni 


EXERCISES G = PAGE A54 


1. (b) 0.405 

EXERCISES H = PAGE A62 

18-45 313+18 &12-7i 2E+Bi 
94-3: W-i 135i 15. 12 + 5i,13 


17.41,4 19 +3) 2. —-1+2i 

23, —3+(/7/2)i 25. 3.2 [cos(3.7/4) + i sin(37/4)] 
21, 5{cos|tan~'(4)] + i sin{tan~‘(4)}} 

29. 4[cos(7/2) + i sin(7/2)], cos(— 7/6) + i sin(— 7/6), 
‘[cos(— 7/6) + i sin(—7/6)] 


31. 4,/2 [cos(77/12) + i sin(77/12)], 
(2/2 )[cos(1377/12) + i sin(137/12)], j[cos(7/6) + i sin(7/6)] 


33. -1024 35. —512/3 + 512i 
37. +1, +i, (1/V2)(+1 +1) 39. +(/3/2) + 34, -i 
ImA 


M.i = 43.5 + (/3/2)i 45. —e? 


47. cos 36 = cos°@ — 3 cos @sin’@, 
sin 30 = 3 cos*@ sin @ — sin’ 


RP denotes Reference Page numbers. 


Abel, Niels, 212 
absolute maximum and minimum, 274 
absolute maximum and minimum yalues, 
274 
absolute value, 16, A6, A56 
absolute value function, 16 
absolutely convergent series, 754 
acceleration as a rate of change, 161, 224 
acceleration of a particle, 669 
Achilles and the tortoise, 5 
adaptive numerical integration, 515 
addition formulas for sine and cosine, A29 
addition of vectors, 654, 655 
Airy, Sir George, 768 
Airy function, 768 
algebraic function, 30 
alternating harmonic series, 751, 754 
alternating series, 749 
Alternating Series Estimation 
Theorem, 752 

Alternating Series Test, 749 
analytic geometry, A10 
angle, A24 

between curves, 271 

of deviation, 283 

negative, A25 

positive, A25 

standard position, A25 
angular speed, 670 
antiderivative, 344 
antidifferentiation formulas, 345 
aphelion, 702 
apolune, 696 
approach path of an aircraft, 208 
approximate integration, 506 
approximating cylinder, 432 
approximating surface, 546 
approximation 

by differentials, 253 

to e, 180 

linear, 251 

by the Midpoint Rule, 378, 507 


by Newton’s method, 339 
by an nth-degree Taylor polynomial, 257 
quadratic, 256 
by Riemann sums, 372 
by Simpson’s Rule, 511, 513 
tangent line, 251 
by Taylor polynomials, 790 
by Taylor’s Inequality, 778, 791 
by the Trapezoidal Rule, 508 
Archimedes, 406 
Archimedes’ Principle, 460 
arc length, 538 
of a parametric curve, 648 
of a polar curve, 686, 687 
arc length contest, 545 
arc length formula, 539 
arc length function, 541 
arcsine function, 67 
area, 2, 360 
of a circle, 480 
under a curve, 360, 365, 371 
between curves, 422, 423 
of an ellipse, 479 
by exhaustion, 2, 101 
enclosed by a parametric curve, 647 
in polar coordinates, 684 
of a polar region, 685 
of a sector of a circle, 684 
surface, 650 
of a surface of a revolution, 545, 551 
area function, 385 
area problem, 2, 360 
argument of a complex number, AS7 
arithmetic-geometric mean, 724 
arrow diagram, 11 
astroid, 215, 645 
asymptote(s), 311 
in graphing, 311 
horizontal, 131, 311 
of a hyperbola, 693, A20 
slant, 312, 315 
vertical, 94, 311 


asymptotic curve, 318 

autonomous differential equation, 589 

average cost function, 334 

average rate of change, 148, 224 

average speed of molecules, 528 

average value of a function, 451, 
452, 570 

average velocity, 4, 84, 145, 224 

axes, coordinate, All 

axes of ellipse, A19 

axis of a parabola, 689 


bacterial growth, 605, 610 

Barrow, Isaac, 3, 101, 153, 386, 406 

baseball and calculus, 455 

base of a cylinder, 430 

base of a logarithm, 62, A53 
change of, 65 

basis vectors, 658 

Bernoulli, James, 594, 621 

Bernoulli, John, 303, 310, 594, 776 

Bernoulli differential equation, 621 

Bessel, Friedrich, 764 

Bessel function, 217, 764, 768 

Bézier, Pierre, 653 

Bézier curves, 639, 653 

binomial coefficients, 782 

binomial series, 782, 783 
discovery by Newton, 789 

binomial theorem, 175, RP1 

blackbody radiation, 799 

blood flow, 230, 336, 564 

bounded sequence, 719 

Boyle’s Law, 235 

brachistochrone problem, 640 

branches of a hyperbola, 693, A20 

Buffon’s needle problem, 578 

bullet-nose curve, 51, 205 


cable (hanging), 258 
calculator, graphing, 44, 318, 638, 680 
See also computer algebra system 


A117 


A118 INDEX 


calculus, 8 

differential, 3 

integral, 2, 3 

invention of, 8, 406 
cancellation equations 

for inverse functions, 61 

for inverse trigonometric functions, 61, 

67 

for logarithms, 63 
cans, minimizing manufacturing cost of, 337 
Cantor, Georg, 735 
Cantor set, 735 
capital formation, 567 
cardiac output, 565 
cardioid, 215, 677 
carrying capacity, 236, 294, 581, 607 
Cartesian coordinate system, All 
Cartesian plane, All 
Cassini, Giovanni, 684 
CAS. See computer algebra system 
catenary, 258 
Cauchy, Augustin-Louis, 113, A45 
Cauchy’s Mean Value Theorem, A45 
Cavalieri, 513 
Cavalieri’s Principle, 440 
center of gravity, 554 
center of mass, 554 

of a plate, 557 
centripetal force, 670 
centroid of a plane region, 556 
Chain Rule, 198, 199, 201 
change of base, formula for, 65 
change of variables in 

integration, 407 

charge, electric, 227 
chemical reaction, 227 
circle, Al6 

area of, 480. 

equation of, A16 
circular cylinder, 430 
cissoid of Diocles, 644, 682 
closed interval, A3 
Closed Interval Method, 278 
cochleoid, 705 
coefficient(s) 

binomial, 782 

of friction, 198, 281 

of inequality, 429 

of a polynomial, 27 

of a power series, 763 
combinations of functions, 39 
comets, orbits of, 703 
common ratio, 727 
comparison properties of the integral, 381 
comparison test for improper integrals, 525 
Comparison Test for series, 744 
Comparison Theorem for integrals, 525 


Completeness Axiom, 720 
complex conjugate, A55 
complex exponentials, A61 
complex number(s), A55 
addition and subtraction of, A55 
argument of, A57 
division of, A55, A58 
equality of, AS5 
imaginary part of, A55 
modulus of, A56 
multiplication of, A55, A58 
polar form, A57 
powers of, A59 
principal square root of, A56 
real part of, A55 
roots of, A60 
component function, 662 
components of a vector, 656 
composition of functions, 40, 199 
continuity of, 125 
derivative of, 200 
compound interest, 241, 309 
compressibility, 228 


computer algebra system, 90, 502, 638 


for graphing sequences, 717 

for integration, 502, 773 

pitfalls of using, 90 
computer algebra system, graphing 

with, 44 

a curve, 318 

parametric equations, 638 

polar curve, 680 

sequence, 717 
concavity, 293 
Concavity Test, 293, A44 
concentration, 227 
conchoid, 641, 682 
conditionally convergent series, 755 
cone, 689 
conic section, 689, 697 

directrix, 689, 697 

eccentricity, 697 

focus, 689, 691, 693, 697 

in polar coordinates, 697 

polar equation, 699 

shifted, 694, A21 

vertex (vertices), 689, 691, 693 
conjugates, properties of, A56 
constant function, 174 
Constant Multiple Law of limits, 99 
Constant Multiple Rule, 177 
consumer surplus, 563, 564 
continued fraction expansion, 724 
continuity 

of a function, 118 

on an interval, 120 

from the left, 120 


from the right, 120 

of a vector function, 663 
continuous compounding of 

interest, 241, 309 

continuous random variable, 568 
convergence 

absolute, 754 

conditional, 755 

of an improper integral, 520, 523 

interval of, 765 

radius of, 765 

of a sequence, 714 

of a series, 727 


convergent improper integral, 520, 523 


convergent sequence, 714 
convergent series, 727 
properties of, 731 
coordinate system, A2 
Cartesian, All 
polar, 654 
retangular, All 
coordinate axes, All 
Cornu’s spiral, 652 
cosine function, A26 
derivative of, 193 
graph of, 31, A31 
power series for, 781, 784 
cost function, 231, 330 
critical number, 277 
cross-section, 430 
cubic function, 27 
current, 227 
curvature, 653 
curve(s) 
asymptotic, 318 
Bézier, 639, 653 
bullet-nose, 51, 205 
cissoid of Diocles, 682 
cochleoid, 705 
Cornu’s spiral, 652 
demand, 563 
devil’s, 215 
epicycloid, 645 
length of, 538 
longbow, 707 
orthogonal, 216 
ovals of Cassini, 684 
parametric, 636 
polar, 675 
serpentine, 189 
smooth, 538 
strophoid, 688, 706 
swallotail catastrophe, 644 
trochoid, 643 
witch of Maria Agnesi, 643 
curve fitting, 25 
curve-sketching procedure, 311 


curvilinear motion, 668 
cusp, 641 

cycloid, 639 

cylinder, 430 
cylindrical shell, 441 


decay 
law of natural, 237 
radioactive, 239 
decreasing function, 19 
decreasing sequence, 718 
definite integral, 372 
properties of, 379 
Substitution Rule for, 411 
of a vector function, 666 
definite integration 
by parts, 464, 466, 467 
by substitution, 411 
degree of a polynomial, 27 
delta (A) notation, 147, 148 
demand curve, 331, 563 
demand function, 330, 563 
De Moivre, Abraham, A59 
De Moivre’s Theorem, A59 
density 
linear, 226, 401 
liquid, 553 
mass vs. weight, 553 
dependent variable, 10 
derivative(s), 143, 146, 154, 256 
of a composite function, 199 
of a constant function, 174 
domain of, 154 
of exponential functions, 180, 203, A52, 
A53 
as a function, 154 
higher, 160 
of hyperbolic functions, 259 
of an integral, 387 
of an inverse function, 218 
of inverse trigonometric functions, 213, 
214 
left-hand, 165 
of logarithmic functions, 218, A49, A52 
notation, 157 
of a polynomial, 174 
of a power function, 175 
of a power series, 770 
of a product, 184, 185 
of a quotient, 187 
as a rate of change, 143 
right-hand, 165 
second, 160 
as the slope of a tangent, 143, 148 
third, 161 
of trigonometric functions, 191, 194 
Descartes, René, All 


descent of aircraft, determining start of, 208 
devil’s curve, 215 
Difference Law of limits, 99 
difference of vectors, 656 
difference quotient, 12 
Difference Rule, 178 
differentiable function, 157 
differential, 253 
differential calculus, 3 
differential equation, 183, 237, 346, 579, 
580, 582 

autonomous, 589 

Bernoulli, 621 

family of solutions, 580, 583 

first-order, 582 

general solution of, 583 

linear, 616 

logistic, 607 

order of, 582 

second-order, 582 

separable, 594 

solution of, 582 
differentiation, 157 

formulas for, 188, RP5 

implicit, 209, 210 

logarithmic, 220 

of a power series, 770 

term-by-term, 770 
differentiation operator, 157 
Direct Substitution Property, 101 
direction field, 585, 586 
directrix, 689, 697 
discontinuity, 119, 120 
discontinuous function, 119 
discontinuous integrand, 523 
disk method for approximating 

volume, 432 

dispersion, 283 
displacement, 145, 401 
displacement vector, 654 
distance 

between points in a plane, All 

between real numbers, A7 
distance formula, A12 
distance problem, 367 
divergence 

of an improper integral, 520, 523 

of an infinite series, 727 

of a sequence, 714 
Divergence, Test for, 731 
divergent improper integral, 520, 523 
divergent sequence, 714 
divergent series, 727 
division of power series, 785 
domain of a function, 10 
double-angle formulas, A29 
dye dilution method, 565 


INDEX A119 
e (the number), 55, 180, A50. 
as a limit, 222, A54 
eccentricity, 697 
electric circuit, 593, 596, 619 
electric current to a flash bulb, 83, 207 
elementary function, integrability 
of, 498 
element of a set, A3 
ellipse, 215, 689, 691, A19 
area, 479 
directrix, 697 
eccentricity, 697 
equation of, 692 
foci, 691, 697 
major axis, 691 
minor axis, 691 
polar equation, 699, 702 
reflection property, 692 
rotated, 217 
vertices, 691 
empirical model, 25 
end behavior of a function, 142 
endpoint extreme values, 275 
energy, kinetic, 455 
epicycloid, 645 
epitrochoid, 652 
equation(s) 
cancellation, 61 
of a circle, A17 
differential. See differential equation 
of an ellipse, 691, 699, A19 
of a graph, Al6, Al7 
of a hyperbola, 67, 693, 699, A20 
of a line, A12, A1l3, Al4, Al6 
linear, Al4 
logistic difference, 725 
logistic differential, 581, 615 
Lotka-Volterra, 623 
nth-degree, 212 
of a parabola, 689, 699, A18 
parametric, 636 
point-slope, Al2 
polar, 674, 699 
predator-prey, 622, 623 
second-degree, A16 
slope-intercept, A13 
two-intercept form, Al6 
vector, 664 
equilateral hyperbola, A21 
equilibrium point, 624 
equilibrium solution, 581, 623 
equivalent vectors, 654 
error 
in approximate integration, 508, 509 
percentage, 254 
relative, 254 
in Taylor approximation, 791 
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error bounds, 510, 514 
error estimate 
for alternating series, 752 
for the Midpoint Rule, 508, 509 
for Simpson’s Rule, 514 
for the Trapezoidal Rule, 508, 509 
error function, 395 
escape velocity, 528 
estimate of the sum of a series, 740, 747, 
52 ou 
Euclid, 101 
Eudoxus, 2, 101, 406 
Euler, Leonhard, 55, 589, 737, 743, 779 
Euler’s formula, A61 
Euler’s Method, 589, 590 
even function, 17, 311 
exponential decay, 237 
exponential function(s), 32, 51, 179, 
AS52, RP4 
with base a, A52 
derivative, of 180, 203, A53 
graphs of, 52, 180 
integration of, 377, 408 
limits of, 135, A51 
power series for, 779, 784 
properties of, AS1 
exponential graph, 52 
exponential growth, 237, 610 
exponents, laws of, 53, AS1, A53 
extrapolation, 26 
extreme value, 274 
Extreme Value Theorem, 275 


family 
of epicycloids and hypocycloids, 644 
of exponential functions, 52 
of functions, 49, 322, 323 
of solutions, 580, 583 
fat circles, 213, 544 
Fermat, Pierre, 3, 153, 276, 406, All 
Fermat’s Principle, 335 
Fermat’s Theorem, 276 
Fibonacci, 713, 724 
Fibonacci sequence, 713, 724 
First Derivative Test, 291 
for Absolute Extreme Values, 328 


first-order linear differential equation, 582, 


616 

first-order optics, 796 
fixed point of a function, 171, 289 
flash bulb, current to, 83 
flux, 564, 565 
FM synthesis, 322 
foci, 692 
focus, 689, 697 

of a conic section, 697 

of an ellipse, 691, 697 


of a hyperbola, 692 

of a parabola, 689 
folium of Descartes, 209, 710 
force, 446 

exerted by fluid, 552, 553 
Fourier, Joseph, 233 
Fourier series, finite, 478 
four-leaved rose, 677 
fractions (partial), 484, 485 
Fresnel, Augustin, 389 
Fresnel function, 389 
frustum, 439, 440 
function(s), 10 

absolute value, 16 

Airy, 768 

algebraic, 30 

arc length, 541 

arcsine, 67 

area, 385 

arrow diagram of, 11 

average cost, 334 

average value of, 452, 570 

Bessel, 217, 764, 768 

combinations of, 39 

composite, 40, 199 

constant, 174 

continuity of, 118 

cost, 230, 231 

cubic, 27 

decreasing, 19 

demand, 330, 563 

derivative of, 146 

differentiability of, 157 

discontinuous, 119 

domain of, 10 

elementary, 498 

error, 395 

even, 17,311 

exponential, 32, 51, 179, A52 

extreme values of, 274 

family of, 49, 322, 323 

fixed point of, 171, 289 

Fresnel, 389 

Gompertz, 612, 615 

graph of, 11 

greatest integer, 105 

Heaviside, 44, 91 

hyperbolic, 257 

implicit, 209 

increasing, 19 

inverse, 58, 60 

inverse cosine, 68 

inverse hyperbolic, 260 

inverse sine, 67 

inverse tangent, 68 

inverse trigonometric, 67, 68 

limit of, 87, 109 


linear, 23 

logarithmic, 32, 62, A48, A53 

machine diagram of, 11 

marginal cost, 148, 232, 330, 401 

marginal profit, 331 

marginal revenue, 331 

maximum and minimum values 
of, 274 

natural exponential, 56, A50 

natural logarithmic, 64, A48 

nondifferentiable, 159 

odd, 18, 311 

one-to-one, 59 

periodic, 311 

piecewise defined, 16 

polynomial, 27 

position, 145 

power, 28, 174 

probability density, 568 

profit, 331 

quadratic, 27 

ramp, 44 

range of, 10 

rational, 30, 484 

reciprocal, 30 

reflected, 36 

representation as a power series, 768 

representations of, 10, 12 

revenue, 331 

root, 29 

shifted, 36 

sine integral, 396 

smooth, 538 

step, 17 

stretched, 36 

tabular, 13 

transformation of, 36 

translation of, 36 

trigonometric, 31, A26 

value of, 10, 11 

Fundamental Theorem of Calculus, 386, 

388, 393 


G (gravitational constant), 234, 451 
Gabriel’s horn, 550 

Galileo, 640, 647, 689 

Galois, Evariste, 212 

Gause, G. F., 610 

Gauss, Karl Friedrich, A35 
Gaussian optics, 796 

geometric series, 727 

Gibbs, Josiah Willard, 659 

Gini, Corrado, 429 

Gini coefficient, 429 

Gini index, 429 

global maximum and minimum, 274 
Gompertz function, 612, 615 


Gosper, William, 760 
graph(s) 

of an equation, Al6, A1l7 

of exponential functions, 52, 180, RP4 

of a function, 11 

of logarithmic functions, 63, 66 

of a parametric curve, 636 

polar, 675, 680 

of power functions, 29, RP3 

of a sequence, 717 

of trigonometric functions, 31, 

A30, RP2 
graphing calculator, 44, 318, 638, 680 
graphing device. See computer 
algebra system 

gravitational acceleration, 446 
gravitation law, 234, 451 
greatest integer function, 105 
Gregory, James, 199, 475, 513, 772, 776 
Gregory’s series, 772 
growth, law of natural, 237, 606 
growth rate, 229, 401 

relative, 237, 606 


half-angle formulas, A29 
half-life, 239 
hare-lynx system, 626 
harmonic series, 730 
harmonic series, alternating, 751, 754 
Heaviside, Oliver, 91 
Heaviside function, 44, 91 
Hecht, Eugene, 253, 256, 795 
higher derivatives, 160 
Hooke’s Law, 447 
horizontal asymptote, 131, 311 
horizontal line, equation of, A13 
Horizontal Line Test, 59 
Hubble Space Telescope, 279 
Huygens, Christiaan, 640 
hydrostatic pressure and force, 552, 553 
hyperbola, 215, 692, 697, A20 
asymptotes, 693, A20 
branches, 693, A20 
directrix, 697 
eccentricity, 697 
equation, 693, 699, A20 
equilateral, A21 
foci, 693, 697 
polar equation, 699 
reflection property, 697 
vertices, 693 
hyperbolic function(s), 257 
derivatives of, 259 
inverse, 260 
hyperbolic identities, 258 
hyperbolic substitution, 481, 482 
hypocycloid, 644 


i (imaginary number), A55 
i (standard basis vector), 658 
Y/D Test, 290 
ideal gas law, 236 
implicit differentiation, 209, 210 
implicit function, 209, 210 
improper integral, 519 
convergence or divergence of, 
S20RS28 
impulse of a force, 455 
increasing function, 19 
increasing sequence, 718 
Increasing/Decreasing Test, 290 
increment, 147 
indefinite integral(s), 397 
table of, 398 
independent variable, 10 
indeterminate difference, 305 
indeterminate forms of limits, 301 
indeterminate power, 306 
indeterminate product, 305 
index of summation, A34 
inequalities, rules for, A4 
infinite discontinuity, 120 
infinite interval, 519, 520 
infinite limit, 93, 115, 136 
infinite sequence. See sequence 
infinite series. See series 
inflection point, 294 
initial condition, 583 
initial point of a parametric curve, 637 
initial point of a vector, 654 
initial-value problem, 583 
instantaneous rate of change, 85, 
148, 224 
instantaneous rate of growth, 229 
instantaneous rate of reaction, 228 
instantaneous velocity, 85, 145, 224 
integer, A2 
integral(s) 
approximations to, 378 
change of variables in, 407 
comparison properties of, 381 
definite, 371 
derivative of, 388 
evaluating, 374 
improper, 519 
indefinite, 397 
patterns in, 505 
properties of, 379 
of symmetric functions, 412 
table of, 463, 495, 500, RP6—-10 
units for, 403 
integral calculus, 2, 3 
Integral Test, 738 
integrand, 372 
discontinuous, 523 


INDEX 


integration, 372 
approximate, 506 
by computer algebra system, 502 
of exponential functions, 377, 408 
formulas, 463, 495, RP6—10 
indefinite, 397 
limits of, 372 
numerical, 506 
by partial fractions, 484 
by parts, 464, 465, 466 
of a power series, 770 
of rational functions, 484 
by a rationalizing substitution, 492 
substitution in, 407 
tables, use of, 500 
term-by-term, 770 
intercepts, 311, A19 
interest compunded continuously, 241 
Intermediate Value Theorem, 126 
interpolation, 26 
intersection of polar graphs, 
area of, 685 
intersection of sets, A3 
interval, A3 
interval of convergence, 765 
inverse cosine function, 68 
inverse function(s), 58, 60 
inverse sine function, 67 
inverse square laws, 35 
inverse tangent function, 68 
inverse trigonometric functions, 67, 68 
irrational number, A2 
isothermal compressibility, 228 


j (standard basis vector), 658 
jerk, 161 

joule, 446 

jump discontinuity, 120 


kampyle of Eudoxus, 215 
Kepler, Johannes, 701 
Kepler’s Laws, 701 
kinetic energy, 455 
Kirchhoff’s Laws, 587 
Kondo, Shigeru, 779 


Lagrange, Joseph-Louis, 285, 286 
lamina, 556 

lattice point, 272 

law of cosines, A33 

law of gravitation, 451 

law of laminar flow, 230, 564 

law of natural growth or decay, 237 
laws of exponents, 53, A51, A53 
laws of logarithms, 63, A49 
learning curve, 585 

least squares method, 26 
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least upper bound, 720 
left-hand derivative, 165 
left-hand limit, 92, 113 


Leibniz, Gottfried Wilhelm, 3, 157, 386, 


406, 594, 789 
Leibniz notation, 157 
lemniscate, 215 
length 
of a curve, 538 
of a line segment, A7, A12 
of a parametric curve, 648 
of a polar curve, 684 
of a vector, 657 
l’ Hospital, Marquis de, 303, 310 
lHospital’s Rule, 302, 310, A45 
origins of, 310 
libration point, 343 
limagon, 681 
Limit Comparison Test, 746 
Limit Laws, 99, A39 
for sequences, 715 
limit(s), 2, 87 
calculating, 99 
e (the number) as, 222 
of exponential functions, 135, A51 
of a function, 87, 110 
infinite, 93, 115, 136 
at infinity, 130, 131, 136 
of integration, 372 
left-hand, 92, 113 
of logarithmic functions, 95, ASO 
one-sided, 92, 113 
precise definitions, 108, 113, 116, 
137, 140 
properties of, 99 
right-hand, 92, 113 
of a sequence, 5, 362, 714 
involving sine and cosine functions, 
191, 192, 193 
of a trigonometric function, 193 
of a vector function, 662 
linear approximation, 251 
linear density, 226, 401 
linear differential equation, 616 
linear equation, Al4 
linear function, 23 
linearization, 251 
linear model, 23 
linear regression, 26 
line(s) in the plane, 82, A12 
equations of, Al2, Al3, Al4 
horizontal, A13 
normal, 176 
parallel, Al4 
perpendicular, Al4 
secant, 82, 83 


slope of, A12 
tangent, 82, 83, 144 
liquid force, 552, 553 
Lissajous figure, 638, 644 
lithotripsy, 692 
local maximum and minimum, 274 
logarithm(s), 32, 62 
laws of, 63, A49 
natural, 64, A48 
notation for, 64 
logarithmic differentiation, 220 
logarithmic function(s), 32, 62, A48 
with base a, 62, A53 
derivatives of, 218, A54 
graphs of, 63, 66 
limits of, 95, A50 
properties of, 63, 64, A49 
logistic difference equation, 725 
logistic differential equation, 581, 607 
logistic model, 581, 606 
logistic sequence, 725 
longbow curve, 707 
LORAN system, 696 
Lorenz curve, 429 
Lotka-Volterra equations, 623 
lower sum, 365 


machine diagram of a function, 11 
Maclaurin, Colin, 776 
Maclaurin series, 776 
table of, 784 
magnitude of a vector, 657 
major axis of ellipse, 691 


marginal cost function, 148, 232, 330, 401 


marginal profit function, 331 
marginal propensity to consume or 
save, 734 
marginal revenue function, 331 
mass, center of, 554, 555 
mathematical induction, 76, 79, 699 
principle of, 76, 79, A36 
mathematical model, 13, 23 
for vibration of membrane, 764 
maximum and minimum values, 274 
mean life of an atom, 528 
mean of a probability density 
function, 570 
Mean Value Theorem, 284, 285 
for integrals, 452 
mean waiting time, 570 
median of a probability density 
function, 572 
method of cylindrical shells, 441 
method of exhaustion, 2, 101 
method of least squares, 26 
midpoint formula, A16 


Midpoint Rule, 378, 508 
error in using, 508 

minor axis of ellipse, 691 

mixing problems, 598 

modeling 
with differential equations, 580 
motion of a spring, 582 


population growth, 54, 237, 580, 606, 


612, 630 
vibration of membrane, 764 
model(s), mathematical, 13, 23 
comparison of natural growth vs. 
logistic, 610 
of electric current, 587 
empirical, 25 
exponential, 32, 54 
Gompertz function, 612, 615 
linear, 23 
logarithmic, 32 
polynomial, 28 


for population growth, 237, 580, 612 


power function, 28 

predator-prey, 622 

rational function, 30 

seasonal-growth, 615 

trigonometric, 31, 32 

von Bertalanffy, 631 
modulus, A56 
moment 

about an axis, 555 

of a lamina, 556 

of a mass, 555 

of a system of particles, 556 
momentum of an object, 455 
monotonic sequence, 718 
Monotonic Sequence Theorem, 720 
motion of a particle, 668 
movie theater seating, 456 
multiplication of power series, 785 
multiplication of vectors, 655 
multiplier effect, 734 


natural exponential function, 56, 180, ASO 


derivative of, 180, A52 
graph of, 180 
power series for, 779, 784 
properties of, A51 
natural growth law, 237, 606 
natural logarithm function, 64, A48 
derivative of, 218, A49 
limits of, ASO 
properties of, A49 
negative angle, A25 
net area, 373 
Net Change Theorem, 401 
net investment flow, 567 


newton (unit of force), 446 


Newton, Sir Isaac, 3, 8, 101, 153, 157, 


386, 406, 789 
Newton’s Law of Cooling, 240, 585 


Newton’s Law of Gravitation, 234, 451 


Newton’s method, 338, 339 


Newton’s Second Law of Motion, 446, 


455, 670 
Nicomedes, 641 
nondifferentiable function, 159 
normal distribution, 572 
normal line, 176 
nth-degree equation, finding roots 
of, 212 
nth-degree Taylor polynomial, 257, 
Wh 
number 
complex, A55 
integer, A2 
irrational, A2 
rational, A2 
real, A2 
numerical integration, 506 


odd function, 18, 311 
one-sided limits, 92, 113 
one-to-one function, 59 
open interval, A3 
optics 

first-order, 796 

Gaussian, 796 

third-order, 796 
optimization problems, 274, 325 
order of a differential equation, 582 
ordered pair, A10 
Oresme, Nicole, 730 
origin, A2, A10 
orthogonal curves, 216 
orthogonal trajectory, 216, 597 
ovals of Cassini, 684 


Pappus, Theorem of, 559 
Pappus of Alexandria, 559 
parabola, 689, 697, A18 
axis, 689 
directrix, 689 
equation, 690 
focus, 689, 697 
polar equation, 699 
reflection property, 272 
vertex, 689 
paradoxes of Zeno, 5 
parallel lines, A14 
parallelepiped, 430 
Parallelogram Law, 655 
parameter, 636 


parametric curve, 636 
arc length of, 648 
area under, 647 
parametric equations, 636 
of a line, 664 
of a trajectory, 671 
paraxial rays, 252 
partial fractions, 484, 485 
partial integration, 464, 465, 466 
partial sum of a series, 704 
parts, integration by, 464, 465, 466 
pascal (unit of pressure), 553 
patterns in integrals, 505 
pendulum, approximating the period 
Of, 292,256 
percentage error, 254 
perihelion, 702 
perilune, 696 
period, 311 
periodic function, 311 
perpendicular lines, Al4 
phase plane, 624 
phase portrait, 624 
phase trajectory, 624 
piecewise defined function, 16 
Planck’s Law, 799 
planetary motion, laws of, 701 
point of inflection, 294 
point-slope equation of a line, Al2 
Poiseuille, Jean-Louis-Marie, 230 
Poiseuille’s Laws, 256, 336, 565 
polar axis, 673 
polar coordinate system, 673 
area in, 684 
conic sections in, 697 
polar curve(s), 675 
arc length of, 686, 687 
families of, 683 
graph of, 675, 680 
symmetry in, 678 
tangent line to, 678 
polar equation(s), 674 
of a conic, 699 
graph of, 675, 680 


polar form of a complex number, A57 


polar graph, 675, 680 
polar region, area of, 685 
pole, 673 
polynomial, 27 
polynomial function, 27 
population growth, 54, 237, 605 
of bacteria, 605, 610 
of insects, 494 
models, 580 
world, 54 
position function, 145 
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position vector, 657 

positive angle, A25 

potential, 532 

pound (unit of force), 446 

power, 150 

power consumption, approximation 

of, 403 

power function(s), 28 
derviative of, 174 

Power Law of limits, 100 

Power Rule, 175, 176, 201, 221 

power series, 763 
centered at a, 763 
coefficients of, 763 
for cosine and sine, 784 
differentiation of, 770 
division of, 785 
for exponential function, 784 
integration of, 770, 773 
interval of convergence, 765 
multiplication of, 785 
radius of convergence, 765 


representations of functions as, 768 


predator, 622 

predator-prey model, 236, 622, 623 

pressure exerted by a fluid, 552, 553 

prey, 622 

prime notation, 146, 177 

principal square root of a complex 
number, A56 
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principle of mathematical induction, 76, 


79, A36 

probability, 568 
probability density function, 568 
problem-solving principles, 75 

uses of, 170, 355, 407, 419 
producer surplus, 566 
product formulas, A29 
Product Law of limits, 99 
Product Rule, 184, 185 
profit function, 331 
projectile, path of, 644 
p-series, 739 


quadrant, All 

quadratic approximation, 256 
quadratic function, 27 
Quotient Law of limits, 99 
Quotient Rule, 187 


radian measure, 191, A24 
radiation from stars, 799 
radioactive decay, 239 
radiocarbon dating, 243 
radius of convergence, 765 


rainbow, formation and location of, 282 
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rainbow angle, 283 

ramp function, 44 

range of a function, 10 

rate of change 
average, 148, 224 
derivative as, 148 
instantaneous, 85, 148, 224 

rate of growth, 229, 401 

rate of reaction, 150, 228, 401 

rates, related, 244 

rational function, 30, 485 
continuity of, 122 
integration of, 484 

rational number, A2 


rationalizing substitution for integration, 492 


Ratio Test, 756 
Rayleigh-Jeans Law, 799 
real line, A3 
real number, A2 
rearrangement of a series, 759 
reciprocal function, 30 
Reciprocal Rule, 191 
rectangular coordinate system, All 
rectilinear motion, 347 
reduction formula, 467 
reflecting a function, 36 
reflection property 

of conics, 271 

of an ellipse, 697 

of a hyperbola, 697 

of a parabola, 271, 272 
region between two graphs, 422 
region under a graph, 360, 365 
regression, linear, 26 
related rates, 244 
relative error, 254 
relative growth rate, 237, 606 
remainder estimates 

for the Alternating Series, 752 

for the Integral Test, 740 
remainder of the Taylor series, 755 
removable discontinuity, 120 
representation of a function, 10, 12, 13 

as a power series, 768 
representation of a vector, 657 
resultant force, 659 
revenue function, 331 
revolution 

solid of, 435 

surface of, 545 
Riemann, Georg Bernhard, 372 
Riemann sum(s), 372 
right circular cylinder, 430 
right-hand derivative, 165 
right-hand limit, 92, 113 
Roberval, Gilles de, 393, 647 


Rolle, Michel, 284 

roller coaster, design of, 184 

Rolle’s Theorem, 284 

root function, 29 

Root Law of limits, 101 

Root Test, 758 

roots of a complex number, A60 
roots of an nth-degree equation, 212 
rubber membrane, vibration of, 764 
rumors, rate of spread, 233 


sample point, 365, 372 
scalar multiple, 655 
scalar multiplication of vectors, 655 
scatter plot, 13 
seasonal-growth model, 615 
secant function, A26 
derivative of, 194 
graph of, A31 
secant line, 3, 82, 83, 85 
second derivative, 160 
Second Derivative Test, 295 
second-order differential equation, 582 
sector of a circle, area of, 684 
separable differential equation, 594 
sequence, 5, 712 
bounded, 719 
convergent, 714 
decreasing, 718 
divergent, 714 
Fibonacci, 713, 724 
graph of, 717 
increasing, 718 
limit of, 5, 362, 714 
logistic, 725 
monotonic, 718 
of partial sums, 726 
term of, 712 
series, 6, 725 
absolutely convergent, 754 
alternating, 749 
alternating harmonic, 751, 754 
binomial, 782, 783 
coefficients of, 763 
conditionally convergent, 755 
convergent, 727 
divergent, 727 
geometric, 727 
Gregory’s, 772 
harmonic, 730 
infinite, 725 
Maclaurin, 776 
p-, 139 
partial sum of, 726 
power, 763 
rearrangement of, 759 


strategy for testing, 761 
sum of, 6, 727 
Taylor, 776 
term of, 726 
trigonometric, 763 
set notation, A3 
serpentine, 189 
shell method for approximating 
volume, 441 
shift of a function, 36 
shifted conics, 694, A21 
Sierpinski carpet, 735 
sigma notation, 366, A34 
simple harmonic motion, 206 
Simpson, Thomas, 512, 513 
Simpson’s Rule, 511, 513 
error bounds for, 514 
sine function, A26 
derivative of, 193, 194 
graph of, 31, A31 
power series for, 780, 784 
sine integral function, 396 
slant asymptote, 312, 315 
slope, A12 
of a curve, 144 
slope field, 586 
slope-intercept equation of a line, A13 
smooth curve, 538 
smooth function, 538 
Snell’s Law, 335 
snowflake curve, 804 
solid, 430 
volume of, 430, 431 
solid of revolution, 435 
rotated on a slant, 551 
volume of, 437, 442, 551 
solution curve, 586 
solution of a differential equation, 582 
solution of predator-prey equations, 623 
speed of a particle, 148, 669 
spherical zones, 577 
spring constant, 447, 582 
Squeeze Theorem, 105, A42 
for sequences, 716 
standard basis vectors, 658 
standard deviation, 572 
standard position of an angle, A25 
stellar stereography, 528 
step function, 17 
strategy 
for integration, 494, 495 
for optimization problems, 325, 326 
for problem solving, 75 
for related rates, 246 
for testing series, 761 
for trigonometric integrals, 473, 474 


stretching of a function, 36 
strophoid, 688, 706 
Substitution Rule, 407, 408, 411 
for definite integrals, 411 
subtraction formulas for sine 
and cosine, A29 
sum, 365 
of a geometric series, 727 
of an infinite series, 727 
lower, 365 
of partial fractions, 485 
Riemann, 372 
telescoping, 730 
upper, 365 
Sum Law of limits, 99 
summation notation, A34 
Sum Rule, 177 
supply function, 566 
surface area, 547 
of a parametric surface, 650 
surface of revolution, 545 
surface area of, 547 
swallowtail catastrophe curve, 644 
symmetric functions, integrals of, 412 
symmetry, 17, 311, 412 
in polar graphs, 678 
symmetry principle, 556 


table of differentiation formulas, 
188, RPS 

tables of integrals, 495, Re6—10 
use of, 500 

tabular function, 13 

tangent function, A26 
derivative of, 194 
graph of, 32, A31 

tangent line(s), 143 
to a curve, 3, 82, 143, 665 
early methods of finding, 153 
to a parametric curve, 645, 646 
to a polar curve, 678 
vertical, 159 

tangent line approximation, 251 

tangent problem, 2, 3, 82, 143 

tangent vector, 665 

tautochrone problem, 640 

Taylor, Brook, 776 

Taylor polynomial, 257, 777 
applications of, 790 

Taylor series, 776 

Taylor’s inequality, 778 


techniques of integration, summary, 495 


telescoping sum, 730 
term of a sequence, 712 
term of a series, 726 


terminal point of a parametric curve, 637 


terminal point of a vector, 654 
terminal velocity, 602 
term-by-term differentiation and 
integration, 770 
Test for Divergence, 731 
tests for convergence and divergence 
of series 
Alternating Series Test, 749 
Comparison Test, 744 
Integral Test, 738 
Limit Comparison Test, 746 
Ratio Test, 756 
Root Test, 758 
Test for Divergence, 731 
summary of tests, 761 
third derivative, 161 
third-order optics, 796 
Torricelli, Evangelista, 647 
Torricelli’s Law, 234 
torus, 440 
total fertility rate, 169 
trajectory, parametric equations of, 671 
transformation 
of a function, 36 
of a root function, 37 
translation of a function, 36 
Trapezoidal Rule, 508 
error in, 508 
Triangle Inequality, 115, A8 
Triangle Law, 655 
trigonometric functions, 31, A26 
derivatives of, 191, 194 
graphs of, 31, 32, A30, A31 
integrals of, 398, 471 
inverse, 67 
limits involving, 192, 193 
trigonometric identities, A28 
trigonometric integrals, 471 
strategy for evaluating, 473, 474 
trigonometric series, 763 
trigonometric substitutions, 478 
table of, 478 
trochoid, 643 
Tschirnhausen cubic, 215, 428 


ultraviolet catastrophe, 799 
uniform circular motion, 708 
union of sets, A3 

unit tangent vector, 665 
upper sum, 365 


value of a function, 10 
van der Waals equation, 216 
variable(s) 
change of, 407 
continuous random, 568 
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dependent, 10 
independent, 10 
vascular branching, 336, 337 
vector(s), 654 
addition of, 654, 655, 657 
basis, 658 
difference of, 656, 657 
displacement, 654 
equality of, 654 
initial point of, 654 
length of, 657 
magnitude of, 657 
multiplication of, 655, 657 
parallel, 656 
position, 657 
properties of, 658 
scalar multiplication of, 655 
standard basis, 658 
representations of, 656 
tangent, 665 
terminal point of, 654 
velocity, 668 
zero, 654 
vector equation of a line, 664 
vector function, 652 
component functions of, 652 
continuity of, 663 
definite integral of, 666 
derivative of, 665 
limit of, 662 
vector-valued function, 662. See also vector 
function 
velocity, 3, 84, 145, 224, 401 
average, 4, 84, 145, 224 
instantaneous, 85, 145, 224 
velocity gradient, 231 
velocity problem, 84, 145 
velocity vector, 668 
Verhulst, Pierre-Frangois, 581 
vertex of a parabola, 689 
vertical asymptote, 94, 311 
vertical line, A13 
Vertical Line Test, 15 
vertical tangent line, 159 
vertical translation of a graph, 36 
vertices of an ellipse, 691 
vertices of a hyperbola, 693 
vibration of a rubber membrane, 764 
viewing rectangle, 44 
visual representations of a function, 
10, 12 
volume, 431 
by cross-sections, 430, 431, 565 
by cylindrical shells, 441 
by disks, 432, 435 
of a solid, 430 
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volume (continued ) 
of a solid of revolution, 435, 551 
of a solid on a slant, 551 
by washers, 434, 435 

Volterra, Vito, 623 

von Bertalanffy model, 631 


Wallis, John, 3 
Wallis product, 470 
washer method, 434 


Weierstrass, Karl, 493 

weight (force), 446 

witch of Maria Agnesi, 189, 643 
work (force), 446, 447 

Wren, Sir Christopher, 650 


x-axis, A10 
x-coordinate, A10 
x-intercept, A13, A19 


y-axis, A10 
y-coordinate, A10 
y-intercept, A13, A1l9 


Zeno, 5 
Zeno’s paradoxes, 5 
zero vector, 654 


aa) 


ry 


fi 


df 


ro ; r 


ALGEBRA 


Arithmetic Operations 


a(b + c) = ab + ac pA tS 
ly a bd 
& 
GaiaG a c b -a dad 
=—+— — = — XS 
b b b ie b c be 
d 
Exponents and Radicals 
Pein i = men = = ana 
35 
1 
(Gez)E — Fese me = — 
x 
yy xy” (=) = + 
yy y 
xin = aly mln — ay ig ae (4/5) 
n|X Vx 
im = ee 
y wv 


Factoring Special Polynomials 
oy = (x yay) 
xy? = Gt y)@? — xy +.y’) 


eyes yay") 


Binomial Theorem 

(x + y) = x’ Oxy + y? (ey) = a0 Day y 
Coy =x? Fax y oxy > y* 

Guay) = x* — 3x7y + 3xy? —y? 


i=) 5 
x "y 


(x + y)" =x" + nx™ y+ 5 


n 
tel Jerty ee my by 


k 
h n Done 1) ee) 
where k i} 0 Bo 2} aco oO k 
Quadratic Formula 
—b + Jb?=4 
If ax? + bx + c = 0, then x = oF ah 


Inequalities and Absolute Value 
Ifa < bandb <c,thena<c. 
Ifa<b,thenat+c<brte. 

Ifa < bandc > 0, then ca < cb. 

Ifa < bandc <0, then ca > cb. 


If a > 0, then 
lx|=a means x=a of x= —@ 
|x|<a means —a<x<a 


|x| >a means x>a of x<~a 


GEOMETRY 


Geometric Formulas 


Formulas for area A, circumference C, and volume V: 


Triangle Circle Sector of Circle 
A=5bh A= ar? A=5r'0 
= tab sin 0 ' C=2ar s =r@ (@in radians) 


r 


2 ee 


Sphere Cylinder Cone 
V=iar V=arh V=tarh 
A = Bee 


Distance and Midpoint Formulas 


Distance between P\(x), y:) and Po(x2, y2): 


d = V(x. — 1)? + r — ni? 


TH Ge ee) Nl sie YD 
8 


Midpoint of P, P2: ( 


Lines 
Slope of line through P\(x, yi) and Po(x2, y2): 


pee 
Xo ae 


Point-slope equation of line through P,(x), yi) with slope m: 
y—y =m — x) 
Slope-intercept equation of line with slope m and y-intercept b: 


« 


y=mxt+b 


Circles 


Equation of the circle with center (h, k) and radius r: 


@-hPtQ-ha=r 


TRIGONOMETRY 


Angle Measurement 


a radians = 180° 


(@ in radians) 


Right Angle Trigonometry 


sin 6 = ope. csc 9 = JE 
hyp opp hyp 
dj h 
cos 8 = sian sec 96 = ave. | 
hyp adj adj 
di 
tan 0 = SPP cot d= Satoh 
adj opp 


Trigonometric Functions 


ip 
sin 0 = > csc 9 = — 
r y 

cos @ = — sec 6 = — 
x 

x 

tan 9 = 2 cot 9 = — 
x y 


y =secx 


U 


+—}—+—» 


a 


Qa xX 


Trigonometric Functions of Important Angles 


fen 


6 radians sin @ cos @ tan 0 
0° 0 0 1 0 
30° 1/6 1/2 372 /3/3 
45° a/4 vie YD I 
60° /3 wore 1/2 va 
90° a/2 1 0 = 


Fundamental Identities 


csc 9 = aA Sec = ae 
sin 0 cos @ 
= to= 
tan 0 v7 co! ane 
cot @ = —— sin?@ + cos?6 = 1 


1 + tan?@ = sec?0 1 + cot?@ = csc76 


sin(— 6) = —sin 0 cos(— 0) = cos @ 


tan(— 0) = —tan 0 so(Z = a) = cos 0 


The Law of Sines B 


snA sinB _ sinC a 


a b @ 


The Law of Cosines 


a’ =b* +c? —2becosA 
b? =a? +c? — 2accosB 


c? = a2 + b? — 2ab cos C . 


Addition and Subtraction Formulas 
sin(x + y) = sin x cos y + cos x sin y 
sin(x — y) = sin x cos y — cos x sin y 
cos(x + y) = cos x cos y — sin x sin y 
cos(x — y) = cos x cos y + sin x sin y 


tanx + tan y 
tan(x + y) = ——————_ 
1 — tan x tan y 


tan x — tan y 
tan(x — y) = ——————__ 
1 + tan x tan y 


Double-Angle Formulas 
sin 2x = 2 sin x cos x 
cos 2x = cos’x = sin’x = 2 cos*x — 1 = 1 — 2 sin2x 


2 tan x 
NS) 
| = tener 


Half-Angle Formulas 


il Syeroyni ee 5 cost. 
—— cos‘*x = ——————— 


2 Y 


gine = 


SPECIAL FUNCTIONS 


Power Functions f(x) =x‘ 


(i) f(x) =x",n a positive integer 


neven 


(ii) f@) =x" = «/x,n a positive integer y 


(1, 1) 


(iii) f(x) =x 1 = Zs 
x 


‘Inverse Trigonometric Functions 


‘ T T 
arcsinx =sin'x=y <> siny=x and ogee ry 


arccosx = cos 'x=y <> cosy=x and O0OSy<S7 


7 7 
arctanx =tan'x=y <> tany=x and Be 


y = tan’ 'x = arctan x 


lim tan x = —— 


fea 


lim tan (x = 


xn 


) 


2 


7 
2 


SPECIAL FUNCTIONS 


Exponential and Logarithmic Functions 


y 


logex=y Dea 


— 
Inx =log.x, where Ine=1 
Inx=y @S @=x 


Cancellation Equations Laws of Logarithms 


logaa*) =x @**= x 1. loga(xy) = logax + logay 
x 
Ine)=x eM =x 2. e.(=) = logax ~ logy 0 lim e* = 
3. log.(x’) = rlogax lim, In x = —o0 lim Inx = 
x % yA e x * x Fe 
ee ate 7 y=toBs 
IF) conte 
ile y=log;x 
y = logy x 
r i= Es 
0 1 x 
>» 
0) G 


Exponential functions 


Logarithmic functions 


Hyperbolic Functions 


= (Be 1 


(Be 
sinh x = csch x = — 
2 sinh x 
Caran 1 
cosh x = sech x = 
2 cosh x 
sinh x cosh x 
tanh x = ——— coth x = — 
cosh x sinh x 


Inverse Hyperbolic Functions 


y=sinh'x <> sinhy=x 


y= cosy x <=> coshy—x% and “y= 0 


y=tanh'x <> tanhy=x 


sinh” 'x = In(x + /x? + 1) 
cosh" !x = In(x + /x? — 1) 


tanh’ 'x =im(1 - :) 
Lx 


DIFFERENTIATION RULES 


General Formulas 


d d 
1. os ici= 0 2. oe lef] = ef '@) 
d d 
3. FE [ity glx) =F (x) 4 gia) Ars lO) Sea ghey acy oe) aug x) 
d d Y — i 
5. Lf g@)] = FO) 9'@) + g@)f'@) (Product Rute) Se | | _ Gx) f = ae (onotient Rule 
d : d 
i wy TG) = f'(g(x))g(x) (Chain Rule) 8. ee (x") = nx" | (Power Rule) 
Exponential and Logarithmic Functions 
d d 
9. ——s Wat eee \ eee 
re) e 10. 7) a‘ lna 
d 1 d 
LUE Rapee Gd | aa 12, — (log, x) = 
dx ee mee 4 xIna 
Trigonometric Functions 
d d 
13. a (sin x) = cos x Ub tes (cos x) = —sin x 15. ~. (tan x) = sec*x 
X 
d d d ; 
16. Fe, (csc x) = —csc x cot x 17. 7s (sec x) = sec x tan x 18. a (cot x) = —csc“x 
X 
Inverse Trigonometric Functions 
de l da 1 e 1 
a = ae =- 1. —(t = 
19. rs (sin™'x) are 20 ce (Costes) Tare 2 7 (tan ‘x) ae 
d =i = 1 a sal = 1 pore = —. ee 1 
22. <i (csc 'x) = Reet 23% A (sec 'x) = a 24. (cot 'x) eee 
Hyperbolic Functions 
d d d * 
25. re (sinh x) = cosh x 26. Sie (cosh x) = sinh x 27. am (tanh x) = sech“x 
d d d 7 : 
28. — (csch x) = —csch x coth x 29. a (sech x) = —sech x tanh x 30. a (coth x) = —csch*x 
Inverse Hyperbolic Functions 
daa 1 d Pi 1 a tee 
31. 7 (sinh 'x) = ro 32. (cosh 'x) = STEEN 3. (tanh x) ane) 
Se for ied Ne Pei ee 
34. ie (csch x) Ste jx|vx2 +1 35. ae (sech x) ‘Jia . SF, (co x) ie x? 


TABLE OF INTEGRALS 


Basic Forms 
1 ude = we ~ | vd 
n+] 
2 u" du = apie, “pega =I 


i=) 


ne 


cos udu = sinu + C 
sec’u du = tanu + C 


csc?u du = —cotu + C 


dle 
se 
I 
j 
| 
| 


10. J secu tan udu = secu + C 


Forms Involving Va? + u?, a>0 


2. | Va Fi du = 4 Jar + Linfu + Ja Fee) + C 


16. 


17. 


18. 


19. 


20. 


, | tan u du = In [sec u| + C 


» | cot w du = In| sin | #C. 


» | ese w cot u du = Ao) ae (6) 


. | see udu = In [secu + tan u| ate: 


[ ese u du = In Jose w ~ cot | +C 


4 
22. | wae) ne du al Flu) 9 GP = inl + Ja? +u2)+C 


24 2 2 2) 

| du = ERT aT oe vat tu 
u 

lquee 2 [q? + 
Dy ye us ——— + In(u + Ja? + u?) + 

d 
ree a>+u2)+C 

a u 


26 se reg 1 ota Ce 
Pee: Pe oo leer 


27. | Pehle Jazt+ure+a 
j uja* + u2 u 
2 2 
2. { —S— - -“ +c 
u?Ja2 + u2 au 


9. | oe tc 


(a? + wy?  grfg? + y? 


a>+u2)+C 


are: 


ie eno 


Thar yo! 


ai eG 


ar 1G; 


TABLE OF INTEGRALS 


Forms Involving Ja? — u?, a>0 


2 
30. | Yar du = 5 Jara + S sin * + G 
a 


31. 


32. 


33. 


34. 


35. 


36. 


38. 


4 
| ia = udu as ma Nas = sin ba 
a 


ae 


u 


du = 


Mae = 9 = @ 


1 


——.,/a2 — y?2 
u 


In 


sll! 
= Gin = se € 
a 


u? du u 
= 4 are +S sin ‘+ ¢€ 
a 


L ase ale = He 
—7h———_————_—X—Ss—-TI 
u 


a+ Ja? -— u? 
u 


Uu Saas 
= au 
Ja? — uw? 
3a* 
(a? =u)? die = —— Qu — 5a*)Ja? — u2+ 
u 
= +C 


[a 
Poa 
reer 
ores 
‘| 
rors 


a _~ Pa 


a’ Ja? — u? 


Forms Involving ju? —a’?,a>0 
2 
ale aaa 


39. 


40. 


41. 


42. 


45. 


46. 


Ju Ny = 


= are - a?) fw @ - Lin fu + Vira | + C 


[age —— ye 
ieee ee 
u 
u2 — a2 
(aa 
u 


| du 


tee 
2 


en i 
sin !'—+C 
a 


(MEET bec pay [ete 
Uu 


=In|u+ Ju?—a?|+C 


2 
Wipe tn |e fia? || C 


TABLE OF INTEGRALS 


Forms Involving a + bu 


u du 1 
a7. { A = (a t+ bu ana t dul) + C 


a 1 ; ; 
48. | =a = = Spr [la + bu)? — 4ala + bu) + 2a7In |a + bu] +C 


eae Si #C 

2) eee ae ae is C 
4h || See eee ae ial ee 
2, | a eee = Sh ULE eas 


2 


u> du 1 a 
53. | ———- = — [a+ bu - —2a1n |a + + 
(areas be (. oF Go bu hale mu . 


54. | wa + bu du = 


(3bu — 2a)(a + bu)? +C 


a 
d 2 
55. Tae 7 api ua) Va bu + 


u? du 2 


56. |= ae (8a* + 3b7u? — 4abu). Ja + bu+C 


vat bu- va se ail = 
57. a ifa>0O 
uv/a + bu ih Vat Meee oe ae io 
tan ete ae (C ifa<0O 
a= —a i ie 
Va+ bu du 
58. bee Nace 
u uja + bu 
59. Ja is LD .. _ va + bu +> (4 
Uala + bu 
ges = u"(a + bu)? — na | u""' Ja + bud. 
b(2n + 3) ; ~ 


61. 


u” du u"/a + bu 2na | ee ati 
Va + bu 
vat bu a | du 
u" ‘Ja + bu 


at am ca 4p il) b(2n + 1) 


62. 


lata 

60. [Nea 
aera 
grea 


u"Ja + bu a a(n =u" -2a(n = 1) 


TABLE OF INTEGRALS 


Trigonometric Forms 


63. | sin?u du = 5u — 4 sin2u + C 76. | cot"u du = 


64. | cos*u du =5u + jfsin2u+C 


1 ip = 2 
sec"u du = ; tan usec” *u + | sec” *u du 
nh 


65. | tan’u du =tanu-u+C 


=| : if), = 2D 
78. | csc"u du = ; cot ucsc” *u + | | csc” -u du 
es a 


n 


77. 
cot’u du = —cotu-ut+C ( ' 
sin (a — b)u sin (a + b)u 
, i in bu du = ————- —- ———_ + 
sin au sin bu du aS) a +b) € 


66. 
79 


67. | sin?’u du = —3(2 + sin’uv) cosu + C 


i = iy i + 
cos au A ye hea CEI 


oy 2(a — b) 2(a + b) 


68. | cos*u du = +(2 + cos’w) sinu + C 


2(a — b) 2(a + b) 


cot*u du = —;cot’u — In|sinu| + C 82. | wsinu du = sinu — ucosu + C 


1 


1 1 : 
sec*u du = 3 secu tanu + 31n|secu + tanu| + C 83. | ucosudu =cosu+usinu+C 


| 
| 
| 
| 
j 
[ tan’ du = $tantu + In |oos u| + € 81. 
| | 
| | 
| 
| 
| 
| 


3 dl 1 = ; a 
72. | csc?u du = —5 csc u cotu + 31In|cscu — cotu| + C 84. usin udu = —u" cos u +n | uw" cos u du 
73. | sin"u du = es sin” 'u cos u + sen sin” *u du : ng ned ee 
E n n 85. | vu” cosudu =u" sinu—n | u"~ sinu du 
1 Ee ns = Sin = COS ce nel 
74. | cos"u du = — cos” 'u sin u + cos” *u du 96. | sin"x cos"u du = — ae ent costedd 
n hom Thaatnrn 
Sipenmcoe ear yp i dic ee est 
75. | tan"u du = tan" 'u — | tan” *u du Se sin"u cos” 7u du 
i= Sl ‘ ie a 0 n+m 
Inverse Trigonometric Forms 
a West e u 
87. | sin udu =usin w+ jl —u2 + C 92. | uwtan ‘udu = ae tan 'u — 5 ae 6: 


88. [ cos" du=ucos 'u—J/l1—u?+C 


93. | u" sin 'u du = : u’™ sin “uw = (= el 
iar (i We 


89. [tan du = utan'u —$In(1 + wu?) + C 


Vie 2. | "cos ‘ud Peet ed Gees ee 
Dy? = I ua/l = u2 Hee COS MNGi u Os ou > |- = 
oT) SRE Taig ye Si an eee Ce Le a! 1 — u2 

ee LY la Jee 1 hee 3 ul! du 
a1. | w cos du = —[— cos ics cere’ 95. | uw” tan Cera u™*! tan-'u — ea n#-—1 


TABLE OF INTEGRALS 


Exponential and Logarithmic Forms 


ee 


96. | we" du = = (au ~ te + C 100, [ inudu=winu—u+C 
a 
1 n unt! 
97. | u%e™ du = — u"e™ — — | ue du . 101. | “? In udu = —— [rn + 1) Ma — 1] + C 
i a a (n + 1) 
n au 1 
98. | e° sin bu du = > (a sin bu ~ bcos bu) + C 102, | du = In |Inu| + C 
a 10 ulnu 


au 


e . 
99. Le cos bu du = pep @ cos bu + b sin bu) + C 


Hyperbolic Forms 


103. | sinh u du = coshu + C 108. | 
104. | cosh u du = sinhu + C 109. | 
105. | tanh u du = Incoshu + C — 110. | 
106, | coth w du = In |sinh u| + C ’ m1. | 
107. | sech u du = tan™'| sinh u| + C 112. | 
Forms Involving /2au — u?, a>0 fe 


— 2 = 
19. | Yaw au = 4S amie + Loos “Vee 
a 


2u’ a4 — 3a? 3 ¥ 
16, [uaa du = EE GE +L cos “Jc 
a 


6 


/2au — u? = 
115. | ae = J/2au — u2+ acos(4 “) +C 
a 


u 


2a = re =e = 
Te ae DELI aed aa ~ cos( 4 “yee 


u u 


11F, | = cos" = ae a 

 2au — u* a 

d _— 

a = Vian =i + cos (2 ‘yc 
a 


118. 


120. 


csch u du = In |tanh yu| + C 
sech*u du = tanhu + C 

esch’u du = —cothu + C 

sech u tanh u du = —sechu + C 


esch u coth u du = —cschu + C 
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